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roses are red, nor that violets are blue” in at least two ways: ~(P v Q) or
(~P) A (~Q). Fortunately, these are equivalent by Theorem 1.1.1(h). Note that the
proposition “Violets are purple” requires a new symbol, say R, since it expresses a
new idea that cannot be formed from the components P and Q.

The sentence “17 and 35 have no common divisors” shows that the meaning,
and not just the form of the sentence, must be considered in translating; it cannot be
broken up into the two propositions: “17 has no common divisors” and “35 has no
common divisors.” Compare this with the proposition “17 and 35 have digits total-
ing 8,” which can be written as a conjunction.

Example. Suppose b is a fixed real number. The form of the sentence “If b is an
integer, then b is either even or odd” is P = (Q v R), where P is “b is an integer,”
Qis “biseven,” and Ris “bis odd.”

Example. Suppose a, b, and p are fixed integers. “If p is a prime number that
divides ab, then p divides a or b” has the form (P A Q) = (RV S), where P is “p
is a prime,” Q is “p divides ab,” Ris “p divides a,” and Sis “p divides b.”

The hierarchy of connectives in Section 1.1 that governs the use of parentheses
for propositional forms can be extended to the connectives = and <:
The connectives ~, A, Vv, =, and < are always applied in the order listed.
Thus, ~ applies to the smallest possible proposition, then A is applied with the next
smallest scope, and so forth. For example,

P = ~Q Vv R« Sisan abbreviation for (P= [(~Q) VR]) & S
P v ~Q < R= Sisan abbreviation for [P v (~Q)] & (R=9),

and

P = Q = Ris an abbreviation for (P= Q) = R

Exercises 1.2

1. Identify the antecedent and the consequent for each of the following condi-
tional sentences. Assume that a, b, and f represent some fixed sequence,
integer, or function, respectively.

* (@) If squares have three sides, then triangles have four sides.

(b) If the moon is made of cheese, then 8 is an irrational number.
(c) bdivides 3 only if b divides 9.

* (d) The differentiability of f is sufficient for f to be continuous.
(e) Asequence ais bounded whenever a is convergent.

* (f)  Afunction f is bounded if f is integrable.

(99 1+2=3isnecessaryforl+1=2.
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16 CHAPTER 1 Logic and Proofs

(h) The fish bite only when the moon is full.
* (i)  Atime of 3 minutes, 48 seconds or less is necessary to qualify for the
Olympic team.
2. Write the converse and contrapositive of each conditional sentence in Exercise 1.

3. What can be said about the truth value of Q when
(8 PisfalseandP = Q istrue? (b) Pistrueand P = Qs true?
(c) PistrueandP = Q isfalse? (d) Pisfalseand P < Qs true?
(e) Pistrueand P < Qs false?

4. ldentify the antecedent and consequent for each conditional sentence in the
following statements from this book.

(@ Theorem 1.3.1(a) (b) Exercise 3 of Section 1.6
(c) Theorem2.1.4 (d) The PMI, Section 2.4

(e) Theorem 2.6.4 (fy  Theorem 3.4.2

(g) Theorem 4.2.2 (h) Theorem 5.1.7(a)

5. Which of the following conditional sentences are true?
* (@) If triangles have three sides, then squares have four sides.
(b) If ahexagon has six sides, then the moon is made of cheese.
* (¢) If7+4+6=14,then5+5=10.
(d) If5<2,thenl0<7.
* (e) If one interior angle of a right triangle is 92°, then the other interior
angle is 88°.
(f)y If Euclid’s birthday was April 2, then rectangles have four sides.
(g) 5isprimeif V2 is not irrational.
(h) 1+ 1=2issufficient for 3 > 6.

6. Which of the following are true?
* (a) Triangles have three sides iff squares have four sides.
(b) 7+5=12iff1+1=2.
* (c) biseveniff b+ 1isodd. (Assume that b is some fixed integer.)
(d) mis odd iff P is odd. (Assume that mis some fixed integer.)
(€ 5+6=6+5iff741=10.
(f) Aparallelogram has three sides iff 27 is prime.
(g) The Eiffel Tower is in Paris if and only if the chemical symbol for
helium is H.
(h) V10 + /13 < V11 + V12iff /13 — V12 < +/11 — V10,
(i) x?=0iff x> 0. (Assume that x is a fixed real number.)
(i) X2 —y?=0iff (x—y)(x+y) = 0. (Assume that x and y are fixed real

numbers.)
(k) x?+y?=50iff (x+y)?>=50. (Assume that x and y are fixed real
numbers.)
7. Make truth tables for these propositional forms.
@ P=(QAP). * (b)) (~P=Q)Vv (Q&P)
* () ~Q=(Q&P). d) (PvQ)= (PAQ).

e (PAQV(QAR)=PVR
® [(Q=9A(Q=R)]=[(PvQ)= (SVR)]
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Prove Theorem 1.2.2 by constructing truth tables for each equivalence.

Determine whether each statement qualifies as a definition.

(@ y="f(x)isalinear function when its graph is a straight line.

(b) y=Tf(x) is a quadratic function when it contains an x? term.

() mis a perfect square when m = n? for some integer n.

(d) Atriangle is a right triangle when the sum of two of its interior angles
is 90°.

(e) Two lines are parallel when their slopes are the same number.

(f) Asundial is an instrument for measuring time.

Rewrite each of the following sentences using logical connectives. Assume

that each symbol f, Xo, 0, X, S B represents some fixed object.

(@) If f has a relative minimum at %o and if f is differentiable at xo, then
f'(x0) = 0.

(b) If nisprime, then n= 2 or nis odd.

() Anumber x s real and not rational whenever x is irrational.

(d) Ifx=1orx=—1,then |x| =1.

(e) fhasacritical point at xq iff f'(Xg) = 0 or f'(xg) does not exist.

(f) Sis compact iff Sis closed and bounded.

(g) Bisinvertible is a necessary and sufficient condition for det B # 0.

(h) 6>=n—-3onlyifn>4orn> 10.

(i) xis Cauchy implies X is convergent.

(i) fiscontinuous at X whenever XIi_)mXO f(X) = f(Xg).

(k) If fis differentiable at X, and f is strictly increasing at Xo, then f'(xo) > 0.

Dictionaries indicate that the conditional meaning of unless is preferred, but

there are other interpretations as a converse or a biconditional. Discuss the

translation of each sentence.

(@ 1'will go to the store unless it is raining.

(b) The Dolphins will not make the playoffs unless the Bears win all the rest
of their games.

(c) You cannot go to the game unless you do your homework first.

(d) You won’t win the lottery unless you buy a ticket.

Show that the following pairs of statements are equivalent.

@ (PvQ)=Rand ~R= (~P A ~Q).

(b) (PAQ)=Rand (PA~R)=~Q.

(0 P=(QAR)and (~QV ~R) = ~P.

(d P=(QVvR)and (PA~R)= Q.

(& (P=Q)=Rand(PA~Q)VR

(f) P Qand(~PVvQ)A(~QVP).

Give, if possible, an example of a true conditional sentence for which

(@) the converse is true. (b) the converse is false.

(c) the contrapositive is false. (d) the contrapositive is true.
Give, if possible, an example of a false conditional sentence for which
(@) the converse is true. (b) the converse is false.

(c) the contrapositive is false. (d) the contrapositive is true.
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18 CHAPTER 1 Logic and Proofs

15. Give the converse and contrapositive of each sentence of Exercises 10(a), (b),
(c), and (d). Tell whether each converse and contrapositive is true or false.

16. Determine whether each of the following is a tautology, a contradiction, or neither.
* (8 [(P=Q)=P]=P.
(b) P=PA(PVQ).
(0 P=QsPA~Q
* (d) P=[P=(P=Q)
(e PA(QV~Q)< P
6 QA P=Q)]=P
@ (P=Q < ~(~PvQ)Vv(~PAQ)
(h)y [P=QVR)]=[Q=R)Vv(R=P)
i) PA(P=QA~Q
) (PvQ)=Q=P.
k) [P=QAR)]=[R= (P=Q)]
N [P=QAR]I=R= (P=Q).
17. The inverse, or opposite, of the conditional sentence P = Q is ~P = ~Q.
(8 Show that P = Q and its inverse are not equivalent forms.
(b) For what values of the propositions P and Q are P = Q and its inverse
both true?
(c) Which is equivalent to the converse of a conditional sentence, the con-
trapositive of its inverse, or the inverse of its contrapositive?

1.3 Quantifiers

Unless there has been a prior agreement about the value of x, the statement “x > 3" is
neither true nor false. A sentence that contains variables is called an open sentence or
predicate, and becomes a proposition only when its variables are assigned specific val-
ues. For example, “x > 3” is true when X is given the value 7 and false when x = 2.
When P is an open sentence with a variable x, the sentence is symbolized by
P(x). Likewise, if P has variables x3, Xo, X3, . . ., X, the sentence may be denoted by
P(x1, X2, X3, - - -, Xn)- FOr example, for the sentence “x + y = 32" we write P(X, Y, 2),
and we see that P(4, 5, 3) is true because 4 + 5 = 3(3), while P(1, 2, 4) is false.
The collection of objects that may be substituted to make an open sentence a
true proposition is called the truth set of the sentence. Before a truth set can be
determined, we must be given or must decide what objects are available for consid-
eration; that is, we must have specified a univer se of discour se. In many cases the
universe will be understood from the context. For a sentence such as “x likes choco-
late,” the universe is presumably the set of all people. We will often use the number
systems N, Z, Q, R, and C as our universes. (See the Preface to the Student.)

Example. The truth set of the open sentence “x?> < 5” depends upon the collection
of objects we choose for the universe of discourse. With the universe specified as the
set N, the truth set is {1, 2}. For the universe Z, the truth set is {—2, —1, 0, 1, 2}.
When the universe is R, the truth set is the open interval (— V5, ﬁ).
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