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Proof.

(8 Supposebe f(CND). Thenb=f(a) for someae CND. SinceaeC
and b= f(a), be f(C). Also, ae D and b= f(a), so be f(D). Thus,
be f(C)n f(D).
(0 aefYENF)
iff f(a)eENF
iff f(a)eEandf(a)eF
iff acf~}E)andae f~1(F)
iff aec f~YE) Nf-1(F).
The proofs of parts (b) and (d) are left as exercises. =

Finally, we note that if f: A— B, then every subset X of A has a correspon-
ding image set f (X) that is a subset of B. This correspondence is a function from
P(A) to P(B) caled theinduced function, f: #(A) — P(B). Note that the same
letter, f, isused for the function and the induced function. The appropriate interpre-
tation isusually clear from the context.

Likewise, every subset Y C B has a unique inverse image f~X(Y) that is a
subset of A. This correspondence is another induced function, f=% #(B) — P(A).

Exercises 4.5

1 LetA={1,23},B={4,56},andh={(1,4), (2 4), (3,5)}.
* (@) Findtheimage of each of the 8 subsets of A.
(b) Find the inverse image of each of the 8 subsets of B.

2. Let f(x)=x?+ 1 Find

* (@ f([1,3]). (b) f([—1,01U[2 4]).
* (o) f7X[-1,12)). d fX-23)].
e Y5, 10)). )  f-¥[—1, 5] U[17, 26]).

3. Letf(x)=1— 2 Find
(@ f(A) whereA={-1,0,123}. (b) f(N).

© fXR). (d) 42 5)).
(e f((1 4. ) FEHE(34).
4. Letf:R — {0} — Rbegivenbyf(x) =x+%. Find
@ f((0 2). * (b)  f([1,5]).
* (0 F7H(3 4. d %[0, 1)).
© f(fYR)). @ (3% 101]))

5. Let f:N x N — N begiven by f (m, n) = 2™3". Find
(@ f(AxB)whereA={1,2 3},B={3,4}.
(b) f~%{5,6,7,8,9,10}).

6. Let f:[R—>IRbegivenbyf(x):{2X ifxz1

o ox ifx<1 Give an example of
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224 CHAPTER 4 Functions

(@ aeRandD < Rsuchthatf(a) e f(D)anda ¢ D.

(b) subsetsAand C of R suchthat f (ANC) # f(A) N f(C).
(c) asubset D of R suchthat D # f=(f(D)).

(d) asubset E of R such that E # f ( f ~Y(E)).

7. Prove parts (b) and (d) of Theorem 4.5.1.
8. Letf:A— B, andlet {D..a e A} and {Eg: B € I'} be families of subsets
of A and B, respectively. Prove that

* (a) f(aQADa> < N f(Pw).
(b) f(UDa>= U f(D.).

aEA aEA
©) f‘(ﬁDFEB> Bgrffl(EB).

(@) f (UEB) U ().

9. Give an example of afunction f:R — R, and afamily {D,: « € A} of sub-
sets of R such that f( N Da>;é M f(Dw).
aeA

aceA
10. Let f:A— B,D C A and E C B. Provethat
* (@ f(f{(E)CE
(b) A—fYE)cfYB-E).
(© fYB—-E)cA-fYE).
* (d) E=f(f"}E))iff E< Rng(f).
(6 D (f(D)).
(f) D=f"Y(f(D))iff f(A—-D)<B-f(D).
11. Letf:A—> BandletX;Y C Aand U,V C B. Provethat
(@ f(X)cuUiff X< f-1u). * (b)) f(X)=Ff(Y)Cf(X=-Y).
(© fYU)—fYVv)=Ff"YU-V).
12. Let f: A— B. Prove that if f is one-to-one, then f(X) N f(Y)=f(XNY)
for al X, Y C A. Isthe converse true? Explain.
13. Let f: A— B. Prove that if X A and f is one-to-one, then f (A — X) =
f(A) = f(X).
14. Let f: A— B. Prove that if XCA YCB, and f is a hijection, then
f(X) = Yiff f71(Y)=X
15. Letf:A— B.
* (@) What condition onfwill ensurethat theinduced functionf: P(A) — P(B)
isone-to-one?
(b) What condition onf will ensurethat theinduced functionf: (A) — P(B)
isonto %(B)?
16. Let f: A— Band K C B. Provethat f (f~}(K)) = KN Rng(f).
17. Let f: A— B. Let T be the relation on A defined by x Ty iff f(X) = f (y).
By Exercise 18 (a) of Section 4.1, T is an equivalence relation on A. Describe
the partition of A associated with T.
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4.6 Sequences 225

Proofs to Grade 18. Assign a grade of A (correct), C (partially correct), or F (failure) to each.
Justify assignments of grades other than A.
* (@) Claim. Iff: A— Band X C A, then f~1(f (X)) € X.
“Proof.” If xe f~1(f(X)), then by definition of =1, f(x) e f(X).
Thereforex € X. Thusf~1( f (X)) € X. ]
(b) Claim. Iff:A— Band X C A, then X C f~1(f (X)).
“Proof.” Suppose ze X. Then f (z) € f(X). Therefore we conclude

that z e f~1( f (X)), which proves the set inclusion. [
(c) Claim. Iff:A— Band{D,: a € A} isafamily of subsets of A, then

Nf(D.) < f( N Da>.

aceA aEA

“Proof” Suppose ye [ f(D,). Then ye f(D,) for al a. Thus
aEA

there exists x € D,, such that f (x) =, for al . Then xe [ D, and

aeA

f(X)=y, s0ye f( N Da). Therefore, (] f(D.) € f< N Da). =

aeA aeA aeA

4.6 Sequences

In calculus segquences play a central role in the representation of functions using
infinite series. Sequences are also important because of their usefulness in charac-
terizing a number of important properties of the real numbers. This section, which
is devoted to sequences of real numbers and the fundamentals of convergent and
divergent sequences, is a prerequisite for Section 7.4.

As defined in Section 4.1, a sequence is a function with domain N. If xisa
segquence and n € N, theimage of n, usually written x, instead of x(n), iscalled the
nth term of the sequence x.

Examples. The sequence x of odd positiveintegershasnthterm x,, = 2n — 1. The
first few termsof xare 1, 3,5, 7, . . . . The sequencey, wherey, = (—1)", hasrange
{—1, 1} sinceitsterms are alternately —1 and 1.

(-1"

The sequence x whose nth term is x, = 1 illustrates the convergence

n—+
- 11 11 1
property of sequences. The first few terms of x are ~> 3 45 g 8
showninFigure4.6.1. The 99%th termis —%0 and the 1000th term isﬁ. Evidently
_1 11 11
2 4 8 7 3
— 1 e e e | e e 1
-1 1 o0 1 1
6 5
(="
W =h
Figure 4.6.1
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