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Composites and inverses of permutations can be easily computed using the
notation described above. Remember to evaluate a composite from right to left,
because the function on the right is applied first.

Examples. For A={1, 2, 3, 4} and the functionst=[2431] and s=[23 1 4],
tosis[2431] o[2314] =[4321]. The thought process beginswith [2 3 1 4],
where“1 goesto 2" Thenweseethatin[24 1 3], “2 goesto 4.” Thusin the com-
posite “1 goesto 4.” We find the other images similarly. For example, s sends 2 to
3and t sends 3 to 3, so the composite sends 2 to 3.

To find the inverse of the permutation t = [2 4 3 1], we think of reversing its
action. The permutation t sends 1 to 2 so the inverse of t sends 2 to 1 Since t sends
2to4,t~!sends4to 2, etc. Inthisway wefind that t =1 = [4 1 3 2]. We can verify
that thisis correct by computing [24 3 1] o [4132] =[12 34], whichistheiden-
tity permutation.

Exercises 4.4

1. Show that each of these functionsis a one-to-one correspondence.

@ f:(2 00)— (—o0, —1) givenby f(x) = %

(b) g: (=00, —4) — (—o0, 0) given by g(x) = —|x + 4.

() h:8N — 10N, where 8N ={8k: ke N}, 10N ={10k: ke N}, and
h(x) = 1.25x.

(d) G:N x N — 8N given by G(m, n) = 2™2(2n — 1).

(& k:R— (3, 00)given by k(x) = 2e¥ + 3. You may use the fact that an
exponential function maps R one-to-one and onto (0, co).

2. Find a one-to-one correspondence between each of these pairs of sets. Prove
that your function is one-to-one and onto the given codomain.
(@ {ab,cdef}and{2 48,16, 32, 64}
(b) NandN — {1}
(©) (3, 00)and (5, o0)
(d) (—o0,1)and (-1, o0)
() 12N and 20N, where 12N = {12k: k € N} and 20N = {20k: k € N}
3. For each one-to-one-correspondence, find the inverse function. Verify your
answer by computing the composite of the function and itsinverse.

(@ f:(0, 00) — (0, co) givenby f (X) = %

* (b)) g: (=2 00) = (—00,4) givenby g(x) =

X4 2
(©) h:R— (0, o0) given by h(x) = e**3,

5(x — 1)
X—3 '
4. Prove part (b) of Theorem 4.4.2: If F: A— Band F~!isafunction, then F is
one-to-one.

d) G: (3, 00) — (5, o) given by G(x) =
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5. (a) Assume that F:AZ3B. Prove tha G=F~tiff GoF=I, or
F o G = lg (Theorem 4.4.4, part (b)).
(b) Give an example of sets A and B and functions F and G such that
F:A—-B,GB—A GoF=lpandG#F1

6. Let F:A— Band G: B — A Usethe results of this section to prove that if
GoF=lsadFoG=lg then F:A3 BandG: B> A

7. Usetheone-to-one correspondencesin: (0, co) — Rand f: (2, co) — (0, 00),
wheref(x) = x — 2, to describe a one-to-one correspondence
(@ from (0, oo) onto (2, c0).
(b) from (2, oo) onto R.
(¢) fromR onto (2, c0).
8. Provethatif f: A3 B, g: B% C, and h: C::)T_tc];) D,thenf~togloh!

X onto
is a one-to-one correspondence from D to A.

9. Use the notation of this section to write these permutations of the set
C={1,234,56,7}.
@ lc (b) u={(175),(67),(44),(51),(3 2),(26),(7.3)}

* (€ v={(1,2),(25),(34).(51),(46),(67),(73)}
d) w={(12),(21),(34),(43),(55).(67),(76)}

* (€ uov (f) vou (99 wow (h) uovow * (i) ut
() vt (K uew™ () vieul (m) utovt

Proofs to Grade 10. Assign a grade of A (correct), C (partialy correct), or F (failure) to each.

Justify assignments of grades other than A.

(@) Claim. If fisaone-to-one correspondence from Ato B and g isaone-
to-one correspondence fromBto A, theng = f %
“Proof.”  Suppose f is a one-to-one correspondence from Ato B and g
is a one-to-one correspondence from B to A. Then by Theorem 4.4.1,
go f is a one-to-one correspondence from A to A. Likewise, fogisa
one-to-one correspondence from Ato A. Then f~1=f-to(gof) =
f~to(fog)=(f"tof)og=lacg=g. m
(b) Claim. If fisapermutation of A thenlpo f=1fola.
“Proof” Since |4 istheidentity, Ia o f = f. AlsO | is the identity, so
fola=f Thereforelpo f=fola. [
(c) Claim. Let r=[12435] and s=[42315] be permutations of
{1,2,3,4,5}. Thentheinverseof r o sis[32415].
“Proof” Letr=[12435] and s=[42315]. Thenr~1=r and
st=s Therefore(ros)t=rtosl=ros=[32415. m
(d) Claim. If f and g are permutations of A, then (f og)™*=gtof-1L
“Proof.”  Weknow by Theorem 4.4.5that f o g isapermutation of A, so
(fog)~tisapermutation of A. Also by Theorem 4.45 g tandfare
permutationsof A, sog~! o f~tisapermutation of A. By Theorem 4.4.4,
we can check whether g~ o f~!istheinverse of f o g by computing their
composite. Wefindthat (fog)o (gtof ) =fo(go (gtof 1Y) =
fo(gogHoft=folpof 1= (folp)oft=foft=|n There
fore(fogyt=gtofL m
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