Math 108, Fall 2013.
Dec. 10, 2013.

FINAL EXAM

KEY

NAME(print in CAPITAL letters, first name first):

NAME(sign):

ID#:

Instructions: Each of the 8 problems has equal worth. Read each question carefully and answer it
in the space provided. YOU MUST SHOW ALL YOUR WORK AND FULLY JUSTIFY YOUR AN-
SWERS TO RECEIVE FULL CREDIT. Clarity of your solutions may be a factor when determining
credit. Calculators, books or notes are not allowed. The proctor has been directed not to answer any
interpretation questions.

Make sure that you have a total of 10 pages (including this one) with 8 problems.
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1. For each statement below, determine whether it is true or false for the universe N = {1,2,3,...}.
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(b) (v2)(Fy)((y < 50) A (y > 2))
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2. Assume that A, B, C are arbitrary subsets of N. For each statement below, prove it or provide a
counterexample.

(a) Prove: fACCand BCC,then AUBCC.
Take  xe AUR  Tlaw et
“xehA sC, o xeC, or
' xeb e # x el
Tu s Cast, x€ C .

(b) Prove: fACBUCand ANB =0, then ACC.
Tab xe A Wi vand Ho shaa ot x e,
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(c) Give a counterexample: If C C AU B, then AN B ccC
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Problem 2, continued.
(d) Give a counterexample: P(A4 U B) C P(A)UP(B)

A=dy ) Baf2), T {425 =A0R e@&u&))
ok L4283 £ {13 e {12 £ [2) |+ {4, 3C)
wmed {42) F P(R) 5 cnd Fon 11,29 ¢Pm v ).

(e) Prove: If A is denumerable and B is finite, then A — B is denumerable.
A - Té T wuwhxu;t 5 ds A du L wt q(_ cmwuh L@A k} t" )
\‘. ( ) A - B g A’o
/
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(f) Give a counterexample: If A is denumerable and B is denumerable, then AN B is denumerable.
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3. Prove (by induction or any other correct method you know) that for every n € N,

n
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4. Prove that n® + 5n + 4 is even for every n € Z. (Hint: consider two cases.)
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5. Prove the following two statements. You may use (a) to prove (b).
(a) The number /3 is irrational.

Atpwer {376 MUy, Huw A3 = /—3-: :
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(b) The number -21-\/§ + 5 is irrational.
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6. Let A be the open first quadrant in the plane, that is, A = {(z,y) e Rx R: (z > 0) A (y > 0)}.
Define the relation R on A as follows: (z,y)R(e,b) if and only if b = ya. Prove that this is an
equivalence relation and describe the resulting partition. In particular, sketch the equivalence classes
of (1,1), (2,1), and (1,3). (To show that R is an equivalence relation, you may use any method we

covered in the lecture.)
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7. Assume A, B, and C are arbitrary sets and f: A — B and g : B — C are arbitrary functions.
Assume also that D and E are arbitrary subset of A. For each statement below, prove it or provide
a counterexample.
(a) Prove: If f(D)N f(E) =0 then DN E = {.

Cowtw pos ENY

pssuia D NE #= 7, Thaw IXeDNE | b

Fovn 2 () e;;(b\ armd P () et (E) /aAd
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(b) Prove: If f is one-to-one and D N E = {, then f(D) N f(E) =0
Asbine 4 10 o songand ek £(D) Nt (8D 2,
Tow e 53& €< D) N 2(E). Taw Yy = (x0)
20 bt X (€D od \lj_;_FCXL§4/4\(‘M x, e E |
Bk 3 s oo b so 2(X) = 400) v bie x=Xa
Twus x4 D owmd  x =X eE ) Xy eD NE . fo DNE#Y,

(c) Prove: If f and g are both onto, then g o f is onto.
TAL{ o 1+ (., Thuw How Luh a Yy el oo
Wk gey) =2 owd ek onoxe A o HeF

300 =y Tha chm = 4 %04)&) =%.

(d) Give a counterexample: If g o f is onto, then f is onto.
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8. Determine the cardinality of each of the following sets. Give the result as either 0, a natural
number, Ny, or c.
(a) {1,2,3,4}{1:2}

L2 = G
(b) {1,2,3} x {1,2}

22=6
(€) P({1,2,3) x {1,2)
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