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Answers to Selected Exercises

Exercises 1.1

1. (b) false
(g) true

2. (c) not a proposition; the symbol x acts as a variable
(f) a true proposition

3. (a)

(c)

(e)

(i)

P

T F F
F T F

P ∧ ∼P∼P

P Q R

T T T T T
F T T T F
T F T T T
F F T T F
T T F T T
F T F T F
T F F F F
F F F F F

P ∧ (Q ∨ R)Q ∨ R

P Q

T T F F
F T F F
T F T T
F F T F

P ∧ ∼Q∼Q

P Q

T T F T T
F T F F F
T F T F T
F F T F T

(P ∧ Q) ∨ ∼QP ∧ Q∼Q
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4. (a) false
(c) true
(f) false
(g) true

6. (a) equivalent
(c) equivalent
(e) not equivalent
(g) not equivalent

8. (a) Since P is equivalent to Q, P has the same truth table as Q. Therefore, Q
has the same truth table as P, so Q is equivalent to P.

9. (c) tautology

10. (a) contradiction
(c) tautology

11. (a) x is not positive.
(c)
(e) Roses are not red or violets are not blue.

13. (a) (i)

Exercises 1.2

1. (a) Antecedent: squares have three sides.
Consequent: triangles have four sides.

(d) Antecedent: f is differentiable.
Consequent: f is continuous.

(f) Antecedent: f is integrable.
Consequent: f is bounded.

(i) Antecedent: An athlete qualifies for the Olympic team.
Consequent: The athlete has a time of 3 minutes, 48 seconds or less.

2. (a) Converse: If triangles have four sides, then squares have three sides.
Contrapositive: If triangles do not have four sides, then squares do not
have three sides.

(d) Converse: If f is continuous, then f is differentiable.
Contrapositive: If f is not continuous, then f is not differentiable.

(f) Converse: If f is bounded, then f is integrable.
Contrapositive: If f is not bounded, then f is not integrable.

5 < 3

354 Answers to Selected Exercises

P Q

T T F
F T T
T F T
F F F

P © ∨  Q

P Q

T T T F T
F T F T T
T F F T T
F F F T T

(P ∧ Q) ∨ (∼P ∨ ∼Q)∼P ∨ ∼QP ∧ Q
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(j) Converse: A time of 3 minutes, 48 seconds or less is sufficient to qualify
for the Olympic team.
Contrapositive: If an athlete records a time that is not 3 minutes and 48
seconds or less, then that athlete does not qualify for the Olympic team.

5. (a) true
(c) true
(e) true

6. (a) true
(c) true

7. (b)

(c)

10. (a) has a relative minimum at x0 is differentiable at x0

(d)
(e) x0 is a critical point for 

11. (b) There are three nonequivalent ways to translate the sentence, using the
symbols D “The Dolphins make the playoffs” and B “The Bears win all
the rest of their games.”

The conditional meaning of unless (the first translation) is preferred, but
the speaker may have intended any of the three.

12. (b)

Since the fifth and ninth columns are the same, the propositions
and are equivalent.

13. (a) If 6 is an even integer, then 7 is an odd integer.
(c) not possible

16. (a) tautology
(d) neither

(P ∧ ∼R) ⇒ ∼QP ∧ Q ⇒ R

D ⇐⇒ B  or  (∼B)  ⇐⇒ (∼D)
B ⇒ D  or  (∼D) ⇒  (∼B)
D ⇒ B  or  (∼B) ⇒  (∼D)

f  ⇐⇒  f ′(x0) = 0 ∨  f ′(x0) does not exist.
x = 1 ∨ x = −1 ⇒ |x | = 1.

 f ′(x0) = 0.⇒ f∧ f

Answers to Selected Exercises 355

P Q

T T F T T
F T F F T
T F T F F
F F T T T

(∼Q) ⇒ (Q ⇐⇒ P)Q ⇐⇒ P∼Q

P Q R

T T T T T F F F T
F T T F T F F F T
T F T F T F T F T
F F T F T F T F T
T T F T F T F T F
F T F F T T F F T
T F F F T T T T T
F F F F T T T F T

(P ∧ ∼R) ⇒ ∼QP ∧ ∼R∼Q∼RP ∧ Q ⇒ RP ∧ Q

P Q

T T F T T T
F T T T F T
T F F T F T
F F T F T T

(∼P ⇒ Q) ∨ (Q ⇐⇒ P)Q ⇐⇒ P∼P ⇒ Q∼P
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Exercises 1.3

1. (a) (x is precious is beautiful).
Or, (x is precious and x is not beautiful).

(b) Hint: This exercise is not the same as 1(a).
(h) or 
(j) or 
(l) (x is a positive integer and x is smaller than all other positive integers).

Or, (x is a positive integer and is a positive integer

(m) Or,
2. (a) (x is precious is beautiful). All precious stones are beautiful.

(h) There is an integer that is both less than or
equal to −4 and greater than or equal to 6.

(j) There is an integer that is greater than or equal to every
integer.

(l) (x is a positive integer is a positive integer)
For every positive integer there is a smaller positive integer. Or,

(x is a positive integer is a positive integer 
There is no smallest positive integer.

(m) Someone loves everyone.
5. The first interpretation may be translated as

6. (a) T, U, V, and W
7. (b) Hint: Every sentence of the form is equivalent to Use

this fact to rewrite and then simplify by using part (a).
8. (b) true

(e) false
(h) true

9. (b) Only one real number is both nonnegative and nonpositive.
(d) There is exactly one real number whose natural logarithm is 1.

10. (a) true
(d) false
(f) false
(i) false

11. (a) Hint: Begin by supposing that U is any universe and is an open 
sentence.

(b) Hint: You must name a specific universe and a specific open sentence
such that the converse is false.

(e)
13. (d) This statement is not a denial. It implies the negation of but

if then both the statement and are false.
14. For every backwards E, there exists an upside down A!

(E ! x) P (x)(∀x) ∼ P (x),
(E ! x) P (x),

(∀x)(∼ A(x)) ∨ (Ey)(Ez)(A(y) ∧ A(z) ∧ y =
 z)

A(x)

(∀x)(∼ A(x))
∼∼ P (x).P (x)

(∀x)[x is a person ⇒ (∀y)( y is a tax ⇒ x dislikes y)].

(Ex)( ∀y)(x loves y)

⇒ x ≤ y)).∧ (∀y)( y∼(Ex)

∧ x > y)).⇒ (Ey)( y(∀x)

(Ex)(∀y)(x ≥ y)

(Ex � �)(x ≤ −4 ∧  x < 6)
⇒ x(∀x)

∼(Ex)(∀y)(x loves y).(∀x)(∼(∀y)(x loves y)).
x ≤ y)).

⇒(∀y)( y(Ex)
(Ex)

(∀x)(Ey)(x < y)∼(Ex)(∀y)(x ≥ y)
(∀x � �)(x > −4 ∨  x < 6)(∀x)(x � � ⇒ x > −4 ∨  x < 6)

(Ex)
⇒ x∼ (∀x)
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Exercises 1.4

1. (a) Suppose is a cyclic group.

Thus, is abelian.
Therefore, if is a cyclic group, then is abelian.

4. (a) The crime took place in the library, not the kitchen. By fact (i), if the
crime did not take place in the kitchen, then Professor Plum is guilty.
Therefore, Professor Plum is guilty.

5. (h) Proof. Suppose x is even and y is odd. Then for some integer k,
and for some integer j. Therefore, 

which is odd. (We use the fact that is an integer.)
6. (d) Hint: The four cases to consider are: case 1, in which and case

2, in which and case 3, in which and and case
4, in which and In case 3 it is worthwhile to consider two sub-
cases: In subcase (i), so that in subcase (ii),

so that Now in subcase (i) we have
(from ) and (from ).

Thus, Subcase (ii) is similar. Case 4 is
the same as case 3 except for the names of the variables a and b.

7. (b) Proof. Let a be an integer. Assume that a is even. Then for some
integer k. Therefore, so is odd.

(d) Proof. Hint: Let a be an integer. Use the fact that a is either even or odd
to give a proof by cases. It is acceptable, but not necessary, to use the
definitions of even and odd in proving these cases: previous exercises
have laid the foundations we need. For the case when a is even, use
Exercise 7(c) and 5(i). For the case when a is odd, we may use Exercise
5 (e), and then use Exercise 5(i) again.

(g) Proof. Suppose a and b are positive integers and a divides b. Then for
some integer k, We must show that which is the same as

To show we could multiply both sides of by a,
using the fact that a is positive. To do that, we must first show
Since b and a are positive, k must also be positive. Since k is also an inte-
ger, Therefore, so 

(i) Proof. Suppose a and b are positive integers and Then a
divides 1 and b divides 1. By part (g) and But a and b are
positive integers, so and 

10. (a) Proof. Suppose Multiplying by the positive numbers
C and B we have and so AC is 
positive, so Therefore, so Thus,
the graph must be an ellipse.

11. (a) F. This proof, while it appears to have the essence of the correct reason-
ing, has too many gaps. The first “sentence” is incomplete and the steps

B2 − 4AC < 0.4AC > B2,4AC > AC.
AC > B2.BC > B2,AC > C2 > BC

A > C > B > 0.
b = 1.a = 1

b ≤ 1.a ≤ 1
ab = 1.

a ≤ b.a = a · 1 ≤ a · k = b,1 ≤ k.

1 ≤ k.〉
1 ≤ ka ≤ ka,a ≤ ka.

a ≤ b,〈b = ka.

a + 1a + 1 = 2k + 1,
a = 2k

|a + b | < a + (−b) = |a | + |b | .
0 < −ba < a + (−b)b < 0|a + b | = a + b < a

|a + b | = −(a + b).a + b < 0,
|a + b | = a + b;a + b ≥ 0,

b ≥ 0.a < 0
b < 0;a ≥ 0b < 0;a < 0

b ≥ 0;a ≥ 0
k + j2(k + j ) + 1,

x + y = 2k + (2j + 1) =y = 2j + 1
x = 2k

(G, *)(G, *)
(G, *)

o

(G, *)
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are not justified. The steps could be justified either by using the defini-
tions or by referring to previous examples and exercises.

(c) C. The order in which the steps are written makes it look as if the author

of this “proof” assumed that The proof could be fixed by

beginning with the (true) statement that and ending with

the conclusion that 

(d) F. This is not a proof of the statement. It is a proof of the converse of the
statement.

Exercises 1.5

1. (a) Suppose is not abelian.

Thus is not a cyclic group.
Therefore, if is a cyclic group, then is abelian.

(c) Suppose the set of natural numbers is finite.

Therefore statement Q.

Therefore statement 
This is a contradiction.
Therefore the set of natural numbers is not finite.

(e) (i) Suppose that the inverse of the function f from A to B is a function
from B to A.

Therefore f is one-to-one.

Therefore f is onto B.
Therefore f is one-to-one and onto B.

(ii) Suppose that f is one-to-one and onto B.

Therefore, the inverse of the function f from A to B is a function
from B to A.

3. (a) Proof. Suppose that the integer is not odd. Then is an even
integer. Thus, there exists an integer k such that Then

so x is not even. We have shown that if
is not odd, then x is not even. Therefore, if x is even, then is

odd.
(e) Hint: The contrapositive statement for “if is even, then either x and

y are odd or x and y are even” is “if it is not the case that either x and y are
odd or x and y are even then is not even.” This is equivalent to “if
either x is even and y is odd or x is odd and y is even, then is odd.”

4. (b) Proof. Suppose it is not true that Then either or 
If then and since x − 3 < x − 2〉.〈x − 3 ≤ 0x − 2 ≤ 0x ≤ 2,x ≥ 3.

x ≤ 22 < x < 3.
x + y

x + y

x + y

x + 1x + 1
x = 2k − 1 = 2(k − 1) + 1,

x + 1 = 2k.
x + 1x + 1

o

o

o

∼Q.
o

o

(G, *)(G, *)
(G, *)

o

(G, *)

x +  
1
x

 ≥ 2.

(x − 1)2 ≥ 0

x +  
1
x

 ≥ 2.
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Because the product of two nonpositive numbers is nonnegative,
In the other case, if then

and Therefore 
In either case We have shown that if or 
then Therefore, if then 

6. (b) Proof. Suppose a and b are positive integers. Suppose is odd and sup-
pose a and b are not both odd. Then either a is even or b is even. If a is
even, then for some integer k. Thus is even.
Likewise, if b is even, then for some integer m and, again,

is even. Either case leads to a contradiction to the
hypothesis that is odd. Therefore, if is odd then both a and b are
odd.

12. (b) A.

Exercises 1.6

1. (a) Choose and Then 
(c) Suppose m and n are integers and Then 2 divides and

2 divides so 2 divides their sum But 2 does not divide 7,
so this is impossible.

(f) Hint: See the statement of part (d). Can you prove that m and n are both
negative whenever the antecedent is true?

2. (b) Proof. Assume a divides and The proof involves writing
as a sum of multiples of a, using the fact that if a divides a num-

ber, it divides any multiple of that number (Exercise 7(h) of Section 1.4)
or, more generally, the fact that if a divides two numbers, it divides any
sum of multiples of the two numbers (Exercise 2(a)). Then a divides the
product By Exercise 2(a), a divides

Then also by Exercise 2(a), a
divides the sum 

4. (h) Hint: For a counterexample, choose Explain.
(i) Hint: For a proof, choose For a different proof, choose 

6. (c) Proof. Let n be a natural number. Then both and are natural
numbers. Let Then M is a natural number greater than 

(g) Proof. Let be a real number. Then is a positive real number and
so has a decimal expression as an integer part plus a decimal part. Let M
be the integer part of plus 1. Then M is an integer and To

prove for all natural numbers that let n be a natural 

number and Since we have Thus Therefore,

for every real number there is a natural number M such that for

all natural numbers 

(h) Hint: Because m is positive, the statement follows from 
7. (a) F. The false statement referred to is not the opposite (denial) of the

claim.

1
n

< ε.1
n

− 1
m

< ε

1
n

< ε.n > M,

ε > 0,

1
n

< ε.n >
1
ε
.M >

1
ε
,n > M.

1
n

< ε,n > M

M >
1
ε
.1

ε
,

1
ε

ε > 0
2n.M = 2n + 1.

2n + 12n
y = 1.y = x.

x = 1.
(bc − c) + (c − 1) = bc − 1.

(bc − b − c + 1) + (b − 1) = bc − c.
(b − 1)(c − 1) = bc − b − c + 1.

〉

bc − 1
〈c − 1.b − 1

2m + 4n.4n,
2m2m + 4n = 7.

2m + 7n = 1.n = 1.m = −3

abab
ab = a(2m) = 2(am)

b = 2m
ab = (2k)b = 2(kb)a = 2k

ab
2 < x < 3.x2 − 5x + 6 < 0x2 − 5x + 6 ≥ 0.

x ≥ 3,x ≤ 2x2 − 5x + 6 ≥ 0.
(x−2)(x−3) = x2 − 5x + 6 ≥ 0.x − 2 ≥ 0.x − 3 ≥ 0

x ≥ 3,(x − 2)(x − 3) = x2 − 5x + 6 ≥ 0.
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(b) C. The “proof” shows that there is a polynomial with the required prop-
erties, but must also show that there is no other polynomial with these
properties.

(d) A.
(i) Hint: The grade should be C. What error must be corrected?

Exercises 1.7

1. (a) Proof. We work both forwards and backwards: From the hypothesis
that is odd we can deduce that 3n is even, from which we can
deduce that n is even. We could reach the conclusion that is
divisible by 4 if we knew that 4 divides 2n (since 8 is divisible by 4). In
turn, the statement 2n is divisible by 4 may be derived from the statement
that n is divisible by 2. We combine these steps in the proper order to
create the proof.

Suppose n is an integer and is odd. Therefore 3n is even,
which implies that n is even. We are now using properties of even and odd
integers that we proved earlier, without referencing specific examples or
exercises. Since n is even, n is divisible by 2. Therefore 2n is divisible by
4. Finally since 8 is also divisible by is divisible by 4.            �

(b) Proof. Let a be a real number, The key to the proof is to use the
idea of “solution” and then work with the resulting equation.

Assume that a is a solution to 
Then a makes the equation true by the definition of a solution to an 

equation
Thus 
Then because 
Then (

Therefore a is a solution to  �
(c) Proof. Assume that Observe that in the proof above, each step

implies its predecessor. Thus we can modify the given proof to 
create an proof.

a is a solution to 

Because

Because

a is a solution to  �
(d) Proof. Suppose and Then 

Since x must be 5. Then and are positive, so
�

(e) Proof. Let x and y be real numbers. The statement has the form
so it might be proved by assuming P and and deduc-

ing R. In this case a proof by contrapositive works well. Assume that
neither x nor y is irrational. Then both x and y are rational, so they can be
written in the form and where p, q, r, and s are integers,y = r

s
,x = p

q

〉
∼QP ⇒ (Q ∨ R),

〈
(x − 4)/(x − 3) > 0.

x − 3x − 4x > 2,
(x − 5)(x + 3) = 0.x > 2.x2 = 2x + 15

x3 + 2x2 + x + 3 = 0.iff  

a2 + 1 =
 0.〉〈(a2+1)(a +2) =a3+2a2+a+3=0.iff  

a − 3 =
 0.〉〈a + 2 = 0.iff  

a2 − a − 6 = (a − 3)(a + 2) = 0.iff  

x2 − x − 6 = 0

  iff   

〈a =
 3.
x3 + 2x2 + x + 3 = 0.

a2 + 1)(a + 2) = a3 + 2a2 + a + 3 = 0.
a − 3 =
 0.a + 2 = 0,

a2 − a − 6 = (a − 3)(a + 2) = 0.
〉.

〈
x2 − x − 6 = 0.

〉
〈a =
 3.

4, 2n + 8
〉

〈
3n + 1

〉

2n + 8
3n + 1

〈
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and Therefore, Since 

and qs are integers and is a rational number. We have 
shown that if x and y are rational, then is rational. We conclude
that if is irrational, then either x or y is irrational. �

(f) Proof. If we let S be the set of all nonvertical lines in the xy-plane, we
can simplify the symbolic form of the theorem as follows:

and are perpendicular

Let and be nonvertical lines. Suppose and are perpendicu-
lar. We now use the fact that the slope of a nonvertical line is tan
where is the angle of inclination of the line. Let and be the
angles of inclinations of and respectively. See the figure. We may
assume that We can make this assumption because the two
lines are arbitrary; if simply interchange the labels of the lines.
Since and are perpendicular, Therefore,

We use trigonometric identities to rewrite Thus,
Since is the slope of and 

is the slope of the product of the slopes is �−1.L2,

tan (a2)L1tan (a1)tan (a1) · tan (a2) = −1.
 tan (a1).〉〈

tan (a1) = tan (a2 + π

2
 ) = −cot(a2) = − 

1

 tan (a2)
 .

a1 = a2 + π

2
.L2L1

〉a1 < a2

〈a1 > a2.
L2,L1

a2a1〉a

(a),〈
L2L1L2L1

(slope of L1) · (slope of L2) = −1).〉
⇒L2(L1(∀L1 � S )(∀L2 � S )

〈
x + y

x + y
x + yqs =
 0,

ps + rqx + y = p
q

+ r
s

= ps + rq
qs

.s =
 0.q =
 0,
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x

y

α2

α1

L1 L2

(g) Proof. This is a “non-existence” proof. We could restate the result as
“Every point inside the circle is not on the line” and begin a direct proof
by assuming that (x, y) is a point inside the circle. We would then have
to prove that (x, y) is not on the line. In this instance, a better approach
is to use a proof by contradiction. The statement has the form

Suppose there is a point (a, b) that is inside the circle and on the line.
Then and We now have two expressions
to use. Therefore,

This is a contradiction since Thus, no point inside the cir-
cle is on the line. �

(a − 1)2 ≥ 0.
(a − 1)2 < −1.

a2 − 2a + 1< −1
a2 − 2a + 5 < 3

2a2 − 4a + 10 < 6
 (a − 3)2 + (a + 1)2 < 6

〉
〈b = a + 1.(a − 3)2 + b2 < 6

∼(Ex)(Ey)((x,y) is inside the circle ∧ (x, y) is on the line).〉

〈
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(h) Proof. Proofs that verify equalities or inequalities containing absolute
value expressions usually involve cases, because of the two-part 
definition of The two cases are and The proof
in each case is discovered by working backwards from the desired con-
clusion. The key steps are to note that, in the first case, if then

and, in the second case, that if then
Let x be a real number greater than 1.
Case 1. Suppose Then Since 

Remember that x is positive.

Therefore, 

Case 2. Suppose Then By hypothesis,
Therefore,

Remember that x is positive.

Therefore, �

2. (e) Hint: Write as the product of 3 consecutive integers.
4. (b) Hint: Is it possible that for all irrational numbers x and y, is irra-

tional? Or could 
8. (a) Proof. Suppose is inside the circle. Then from the distance formula,

Therefore, and 
It follows that and so and

Thus and Therefore, and
so 

9. (d) The quotient is and remainder is 4.
14. (a) Hint: Use Theorem 1.7.3 and then Theorem 1.7.1.

(c) Hint: Assume that and a divides bc. Write 1 as a lin-
ear combination of a and b, and then multiply by c.

16. (a) Proof. Suppose p is prime and a is any natural number. The only divisors
of p are 1 and p, and divides p, so or p. (i) Assume

Then p divides a by definition of gcd. (ii) Suppose p
divides a. Then p is a common divisor of p and a. Since p is the largest divi-
sor of p it is the largest common divisor of p and a, so 

20. 42
21. (a) Hint: Use a two-part proof. For the part of the proof that assumes a

divides b, show both conditions (i) and (ii) for the lcm are satisfied by b.

gcd(p, a) = p.

gcd(p, a) = p.
gcd(p, a) = 1gcd(p, a)

d = gcd(a, b) = 1

−8−36 = (−8)5 + 4.
x2 + y2 < 41.y2 < 16,

x2 < 250 < y < 4.1 < x < 5−2 < y − 2 < 2.
−2 < x − 3 < 2|y − 2 | < 2,|x − 3 | < 2

|y − 2 |2 < 4.|x − 3 |2 < 4(x − 3)2 + (y − 2)2 < 4.
(x, y)
x + y = 0?

x + y
n3 − n

3 |x − 2 |
x

≤ 4.

〉〈3[−(x − 2)]
x

≤ 4.

3[−(x − 2)] ≤ 4x
6 − 3x ≤ 4x

6 ≤ 7x

6

7
≤ x

x ≥ 1.
|x − 2 | = −(x − 2).x − 2 < 0.

3 |x − 2 |
x

≤ 4.

〉〈3(x − 2)
x

≤ 4.

3x − 6 ≤ 4x
−6 ≤ x

x ≥ 2,|x − 2 | = x − 2.x − 2 ≥ 0.

6
7

≤ x.〉x ≥ 1,−6 ≤ x,
x ≥ 2,

x − 2 < 0.x − 2 ≥ 0|x | .

〈
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(c) Hint: Assume that Since b divides 
for some integer k. Use part (b) to show that Then use part
(c) of Exercise 14 to show that a divides k. Conclude that so

(f) Hint: By Exercise 14(d), Use part (c) to find an expression

for Then use part (e) to obtain another expression for

Equate the two expressions and simplify.

23. (b) A.

Exercises 2.1

1. (a) or and 

(c) or and 
3. (a) Suppose that X is a set. If then X is not an ordinary set, so 

On the other hand, if then X is an ordinary set, so Both
and lead to a contradiction. We conclude that the collection

of ordinary sets is not a set.
4. (a) true

(c) true
(e) false
(g) true
(i) false

5. (a) true
(c) true
(e) false
(g) false
(i) false
(k) true

6. (a)
(c)

8. Hint: To prove that if and then begin by assuming
that and To show that we recall that means

The first steps are: Let x be any object. Suppose 
Now use the fact that and 

9. Hint: To prove use the hypothesis and show by using
Theorem 2.1.1(c).

14. (a) {�}, {�}, �},{0, �}, {�, 
(c)

15. (a) false
(e) false
(g) true

{�, {b}, {a, b}}, {{a}, {b}, {a, b}}, X, �}.
{{a}, {a, b}}, {{b}, {a, b}}, {�, {a}, {b}}, {�, {a}, {a, b}},
{{�}, {{a}}, {{b}}, {{a, b}}, {�, {a}}, {�, {b}}, {�, {a, b}}, {{a}, {b}},

X, �}�},{0,{{0},

B ⊆ AA ⊆ BA = B,
B ⊆ C.A ⊆ B

x � A.(∀ x)(x � A ⇒ x � C ).
A ⊆ CA ⊆ C,B ⊆ C.A ⊆ B

A ⊆ C,B ⊆ C,A ⊆ B
C = {1, 2, 3, 5}B = {1, 4},A = {1, 2, 3},
C = {1, 2, 5}B = {1, 2, 4},A = {1, 2},

X � XX � X
X � X.X � X,

X � X.X � X
2 ≤ x ≤ 6}.{x: x � �{x � �: 2 ≤ x ≤ 6}

x < 6}.{x: x � �{x � �: x < 6}

lcm Aad, b
dB.

lcm Aad, b
dB.

gcd Aad, b
dB = 1.

m = kb = ab.
a = k,

k ≤ a.
m = kbm = lcm(a, b),gcd (a, b) = 1.
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16. (a) no proper subsets
(b)

17. (a) true
(c) true
(e) true
(g) true
(i) true
(k) true

19. (c) C. The “proof” asserts that but fails to justify this assertion with
a definite statement that or that This problem could be
corrected by inserting a second sentence “Suppose and a fourth
sentence “Then 

(e) F. The error repeatedly committed in this proof is to say means
and The correct meaning of is that for every x, if
then 

(h) C. The proof could be considered correct, but it lacks a statement of the
hypothesis, helpful explanations and connecting words. How much
explanation you include depends on the presumed level of the reader’s
knowledge. We prefer the use of words, not just symbols.

(i) F. The claim is false. (For example, let 
The statement “Since would be

correct if we knew that .

Exercises 2.2

1. (a) {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}
(c) {1, 3, 5, 7, 9}
(e) {3, 9}
(g) {1, 5, 7}
(i) {1, 5, 7}

2. (b) (1, 8)
(d) [2, 4)
(h)

3. (a)
(d) {0}
(g)

4. A and B are disjoint.
6. (a) A Venn diagram is helpful.

{0, 2, 4, 6, 8, Á }
�− ∪
{0, −2, −4, −6, −8, −10, Á }
(−∞, 3) ∪ [8, ∞)

B 8 A
x � A Á ,”x � B,C = {1, 2, 5, 6, 7}.)

B = {1, 2, 4},A = {1, 2},

x � B.x � A,
A ⊆ Bx � B.x � A

A ⊆ B
x � B.”

x � A”
x � B.x � A

x � C,

�, {1}, {2}
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Since every element of C is either in A or B. In the diagram,
the shaded area must be empty. Since is not a subset of C, there
is some element x that is in but not in C. To ensure that C is non-
empty, we must place an element y in any one of the three available
regions of C. Our solution is For other
correct examples, we could place other elements anywhere in the
diagram (except in the shaded region).

9. (a) Hint: To prove that implies assume that 
and show that is false for every object x. To prove the con-
verse, assume and there is some object x in A.

(c) Proof.
(i) Assume Suppose Then so 

and Since implies Similarly, 
(ii) Assume and Suppose Then from 

we have and from we have Therefore,
We conclude that 

10. (c) Proof. Suppose and . Assume that C and D are not dis-
joint. Then there is an object But then and 
Since and and Therefore, so A
and B are not disjoint.

11. (a)
(c)
(e)

12. (a) Proof.

by Exercise 9(c) and 

and 

(d) Proof. Let A and B be any sets. Since is a subset of every set we
have Also and Therefore

This shows that 
13. (b)

15. (a) Proof.
and 
and and 
and and and 

and 

19. (a) F. One serious error is the assertion that which has no justification.
The author of this “proof” was misled by supposing which is an
acceptable step but not useful in proving After assuming
that the natural first step for proving that is
to suppose that x � A − C.

A − C ⊆ B − CA ⊆ B,
A − C ⊆ B − C.

x � A,
x � C,

(a, b) � (A × B ) ∩ (A × C ).iff  

(a, b) � A × C(a, b) � A × Biff  

b � Ca � Ab � Ba � Aiff  

b � Cb � Ba � Aiff  

b � B ∩ Ca � Aiff  

(a, b) � A × (B ∩ C )
 (q, {1, 2}), ({t}, {1, 2}), (π, {1, 2})}

B × A =  {(q, 1), ({t}, 1), (π, 1), (q, 2), ({t}, 2), (π, 2),

 ({1, 2}, q), ({1, 2}, {t}), ({1, 2}, π)}
A × B =  {(1, q), (1, {t}), (1, π), (2, q), (2, {t}), (2, π),

� (A − B) � � (A) − � (B).� � � (A) − � (B).
� � � (B).� � � (A)� � � (A − B).

�
S � � (A) ∩ � (B).iff  

S � � (B)S � � (A)iff  

S ⊆ BS ⊆ A〉〈iff  

iff  S ⊆ A ∩ B
S � � (A ∩ B)

C = {1}B = {1, 3},A = {1, 2},
C = {2, 3}B = {1, 3},A = {1, 2},
C = {2, 3, 4}B = {1, 3},A = {1, 2},

x � A ∩ B,x � B.x � AD ⊆ B,C ⊆ A
x � D.x � Cx � C ∩ D.

D ⊆ BC ⊆ A
C ⊆ A ∩ B.x � A ∩ B.

x � B.C ⊆ Bx � A
C ⊆ Ax � C.C ⊆ B.C ⊆ A
C ⊆ B.C ⊆ A.x � A,x � Cx � B.

x � Ax � A ∩ B,x � C.C ⊆ A ∩ B.

A − B = �
x � A − B

A ⊆ BA − B = �,A ⊆ B

C = {y}.B = {x, y},A = {x},

A ∩ B,
A ∩ B

C ⊆ A ∪ B,
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(b) Hint: The second sentence of this proof says “Suppose which
doesn’t make good sense when you think about it. (What should we
suppose about the set Consider that the author of this proof
may have meant to say “Suppose 

(d) C. The proof that is incomplete.
(e) F. The claim is false. The statement and is

false.
(i) F. Although a picture may help by suggesting ideas around which a cor-

rect proof can be made, a picture alone is rarely sufficient for a proof.
Thus a proof that consists only of Venn diagrams will usually have a
grade of F. This “proof” is made better because of the explanation that is
included, but the only way to give a complete proof is to show that

and 

Exercises 2.3

1. (a)

(c)

(e)

(g)

(i)

(p) The union is the triangular region bounded by The
intersection consists of the sides of the triangle that lie on the axes.

2. The family in Exercise 1(a) is not pairwise disjoint. The family in 1(b) is pair-
wise disjoint.

4. (a) Hint: For what real numbers is true?

(b) Hint: For what real numbers is true?

5. (a) Let Suppose Then for each Since 

Therefore 

6. (a) and 

and for some 

for some 

x �
⋃
a�Δ

(B ∩ Aa ).iff  

a � Δx � B ∩ Aaiff  

a � Δx � Aax � Biff  

x �
⋃
a�Δ

Aax � B  iff  x � B ∩ ⋃
a�Δ

Aa

⋂
a�Δ

A ⊆ Ab.x � Ab.b � Δ,

a � Δ.x � Aax �
⋂
a�Δ

Aa.b � Δ.

(∃A)(A � � ∧ x � A)

(∀A)(A � � ⇒ x � A)

y = x.x = 1,y = 0,

⋃
r��

 Ar = [0, ∞); 
⋂

r��

Ar = �

⋃
n��

An = (0, 1); 
⋂

n��

An = �

⋃
A��

 A = �; 
⋂

A��
A = {10}

⋃
n��

An = {5, 6, 10, 11, 12, 15, 16, 17, 18} ∪ {n ��: n ≥20};  
⋂

n��

An = �

⋃
A��

A = {1, 2, 3, 4, 5, 6, 7, 8}; 
⋂

A��
A = {4, 5}

B ⊆ A ∪ B.A ∪ B ⊆ B

x � �   iff  x � A”“x � A
A ∩ B = A

x � A − C.”
A − C?)

A − C,”
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7. (a)

8. (c) Hint: The statement is correct. 
9. (a) Suppose Then for some Since 

Thus for some Therefore, 

10. (a) Proof. Let For each Thus for each 

Therefore 

(b)

15. (c) Proof. Let Then there exists such that 

and Since and 

Alternate Proof: The set is a subset of

Therefore, by Exercise 9(a), 

17. (a) Let for each 

18. (a) C. This proof omits an explanation of why there is some in such that
The explanation is that by definition of an indexed

family, . If we allowed the claim would be false.
(b) C. No connection is made between the first and second sentences. The

connection that needs to be made is that if then for

some so because 

(e) F. The claim is false. 

Exercises 2.4

1. (b) not inductive
(d) not inductive
(f) not inductive

2. (b) true
(e) false

4. (e)

5. (c) may be defined as
(i)
(ii) if then 2x � A.x � A,

2 � A.
A = {n: n = 2k for some k � �}

(n + 2)(n + 1)

⋃∞
n=1

[n, n + 1) = [1, ∞).

Aa ⊆ B.x � Ba � Δ,

x � Aax �
⋃
a�Δ

Aa

Δ = �,Δ =
 �
Ab � {Aa : a � Δ}.

Δb

k � �.Ak = C−1
k
 , 1 +  1

kB
⋃m
i=k

Ai ⊆
⋃∞
i=1

Ai.Δ = {1, 2, 3, Á }.

≠ = {k, k + 1, k + 2, Á , m}

x �
⋃∞
i=1

Ai.x � Aj,j � �x � Aj.

k ≤ j ≤ mj � �x �
⋃m
i=k

Ai.

X =
⋂

A��
A.

x �
⋂

A��
A.x � A.

A � �,B ⊆ A.A � �,x � B.

x �
⋃
a�Δ

Aa.a � Δ.x � Aaa � Δ.

≠ ⊆ Δ,a � ≠.x � Aax �
⋃
a�≠

Aa.

 =
⋃
b�≠

a ⋃
a�Δ

(Aa ∩ Bb )b .

a ⋃
a�Δ

Aab ∩ a ⋃
b�≠

Bbb  =
⋃
b�≠

a a ⋃
a�Δ

Aab ∩ Bbb
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6. (a) Proof.

(i) The statement is true for because and

(ii) Assume that for some We must

show The equation’s left-hand 

side is 

and the equation’s right-hand side is

which also simplifies to 

Thus the statement is true for 
(iii) By the PMI, the statement is true for every 

7. (b) Proof.
(i) For which is divisible by 3.

(ii) Suppose for some that is divisible by 3. Then

Both 3 and are divisible by 3, so is divisible 
by 3.

(iii) By the PMI, is divisible by 3 for all 
(i) Proof.

(i) so the statement is true for 
(ii) Assume that for some Then

That is, 
(iii) By the PMI, for every 

8. (a) Proof.
(i) so the statement is true for 
(ii) Assume for some Then

< (n + 1)n! = (n + 1)!.
< (n + 1)n3
< n3 + n3 = 2n3
< n3 + 3n2 + n2 = n3 + 4n2
< n3 + 3n2 + 3n + n = n3 + 3n2 + 4n

(n + 1)3 = n3 + 3n2 + 3n + 1
n ≥ 6.n3 < n!

n = 6.63 = 216 < 720 = 6!,

n � �.3n+3 > (n + 3)3
3(n+1)+3 > ((n + 1) + 3)3.
 > n3 + 12n2 + 48n + 64 = (n + 4)3 = ((n + 1) + 3)3.
 = 3n3 + 27n2 + 81n + 81
 > 3(n + 3)3 = 3(n3 + 9n2 + 27n + 27)

3(n+1)+3 = 3n+4 = 3 · 3n+3
n � �.3n+3 > (n + 3)3

n = 1.33+1 = 34 = 81>64 = (1 + 3)3,

n � �.4n − 1

4k+1 − 14k − 1

 = 4(4k − 1) + 3.

 = 4(4k − 1) − 1 + 4

4k+1 − 1 = 4(4k) − 1

4k − 1k � �

n = 1, 41 − 1 = 3,

n � �.
n + 1.

3
2
n2 + 5

2
n + 1.1

2
(n + 1)(3n + 2),

3
2
n2 +  5

2
n + 1

∑n

i=1
(3i − 2) + [3(n + 1) − 2] =  n

2
 (3n − 1) + (3n + 1) =

∑n+1

i=1
(3i − 2) =  

n + 1

2
 (3(n + 1) − 1).

∑n

i=1
(3i − 2) =  n

2
 (3n − 1).n � �,

1
2
 (3(1) − 1) = 1.

∑1

i=1
(3i − 2) = 1n = 1
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(iii) By the PMI, for all 
(c) Hint: 
(g) Hint: For a convex polygon, any line segment drawn from an edge point

to another edge point lies inside the polygon. For the inductive
step, when you consider a polygon of sides, draw a line as shown
between two vertices. (Only part of the polygon is shown.)

n + 1

(n + 2)[(n + 1)!] > (n + 2)2n+3 > 2(2n+3).
n ≥ 6.n3 < n!
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The new line segment separates the upper left triangle from a con-
vex polygon that has exactly n sides, so we can apply the hypothesis of
induction to the n-sided polygon. Then use the result to compute the sum
of the interior angles for the polygon of sides.

10. Hint: Use for the basis step. For the inductive step, assume the state-
ment is correct for any collection of n points with no three points collinear.
Consider a collection of points, but apply the hypothesis of induction
to only n of those points. Then calculate the total number of line segments
determined by all points.

11. Hint: For the induction step, visualize the starting position with 
disks. When you think about the moves you would make to transfer all

disks from one peg to another, try to break down the task into three
separate tasks, so you can use the assumption about how many moves are
required to move n disks. The first task is to move the top n disks from the
stack to another peg.

13. (a) F. The claim is obviously false, but this example of incorrect reasoning
is well known because it’s fun and the flaw is not easy to spot.

Let all horses in every set of n horses have the
same color}. It is true that It is also true, for that if 
then The “proof” fails in the case when because 
but In this case, when either horse is removed from the set, the
remaining horse has the same color (as itself), [because there is only one
horse left] but the two horses may have different colors. We conclude that
the set S is not inductive, and in fact 

(b) F. The basis step and the assumption that the statement is true for some
n are correct. Perhaps the author hopes that just saying the statement is
true for is good enough. For a correct proof, one must use the
statement about n to prove the statement about .

(e) F. The factorization of is wrong, and there is no reason to believe
or is prime.y + 1x + 1

xy + 1
n + 1

n + 1

S = {1}.

2 � S.
1 � Sn = 1n + 1 � S.

n � S,n ≥ 2,1 � S.
S = {n � �:

n + 1

n + 1
n + 1

n + 1

n = 3
n + 1
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Exercises 2.5

1. (a) Hint: Let and for some integers 
and Show that 23, 24, and 25 are in S. Then let be a nat-
ural number and assume that for all To
show that proceed as follows: If 24, or 25 we already
know m is in S. Otherwise so By the hypothesis of
induction, so for some integers s and t,
where and Then 

3. (c) Hint: Let there exists such that assume A
is nonempty, and use the WOP to reach a contradiction.

5. (a) Hint: The induction hypothesis is “Suppose is even and both 
and are odd for some natural number k.” From this use the defini-
tion of Fibonacci numbers to show that is even and both 

and are odd.
(d) Proof.

(i) In the case of the formula is which is
Thus the statement is true for .

(ii) Suppose for some k that Then

Therefore the statement is true for 
(iii) Thus, by the PMI, for all natu-

ral numbers n.
6. (d) Hint: Consider the cases and separately. For you will

find it useful to multiply the equation by and
by 

7. Hint: Modify the proof given for the case Slightly different argu-
ments are needed to show (i) that S is nonempty and (ii) that 

9. Hint: Suppose n is the smallest positive integer greater than 1 that is not
prime and such that n can be expressed in two different ways as a product of
primes (where we ignore the order in which the prime factors appear). Then
n may be written as: and Apply Euclid’s
Lemma to show that for some Then find a contradiction.

12. (b) Proof. Let S be a subset of such that and S is inductive. We
wish to show that Assume that and let By the
WOP, the nonempty set T has a least element. This least element is not
1, because If the least element is n, then and But
by the inductive property of S, implies that This is a
contradiction. Therefore, 

13. (b) F. The claim is false. The flaw in the “proof ” is the incorrect assumption
that is a natural number. In fact, 1 is the smallest natural number nm − 1

S = �.
n � S.n − 1 � S
n − 1 � S.n � T1 � S.

T = � − S.S =
 �S = �.
1 � S�

1 ≤ j ≤ m.p1 = qj

n = q1 q2 q3 Á qm.n = p1 p2 p3 Á pn

r < |a | = −a.
a > 0.

bn−2.b2 = b + 1
an−2a2 = a + 1

n > 2,n = 2n = 1

f1 +   f2 +   f3 + Á +   fn =   fn+2 − 1
n + 1.

 =   fk+3 − 1.
 = (  fk+2 +   fk+1) − 1
 = (  fk+2 − 1) +   fk+1

f1 +   f2 +   f3 + Á +   fk +   fk+1 = (  f1 +   f2 +   f3 + Á +   fk) +   fk+1

  f1 + f2 +   f3 + Á +    fk =   fk+2 − 1.
n = 11 = 2 − 1.
f1 =  f1+2 − 1,n = 1,

f3(k+1)+2f3(k+1)+1

f3(k+1)

f3k+2

f3k+1f3k

a2 = 2b2},a � �A = {b � �:

m = 3(s + 1) + 4t.t ≥ 2.s ≥ 3
m − 3 = 3s + 4tm − 3 � S,

m − 3 ≥ 23.m ≥ 26,
m = 23,m � S,

k � S.k � {23, 24, Á m − 1},
m > 22t ≥ 2}.

s ≥ 3n = 3s + 4tS = {n � �: n > 22
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such that 3 does not divide There is no contradiction about
a smaller natural number because there is no smaller natural number.

Exercises 2.6

2. (b) 16
3. Hint: Since there are 103 squares less than

or equal to 1,000,000; 102 cubes less than or equal to 1,000,000; and 10 natu-
ral numbers that are both squares and cubes (sixth powers) less than or equal to
1,000,000.

5. Hint: Complete this formula: 

10. Hint: The answer is not Consider the cases
where the bottom right is colored the same as or differently from the upper left
corner, and give two products that yield the correct sum.

21. (a) Hint: The algebra in the inductive step is:

(c) Proof. Choose one particular element x from a set A of n elements. The

number of subsets of A with r elements is The collection of

r-element subsets may be divided into two disjoint collections: those
subsets containing x and those subsets not containing x. We count the
number of subsets in each collection and add the results. First, there are

Qn
r
R.

 = (a + b)a∑n

r=0
an

r
barbn−rb .

 = ba∑n

r=0
an

r
barbn−rb + aa∑n

r=0
an

r
barbn−rb

 = ba∑n

r=0
an

r
barbn−rb + aa∑n−1

r=0
an

r
barbn−r + anb

 = babn +
∑n

r=1
an

r
barbn−rb + aa∑n

r=1
a n

r − 1
bar−1bn+r−1 + anb

 = bn+1 +
∑n

r=1
an

r
barbn+1−r +

∑n

r=1
a n

r − 1
barbn+1−r + an+1

 = bn+1 +
∑n

r=1
a an

r
b + a n

r − 1
b barbn+1−r + an+1

 = bn+1 +
∑n

r=1
an + 1

r
barbn+1−r + an+1

∑n+1

r=0
an + 1

r
barbn+1−r

20 · 19 · 19 · 18; it is 130,340.
  − A ∩ B ∩ C ∩ D.A + Á − A ∩ B − Á + A ∩ B ∩ C + Á

A ∪ B ∪ C ∪ D =

1,000,000 = (103)2 = (102)3 = 106,

n3 + 2n + 1.
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r-element subsets of A that do not contain x, since each is a sub-

set of Second, there are r-element subsets of A that doQn − 1

r − 1
RA − {x}.

Qn − 1

r
R
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contain x, because each of these corresponds to the -element sub-
set of obtained by removing x from the subset. Thus the sum of
the number of subsets in the two collections is

23. (b) Hint: Consider two disjoint sets containing n and m elements.

Exercises 3.1

2. (a) domain range 
(c) domain [1, ∞), range [0, ∞)
(e) domain range 

3.
��,

��,

an − 1

r
b + an − 1

r − 1
b = an

r
b .

A − {x}
(r − 1)

372 Answers to Selected Exercises

1

(a)

x

y

1

(5, 2)

(c)

x

y

(e)

x

y

4. (a)
(c)

(e)

(g)

(i)
5. (b)

(d)
6. (a)

(d)
(g) R4 ◦ R5 = {(x, y) � � × �: y = 16x4 − 40x2 + 27}

R2 ◦ R3 = {(x, y) � � × �: y = −35x + 52}
R1 ◦ R1 = {(x, y): x = y} = R1

R ◦ R = {(1, 2), (2, 2), (5, 2)}
R ◦ T = {(3, 2), (4, 5)}
R−1

9 = {(x, y) � P × P: y is a child of x and x is male}

R−1
7 =

{
(x, y) � � × �: y >

x + 4

3

}
R−1

5 =
{

(x, y) � � × �: y = ± 
A

5 − x

4

}R−1
3 = {

(x, y) � � × �: y = 1
7
(x + 10)

}R−1
1 = R1
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(j)

(n)

(p) Hint:
15. (a) F. The statements “ ” and “ and ” are not equiva-

lent. It’s wise to avoid writing something like “Suppose ”
Think of an element of a product as an ordered pair, and write “Suppose

”
(b) C. The only correction required is that implies or

(d) A.

Exercises 3.2

1. (a) not reflexive, not symmetric, transitive
(e) reflexive, not symmetric, transitive
(l) not reflexive, symmetric, not transitive (Note: Sibling means “a brother

or sister.”)
2. (a) {(1, 1), (2, 2), (2, 3), (3, 1)}

c � D.
a � B(a, c) � B × D

(x, y) � A × B.

x � A × B.
x � Bx � Ax � A × B

R9 ◦ R9 is not {(x, y): y is a grandfather of x}.

R3 ◦ R8 =
{

(x, y) � � × �: y = 14x

x − 2
− 10

}R6 ◦ R6 = {(x, y) � � × �: y < x + 2}

Answers to Selected Exercises 373

3

1

2

1

2 3

(d) {(1, 1), (2, 2), (3, 3), (1, 3), (2, 3), (3, 1), (3, 2)}

3. (a) Sketch the graph This relation is not reflexive on because it
does not contain (1, 1), not symmetric because it contains (1, 2) but not
(2, 1), and not transitive because it contains (1, 2) and (2, 4) but not (1, 4).

(d) Hint: Sketch the line and the unit circle. This relation is not tran-
sitive because it contains (1, 0) and but not (1, −1).(0, −1)

y = x

�y = 2x.

(f) This is the graph of the relation 

5. (d) Hint: To show that R is reflexive, let a be a natural number. All prime
factorizations of a have the same number of 2’s. Thus It must alsoa R a.

{(x, y): y ≤ x}.x

y
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be shown that R is symmetric and transitive. Three elements of are
and 

(g) Hint: First show P is reflexive on and symmetric. To show tran-
sitivity begin by supposing that and Then

and 
The equivalence class of (0, 0) is the line 

7. (a) transitive, but not reflexive and not symmetric
(c) reflexive, symmetric, and transitive

8. (a)

10. (b) Hint: See part (a).
(c) Hint: Assume Part 1: Suppose Then By symmetry

and by transitivity Thus This shows 
In part 2, we must show 

13. (b) Proof. Assume R is symmetric. Then 
Thus Now, suppose Then 

implies which implies Thus R is symmetric.
15. (a) Proof. Suppose Then or If

then Likewise, if then 
In either case, Thus, is symmetric.

18. Hint: One part of the proof is to show that R is symmetric. Suppose 
Then and so and Therefore, 

19. (f) F. The last sentence confuses with A correct proof requires
a more complete second sentence.

Exercises 3.3

2. (d) The elements of are natural numbers, not subsets of so is not a
partition of Note: is a partition of 

3. (b) There are 10 equivalence classes. The class contains 
and all the negatives of these

numbers. The class of 10 modulo R contains all integers that have 1 as
the tens digit, and so forth.

5. Hint: There are four subsets in the partition. One of them is the set

6. (b) or both and 
(d) (i) and or (ii) and 

(Recall that int(x) denotes the greatest integer function.)
8. (a) {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3), (3, 4), (3, 5), (4, 3), (4, 4), (4, 5), 

(5, 3), (5, 4), (5,5)}
11. No. Let R be the relation {(1, 1), (2, 2), (3, 3), (1, 2), (1, 3), (2, 1), (3, 1)} on

the set Then and 
The set is not a partition of A.� = {{1, 2, 3}, {1, 2}, {1, 3}}

R(3) = {1, 3}.R2 = {1, 2},R(1) = {1, 2, 3},A = {1, 2, 3}.

x, y � �.int(x) = int(y)x � �x = y  iff  x R y
y > 2.x > 2x = y  iff  x R y

{(1,−1), (−1, 1), (i, i), (−i, −i)}.

100, 101, Á 109, 200, 201, Á , 209, Á

0, 1, 2, Á , 9,0/R
�.{{1, 2, 3, 4}, {n � �: n > 5}}�.

��,�

R ◦ S.R ∩ S
y R x.x L yy L xy L x,x L y

x R y.
R ∪ R−1(y, x) � R ∪ R−1.

(y, x) � R.(x, y) � R−1,(y, x) � R−1.(x, y) � R,
(x, y) � R−1.(x, y) � R(x, y) � R ∪ R−1.

(y, x) � R.(x, y) � R−1,
(x, y) � RR = R−1.R = R−1.(x, y) � R−1.

  iff  (y, x) � R  iff  (x, y) � R
yq ⊆ xq.

xq ⊆ yq.z � yq.y ≡m  z.y ≡m  x
x ≡m z.z � xq.x ≡m y.

4 = {Á , −6, −1, 4, 9, 14, Á}
3 = {Á , −7, −2, 3, 8, 13, Á}
2 = {Á , −8, −3, 2, 7, 12, Á}
1 = {Á , −9, −4, 1, 6, 11, Á}
0 = {Á , −15, −10, −5, 0, 5, 10, Á}

y = x.
|z − w | = |u − v |.|x − y | = |z − w |

(z, w) P (u, v).(x, y) P (z, w)
� × �

300 = 2 · 2 · 3 · 5 · 5.28 = 2 · 2 · 7,4 = 2 · 2,
4/R
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14. (a) Yes of a partition of A when because 
If then and so 

is not a partition of A.
15. (d) A(or C). The proof is correct because the ideas are all there, and every state-

ment is true. You may give it a C if you feel the ideas are not well connected.

Exercises 3.4

1. (a) No, since (2, 4) and (4, 2) are in R.
(c) No, since (2, −2) and (−2, 2) are in R.
(f) No, since (1, 3) and (3, 1) are in R.

10. (a) {(a, a), (b, b), (c, c), (c, a), (c, b)}
11. (a) There are multiple correct answers for this question, depending on pref-

erences. One answer is:

EBc
1, Bc

2 FBc
1 = Bc

2 = �,B1 = B2 = AB1 = B2,{B2, B1}.
EBc

1, Bc
2 F=B1 =
 B2,EBc

1, Bc
2 F

Answers to Selected Exercises 375

t9
t8

t7
t3

t6
t2

t5
t1

t4

12. (a) Proof. Suppose For any we have
If then for all we have Therefore, 

which shows that On the other hand, if then for all 
we have and Thus, which shows that

Therefore, there is no C different from B and such
that Hence is an immediate predecessor of B.

13. (b) No. For example, consider a set of two squares where the squares are
side by side within the rectangle.

(c) A set containing two disjoint squares does not have a lower bound.
14. (a) Hint: Use parts of Theorem 2.2.1 and Exercise 9 of Section 2.2.

(b) Hint: Use parts of Theorem 2.3.1 and Exercise 10 of Section 2.3.
20. (b) F. This proof does not show that exists. All it shows is that if 

exists, then A correct proof would show that
by showing u has the two supremum properties (u is an

upper bound and u R v for all other upper bounds v.)

Exercises 3.5

2. (d) not possible
3. (c) not possible
9. Hint: Suppose the graph G has order and all vertices have different

degrees. Consider what these degrees must be. Can one vertex have degree
and another have degree 0?n − 1

n ≥ 2,

u = sup(B )
u = sup(B ).sup(B )

sup(B )

B − {x}B − {x} ⊆ C ⊆ B.
B − {x}C = B − {x}.

C ⊆ B − {x},y =
 x.y � B
y � Cx � C,C = B.

B ⊆ C,y � C.y � Bx � C,y � C.
y � B − {x},B − {x} ⊆ C ⊆ B.
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Exercises 4.1

1. (a) This is a function with domain and range {0, �, �, }. Other possi-∩∪,

376 Answers to Selected Exercises

ble codomains are {0, �, �, , $}, {0, �, �, , #, %} and
{�, �, , 0, 1, 2, 3}.

3. (a) A possible codomain 
is .

(d) A possible codomain is 

4. (a)
5. (a) If then For or is prime and

not 5
If then For or is prime and
not 5
If then For or is prime and
not 5
If then For or is prime and
not 5
For each there is a unique y in A such that 

8. (a) A.
9. (a) Let Then 

(c) Hint: Find a rule so that and 

10. (a)
11. (b) This rule is a function.

(e) Not a function. For example in we have The rule
assigns to these different images: [0], [3], [2], and [1] in 

15. (a) Dom(S)
16. (a) Proof. Let x, y, 

(i) By definition of absolute value, for all x, 
(ii)
(iii)
(iv) By the triangle property of absolute value, 

Thus 

17. (c) We choose 2 elements from A for first coordinates; each may 

then be assigned any element of B as its image.

Exercises 4.2

1. (a)
(c)
(e)

(i) Observe that ( f ◦ g)(x) =
{

 f  (2x) if x ≤ −1

 f  (−x) if x > −1
.

g ◦ f = �f ◦ g = {(k, r), (t, r), (s, l )},
(g ◦ f )(x) = 2 sin2x + 1(  f ◦ g)(x) =  sin (2x2 + 1),

(g ◦ f )(x) = −29 − 14x(  f ◦ g)(x) = 17 − 14x,

Qm
2
Rn2

d (x, y) + d (y, z) ≥ d (x, z).
ƒ x − y ƒ + ƒ y − z ƒ ≥ ƒ x − z ƒ .

d (x, y) = ƒ x − y ƒ = ƒ y − x ƒ = d ( y, x).
x = y.  iff  x − y = 0  iff  d (x, y) = ƒ x − y ƒ = 0

y � �.d (x, y) = ƒ x − y ƒ ≥ 0
z � �.

�4.0
0 = 3 = 6 = 9.�3

f  (3) = 3 = {Á , −9, −3, 3, 9, Á}.

x2 = 3 2
3
.x1 = 3 1

2

x is the sequence −1, −2, −3, −4, Á .xn = −n.

(x, y) � R.x � A,
y = 3. iff  

4, 8 + yy = 1, 2, 3,2x + y = 8 + y.x = 4
y = 1. iff  

4, 6 + yy = 1, 2, 3,2x + y = 6 + y.x = 3
y = 3. iff  

4, 4 + yy = 1, 2, 3,2x + y = 4 + y.x = 2
y = 1. iff  

4, 2 + yy = 1, 2, 3,2x + y = 2 + y.x = 1,
Rng(  f ) = � − {−1}.Dom(  f ) = � − {3},

�.Range = �.Domain = � −
{
π

2
+ kπ: k � �

}
.

�

Range = {y � �: y =
 0}.Domain = � − {−1}.
∩∪,

+,∩∪,∩∪,
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We must consider cases. If Since in this case
If There are two

sub-cases:

Therefore,

Similarly,

If There are two subcases:

If then so 
If then so 

If Since so Thus

Therefore, 

2. (a)
(c)

(e)

(i)

3. (a) Example 1: 
Example 2: 

5. (a)

(c)

(e)
9. (a)

13. Hint: Write as Then show and use
Theorem 4.2.5.

h ∪ g = h ∪ (g|C−E)A ∪ (C − E ).A ∪ C
{(x, y) � � × �: y = x2}
{(x, y) � � × �: y = 0  if  x < 0  and  y = x2 

 if  x ≥ 0}
f −1(x) = −3 + ln x

f −1(x) =  
1 − 2x

x − 1

f −1(x) =  
x − 2

5

g (x) = 3x.f  (x) = (x + 7)2,
g (x) = 3x + 7.f  (x) = x2,

Dom(g ◦  f ) = �, Rng(g ◦  f ) = (−∞, 1)
Dom(  f ◦ g) = �, Rng(  f ◦ g) = (−∞, 2)
Dom(g ◦  f ) = � = Rng(g ◦  f )
Dom(  f ◦ g) = {k, t, s}, Rng(  f ◦ g) = {r, l}
Dom(g ◦  f ) = �, Rng(g ◦  f ) = [1, 3]

Rng(  f ◦ g) = [−1, 1]Dom(  f ◦ g) = �,
Dom(  f ◦ g) = � = Rng(  f ◦ g) = Dom(g ◦  f ) = Rng(g ◦  f )

(g ◦ f )  (x) = c2x + 2 if  x ≤ −2

−x − 1 if −2 < x ≤ 0

−2x if x > 0

.

g (2x) = −2x.
2x > −1.2x > 0,x > 0,g (  f  (x)) = g (2x).x > 0,

g (x + 1) = −x − 1.x + 1 > −1,x > −2,
g (x + 1) = 2x + 2.x + 1 ≤ −1,x ≤ −2,

x ≤ 0, g (  f  (x)) = g (x + 1).

(g ◦ f  )(x) =
{

g (x + 1) if x ≤ 0

g (2x) if x > 0
.

(  f ◦ g )(x) = c2x + 1 if  x ≤ −1

−2x if −1 < x < 0

−x + 1 if  x ≥ 0

.

 If −1 < x < 0, then 1 > −x > 0, so f  (−x) = −2x.
 If x ≥ 0, then −x ≤ 0, so f  (−x) = −x + 1.

f  (g (x)) = f  (−x).x > −1,f  (2x) = 2x + 1.2x ≤ 0,
f  (g (x)) =  f  (2x).x ≤ −1,
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14. (a) is a function.h ∪ g

x

y

16. (a) Proof. Let x, y Suppose. Then and 
There-fore, 

(d) Proof. Suppose x and y are in and Then 
so Thus or

Using the fact that x and y are in
we know and are positive. Dividing both sides of

the last inequality by and we conclude that

Thus 
Note: This proof was found by working backward from the conclusion.

17. (d) The function f given by

is a counterexample. Another counterexample is f given by 

18. (a) Proof. We show that is a function with a domain First
is by definition a relation. For all there is some 

such that because and there exists such 
that because Then so

It is clear from the definition of that
implies so Dom

Let Suppose and are in Then
Therefore, is a function.

20. (a) A. On line 3 the author of this proof chose not to mention that 
(because A is the domain of f ). The reader is expected to observe this to
verify that 

Exercises 4.3

1. (a) Onto Proof. Let Then for , and 
Thus Therefore, f maps onto �.w � Rng(  f ).1

2
 [2(w − 6)] + 6 = w.

f  (x) =x � �x = 2(w − 6),w � �.�.

(x, y) � IA.

x � A
f1 +  f2c = f1(x) +  f2(x) = d.

f1 +  f2.(x, d )(x, c)x � �.
( f1 +  f2) = �.x � �,x � Dom( f1 + f2)

f1 +  f2x � Dom( f1 + f2).
(x, u + v) �  f1 +  f2,f2: � → �.(x, v) �  f2

v � �f1: � → �(x, u) �  f1
u � �x � �f1 +  f2

�.f1 +  f2
(x + 1)(x − 1)2.

f  (x) =

f  (x) = c x + 1 if  x ≤ 0

1 − x if 0 < x < 1

x − 1 if  x ≥ 1

〉〈
f  (x) < f  (y).

x − 1

x + 3
<

y − 1

y + 3
 .

y + 3,x + 3
y + 3x + 3(−3, ∞),

(x − 1)(y + 3) < (y − 1)(x + 3).
xy + 3x − y − 3 < xy + 3y − x − 33x − y < 3y − x.

4x < 4y,x < y.(−3, ∞)
f  (x) < f  (y).

3x − 7 < 3y − 7.3x < 3yx < y.� �.
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(c) Not onto Since and f does 
not map onto 

(k) Proof. First, if then and so

Therefore Now let 

Choose Then so 

Dividing by , we have Thus and

This value for x was found by working backward from the desired
result Therefore, f maps onto 

2. (a) One-to-one. Proof. Suppose Then

Then so 

(c) One-to-one. Proof. Suppose Then
so 

(k) f is one-to-one. Proof. Suppose and Then

so Thus 

4. (a)
8. (a) Let be given by and be given by

Then f maps onto but is not onto 
(e) Let and The function f

must not be one-to-one. Let and 
Then g is one-to-one, but the composite 

is not.
9. (c) Proof. We verify that f maps onto as follows: because

For choose Then and

Therefore, f maps onto 

To show that f is one-to-one, suppose Then for 

and Therefore, 

so and We must also consider 

whether might be 1, for But if and

then so This is impossible. Therefore f is 
one-to-one.

−2 = 4.x − 2 = x + 4,

f  (x) = x − 2

x + 4
= 1,x =
 −4x =
 −4. f  (x)

x = z.6x = 6zxz − 2x + 4z − 8,

xz − 2z + 4x − 8 =x − 2

x + 4
= z − 2

z + 4
.z =
 −4,

x =
 −4f  (x) =  f  (z).

�.

f  (x) = c4w + 2

1 − w
− 2 d � c4w + 2

1 − w
+ 4 d = 6w

6
= w.

x =
 −4x = 4w + 2

1 − w
 .w =
 1,f (4) = 1.

1 � Rng(  f ),�

{(a, y), (b, y), (c, z)}
g ◦  f ={(1, x), (2, y), (3, z)}.

g =f = {(a, 2), (b, 2), (c, 3)}
C = {x, y, z}.B = {1, 2, 3},A = {a, b, c},

�.g ◦  f�g(x) = x2.
g: � → �f  (x) = 2xf : � → �

 f = {(1, 0), (2, 3), (3, 0), (4, 0)}B = {0, 3},

x = z.3x − xz − 6 + 2z = 3z − xz − 6 + 2x.
x−2

3−x
= z−2

3−z
,

f  (x) =  f  (z).x, z � [2, 3)
m = n.(m, m) = (n, n),

m, n � � and f (m) = f (n).

x = y.1
2
x = 1

2
y,1

2
x + 6 =  1

2
y + 6.

f  (x) =  f  (y) for some x, y � �.
[0, ∞)..〉

〈

=
3w + 2 − 2(w + 1)

3(w + 1) − (3w + 2)
= w.

f  (x) = c3w + 2

w + 1
− 2 d � c3 − 3w + 2

w + 1
d

x � [2, 3),2 ≤ x < 3.w + 1

2w + 2 ≤ 3w + 2 < 3w + 3.w ≥ 0,x =  
3w + 2

w + 1
.

w � [0, ∞).Rng(  f ) ⊆ [0, ∞).f  (x) =  
x − 2

3 − x
 ≥ 0.

3 − x > 0,x − 2 ≥ 0x � [2, 3),
� × �.

(5, 8) �  Rng(  f ),(5, 8) � � × �� × �.
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11. (a) Proof. f is not a surjection because [1] has no pre-image in This is
because if then But then 8 divides the odd number

which is impossible. To show f is an injection, suppose
Then so Therefore, 8 divides

so 4 divides and thus 
12. (b) Example 1: for all (the identity function).

Example 2: 

Example 3: 

The sequence of example 3 is 2, 1, 4, 3, 6, 5, 8, 7, . . .
13. (c) None.

(f) Since one element of B has two pre-images. This element of

B can be selected in n ways, and the two pre-images in ways.

We can assign each of the remaining elements of B as the image
of exactly one of the remaining elements of A in ! ways.

Thus there are functions from A onto B.

14. (a) F. To show that f is onto we must prove that The proof
shows only that 

(b) Hint: What additional information should be included in this proof? 
(d) A. Notice that a direct proof would have been a little easier to follow.

Exercises 4.4

3. (b) Let h be the inverse of g. Then

for 

Therefore To verfiy that this formula is correct, suppose

Then

=
2 A 4x

x + 2B
4 − 4x

x + 2

= h a 4x

x + 2
b

(h ◦ g)(x) =  h (g (x))

x > −2.

h (x) =  
2x

4 − x
.

x < 4.y =  
2x

4 − x
,iff  

y (x − 4) = −2xiff  

xy + 2x = 4yiff  

x = 4y

y + 2
iff  

(x, y) � h  iff (y, x) � g

Rng(  f ) ⊆ �.
� ⊆ Rng(  f ).�

n  Qn + 1

2
R(n − 1)! = n! Qn + 1

2
R

(n - 1)n − 1
n − 1

Qn + 1

2
R

m = n + 1,

x n =
{

n + 1  if n is odd

n − 1 if n is even
.

x n =
{

50 − n  if n < 50

n if n ≥ 50
.

n � �x n = n
xq = zq.x − z,2x − 2z,

2x = 2z (mod 8).[2x] = [2z],f  (xq ) =  f  ( zq ).
2x − 1,

[2x] = [1].f  (xq ) = [1],
�4.
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Since the composite is the identity function on the domain of g, we
conclude that 

9. (c) [2 5 4 6 1 7 3]
(e) [6 1 4 7 5 3 2]
(i) [5 3 7 4 1 2 6]

Exercises 4.5

1. (a)

2. (a) [2, 10]
(c) {0}

4. (b) [2, 5.2]

(c)

8. (a) Suppose Then for some Thus

for every Since we conclude that 
for every Therefore, This proves that

9. Hint: There must be at least two sets and in the family, and 

for all but no element a in such that The function f

cannot be one-to-one.
10. (a) Suppose Then there is such that 

Since But so Therefore,

(d) First, suppose Suppose Then 
Thus there is such that so There-
fore, 

Now assume We know by part (a) that
so to prove equality, we must show 

Suppose Then so for some Since
Thus and so

Therefore, 
11. (b) Proof. Suppose Then so there exists 

such that We note since Thus 
and therefore t =  f  (x) �  f  (X − Y ).x � X − Y

t =  f  (x) � f  (Y).x � Yf  (x) = t.
x � Xt �  f (X ),t �  f  (X ) −  f  (Y ).

E ⊆ f (  f −1(E )).b � f (  f −1(E )).
a �  f −1(E),b =  f  (a)a �  f −1(E).b = f  (a) � E,

a � A.b =  f  (a)b � Rng(  f ),b � E.
E ⊆  f  (  f −1(E )).f (  f −1(E )) ⊆ E,

E ⊆ Rng(  f ).
E ⊆ Rng(  f ).

b � Rng(  f ).b =  f  (a),a �  f −1(E )
b �  f  (  f −1(E )).b � E.E =  f  (  f −1(E )).

f  (  f −1(E )) ⊆ E.
b � E.f  (a) = b,f  (a) � E.a � f −1(E ),

f  (a) = b.a �  f −1(E )b �  f  (  f −1(E )).

f  (a) = b.
⋂
a�Δ

Daa � Δ,

b �  f  (Da)D2D1

f Q ⋂
a�Δ

DaR ⊆ ⋂
a�Δ

f  (Da).

b �
⋂
a�Δ

 f  (Da).a � Δ.
b �  f  (Da)b =  f  (a)a � Δ.a � Da

a �
⋂
a�Δ

Da.b =  f  (a)b � f Q ⋂
a�Δ

DaR.
c2 −

√
3, 

3 −
√

5

2
 b ∪ a3 +

√
5

2
 , 2 +

√
3 d

h ({1, 3}) = {4, 5}, h ({2, 3}) = {4, 5}, h (A) = {4, 5}.
h (�) = �, h ({1})={4}, h ({2})={4}, h ({3})={5}, h ({1, 2})={4},

h = g−1.

= x.

=
8x

x + 2
4(x + 2) − 4x

x + 2
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12. The converse is true. To prove f is one-to-one, suppose x, and 
Then and thus By hypothesis,

Thus 
15. (a) If f is one-to-one, then the induced function is one-to-one.
18. (a) F. The claim is not true. We cannot conclude from 

Exercises 4.6

3. (a) does not exist

(c)

(e) 0

(g) (Recall that )

(i) 0
5. (a) Hint: To show x diverges, suppose the limit is L and let .

(c) Hint: x diverges; use 
(f) Hint: for use and

6. (a) Proof. Let Then Since there exists 

such that if then Likewise, there exists 

such that implies Let 

and assume Therefore we have 

There-

fore, 
(f) Hint:

7. (a) Hint: Since by Exercise 6(f). Now apply the defini-

tion of with 

10. (b) A. The proof uses Exercise 6(b).

Exercises 5.1

2. (a) finite
(c) finite
(e) infinite
(f) finite

6. (a) Suppose A is finite. Since is a subset of A, is finite.
7. Hint: Write and and apply The-

orem 5.1.7(a).
9. (a) Hint: Define by for each Now

show that f is one-to-one and onto A ∪ {x}.
a � A.f  (a) = (a, x),f : A → A ∪ {x}

A = (A − B) ∪ (A ∩ B)A ∪ B = (A − B) ∪ B
A ∩ BA ∩ B

ε = |L |
2

.ƒ xn ƒ → ƒ L ƒ

xn → L, ƒ xn ƒ → ƒ L ƒ ,

ƒ xn ƒ − ƒ L ƒ ≤ ƒ xn − L ƒ .
xn + yn → L + M.

ƒ (xn − L) + (yn − M) ƒ ≤ ƒ xn − L ƒ + ƒ yn − M ƒ <
ε

2
+ ε

2
 = ε.

ƒ (xn + yn) − (L + M) ƒ =n > N3.

N3 = max {N1, N2},ƒ yn − M ƒ <
ε

2
.n > N2

N2 � �ƒ xn − L ƒ <
ε

2
.n > N1,

N1 � �xn → L,ε

2
> 0.ε > 0.

√
n + 1 −

√
n = A√n + 1 −

√
n B a

√
n + 1 +

√
n√

n + 1 +
√

n
b .

N > (2ε)−2ε > 0,xn → 0;
ε = 1.

ε = 1

lim
n→∞Q1 + 1

nR
n

= e.e2

4
5

f  (x) �  f  (X ).x � X

 f  (x) =
  f  (y).f  ({x} ∩ {y}) =    f  ({x}) ∩ f  ({y}) = { f  (x)} ∩ { f  (y)}.
f  ({x} ∩ {y}) = �.{x} ∩ {y} = �

x =
 y.y � A
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10. Hint: First show is finite.
11. (c) not possible
13. Obviously when If define a function on

by considering first the images of elements that are less than x and
then images of elements greater than x.

15. Hint: Use the argument that if then the finite set is equivalent to
one of its proper subsets.

18. (a) Hint: Suppose f is not onto B and consider the range of f.
(b) Hint: Suppose f is not one-to-one. Then A is not empty and since A and

B are finite and there is some such that and
Use these facts to construct a function F from onto that

is not one-to-one. Then for some x, y, Remov-
ing from F produces a function from a proper subset of onto

Now apply Exercise 17.
19. Hint: Use induction on the number of elements in the domain.
20. Proof. Suppose A and B are finite, and 

is one-to-one. Then there exists a one-to-one (and onto) function 
and a one-to-one (and onto) function See the diagram below.
Then is a one-to-one function from to by Theorem 4.3.4. 
But so the conclusion that is a one-to-one contradicts 
Theorem 5.1.9.

h ◦ f ◦ gm > n
�n�mh ◦ f ◦ g

h: B → �n.
g: �m → A

f : A → Bm > n,B = n,A = m,

�n.
�n(y, z)

f  (x) = f  (y) = z.z � �n,
�n�nB ≈ �n.

�n ≈ An � �A ≈ B,

�mn < m,

�r − {x}
x =
 r,x = r.�r − {x} ≈ �r−1

� (A × B)

Answers to Selected Exercises 383

f
A B

hg

h �  f  � g
n�m�

21. (b) Hint: The largest possible sum of 10 elements of is
Thus there are no more than 945 possible

sums. However, there are nonempty subsets of S.
Apply the Pigeonhole Principle, and delete any common elements from
two subsets that have the same sum to form disjoint subsets.

22. (b) C. In Case 2, it is not correct that In fact,

Exercises 5.2

3. (a) Proof. Let be given by for each We
show that f is one-to-one and maps onto First, to show f is one-to-
one, suppose Thus which implies 
Also, f maps onto since if d is an odd positive integer, then d has the
form for some But then 

(e) Hint: Consider with domain �.f  (x) = −(x + 12)
f  (r) = d.r � �.d = 2r − 1

D+
x = y.2x − 1 = 2y − 1,f  (x) =  f  (y).

D+.
n � �.f  (n) = 2n − 1f : � → D+

�k ∪ �1 = �k.
�k ∪ �1 ≈ �k+1.

210 − 1 = 1,023
90 + 91 + Á + 99 = 945.

�99
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4. (a) Hint: Let be given by 

(b) Hint: Let be given by 

(d) Hint: Let be given by

6. (a) Define by

7. (a) c
(c)
(e) c

12. (a) F. W is certainly an infinite subset of and is denumerable, but this
“proof” claims without justification that every infinite subset of is
denumerable. To show W is denumerable, we need to use another theo-
rem or a bijection between W and a denumerable set.

(c) F. The claim is false. Also “A and B are finite” is not a denial of “A and
B are infinite.”

(d) F. Writing an infinite set A as is the same as assuming A is
denumerable.

Exercises 5.3

6. Hint: Use a proof by induction on n, the number of sets in the family.
7. Hint: This theorem has been proved in the cases where A and B are finite (The-

orem 5.1.7(a)), where one set is denumerable and the other is finite (Theorem
5.3.4), and where A and B are denumerable and disjoint (Theorem 5.3.5). The
only remaining case is where A and B are denumerable and not disjoint. Write

as a union of disjoint sets. Now explain why is
countable, and then apply Theorems 5.3.4 and 5.3.5.

8. Hint: Give a proof by induction.
11. Hint: For each let Then there is a bijection 

Define by for 

13. (b) Hint: First prove that each set is infinite. Then for define
where is the kth prime and for

all Explain why is equivalent to and why is
countable.

15. (a) C. The proof is valid only when In the case when 
we need a new function g that is almost the same as f except that the

f  (1) =
 x,f  (1) = x.

Rng (  f )Rng (  f )Tni > k.
ai = 0pkf  (a) = 2a1 · 3a2 · 5a3 · Á pak

k ,
a � TnTn

x � Bm.h (x) = a∑m−1

i=1
kib + fm(x),h: 

⋃
i��

 Bi → �

fm: Bm → �km.Bm = km.m � �,

B − AA ∪ (B − A),A ∪ B

{x1, x2, Á}

�

D+�,

ℵ0

g (x) = L
20 if x = 1

 2 if x = 10

2x if x =
 1, x =
 10

.

g: � → E+

f  (x) = L
2 − 2x if  0 < x ≤ 1

2

2x + 4 if  
1

2
< x < 1

.

 f  (0, 1) → [1, 2) ∪ (5, 6)

f  (x) = (a − 1) + 1
x

. f  (0, 1) → (a, ∞)

f  (x) = 1
x

. f  (0, 1) → (1, ∞)
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image of 1 will be x. This involves removing the two ordered pairs
with second coordinates x and and replacing them with two other
ordered pairs. Let t be the unique element of such that 
and define f * Now let

f * for all 

Exercises 5.4

2. Hint: Recall that 
5. (b) true
8. (a)

11. (b) not possible
16. (a) Hint: Assume that there is a bijection. Associate each function f in 

with the corresponding real number a such that and write f
as Define by 

Then for some Compute to obtain a contradic-
tion. [Ref.: J. Robertson, “A Student Exercise on Cardinality,” Mathe-
matics and Computer Education 32 (1998), 17–18.]

(b) Hint: Consider the set of constant functions in 
17. (b) F. The claim is false. We have not defined or discussed properties of

operations such as addition for infinite cardinal numbers. Thus the equa-
tion applies only to finite sets.

(d) F. The “proof” assumes that every element of B is in the range of f.

Exercises 5.5

1. (b) The Axiom of Choice is not necessary since there are only a finite
number of sets in the collection.

(h) The Axiom of Choice is necessary. 
5. Proof. Let with B infinite and A denumerable. Since 

Since A is denumerable, Since B is infinite, B has a denumerable
subset D by Theorem 5.5.4. Thus By the Cantor–
Schröder–Bernstein Theorem, Thus 
Alternate Proof. The set B is an infinite subset of the countable set A, so B
is countable and denumerable. Since both A and B are equivalent to , A is
equivalent to B.

8. Hint: Let By Theorem 5.5.4, has a denumerable subset
Construct a one-to-one correspondence between A and A − {x}.{an: n � �}.

A − {x}x � A.

�

B ≈ A.B = A.
A = � = D ≤ B.

A = �.
B ≤ A.B ⊆ A,B ⊆ A

C = B + (C − B)

�.

g (b)b � [0, 1].g = fb

g (x) =
{

0 if  fx(x) =
 0

1 if  fx(x) = 0
.

g: [0, 1] → [0, 1]  fa.
0 ≤ a ≤ 1,

�

= � < �(�) < �(�(�)).

� < {0} < {0, 1} < � < (0, 1) = [0, 1] = � − �

�(�) = �.

n � �.(n + 1)g (n) =  

 = (  f − {(1,  f  (1)), (t, x)}) ∪ {(1, x), (t,  f  (1))}.
f (t) = x�

 f  (1)
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10. (a) A. Note that the range of every sequence is countable.
(c) F. The idea of this “proof ” is to take out countably many elements, one

at a time, until denumerably many elements are left. But if A is un-
countable and C is countable, then the set of leftover ele-
ments will always be uncountable. (See Exercise 9(b) of Section 5.3.)

Exercises 6.1

1. (a) yes
(e) no

2. (a) not commutative
(e) not an operation

3. (a) not associative
(e) not an operation

4. (a) a is the identity element
(b) Yes. This is tedious to verify because one must verify that 64 equations

of the form are all true. It helps to observe that
if (the identity) then Similarly, if

or the equation is easily seen to be true. This leaves 
only 27 cases to verify when none of x, y, or z is a. For example,

while so the equation
is true when and 

(c) Yes, because the table is symmetric about its main diagonal. To verify by
cases that the equation is true for every choice of x and y,
consider first that case that one of x or y is a, then the case that and
finally the other 3 cases.

(d) The inverses of a, b, c, d, are a, b, c, d, respectively.
(e) No. The product is not in so is not closed under
(f) Yes. 
(g) and 
(h) True. In fact, for all 

8. Hint: Compute 
9. (a) Hint: Compute and 

10. (b) Hint: Assume that for some natural number n, every product of t ele-
ments of A is equal to for
every Now consider a product of factors in
that order. This product has the form where is a product of
some k factors in that order and is a product of
the remaining factors in that order. First use the induc-
tion hypothesis to write and in left-associated form.

Now consider two cases. If then there are at least two factors 
and in the product Denote the product by c, which is an

element of A. Replace by c and use the hypothesis of induction to
write as a left-associated product.b1 * b2

a1 * a2

a1 * a2b1.a2a1

k > 1,
b2b1

ak+1, Á , an+1

b2(k ≤ n) a1, a2, Á , ak

b1b1 * b2,
a1, a2, Á , an+1n + 1t ≤ n.

( Á ((a1 * a2) * a3) Á ) * ata1, a2, Á , at

(x ◦ a) ◦ y.x ◦ (a ◦ y)
(ac)(db) and (db)(ac).

x ◦ x = a.x � A,
{a, b, c, d}.{a}, {a, b}, {a, c}, {a, d},

c ◦ c = a.c ◦ a = c,a ◦ c = c,a ◦ a = a,
◦.B1B1,b ◦ c = d

x = y,
x ◦ y = y ◦ x

z = b.y = c,x = b,
b ◦ (c ◦ b) = (b ◦ d ) = c,(b ◦ c) ◦ b = d ◦ b = c,

z = a,y = a
(x ◦ y) ◦ z = y ◦ z = x ◦ (y ◦ z).x = a

(x ◦ y) ◦ z = x ◦ (y ◦ z)

B = A − C
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If and has only one factor, then the product is 
which is already in left-associated form. Otherwise, has at least 2 fac-
tors, and we may denote by d the product of the first two factors and

of Replace by d in the product and apply the hypoth-
esis of induction. Finally, apply the associative property to 
to write the entire product in left-associated form.

12. Hint: Assume that (mod m) and (mod m). Then there exist inte-
gers x and y such that and To show that

mod m), compute the sum of mx and my. To show that
(mod m), simplify 

15. (a) 2, 4, and 6.
(c) There are no divisors of zero.

16. (b) F. The claim is false. One may premultiply (multiply on the left) or
postmultiply both sides of an equation by equal quantities. Multiplying
one side on the left and the other on the right does not always preserve
equality.

(d) F. The proof makes the assumption that which may be false. 

Exercises 6.2

1. (c)

xy =
 0,

bmx + cmy.a · b = c · d
a + b = c + d (

my = b − d.mx = a − c
b = da = c

a1 * (a2 * a3)
b1 * b2a2 * a3b2.a3

a2

b2

a1 * a2b1 * b2b2k = 1

Answers to Selected Exercises 387

1 i

1 1 i
1 i

i i 1
1 −1i−i−i

−1−i
−i−1−1

−i−1

−i−1· We see from the table that the set is
closed under 1 is the identity, and
each element has an inverse. Also, 
is associative.

·
·,

(d) Hint: is the identity.
2.

�
e u v w

e e u v w
u u v w e
v v w e u
w w e u v

4. (c) The group is abelian.
8. (b) [3 2 1 4], [1 2 3 4], [2 4 1 3].

12. Hint: For a, compute and two ways.

13. Hint: To have both cancellation properties, every element must occur in every
row and in every column of the table.

16. (a) v, w, e, and u
(b) Hint: Let For an element x such that try 

19. Since 
Therefore in and hence 

20. (a) 4, 8, 12, 16x = 0,
(p − 1)−1 = p − 1.�p,(p − 1)(p − 1) = 1

(p − 1)2 = 1 (mod p).(p − 1)(p − 1) = p2 − 2p + 1 = p (p − 2) + 1,
a−1 * b.a * x = b,a, b � G.

(ab)2a2b2b � G,
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21. (c)
(e) No solution

22. (a)
23. (b) F. A minor criticism is that no special case is needed for e. The fatal flaw

is the use of the undefined division notation.
(c) A. The proof is correct, but provides minimal explanation.

Exercises 6.3

1. (a) {0}, {0, 4}, {0, 2, 4, 6}
(d) Hint: There are six subgroups.

7. (a) Yes. Assume G is abelian and H is a subgroup of G. Suppose 
Then Therefore, 

9. (c) The order of 0 is 1. The elements 1, 3, 5, and 7 have order 8. The ele-
ments 2 and 6 have order 4. The order of 4 is 2.

11. Proof. The set is not empty because so Let 
Then and Multiplying both sides of the last equation by 
we have Thus 
or Therefore, 

This shows Therefore, is a subgroup of G, by 
Theorem 6.3.3.

14. Proof. The identity because H is a group, and thus Thus
K is not empty. Suppose Then and for
some Thus 

But H is a group, so Thus
Therefore, K is a subgroup of G.

17. Hint: Let H be a subgroup of (a). If H is the trivial subgroup it is clearly
cyclic. Otherwise show that there is a positive integer t such that is in H.
Now use the Well Ordering Principle to find the smallest such t and use the
Division Algorithm to show that this power of a is a generator for H.

18. (c)
19. (a) C. The proof omits the step of verifying that is nonempty

(because it contains the identity).

Exercises 6.4

4. Let Then 

8. (a) Let Then by Theorem 4.5.1(b).
Therefore, f is an OP mapping.

10. (a) Hint: Suppose and are two groups with
identity elements e and i. To define an isomorphism from G to H, first
determine the image of e.

(c) Hint: Use Theorem 6.4.3(c) to show that the algebraic system in
Exercise 2 of Section 6.2 is not isomorphic to (�4, +).

H = ({i, b}, *)G = ({e, a}, ◦)

f  (C ∪ D) = f  (C ) ∪ f  (D)C, D � � (A).
I (  f ) + I (g).

I (  f + g) = 1
b

a (  f + g)(x) dx = 1
b

a  f  (x) dx + 1
b

a  g (x) dx = f, g � F.

H ∩ G
a10, a20

at

bc−1 � K.
h1h2

−1 � H.a−1h1(aa−1)h2
−1a = a−1h1h2

−1a.
bc−1 = (a−1h1a)(a−1h2a)−1 = (a−1h1a)(a−1h2

−1a) =h1, h2 � H.
c = a−1h2ab = a−1h1ab, c � K.

a−1ea � K.e � H

Caxy−1 � Ca.(ax)y−1 = a(xy−1).
(xy−1)a = x (y−1a) = x(ay−1) = (xa)y−1 =ay−1 = y−1a.

(y−1y)(ay−1) = (y−1a)(yy−1),y−1
 (ya)y−1 = y−1(ay)y−1.

y−1,ya = ay.xa = ax
x, y � Ca.e � Ca.ea = a = ae,Ca

xy = yx.x, y � G.
x, y � H.

�8,

(x − 1)(x + 1) = x2 − 1 = 0

x = 6
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14. (a) Suppose in Then 18 divides Therefore, 6 
divides and so 24 divides Thus

in so f is well defined. Now let
Then 

(b) The table is:

[0] [4] [8] [12] [16] [20]

[0] [0] [4] [8] [12] [16] [20]
[4] [4] [8] [12] [16] [20] [0]
[8] [8] [12] [16] [20] [0] [4]
[12] [12] [16] [20] [0] [4] [8]
[16] [16] [20] [0] [4] [8] [12]
[20] [20] [0] [4] [8] [12] [16]

Exercises 6.5

1. (b) The interval is not a ring because it is not closed under addition.[−1, 1]

Rng (   f ) = {[0], [4], [8], [12], [16], [20]}.
= f  (xq) +24  f  (yq).

f  (xq 
 +18 yq) = [4(x + y)] = [4x + 4y] = [4x] +24 [4y]xq, yq � �18.

�24,[4y] = f  (yq )f  (xq ) = [4x] = 
4(x − y) = 4x − 4y.x − y,

x − y.�18.yq = xq
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(For example, in not an element of 
4. Hint: First show that is closed under and and that the 

additive identity is (0, 0). The inverse of is because 

and 

Explain why the remaining axioms hold for 
13. (a) Hint: Let First, show that if m is composite, then m has divisors

of 0. Now suppose m is prime and there are nonzero elements a and b in
such that Apply Euclid’s Lemma to reach a contradiction.

Exercises 7.1

1. (b)
2. (b) 0 and all negative real numbers are lower bounds.
3. (a) supremum: 1; infimum: 0

(c) supremum: does not exist; infimum: 0
(e) supremum: 1; infimum: 
(g) supremum: 5; infimum: 

4. (a) Hint: Show that an upper bound for A is an upper bound for B.
6. Hint: Suppose b is an upper bound for A. Therefore, for all x, if then

This means that for all x, if then Explain why is not
bounded above.

8. (a) Proof. Let x and y be least upper bounds for A. Then x and y are upper
bounds for A. Since y is an upper bound and x is a least upper bound,

Acx � A.x > b,x ≤ b.
x � A

−1

1
3

1
3
, 1, 2, 3

ab = 0.�m

m � �.
� × �.

(a, b) = (−a + a, − b + b) = (0, 0).(−a,−b) ⊕ 
(a, b) ⊕ (−a, −b) = (a + (−a), b + (−b)) = (0, 0),

(−a, −b)(a, b)
⊗⊕� × �

[−1, 1]).3
4
 +  3

4

62025_08_Ans_p353-392.qxd  4/28/10  5:16 PM  Page 389

Copyright 2011 Cengage Learning, Inc. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.



Since x is an upper bound and y is a least upper bound, 
Thus 

13. (a) Proof. Let Then B is
bounded below (by elements of A) so exists. Let We
must show 
(i) To show we note that since s is an upper bound

for A. Thus Therefore, 
(ii) To show we will show t is an upper bound for A. If t is not an

upper bound for A, then there exists with Let
Since and there exists such

that But Therefore, a contradiction,
since and 

14. (a) Proof. Suppose and exist. Then is bounded
above by (see Exercise 4(c)). By the com-
pleteness property, exists. We show that 
(i) Since we have Also,

implies that It follows that

(ii) It suffices to show m is an upper bound for Let 
If then If then 
Thus m is an upper bound for Hence 

19. Hint: Let F be an ordered field. Assume that F is complete and let A be a non-
empty subset of F that has a lower bound in F. To show that A has an infimum
in F, begin by defining the set Prove that has a supre-
mum and then find an infimum for A.

21. (a) F. The claim is true but might not be in A.

Exercises 7.2

1. (b)
2. (b) Hint: In the case where 

3. for all there exists such that if 

then .

4. (e)

(i)

5. (b) open
(e) open
(i) closed

⋃
n��

(n + 0.1, n + 0.2)

�

f  (x ) � �(L, ε)

x � �(a, d),d > 0ε > 0 iff lim
x→a  

f  (x ) = L

�( x1, d1) ∩ �( x2, d1) = �a x1 + x2

2
, d1 − | x2 − x1 |

2
b .

|x2 − x1| < 2d1,
d = 0.025x = 3.825,

y = i +  ε
2

A−A− = {−x: x � A}.

sup (A ∪ B) ≤ m.A ∪ B.
x ≤ sup (B) ≤ m.x � B,x ≤ sup (A) ≤ m.x � A,

x � A ∪ B.A ∪ B.
m = max {sup (A), sup (B)} ≤ sup (A ∪ B).

sup (B) ≤ sup (A ∪ B).B 8 A ´ B
sup (A) ≤ sup (A ∪ B).A ⊆ A ∪ B,

sup (A ∪ B) = m.sup (A ∪ B)
m = max {sup (A), sup (B)}

A ∪ Bsup (B )sup (A )
a � A.u � B

u < a,t + ε < a.u < t + ε.
u � Bt < t + ε,t = inf (B)ε =  a − t

2
.

a > t.a � A
s ≤ t

t ≤ s.s � B.
s = sup (A),t ≤ s

s = t.
t = inf (B).inf (B)

B = {u: u is an upper bound for A}.s = sup (A),
x = y.

y ≤ x.x ≤ y.
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13. (a) not compact (not bounded)
(d) not compact (neither closed nor bounded)
(g) not compact (not closed)

15. (a) Hint: First show that a cover for is a cover for A and a cover for B.
19. (c) C. With the addition of O* to the cover we are assured that

there is a finite subcover of {O*} but not necessarily a
subcover of Since O* is useless in a cover for B,
it can be deleted from the subcover.

Exercises 7.3

1. (c) Hint: Use the fact the 

3. (a)

(c)
(g)
(m)

4.
5. Hint: Let Then Show z is an accumulation point of A by using

Theorem 7.1.1.
7. (b) Hint: Use Exercise 6(a).

10. (a) The set has no accumulation points.
(c) The set has at least one accumulation point.

13. (a) F. Hint: Identify the misuse of quantifiers.
(c) F. The claim is false. need not be a subset of 

Exercises 7.4

1. (a) bounded below by 10, not bounded above
(c) bounded; bounded above by bounded below by 0

(e) bounded; bounded above by 10, bounded below by 0
(g) not bounded above, not bounded below
(i) bounded; bounded above by 0.81, bounded below by 

3. Hint: Let y be bounded, and B a number such that for all . Use

the definition of with 

5. (f) Hint: It suffices to show that for 

Exercises 7.5

3. (a) Hint: Consider rational numbers in whose square is less than 
6. (a) Hint: Consider a set A that includes and the sequence

xn = n/(n + 1).
[0, 2]

50.[7, 8]

(n + 1)!

(n + 1)n+1
<

n!

nn.n � �,

ε

B
.xn → 0

n � �|yn | ≤ B
−0.9

1
10

,

(B ′)c.(Bc )′

z > a.a � A.
{0, 1}

�

{0, 2}
�

{
1
2

} lim
n→∞Q1 + 1

nR
n
= e.

= A − B{Oa: a � Δ}.
∪ {Oa: a � Δ},

{Oa: a � Δ}
A ∪ B
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(b) F. The claim is correct but there is little that is correct in this proof. For
instance, the upper bound for A may be negative, in which case
B would have to be defined differently. The most serious error is that
there is no connection between being an accumulation point and being
an upper bound for a set.

a0
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