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Abstract: Starting with the Wigner distribution formulation for beam wave propagation
in Holder continuous non-Gaussian random refractive index fields we show that the wave
beam regime naturally leads to the white-noise scaling limit and converges to a Gauss-
ian white-noise model which is characterized by the martingale problem associated to a
stochastic differential-integral equation of the It6 type. In the simultaneous geometrical
optics the convergence to the Gaussian white-noise model for the Liouville equation
is also established if the ultraviolet cutoff or the Fresnel number vanishes sufficiently
slowly. The advantage of the Gaussian white-noise model is that its n-point correlation
functions are governed by closed form equations.

1. Introduction

Laser beam propagation in the turbulent atmosphere is governed by the classical wave
equation with a randomly inhomogeneous refractive index field

n(z,x) =i(l +7(z,x), (%) €R,

where 7n is the mean and 7(x) is the fluctuation of the refractive index field. We seek
the solution of the form E (¢, z, X) = W(z, x) exp [in(kz — wt)] 4 c.c., where E is the
(scalar) electric field, k and w = kco/n are the carrier wavenumber and frequency,
respectively, with ¢y being the wave speed in vacuum. Here and below z and x denote
the variables in the longitudinal and transverse directions of the wave beam, respectively.

In the paraxial approximation [24], the modulation W is approximated by the solution
of the parabolic wave equation which after nondimensionalization with respect to some
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reference lengths L, and L, in the longitudinal and transverse directions, respectively,
has this form

A0V y ) ~
R0 LA Bl L Lo xLOW =0,
z

W(0,x) = Yy(x) € LZRY), d=2 (1)
where k = k/ kq is the normalized wavenumber with respect to the central wavenumber
ko and y is the Fresnel number
V= k()L% ’

A widely used model for the fluctuating refractive index field 7 is a spatially homoge-
neous random field (usually assumed to be Gaussian) with the spatial structure function

Dy(X]) = B[ +-) —i(-)1* = C2XI*3, %] € (o, Lo),
X=(z,x) e R g=2,

where o and L are the inner and outer scales, respectively. Here and below E stands
for ensemble average.
The refractive index structure function has a spectral representation

B} © sin (KK | =5 = =
Dn<|x|)=8n/ (kD) [ 1 — —=—— | kI’d|k], ke R 2)
0 Ik||x|
with the Kolmogorov spectral density
@, (|k|) = 0.033C2|k|~"/3, K| € (¢, Lo). 3)

Here the structure parameter C,% depends in general on the temperature gradient on the
scales larger than L. See, e.g., [21, 16, 5] for more sophisticated models of turbulent
refractive index fields.

In this paper we will consider a general class of spectral density parametrized by
H € (0, 1) and satisfying the upper bound

- - -2
OK) <K (Lo +[KP)22 (14e7K1?) T k=) e R d=2)

for some positive constant K < o0o. Lo and £¢ in (4) are the infrared and ultravio-
let cutoffs. The ultraviolet cutoff is physically due to dissipation on the small scales
which normally results in a Gaussian decay factor [21]. We are particularly interested
in the regime where the ratio Lo/ is large as in the high Reynolds number turbulent
atmosphere.

Let us introduce the non-dimensional parameters that are pertinent to our scaling:

In terms of the parameters and the power-law spectrum in (4) we rewrite (1) as

~0We
ik

k2
+2aw 1+ =By (S 0wt =0, wE0,%) = % 5)
9z 2 y e g2
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with

H
oL}

&3

n= , (6)

where o is the standard variation of the homogeneous field 71(z, x) and V is the normal-
ized refractive index field with a spectral density satisfying the upper bound

- - -2
yp(K) = K0P+ RATH22 (14 p2k2)
keRML He(1) (7

for some positive constant K .
The generalized von Kdrman spectral density [10, 21]

C _ d+1 _ s
Py (k) = 27T (H + =S xR R TIAE®)
corresponds to the isotropic covariance function

By =E[VE+IVO] = InXI"Ku X)), %= (z,%) e R,

where Ky is a Bessel function of the third kind given by

o0 e[ + e—l eHl + e—Hl
Ku(2) :/ exp [—z } dt.
0 2 2

For H = 1/2 we have the exponential covariance function By (X) = exp [—n|X|]. The
additional ultraviolet cutoff imposed in the upper bound (7) would then give rises to the
covariance function

B(X) = G x By (X),

where G is the inverse Fourier transform of the cutoffs.

For high Reynolds number one has Lo /¢y = p/n > 1 and thus a wide range of scales
in the power spectrum (7). Note that in the worst case scenario the refractive index field
loses spatial differentiability as p — oo and homogeneity as  — 0. The Gaussian
field with the von Karmdn spectral density (8) has H as the upper limit of the Holder
exponent of the sample field. The Kolmogorov spectrum has the exponent H = 1/3.
Since our result does not depend on d we hereafter take it to be any positive integer.

Although we do not assume isotropic spectral densities, the spectral density always
satisfies the basic symmetry:

Dy, (6. K) = D) (—€, k) = Dy ) (5, —K),  V(E K) e RIT €))

In other words, the spectral density is invariant under change of sign in any component
of the argument because the underlying stochastic process is real-valued.

We also assume that V,(x) = V(z, X) is a centered, square-integrable, z-stationary
and x-homogeneous process with the (partial) spectral representation

V,00) = / exp (ip - 1)V, (dP), (10)
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where the process VZ(d p) is the z—stationary orthogonal spectral measure satisfying

E[V.dp)V.d) | = 50+ @) [ [ e, p)dw] dpdq. (an

We do not assume the Gaussian property but instead a sub-Gaussian property (see
Sect. 3.1 for precise statements).

If the observation scales L, and L, are the longitudinal and transverse scales, respec-
tively, of the wave beam then ¢ « 1 corresponds to a long, narrow wave beam. The
white-noise scaling then corresponds to ¢ — 0 with a fixed . For convenience we set
u = 1. The white-noise scaling limit ¢ — 0 of Eq. (5) is analyzed in [3, 4, 11]. The limit
y — 0 corresponds to the geometrical optics limit. In this paper we study the higher
moments behavior in both white-noise and geometrical optics limits by considering the
Wigner transform of the modulation function.

Our method is also suitable for the situation where deterministic large-scale inhomo-
geneities are present. One type of slowly varying, large-scale inhomogeneities is multi-
plicative and can be modeled by a bounded smooth deterministic function u = u(z, x)
due to variability of any one of the three factors in (6) (see, e.g., [5, 2] for models with
slowly varying o). The second type is additive and can be modeled by adding a smooth
background Vy(z, x). Altogether we can treat the random refractive index field of the
general type

Vo(z, X) + #z %) 1% <% x)
€ €

with a bounded smooth deterministic modulation @ (z, x) and background V(z, x). We
describe the results in Sect. 2.3 but omit the details of the argument for simplicity of
presentation. As the small-scale turbulent fluctuations are invariably embedded in a struc-
ture determined by large-scale geophysics this generalization is necessary for practical
application of the scaling limits.

1.1. Wigner distribution and Wigner-Moyal equation. The Wigner transform of W,
called the Wigner distribution, is defined as

1 _ip. 124 vy
_ Py 7 * _ Y
Wix,p) = @) fe ! WS(Z,H 5 )\If”" (z,x > dy. (12)
One has the following bounds from (12)
IWelloo < Qym)™ W (z, )13,  I1WEll2 = Qyr) ™ 21We (2, )13

[13, 15, 20]. The Wigner distribution has many important properties. For instance, it is
real and its p-integral is the modulus square of the function ¢,

/ W x, p)dp = W ()], (13)
]Rd

so we may think of W (x, p) as wave number-resolved mass density. Additionally, its
x-integral is

27\¢ -
WE(x, p)dx = (—”) B¢ (p/ ).
R4 Y
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The energy flux is expressed through W¥(x, p) as

1
;(xva* — UV VY) =f pWe(x, p)dp (14)
1 R4

and its second moment in p is

/ PPW(x, p)dp = [V (). (15)

In view of these properties it is tempting to think of the Wigner distribution as a phase-
space probability density, which is unfortunately not the case, since it is not everywhere
non-negative. Nevertheless, the Wigner distribution is a useful tool for analyzing the
evolution of wave energy in the phase space. Moreover, in the recent development of
time reversal of waves in which a part of the waves is received, phase-conjugated and
then back-propagated toward the source the refocused wave field is given by a Wigner
distribution of mixed-state type (see (25) below) [7, 23, 12].

The Wigner distribution, written as W; (x, p) = WE(z, x, p), satisfies an evolution
equation, called the Wigner-Moyal equation,

IWE p k
4 T.v & 2 LEWE — 1
" + p WE + 8£ZWZ 0 (16)
with the initial data
k. 2.4 124
Wo(x, k) = Kyg(x — 22w ) dy, 17
0(x, k) (271)‘1/6 0(x = =) Wp (x + —=7)dy a7

where the operator L is formally given as
. iqx., — = Z
LW =i / Xy W P+ ya/2) - Wik p - va/2)] V(5 dg)

zzy—lfwj(x, yq/2)Im [e—"ZV"’P'Xe"‘l'X\?(;—Z,dq)]. (18)

We will use the following definition of the Fourier transform and inversion:

Frp) = / P F(x)dx,

1
(2m)d
Flex) = /ei""‘g(p)dp-

When making a partial (inverse) Fourier transform on a phase-space function we will

write F (resp. | 1) and F; (resp. F, 1) to denote the (resp. inverse) transform w.r.t. X
and p respectively.
A useful way of analyzing £;W? as formally given in (18) is to look at its partial

. . —1 peyrre .
inverse Fourier transform F, " LZ W (x, y) acting on

Py Wy = [ P p)dp = W vy /DW= vy/2)
in the following completely local manner:

F L LEWE(x,y) = —iy 718, VEx, 1) Fy L WER, y), (19)
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where

S, Vix,y) =V, (x+yy/2) = Vi(x—yy/2), (20)
VEX) = V, /0 (X). Q1)

Hereby we define for every realization of V? the operator £ to act on a phase-space
test function 6 as

LE0(x. p) = —iy ' Fy [5y VE(x 9 F5 0(x, y)] (22)
with the difference operator 8,, given by (20) for any test function 6 € S, where
s = {0 p e L2@); 770, y) € R

We note that L is skew-symmetric and real (i.e. mapping real-valued functions to real-
valued functions). In this paper we consider the weak formulation of the Wigner-Moyal
equation: To find W¢ € D([0, co); L2(R2?)) such that || W¢|l> < |Woll2, Yz > 0, and

z r [z
(Wj,e)—<W0,9)=12‘1/ <W§9,p-Vx9>ds+§/ (We, £i0)ds, VO eS. (23)
0 0

Remark 1. Since Eq. (23) is linear , the existence of weak solutions can be established
straightforwardly by the weak-x compactness argument. Let us briefly comment on this.
Without loss of generality we set ¢ = 1. First, we introduce truncation N < oo,

Vn(z,x) =InV(z, x),

where [ is the characteristic function of the set {|V (z, x)| < N}. Clearly, for such
bounded Vy the corresponding operator £ is a bounded skew-adjoint operator on
L?(R?%). Hence the corresponding Wigner-Moyal equation gives rise to a unique group
of unitary maps on L. Let us denote the solution by WZ(N). Passing to the limit N — oo
by selecting a weakly convergent subsequence we obtain a L?-weak solution for the
Wigner-Moyal equation with the truncation removed if V is locally square-integrable
as is assumed here. The limiting solution W, has a L>-norm equal to or less than that of
Wo.

Moreover, from Eq. (23), it is easy to see that <WZ(N), 9> is equi-continuous on any
compact subset of z € R. By the Arzela-Ascoli Lemma, (W, 6) is z-continuous almost
surely. Because (WZ(N), 9) is adapted to the filtration of V, and the convergence is almost

sure, the resulting solution W, is adapted to the filtration of V.

We will not address the uniqueness of solution for the Wigner-Moyal equation (23)
but we will show that as ¢ — 0 any sequence of weak solutions to Eq. (23) converges in
a suitable sense to the unique solution of a martingale problem (see Theorem 1 and 2).
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1.2. Liouville equation. In the geometrical optics limit y — 0, if one takes the usual
WKB-type initial condition

V(0. %) = Ap(x)e' "™,
then the Wigner distribution formally tends to the WKB-type distribution
Wo(x, p) = |Ao[*8(p — VS(x)) (24)

which satisfies 7, "Wy € L®°(R2?). 1t has been shown [6] that the primitive WKB-type
distribution (24) can not arise from the geometrical optics limit (y — 0) from any
pure state Wigner distribution as given by (17) but rather from a mixed state Wigner
distribution of the form

1 ‘
Wox, k) = W / / elk'y\I/o(x — y?y; ) Wi (x + y?y; a)dydP(x), 25)

where P («) is a probability distribution of a family of states W (-, o) parametrized by «.
The mixed state Wigner distributions generally give rise to a smeared initial condition,
ie. Wo(x,p) € L2(R%4) even in the geometrical optics limit. This, instead of the WKB
type, is the kind of initial conditions considered in this paper.

When acting on the test function space S, £ as given by (22) has the following limit:

lim £56(x.p) =~ [VVE®) - [ivF; 60 p)|| = ~Vae) - Vb x.p) 26)

in the L2-sense for all & € S and all locally square-integrable V,. Hence the Wigner-
Moyal equation (23) formally becomes in the limit y — 0 the Liouville equation in the
weak formulation

2
(W, 6) — (Wo,6) =1€*‘/ (We, p - Vi) ds
0

k[
_E/o (W, VxV§ - Vpb)ds, VO €S. 27)

The same weak-* compactness argument as described in Remark 1 establishes the
existence of L2-weak solution of the Liouville equation except now that the operator
(26) is unbounded and requires local square integrability of V'V, (-). We will show that as
& — 0any sequence of weak solutions of the Wigner-Moyal equation with any L>-initial
condition converge as ¢, y — 0 in a suitable sense to the unique solution of a martingale
problem associated with the Gaussian white-noise model of the Liouville equation (see
Theorem 2).

In addition to the limit ¢ — 0 we shall also let p — oo and n — 0 simultaneously.
We first study the case p — oo, but n fixed, as ¢ — 0. This means that the Fresnel
length is comparable to the outer scale. Then we study the narrow beam regime n — 0,
where the Fresnel length is in the middle of the inertial-convective subrange.
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2. Formulation

2.1. Martingale formulation. The tightness result (see below) implies that for L2 ini-
tial data the limiting measure IP is supported in L>([0, zo]; L?(R>?)). For tightness as
well as identification of the limit, the following infinitesimal operator .A° will play an
important role. Let Vi = V (z/ 2, ) and zg < oo be any positive number. Let F?¥ be the

o-algebras generated by {V, s < t} and [E{ the corresponding conditional expectation

w.r.t. 7. Let M? be the space of a measurable function adapted to {F¢, z € R} such
that sup,_, E|f;| < oo. We say f; € D(A®), the domain of A°, and A°f, = g; if

fz+ 82 € M® and for 0 = §7![Ef f.45 — f.] we have

sup ]Elfz‘sl < 00,
7,6>0 ’

limE|f’ —g.| =0, Vvt
SE;I%) |fz ng ’

Consider a special class of admissible functions f. = f(W£,6)), fI = f'(WE,6)),
Vf € C*®(R). We have the following expression from (23) and the chain rule:

1, k
Asz:fz[z(Wz,p~VX9)+

&

(W, ﬁiG)} : (28)
A main property of A? is that
Zz
fz —/0 Af fyds is a Ff-martingale, Vf € D(A®). (29)
Also,

Z
ES f. — fs :/ ESA® frdt Vs <z as. (30)

N

(see [18]). Note that the process W/ is not Markovian and A? is not its generator. We
denote by A the infinitesimal operator corresponding to the unscaled process V,(-) =
Viz, ).

2.2. White-noise models. Now we formulate the solutions for the Gaussian white-noise
model as the solutions to the corresponding martingale problem: Find the law Q on
Z = D([0, 00); L2 (R??)) such that for ¢ € Z and W,(») = ¢(z), z > 0 we have that
Q (Wo(w) = Wy € L*(R*?)) = 1 and that

Z 1 - _
J(W,,0)) — /0 {f/(<W379>) [z (W, p - Vi) + &> (W, Qoé’)]

2 1 (W, 0)) (Wy, Ko W) } ds
is a martingale for each f € C*°(R)

with

Ko W, = / 20 ®0)(x. p.y. @ Ws(y. q) dydq. 31)
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Here, in the case of the white-noise model for the Wigner-Moyal equation (Theorem 1),
the covariance operators Q, Qg are defined as

Qb = / P (q)y 2 [-20(x, p) +0(x,p — ¥Q)
+6(x.p+rq)]dq, (32)
QO ®O)(x,p,y. Q) = /e"“"("‘”<1>‘,§°(q’)y‘2 [0(x,p—vd/2)

—0(x,p+rq/2)]
x[0(y.a—vq'/2) —0(y.q+vq'/2)]dqd  (33)

and, in the case of the white-noise model for the Liouville equation (Theorem 2),
Q6(x,p) = Vp / P2(a)q ® qdq - Vp (X, ), (34)

Q0 ®0)(x, p.y. Q) =Vpf(x, p)- [/ Vol (q)g ® q’dq/} Vgb(y, @,
n=0, p<oo, (35)
with the spectral density @;‘o(q) given by

@;‘O(q) = lim @g(q) = lim ®,,(0,q), 7n=>0.
p—>00 p—>00

Note that the operators Q0 and @0 are well-defined for any test function 8 € S in the
former case forany H € (0,1),n > Qorn =0, H € (0, 1/2), and in the latter case for
He,1),0n<p<ococorHe(0,1/2),0=n<p<oocorH e (1/2,1),0 <n <
0 = o0.

That the martingale problem as formulated with the special class of test functions
is sufficient to characterize the law Q follows from the uniqueness result discussed in
Sect. 2.4.

To see that (31)—(33) is square-integrable and well-defined for any L2(R24)-valued
process W, we apply F, ""to (31) and obtain

F5 Ko Wy(x. X)) = 7, '0(x. X)) / 4 (gl 2 [e"y‘l"x//z — e*"V‘l‘X’/Z]
x [0(y,q —vq'/2) — 0(y,q + vq'/2)] W.(y, q)dydqdq’ (36)
= 2m) 1 F; ok, x) f Fy 0@y, y)Fy ' Wely, —y)
% /‘eiq‘(x—y)qﬁ]oo(q/)yﬂ [eiyq/~X’/2 _ e—iyq‘X’/Z]
X [efyq"y//z - e—"yq"Y’/z] q'dydy’. (37)

The integral on the right side of (36) is bounded over compact sets of (x, x') because
firstly 0 € S, W, € L2(R??), and secondly the function

®(q)) [eiyq"X’/Z _ e—iyq“x//Z] [eiyq’~y//2 _ e—iyq’-y’/Z]
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is integrable in q' € R? and the associated integral is bounded over compact sets of x’
forany H € (0,1),n > Oorn = 0, H < 1/2. Hence the function on the right side
of (36) has a compact support and is square-integrable. Similarly, one can show that
(32)—(35) is well defined for H € (0, 1), p <ocoor H > 1/2, p = o0.

In view of the martingale problem the white-noise model is an infinite-dimensional
Markov process whose generator when applied to the special class of test functions f,
has the form

_ 1 o - - _
Af: = [ [Z (W, p - Vxb) + szl(Wz)i| + K2 f Ay (W2).
This Markov process W, can also be formulated as weak solutions to the Itd’s equation
-1 y— I
dw, = (TP - Vy —|—k2Q0) W.dz + kdB.W., Wy(x) e L2(R*)  (38)

or as the Stratonovich’s equation

dw, = =P Vx +kdB. o W,, Woy(x) € L>(R?%),

where B, is the operator-valued Brownian motion with the covariance operator Q, i.e.
E[dB.0(x, p)dB.O(y. @] = 8z —2) Q60 ® ) (x. p, y, q)dzdz’.

Equation (38) should be solved in the space D([0, 00); L%}(RM )), namely, to find W, €

D([0, 00); L2 (R??)) such that for all § € L?(R??),

d(W.,0) =<WZ, (%p : Vx+122§o>9> dz+k(W.,dBf), Wo(x)eL*([R*™). (39)

Our results show that the weak solution to (39) exists, is unique and satisfies the L?-bound
W:ll2 < [Woll2

(cf. Theorem 1, 2, Remark 1, 2 and Sect. 2.4).

In view of (33), (32), (34) and (35) we can interpret the white-noise limit ¢ — 0 as
giving rise to a white-noise-in-z potential V* whose spectral density is bounded from
above by

K*(* + [k~

for some constant K* < oo with the effective Holder exponent H, = H + 1/2 by
observing that

lim £50(x, p) = —i 2 [y*‘ay VA 9 F 0, y)] . VeeS, (40
e—

limoﬁie(x, p) =%V X)  Vpox,p), VOeS 41)
e,y —

in the mean square sense.
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2.3. White-noise models with large-scale inhomogeneities. First we consider the case
of deterministic, large-scale inhomogeneities of a multiplicative type which has p, given
by (6), as a bounded smooth function . = (z, x). The resulting limiting process can
be described analogously as above except with the term CI>$° replaced by

(k) — pu(z, X)u(z, Y)P°(k), in Q,
DX (k) — p(z,x)P°(k), in Qp.

As a consequence the operator Q is no longer of convolution type.
Next we add a slowly varying smooth deterministic background Vy(z, X) to the rap-
idly fluctuating field ez, x)V(e 2z, x). Namely we have

“(Z’X)V(i,x)

Vo(z,x) + 3
e &

as the potential term in the parabolic wave equation (5).
The resulting martingale problem has an additional term

—/ZE(Wy,,com ds (42)
0

in the martingale formulation where L6 has the form

Covx.p) =1 [ €% [ox b+ ya/2) — 0x.p - va/2)] ToGe. d
= —iy T\ B[+ vy/2) — Vox—yy/ ) F e y)| @)
for y > 0 fixed in the limit, and the form
LoB(X, p) = —VxVo(2, X) - Vpb(x, P) (44)

in the case of y — 0.

2.4. Multiple-point correlation functions of the limiting model. The martingale solutions
of the limiting models are uniquely determined by their n-point correlation functions
which satisfy a closed set of evolution equations.

Using the function f(r) = r” in the martingale formulation and taking expectation,
we arrive after some algebra at the following equation:

OF™ 1 N e o)
G =7 OBV F R Qox) pp)F”
z kj:1 =
n
+k* > " Ok, pjs Xk PR F (45)
gomy

for the n—point correlation function

F(n)(Z,X],p], e X p}’l) EE[WZ(Xlapl)“'WZ(X}’h pl’t)] )
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where @0 (xj, pj)isthe operatoréo acting on the variables (X, p;) and @(x j»Pj» Xk, Px)
is the operator fe) acting on the variables (X, p;, Xk, Px), namely

Q(xj, pj» %k, PO F ™ ([ [(xi pi))

i=1

=E{| [] Wtxi.p0) f I (0, @)y
i#jk
x[W:(xj,pj —va/2) — W(xj,pj +vq/D)]
X [W (X, Pk — v4/2) — WXk, pe + v4/2)] dq} .
Equation (45) can be more conveniently written as

IFM 1 & ) =
it DB IR TR BTN TR Dlas (46)
j=I jok=1

with the identification Q(x;, p;j, X;, p;) = Qo(X;, p,). The operator

Qum = Y O(X;,pj Xk, Px) (47)

jk=1

is a non-positive symmetric operator. We note that the mean Wigner distribution can
be exactly solved for from Eq. (46) for n = 1 [12] and has a number of interesting
applications in optics including time reversal. The 2" moment equation n = 2 is related
to the problem of scintillation [24] (see, e.g., [5]).

The uniqueness for Eq. (45) with any initial data

F™(z=0,%X1,P1s -\ Xn, Pn) = E[Wox1, p1) -+ Wo(xa, Pn)],  Wo € L2R™)

in the case of the Wigner-Moyal equation can be easily established by observing that
the operator given by (47) is self-adjoint. For instance, for n = 2, we have that

F'OF P (x1,y1, %2, ¥2) = F 'Ox1, y1, X2, y2) F5  F@ (x1,y1, X2, y2),

where
Fr POy, v2) = B[ Woki y0 75 Wk, v2) |

and f{lé(xl ,¥1, X2, y2) is the function

/ JTETD G (0, q)y [eiyy1~q/2 _ e—iyy1~q/2] [ei)/m-Q/Z _ e—iVY2-¢I/2] dq

= —3)/_2/005 [ (X1 — %2)]®(.00)(0, @) sin [yy1 - q/2] sin [yy2 - q/2]dq.

Namely, in the (x;, y;) variables, the operator Qg,m becomes the multiplication by a
function which is dominated by the “diagonal terms” with j = k,

f;léoF(Z)(xj, yj) = —8)/_2/@(,7,00)(0, qQ) sin® [yyj ~q/2]dq

and hence is non-positive. Therefore Qg is a non-positive self-adjoint operator on L2
The case with n > 2 is similar.
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Each of the operators on the right side of (46) generates a unique Co-semigroup of
contractions on LZ(R?**¢) and, by the product formula, their sum generates a unique
Co-semigroup of contractions on L2(R?d). Standard theory for linear equations then
yields the uniqueness result for the weak solution of (46).

In the case of the Liouville equation, Eq. (46) can be more explicitly written as the
Fokker-Planck equation on the phase space

aF(n) l n ~2 n
e iV F® 4R Y Dxj—x0) 1 Vp, Vp F® (48)
j=1 jk=1

with
D(x; — x;) = f 1T DI (q)q ® qdq

with n > 0. In the worst case scenario allowed by the bound (7) (cf. (8)) the diffusion
coefficient D(0) diverges as p — oo (but well-defined as n — 0) when H < 1/2.
When H > 1/2 then the limit p — 0 poses no difficulty.

Moreover the diffusion operator

n
> Dj —x1) 1 Vp, Vy,
j.k=1

is an essentially self-adjoint positive operator on C2° Ry ¢ L?(R**) due to the sub-
Lipschitz growth of the square-root of D(x; — X ) at large |X;|, |X¢| [8]. The uniqueness
follows from the same argument as in the previous case.

3. Assumptions and Main Theorems

3.1. Assumptions and properties of the refractive index field. As mentioned in the intro-
duction, we assume that V,(x) is a square-integrable, z-stationary, x-homogeneous pro-
cess with a spectral density satisfying the upper bound (7).

Let r(¢) be a non-negative (random or deterministic) function such that

|E [E.[Vs ®IE[V:D]]| = |E [E.[V; @1V, (»)]|

r(s—z)r(t—z)E[VZz], Vs, 1>z, Vx,y € R, (49)

IA

An obvious candidate for r(¢) is the correlation coefficient defined as follows. Let
F. and F be the sigma-algebras generated by {Vy : Vs < z} and {Vy : Vs > z},
respectively. The correlation coefficient ry , () is given by

Tp,p(t) = sup sup E[hg]. 50)
heFz eF
E[h]=0,E[h2]=1 E[g]iO,]EEth]:l

Lemma 1. The correlation coefficient 1y, ,(t) as given by (50) satisfies the inequality
(49).
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Proof. Let
hs(x) = E [Vs(®)], &) = Vi(x).
Clearly

hy € L*(P, R, Fy),
g €eL*(P,Q,F),

and their second moments are uniformly bounded in x since
E[r;1(x) < Elg;1(),
Bl = [ 06 a)deda,

From the definition (50) we have

Bl (01| = [Ehygill < 70 = B2 [1200 | EV2 [g7]

Hence by setting s = ¢ first and the Cauchy-Schwartz inequality we have

E[r(x] =77 ,6 - DB,

E[hshi(9)] < 1yt = 2)ry (s — B[], Vs, 1> z,YX,y.

We assume

Assumption 1. The function r(t) in (49) satisfies

/00 /oor(s)r(t)dsdt < 00.
0 0

V.(x) = / OOEZ [Vs(x)] ds

Corollary 1. The formula

defines a square-integrable z-stationary, X-homogeneous process.

(G

Proof. Letw €  denote the random element and 75, X = (z, x) € R4*! the translation
operator acting on £2. Then without loss of generality we may assume that there exists

a square-integrable function V' defined on 2 such that
V.(x, w) = V(1zw).

It suffices to show that the second moment of
o
V(w) = /0 Eo [V(T(sy())a))] ds

is finite since

V.(x,0) = V(zw), VX=(z,x) e R
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To this end we have

. [‘72] =k [/w /wEo[Vs(O)JEo[V, (0)]dsdt]
0o Jo

_E [ / ” / OOEd%(O)]%(O)dsdt}
0 0

< /OO foo r(s)r(t)dsdtE[V{]
0 0

which is finite by Assumption 1. O

One can adopt other alternative mixing coefficients to get the above results and higher
order moment estimates, see Appendix A. Hereafter we will mainly focus on the corre-
lation coefficient as it is most convenient to work within the Gaussian case and we shall
write explicitly the dependence of the correlation coefficient on n, p as ry ,(¢).

In the Gaussian case the correlation coefficient r, ,(¢) equals the linear correlation
coefficient given by

Fo (1) = sup / R( =11 — 0, K)g1 (71, D ga(r2, Kdkdridrs,  (52)
81,82

where
R(t,K) = /ei’fqa(,,,p)(g,k)dg,

and the supremumi s taken overall g1, g» € L2(R4t1) whichare supported on (—oo, 0] x
R¢ and satisfy the constraint

/ R(t —t,K)g1(t,k)g(t',K)dtdt' dk

= f Rt —1,K)g(t, K)g (', k)dtdt'dk = 1. (53)
Alternatively, by the Paley-Wiener theorem we can write
o) = sup / ¢ 15, K) f2(6, K) Py (5, K)dEdK, (54)
1,J2

where f1, f» are elements of the Hardy space H? of L2(d>(,,, 0ydédk)-valued analytic
functions in the upper half §-space satisfying the normalization condition

/|fj(€vk)|2®(n,p)(§’k)d§dk =1, j=12

There are various criteria for the decay rate of the linear correlation coefficients, see
[17].

Corollary 2. IV, is a Gaussian random field and its linear correlation coefficient ry ,(t)
is integrable, then V is also Gaussian and hence possesses finite moments of all orders.

This follows from the fact that the mapping from V. to V; is a bounded linear operator
on the Gaussian space.
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The main property of V. as a random function is that

AV, =—V., as. zeR.

(55)

Since A commutes with the shift in x so the appearance of x in Eq. (55) is suppressed.

We have the following simple relation

1

: 7 —_ 1 ix=y)»p [ _ [ izré _
kll)n;OE[sz(X)Vm(y)] = A113;@/6 /ig (e 1) @y, (€, p)dEdp

=7 / VPO, (0, p)dp,  Vz.
Define the covariance functions
B.x—y) =E[ V.00 V.v]

and write
B.(x) = / ¢'*XP_ (k)dK,

where ®. (k) is its spectral density function.
By the properties of the orthogonal projection E,[-], we know that

E[EVAIEV )] < B[ V()P @)] = /A Py, (&, K)dEdk

for every Borel set A ¢ R4+,

Assumption 2. For any n > 0,

o0
R, =lim supf ry,p)dt < oo
pP—>00 0

such that

limsupnR, < oo.
n—0

(56)

(57)

For Gaussian fields with the generalized von Karman spectrum (8), a straightforward

scaling argument with (54) shows that
Fp,o0(t) = ri,00(N1),
hence
R, =n"'Ry.

This motivates Assumption 2.
Set

(k) = D2, (5, K)

which is the spectral density of ‘7; x) = ‘71 /&2 (x).
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Define analogously to (22)
£0x.p) = —iy ™\ F [5V VEx 9 F 0(x, y)] (58)
with
8, VI(x,y) = VEx+yy/2) — Vi (x — yy/2).

Lemma 2 (Appendix B). For each zo < 0o there exists a positive constant C < 0o such
that

) s S 2-2H
sup E[(Sny) ](y) <Cy? ‘mm Lol
lz|=z
\Y\ﬁl?

- 2 ~
sup B[ V20| = &2,
|z|<zo
~ \2
sup E[((Sy"f) }(y) < Cypy?|min (p, y~HP21,
lz|=z
\Y\ﬁl?

sup |VE[5,72] )] < Cn~2 %'~ min (p. y )",

|zl=z

\y\<L0
sup Ellp- Vx(LiO)|3 < Cn2p* 2, 0es

lz|<z0

forallH € (0,1),e,y,n <1< p,X,y € Rd, where the constant C depends only on
z0, L and 6.

We also need to know the first few moments the random fields involved. The case
of Gaussian fields motivates the following assumption of the 6™ order sub-Gaussian
property.

Assumption 3.

sup E[8, Vzg(y)]4 < C sup B* [, st]2 (2 (59)
lyl=L lyl=L
L4 .2
sup E[8, V2] v) = €2 sup B3,V ), (60)
lylsL lyl<L
L4
sup | |:[3,, V;]2 [3y V;] :| (y) <G (sup E[s,V, ] (Y)>
lyl<L lyl<L
x (sup & [s, 7] (y)) (61)
lyl<L

forall L < oo, where the constants Cy, Co and C3 are independent of ¢, 1, p, y.

From (22) and (58) we can form the iteration of operators £¢ £§ ,

L2500 p) = —y R[5, Vi 8, V0 F 0 ) |
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The operator Ei[’é@ is well-defined if §, V and 6, \7; are locally square-integrable.

Other iterations of £f and Ei allowed by Assumption 3 can be similarly constructed.
The following estimates can be obtained from Lemma 2 and Assumption 3.

Corollary 3 (Appendix C).

E[I£20x mL6G. )l3] = € (2 min (o, y~HIFH).

o
I:”[:E[:S@Hz] <C (17 | min (o, ¥~ )|4 AH
¢

)
144H)

E[I£:25013] < | min (o, y
Bl cczeczo] < ¢ (n*imin o,y H").

where the constant C is independent of p, n, y and L is the radius of the ball containing
the support of F, lg

Assumption 4. For every 0 € S, there exists a random constant Cs such that

- C -
sup |18, VS F5 Yolla< == sup E'2(5,VEx,y)P, YOS e ny <1< p(62)
o= Ve P

x|, lyl<

with Cs possessing finite moments and depending only on 6, zo, where L is the radius
of the ball containing the support of F, g, cf. Lemma 2 and (63).

For a Gaussian random field, Assumption 4 is readily satisfied by Lemma 2 and Borell’s
inequality [1]

sup |18, VEF5 0 lla < 175 '0lla Sup 18, V2 (x, y)|
<20
\X\ IyI<L

< Cstog(3) swp EVIs, VI P, iy <12p.69)
z€[0,zg

Ix,lyl<L

where the random constant C5 has a Gaussian-like tail.

Note that with y or p held fixed the first term on the right side of (62) is always
O (1). Compared to the corresponding condition (63) for the Gaussian field condition
(62) allows for a certain degree of intermittency in the refractive index field.

As we have seen above, most of the assumptions here are motivated by the Gauss-
ian case and we have formulated them in such a way as to allow a significant level of
non-Gaussian fluctuation.

3.2. Main theorems.

Theorem 1. Let V? be a z-stationary, X-homogeneous, almost surely locally bounded

random process with the spectral density satisfying the bound (7) and Assumptions 1, 2,
3, 4. Let y > 0 be fixed.
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(i) Let n be fixed and p be fixed or tend to oo as € — 0 such that

lim ep> H =0. (64)

Then the weak solution W€ of the Wigner-Moyal equation with the initial con-
dition Wy € LZ(RM) converges in law in the space D([0, 00); L%}(Rm)) of
L?-valued right continuous processes with left limits endowed with the Sko-
rohod topology to that of the corresponding Gaussian white-noise model with
the covariance operators Q and Qq as given by (33) and (32), respectively (see
also (42) and (43)). The statement holds true for any H € (0, 1).

(ii) Suppose additionally that H < 1/2 and n = n(e) — 0 such that

1imoan—1(n—1 +p> My =o. (65)
E—>

Then the same convergence holds true.

Here and below sz (R?4) is the space of square integrable functions on the phase space
R endowed with the weak topology.

The next theorem concerns a similar convergence to the solution of a Gaussian white-
noise model for the Liouville equation.

Theorem 2. Let V| be a z-stationary, X-homogeneous, almost surely smooth, locally
bounded random process with the spectral density satisfying the bound (7) and Assump-
tions 1, 2, 3, 4.

Lety = y(¢) — Oase — 0. Then under any of the following three sets of conditions:
(1) p < oo and n > 0 held fixed;
(i) H > 1/2, n > 0 fixed and p = p(¢) — oo as € — 0 such that

lim 8,02_H =0; (66)

e—0
(i) H < 1/2, p < oo fixed and n = n(e) — 0 such that

lim en~2 = 0; (67)
e—0

the weak solutions W¢ of the Wigner-Moyal equation (16) with the initial condition
Wy € L2(R%) converge in distribution in the space D([0, 00); sz (R2Y) 10 the mar-
tingale solution of the Liouville equation of the Gaussian white-noise model with the
covariance operators Q and Qy as given by (34) and (35), respectively (see also (42)
and (44)).

It is worthwhile to point out that the stochastic geometrical optics limit (Theorem 2)
puts restriction more on the aspect ratio £ of the wave beam than on the ratio /7 p
between the Fresnel length and the inner scale as commonly assumed in the literature
(see for example [22]).

Note also that the Kolmogorov value H = 1/3 is covered by the regimes of Theorem 1
and Theorem 2(i), (iii).

Remark 2. Both Theorem 1 and 2 can be viewed as a construction (and the convergence)
of approximate solutions (via Remark 1) to the Gaussian white-noise models which are
widely used in practical applications [24, 5].
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4. Proof of Theorem 1 and 2

4.1. Tightness. In the sequel we will adopt the following notation:

f=f(W2 o), fi=f(w:ep,  fI=f"(Wie),  VfeCPR). (68

Namely, the prime stands for the differentiation w.r.t. the original argument (not z) of
f. f', etc. Let L denote the radius of the ball containing the support of - 16. Let all the
constants ¢, ¢/, ¢y, 2, . .. etc. in the sequel be independent of p, n, y and ¢ and depend
only on z9, 0, [[Wpl|2 and f.

First we note that since S is dense in L2(R2¢) and || Will2 < |Woll2, Yz > 0, the tight-
ness of the family of L?(R%*?)-yalued processes {W¢,0 < & < 1}in D([0, c0); L%U (R%)
is equivalent to the tightness of the family in D([0, co); §’) as distribution-valued pro-
cesses. According to [14], a family of processes {W¢,0 < ¢ < 1} C D([0, c0); §') is
tight if and only if for every test function & € S the family of processes {{W?,6),0 <
e < 1} C D([0, 00); R) is tight. With this remark we can now use the tightness criterion
of [19] (Chap. 3, Theorem 4) for finite dimensional processes, namely, we will prove:
Firstly,

lim lim sup P{sup |<W;, 0>| >N} =0, Vzy< oo. (69)

N—oo o0 2<20

Secondly, for each f € C*°(R) there is a sequence f € D(A®) such that for each
70 < 0of A f£,0 <& < 1,0 < z < 2o} is uniformly integrable and

lu%IP’{ sup | f£ — f((WZ,0) =8} =0, V§>0. (70)

<20

Then it follows that the laws of {{W?®,60),0 < & < 1} are tight in the space of
D([0, 00); R) and hence {W} is tight in D([0, co); L2 (R3?)).

Condition (69) is satisfied because the L?-norm is preserved.

We shall construct a test function of the form f7 = f. + f{ _+ f; . + f5 . First we
construct the first perturbation fﬁ .- Let

Recall that

Let
& % > ! & €£€
fl,zzg fz(Wz’EZ 59> ds
Z
- [e¢)
= kef] <]-"2 WE y —‘5yf ]EZ[Vf]dsF219>
Z

= kef! (' we '8, Vi F o)
- léefz’(wj, E§9> 1)

be the 1%t perturbation of f;.
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Proposition 1.

lim sup E|f{_| =0, lim sup |f{_ |=0 inprobability.
0 ’ e—0 ’

e=>VUz<zo <20

Proof. First

A

EIIff 1N < el fllooWoll2EI£56112

~ 2
cell oo Woll_sup EY2[y~18, 72 (x,y)]
x|, [yl<L

0 (e Imin (o, y~HI' =)

IA

which is of the following order of magnitude:

g, if n, p held fixed
&, if y, n held fixed
en~l, if  or p held fixed

elmin (p, y " H'=H#,  if nis held fixed,

and vanishes in the respective regimes. Secondly, we have

sup | 1,1 < el f lloollWoll2 sup y™! ||5y‘7;7:2_19||2
<20 <20
<ce'? sup E1/2|y_18},\7;(x, y)?
xI,lyl<L

1172

= /ey~ min (p, y =)'

309

(72)

(73)

(74)

(75)

by Assumption 4, with a random constant ¢’ possessing finite moments. The right side

of (75) is of the following order of magnitude:

el/?, if n, p held fixed
el/?, if y, 1 held fixed
gl/2p~1 if p or y held fixed

e!2Imin (p, y~H|'"H#,  if 5 is held fixed,

(76)

which vanishes in the respective regimes. The right side of (75) now converges to zero

in probability by a simple application of Chebyshev’s inequality and (65).

A straightforward calculation yields
& re 7o f! e | P lzﬂs Es
Af]Z—kaZ WZ’ zv—i-g Z 29
k . 8
—— fL{WELL56) + Re £ (W, Aco)(we, L),

where Af0 denotes

1 k
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cf. (28). Hence
1 72 or & ~ 72 ol e e p
A LSt S = 2 FAWE B WO+ (we, colzo)+ @ pr (we, czo)(we, £2o)
e £ (Weop - VaLio) + 17 (WE b Vo) (W, £26))]
= Af(2) + A5(z) + A5(2) + R{(2),

where A5 (z) and A5(z) are the coupling terms.

Proposition 2.
lim sup E|R{(z)| = 0.

E—> 7<20

Proof. By Lemma 2 we have
IR| < ellf ool Wol3 1D - V0121 £56112 + Ip - Vu(£56)]12]
=0 (' min (o, y I 4+ p21), )

which is of the following order of magnitude:

g, if n, p held fixed

ep?H, if n, ¥ held fixed

en~!, if p is held fixed (78)
en1p*H, if y held fixed

e(lmin (o, y D' 4 p2~H)  if n held fixed
and vanishes in the respective regimes. 0O

We introduce the next perturbations f5 _, f3 .. Let

4@ = [6x PO ©OX p.y.OFY. O dxdpdyda, (9
AP @) = [ Qo px.p) dxdp, (80)
where
Q16 8 )(x.p.¥. q) = E[L:0(x. PILO(Y. @) 81)
and

Q0(x. p) = E[LLL0.p) |,
where the operator £~§ is defined as in (58). Note that Q10 and Q)6 are O(1) terms

because of (56).
Clearly, we have

A @) =E(o, £20) {9, £26)] . (82)



White-Noise and Geometrical Optics Limits of Wigner-Moyal Equation 311
Define
~ S ~ l
fo=Rp | E[(we cie){we. o) - A WD) ds,
z

L=k /Zoo]Eg [(W;, Liﬁie) - A§”(W§)] ds.

Let
Q0O 0. p,y.qQ =E [ﬁie(x, p)LE(y, q)]
and
Q,0(x,p) =E [ﬁgige(x, p)] .
Let
AP () = f $(x.p)Q2(0 ® 0)(x. p.y. O (y. q) dxdpdydq, (83)
AP @) = [ Qo wocs.p) axap. (84)
we then have
fe= S [<W Ez0) - A§2)<W§>} , (85)
oo = S [(we 2o - AP ). (86)

Proposition 3.

lim sup E|f7 | =0, lin}) sup | f7,1=0, j=2.3.

e—0z<zg e—>0z<zg

Proof. We have the bounds

sup E|f5| = sup 2R f oo I WolBENLEON + ELAT (WD1],

<20 <20
sup EIf5 | < sup 2RI f oo [ I Wo 2ENZE 22612 + ELAT (W]
7<z0 <20

The first term can be estimated as in (74); the second term can be estimated as in (74)
by using (62).
As for estimating sup, _ |f]fz|, j =2,3, we have

7 A 2
sup |£5..| < sup R0 £ oo [IW0IBILE013 + AT (W),

<20 <20

7 ~e A 2
sup |£5.1 = sup 2821 fllow [ IWol2I 2522612 + A (W) |
<20 <20

Using the assumption (62) we can estimate the right side of the above as in (76). O
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We have
epe _72pm|_ & pe & pe (€] £ £
A5 =R = (we czo) (w220} + A0 W) | + R5 @),
Ay =R = (we ei2z0) + A | + Ri @),

with

RE(7) = 212_2 7 WE b - V. EW{;‘ Yo' we ESQZ—A(Z) We
Z(Z) ngz (z’p X>+€<z’ z> z°7z 2(2)

| —

§<WZ L‘,ﬁlj‘ieﬂ

N 1 k
—e2R2 1! [; (weop- VeGP we) + = (we. 6P W}} : (87)

+e2 7 (we, £26) [% (weop- viZio) +

where G ((92) denotes the operator

G = / 026 ® O)(x. p. y. Y (y. @) dydq.

Similarly

| =

RE(z) = %k2 f) [ £op V(LD + £ (Wf Eiﬁiﬁi@ﬂ
f

(w
Z// |:% p- vx9> + ]EC <WZ8, £§9>:| [<W;, E;Ei@) — AEZ)(WZS)]

k
—&%k* f] [E (WE, p- Vx(Q50)) + - (we, cgg’ze)} . (88)

Proposition 4.

lir% sup E|R5(2)| =0, hrr%) sup E|R5(2)| = 0.

e—>VUz<zo —VUz<zo

Proof. Part of the argument is analogous to that given for Proposition 3. The additional
estimates that we need to consider are the following:
In RS (87):

sup &°E ‘( p- Vx(Géz)Ws)H

Z
<20

< ey 2 WolE | vy - viF o y)

/E[a VE(x, )8, VE (X, y)] F o, y)F  WEK y)dx'dy’

J

~ 2
< ce?y | Wol2E { Vy - Va5 00 VE [8, 72 (x, ) |

J

dx'dy

x f F o vy e
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22
<ce’y " Woll2

~ 12
Vy - ViFy 0B [8, V7] H E| 75 or; W
2

Z

2

2,,-2 2
< cey 012lWoll3

~ 72
Vy - ViF5 'O [5, V] H
2

~ 72
<clolallWolizey ! [f;lvx~vx9](x,y)E[8yV§] )

2

~ 72
+acll0 |2 Wollze?y % | 155 ' Vi0](x,y) - VyE [6y V;] $2)

2

2.2, —1 43 2
< clloll21Wol3e?y ! sup E[5, V2] )
lyl<L

+cllBll2Woll3e*y % sup
lyl<L

<0 (82n_2y|min (o, vy OIF 2 4+ 272 p' " min (p, V_I)II_H)

V,E [5V 17;]2 (y)‘

by Lemma 2 where L is the radius of the ball containing the support of 6. Further
delineation yields the following order-of-magnitude estimates:

&2 if 0, p held fixed

g2pl—H if n, ¥ held fixed
2.2 1-H :

&N p if y held fixed

e2n~2 if p held fixed

e2p'"H | min (p, y~HI'"H  if n held fixed.
Consider the next term:
s pe 2 yre
sup ¢E KWZ , L.Gy Wz>

<20

< ey Wk {8, v x 9 7 ok, )

x / E[8, V20 8, VK. ¥) | F5 0, ) F5  WE K, y)ax'dy

J

~ 2
5, VEX, V) F; 0(x, y)E [5V VE(x, y)]

J

£ —1 43 2
5, VEx, V)75 0E |5, V7 |

< ce?y || Wol.E {

x/‘}'z_lé(x’,y/)}'glwzg(x’,y/) dx'dy’

< e’y 110121 Wol3E

2
< 0 (%72 min (p. y~HP )

by Corollary 3.
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In R (88):

sup ¢E ‘<W€ LELELEH >)

2771
<20

IA

elWoll2 sup | E | 2222256 (
<20

2
WE? s, Vi (y))

=0 ey sup E|§,VF
lyl<L

= 0 (en 2 min (o, y ),

by (62) and Lemma 2. The preceding two terms can be estimated from above by the
following order of magnitude:

€ if p and n held fixed
€ if y and n held fixed
en~? if y or p held fixed

elmin (p, y~H33H  if n held fixed;

E|(W?,p- Vx(@50)] < 2/ E|(WE,p- Vu(Q}0))]

IA

< ce?y 2Wolla | ¥y - HE[5, Ve v)] A5 00 y)
2
2,.,—2 (7 & 2
=0 (g Y Eyist |VE [, V2] (y)D
= 0 (720" Hmin (p, y )" (89)
which in the various regimes has the following order of magnitude:
g2 if p and 7 held fixed
g2pl—H if y and 7 held fixed
e2n2pl—H if y held fixed
e2n~? if p held fixed
e2p'=H min (p, y~H|'"#  if 5 held fixed;
eE|(WE, £2.06)| < e/E|(We, £ 056)|
~ 2
< cey I Woll2E |8, VI VE [8, V2 x| 75!
2.3 = |2 1/2 g2
=0 (&Y sup E‘S},VZ WE'? 18, V" (y)
lyl<L
= 0 (&2 min (p, y P73 (90)

by Lemma?2. O
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Consider the test function f7 = f; + f{ _+ f5_+ f3 . We have

A fE = %fg (We p - Vub) + 2 LAY (WE) + B2 £/ AP (W)
+R3(2) + R5(2) + R{(2). 1)
Set
R?(2) = R{(2) + R5(2) + R3(2). (92)
It follows from Propositions 2 and 4 that

lim sup E|R®(z)| = 0.

g>Vz<zo
For the tightness it remains to show

Proposition 5. { A f7} are uniformly integrable.

Proof. Indeed, each term in the expression (91) is uniformly integrable. We only need to
be concerned with terms in R®(z) since other terms are obviously uniformly integrable
because W is uniformly bounded in the square norm. But since the previous estimates
establish the uniform boundedness of the second moments of the corresponding terms,
the uniform integrability of the terms follow. 0O

4.2. Identification of the limit. Our strategy is to show directly that in passing to the
weak limit the limiting process solves the martingale problem formulated in Sect. 2.1.
The uniqueness of the martingale solution mentioned in Sect. 2.4 then identifies the
limiting process as the unique L?(R??)-valued solution to the initial value problem of
the stochastic PDE (38).

Recall that for any C?-function f,

ME©) = f7 - / C A ds
0
<1
= L+ @+ @+ @) - /0 A (WE - V) ds
- / P LAy + AP wn)] ds - / Resds (93)
0 0

is a martingale. The martingale property implies that for any finite sequence 0 < z; <
2 <23 < ... < zp < z, C>-function f and bounded continuous function & with
compact support, we have

E{n (W

z1’

6), (W

227

0), ... (WE L 0) [ME,(0) — ME@)]} =0,

Zz
Vs >0, z1<22=<---<z;<2z. (94)

Let

_ 1 — ~ _
Af. = f! |:; (Wz,p-Vxb) + szl(Wz)i| + szz//AZ(Wz)y
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where
Arg)=lim 45" (¢)= f 00 ®O)(x. .y, D (x. P (. Q)dxdpdydq, (95)
Ai@g) = lim AV (0) = / Q0(0)(x. P)p (x. p)dxdp. (96)

where O (9 ®0) and Q(0) are given by (33) and (32), respectively. For p — 00,y — 0
as ¢ — (0 the limits in (95) are not well-defined unless H € (0, 1/2) in the worst case
scenario allowed by (7). Likewise, the convergence does not hold for H € [1/2, 1) when
n — 0 in the worst case scenario allowed by (7).

For each possible limit process in D([0, 00); L%) (R%4)) there is at most a countable
set of discontinuous points with a positive probability and we consider all the finite set
{z1, ..., zn} in (94) to be outside of the set of discontinuity.

In view of the results of Propositions 1, 2, 3, 4 we see that f and A° £ in (93) can
be replaced by f; and A f;, respectively, modulo an error that vanishes as ¢ — 0. With
this and the tightness of {W?} we can pass to the limit & — 0 in (94). We see that the
limiting process satisfies the martingale property that

E{h((W.,.0),(W.,.0), ... (W, 0)) [M15(0) — M(0)]} =0, Vs >0,

where
Z —_
M;(©) = f; —f Afs ds. 97
0
Then it follows that

E[M.15©0) — M.(0)|Wy,u <z] =0, Vz,5>0

which proves that M, (6) is a martingale.
Note that (W£, 6) is uniformly bounded:

(W, 6)| < IWoll2l101,

so we have the convergence of the second moment

lim E{(Wf,@f} —E {(WZ,9>2}.

e—0
Using f(r) =r and r2 in (97) we see that
0 HE 2]
M 7©) = (W, 0)— A E(me'vx9> — k" A3(Wy) | ds
is a martingale with the quadratic variation
~ z _ ~ z —_—
[M©O©), MV @)] =2 / Ar(Wy)ds = B> f (Wy, Ko W) ds,
z 0 0

where Eg is defined as in (31).
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Appendix A. Mixing Coefficients and Moment Estimates for V,

Let F, and ]:;“ be the sigma-algebras generated by {V; : Vs < z} and {V; : Vs > z},
respectively.
Consider the strong mixing coefficient

o(t) = sup sup |P(AB) — P(A)P(B)|
AeFf, BEF;

1
=5 sup E[|P(AIF) — P(A)]
AeFE,

which can be used to bound the first order moment:

E[IE[VslIF]1] < 8a(s —2)'/7 []E|Vs|q]l/q, Vs>z, plagl=l

([9], Cor. 2.4). Hence the integrability of «(r) implies that V, has a finite first order
moment.

To bound the higher order moments of \71 one can consider, for example, the general
L?-mixing coefficients

¢p(t) = sup EVP[|P(AIF) — P(A)IP], pell, o00)

AEF i
= sup sup E[hg], p*] —|—q*] =1, pell,o0).
heLP(P,]-';fH) g€l (P, Fy)

Egq=1,Eg=0
We note that o (¢) = ¢1(¢) and for p = oo,

$oo(t) = sup sup |P(A|B)— P(A)|, ¥r=0

+  BeF;
AeFi; P(B)>0

= sup ess-sup,|P(A|F;) — P(A)]|
AeF .

= ¢(1)
is called the uniform mixing coefficient [9]. In terms of ¢, one has the following estimate
E [h1ha] = El1E[R]] < 2™ @2, (0 MEV P IRIEVI R (98)

for u,v, p,q € [1,c>o],u’1 +v ! = 1,p’1 + q’l = 1 and real-valued h| €
L9(2, F;, P),hy € LYP (22, .7-';;,, P) (see [9], Prop. 2.2). In particular, forg > 2, v =
q/p;

IE [h1h2]—E[h1E[h2]] <46, () 9™ PHEVIRIEY 1], p~' + 47 =1 (99)

by which, along with the Holder inequality, we can bound the second moment of VZ as
follows: First we observe that for s, t > z and hy = E_(V,), hp = V.,

E[E.[Vs(®)]E.[V; (x)]]
=E[E.[V,®)]V;(x)] < 46, (x — )4 P/AEVIVIIEVIE? [V,]).
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By setting s = 7 first and the Cauchy-Schwartz inequality we have

E[E2IV]] = 4,(s — 90 PIEX v,
E[E.[V;(IE [V;(0)]] < 4 (s — )@ P/CDg,
x (T — Z)(q—ﬂ)/aq)EZ/q[quL $,T>7.

Hence

E[V2] < 2/ / E [E [V, ]E. [Vi]] dsdt +2/ / E [Eo[V,1Eo [V,]1dsdt
b4 b4 0 0
00 2
< 8]E2/q[VZq] </ ¢p(t)(q_p)/(2q)dt>
0
00 2
< 8E'A[ve] ( f $ers (r)dr)
0

which is finite if qﬁé //g (t) is integrable (if V, is assumed to have a finite 6™ order moment).

When V, is almost surely bounded, the preceding calculation with p = 1,¢ = o0
becomes

o0 2
E[VZ1 <8 lim EV/[V!] (f qbll/z(t)dt)
—00 0

which is finite when ¢|/* (1) is integrable.
In order to bound higher order moments in the non-Gaussian case, one can assume
the integrability of the uniform mixing coefficient ¢ (f) = ¢ (). Then we have

|P(A|F) — P(A) =¢(s —2), VAeF,, s=z,

and for p € [1,00), p~' +¢7 1 =1,

B[V, F.]| <2"7¢'/P(s — ) [E[VEIF] +E[VI]]* (100)

(cf. [9], Prop. 2.6). Using (100) and the Holder inequality repeatedly we obtain
00 p 0 P
E {/ E [Vs|}"z] ds} <c |:/ ¢(s)dsi| E[V{]. (101)
z 0

Hence the integrability of ¢ (r) implies that V, given by (51) has a finite moment of any
order p < oo if V, has a finite moment of order p.
In summary we have

Proposition 1. (i) Assume that E[V/] < oo, p € [1, 00). If the uniform (L*-) mixing
coefficient oo (t) of V; is integrable then \71 has finite moments of order p.
(i1) Assume that E[Vf] < 0. If the 2/5-power of the L% -mixing coefficient P6/5(1) is
integrable, then VZ has finite second moment.
(iii) Assume V; is almost surely bounded. If the square-root of the alpha- (L'-) mixing
coefficient ¢1(t) is integrable then \71 has finite second moment.
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Appendix B. Proof of Lemma 2

(i) Estimation of sup =z, E [((sy V;)Z] (y) : We have that for yp < 1,

lyl=L

sup E [(5), VE(x, y))z]

lzI<z0

= sup /4| sin (yy - k/2)|2<l)(,,,p) (¢, k)d&dk

|z]<z0
< sup / vy K12 Dy (&, K)dEdK
|z|<zo
< cop?IyP? sup / / (0 + K[ + [£2)~H @D+ g ks
|z]<z0 Y E1<p JIK|=<p
< c1y?lyP sup / (n + £ 11 2az
|z]<z0 JE|<p
< e2y?lyl? |&| 72 g

§1€0r,0)
< ey (P72 4 22

For py > 1 we divide the domain of integration into Iy = {|k| < y '} and I} = {|k| >
¥~} and estimate their contributions separately. For I the upper bound is similar to the
above, namely, we have

sup /1 4] sin (yy - k/2) @ p) (€. K)dEdK < cay?|y|? (n272H i y72+2H)'
0

lzI<z0

For I we have instead that

sup /1 4]sin (yy - k/2)|> @, p) (&, K)dEdk
1

lzI<z0

<4 sup /I Dy, (¢, K)dEdk
1

lz1<z0

lz|<z0

< c6f 17241 g
lEle(y—1,p)

<c7 <y2H + ,O_ZH) .

< s sup f * + 1gH) 112 qe
lEle(y—1,p)

Put together, the upper bound becomes

e 2 2 . 1 2—2H
sup IE[(rSyVZ (x,¥)) ] < cgy ‘mm(y ,p)‘ ;o Ysn=1=p.
lzI=z9
Ix[,ly|=L
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- 2
(ii) Estimation of sup, ., E [sz9 (X)] : It follows from the argument for Corollary 1
and Assumption 2 that

00 2
E[V;(x)]z < </O r,”,(t)dt) B[V

<en i

- \2
(iii) Estimation of sup ;j<zy E |:(6V V;) ] (y): First note that the correlation coefficient
lylsL ’

for §, ‘7; is bounded from above by cr, , () for some constant ¢ > 0. Then we have as
in (i), (ii) that

~ 2 o :
E[aij(x)] <c ( /0 rn,p(t)dt) E[5, Vi T

2—-2H
<cn?y? ‘min o p)‘ :

(iv) Estimation of sup ||<z,
lyl<L

the preceding calculation we have

~ 72
VyE [Sy Ve ] (y) ‘: By the Cauchy-Schwartz inequality and

sup |VyE [(Sy \7;]2 (y)

[[4554)
lyl=L

~ ~ 2 ~ 2
< cl\/ PPE[VaVe (x4 7y/D) + Va Ve (x = yy/2)] \/ E[s, 7 x.v)]

00 2
< (/ rn,p(r)dt) yE2 [V VP EV2 [5,VE(x, y)]
0

< can”2y?p " min (p, y~H|H.

(v) Estimation of sup|, . E||p - Vx([lié)) ||%: A similar line of reasoning and a straight-
forward spectral calculation yield that

Ellp - Vx(L£E0) 115 = E|Vy - Vxy 18, VEF, 10113
EIV2VEF; 10113

IA

IA

2
con 2K [V,% Vzg]

-2 4-2H
c3n Tt

IA

Appendix C. Proof of Corollary 3

By the Cauchy-Schwartz inequality we have the following calculation:

E[I£:06 mE260y. @3]

<C { [E[ccoe mioe. o]+ B[00 p 2] B [Hr:ie(y, @ Hﬂ }

2
2

—Cy~t { HE [ay VE(x, X)8, VE(y. y’)] Flox x)F5 0y, y)



White-Noise and Geometrical Optics Limits of Wigner-Moyal Equation

2 2
}]-‘2_19 }
2
2
(y)>

321

+ {18, v:F] f;leuz ”IE U(SV\”/;

=0 sup E[s, v WEs, v
lyl<L

and
E[I£: 2013
e el s e
= Ciy_4{ /E (e B[, 2] (750) aay

+ HE [5y Vs, V;] Flox.y) Hj }

2
(y)>

=0 ( sup E |5y VZ€|2 (NE )‘Sy ‘7;
lyl<L
and
E[1£:£5013]
<ot (5 ofsi] (5e st + [ 2220 ]
o[ (el 7T () om0 7]
’ (y)> ;

where Cq, C {, C», are constants independent of p, 1, ¥ and L is the radius of the ball
containing the support of F, 9. Similarly we have that

zmsyvﬁ).
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=0 < sup E? ‘8}, Ve
lyl=L

EWi%w

77T

2 2 (7€
‘2=0 sup E ‘SyVZ
lyl<L
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