ANNULI IN GENERALIZED HEEGAARD SPLITTINGS
AND DEGENERATION OF TUNNEL NUMBER

MARTIN SCHARLEMANN AND JENNIFER SCHULTENS

ABSTRACT. We analyze how a family of essential annuli in a compact 3-
manifold will induce, from a strongly irreducible generalized Heegaard
splitting of the ambient manifold, generalized Heegaard splittings of
the complementary components. There are specific applications to the
subadditivity of tunnel number of knots, improving somewhat bounds
of Kowng [Kw]. For example, in the absence of 2-bridge summands, the
tunne] number of the sum of » knots is no less than % the sum of the

tunnel numbers.

1. INTRODUCTION

The tunnel number t( K) of a knot (or link) K in 5% is the minimal number
of arcs that, when attached to the knot, gives a graph whose complement
is the interior of a handlebody. [t was once naively hoped that this knot
invariant might be additive under connected sum of knots, but Morimoto
((M2]) has found counterexamples in which tunnel number degenerates under
connected sum. That is, there are knots K and K? for which t(K'#K?2) <
t(K') + t(K?). The degree of degeneration possible was soon shown by
Kobayashi ([Ko]) to be arbitrarily high. That is, given d > 0 there exist
knots K' and K? for which t(K) + t(K?) — t(K'#K?) > d.

Although Kobayashi’s examples show that there is no uniform bound on
the degeneration number, it is still natural to ask if there is a uniform bound
less than 1 on the degeneration ratio

UKD + (K — t(KU#K?)
- tHKY) + t(K?)

Cd(K' K?)
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More generally, for knot summands K1,... , K™ we can define the degener-
ation ratio

EHY) A+ + (K™ — (K .. #K™)
LK) +... +t(Kn) '

Kobayashi’s methods show that the degeneration ratio for each of his exam-
ples is at least § and Morimoto’s specific example has degeneration ratio 3.
If we also consider links, Morimoto has shown [M1] that the connected sum
of a knot K and a 2-component link L has tunnel number one exactly if K
is a 2-1bridge knot and L is the Hopf link. Such examples have degeneration
ratio 3.

In %he other direction, Kowng showed in [Kw] the more general claim
that if an irreducible orientable compact 3-manifold M contains a collection
of tori 7, then M has a generalized Heegaard splitting of genus at most
3(genus(M) +|T|) — 2 for which each component of 7 is contained in a thin
level (see Definition 2.9). When applied to M = S% —n(K1#... #K™), this
has the corollary that

dKY, K™ =

%(t(Kl) b (EY) S UK AKY) + (- 1),

So Kowng showed that, in general,
n—1
K + .+ t(KT)

Here we improve this aspect of Kowng’s results, using a somewhat dif-
ferent approach growing out of the investigations in [SS1], [SS2]. The Main
Theorem shows how to cut a strongly irreducible generalized Heegaard split-
ting of M along a family of essential annuli and create generalized Heegaard
splittings for the resulting manifolds. Analysis of the result shows a bit more
than the following: for K7 prime, d(K',... , K™) < 2; if none of the K7 is
2-bridge, then d(K',... ,K™) < 2.

2-bridge knots seem to play a special role in the theory of tunnel numbers.
Morimoto’s original example of degeneration used a 2-bridge summand, and
Kobayashi’s (non-prime) examples each have for one of their summands a
sum of 2-bridge knots. So it is intriguing that here too the bounds on
degeneration are better if there are no 2-bridge knots among the summands.

Although we focus on cutting a manifold apart by annuli, the same sort
of analysis extends to families of tori, in a way we only briefly describe.

2
d(K!, ... K™ §:§+

After some preliminaries and a simplified but indicative special case, the
outline of the proof is as follows:

Step 1 (Section 4): We examine annuli in, and on the boundary of,
compression bodies. The goal is to develop criteria that allow us to cut
open compression bodies along annuli and glue compression bodies together
along annuli so that at the end, the result is still a collection of compression
bodies.




ANNULI AND HEEGAARD SPLITTINGS 3

Step 2 (Section 5): We prove that a strongly irreducible generalized
Heegaard splitting can be cut along annuli and augmented in such a way as
to yield generalized Heegaard splittings for the complementary components.
[n this construction a bound on the degeneration of the “index” is given by
the number of “dipping annuli”.

Step 3 (Section 6): We show that the generalized Heegaard splittings
of the complementary components obtained in thig way can be destabilized
under certain conditions.

Step 4 (Sections 7 and 8): We find bounds on the number of dipping
annuli. Section 7 is quite general, whereas Section 8 achieves better bounds
in the context of a knot complement, when we can assume any surface with
meridinal boundary has an even number of boundary components.

Step 5 (Section 9): We apply the derived inequalities to the study of
tunnel numbers.

The paper concludes with an appendix by Andrew Casson. He constructs
an example which demonstrates that the bound on the number of dipping
annuli given in Section 7 is, in some sense, best possible.

We would like to thank Kanji Morimoto for hig careful reading and usefyl
cominents.

2. PRELIMINARIES

For standard definitions concerﬁing knots, see [BZ] or [R] and for those
concerning 3-manifolds, see [H] or [J]. All manifolds will be orientable.

Definition 2.1. For N 4 properly embedded submanifold of M , we denote
an open regular neighborhood of N in M by n(N).

Definition 2.2. Let K be g knot in S3. Denote the complement of K, §3 —
Lompiement of K
n(K), by C(K).

Remark 2.3. Let K — K1#K2 be the sum of two knots. Then the decom.
posing sphere gives rise to g decomposing annulus A properly embedded in
C(K) such that C(K) = C(KY) uy C(K?. If K = K'# . #K™ then
we may assuﬁze that the decomposing spheres are nested, so that C(K ) =

C(KY) Uy, o Ua,_, C(K™).

Definition 2.4, 4 tunnel system for a knot K s a collection of disjoint

ares T =t1U---U¢, properly embedded in C(K) such that C(K)=n(T) is a
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handlebody. The tunnel number of K, denoted by t(K), is the least number

of arcs required in a tunnel system for K.

Definition 2.5. 4 compression body is a 3-manifold W obtained from q

connected closed orientable surface S by attaching 2-handles to S x {0} c
S x I and capping off any resulting 2-sphere boundary components. We
denote S x {1} by O, W and dW — O+W by 6_W. Dually, a compression
body is a connected orientable 3-manifold obtained from q (not necessarily
connected) closed orientable surface O_W x I by attaching 1-handles. Define
the indez of W by J(W) = x(8-W) — x (8, W) > 0.

Definition 2.6. 4 set of defining disks for a compression body W is o set
of disks { D1, ..., Dn} properly embedded in W with OD; C 0L W fori = 1,

-y 1 such that the result of cutting W along D1 U- - U D,, is homeomorphic
to O_W x [.

Definition 2.7. A Heegaard splitting of a 3-manifold M is 4 decomposition

M =V UsW in which V, W are compression bodies such that V N W —
OV =04W =S and M = VUW. We call § the splitting surface or

Heegaard surface.

Definition 2.8. 4 Heegaard splitting is reducible (resp. weakly reducible)
if there are essential disks Dy and Dy, such that 8D; = AD, (resp. 8Dy N

0Dy =0). A Heegaard splitting which is not (weakly) reducible is (strongly)

irreducible.

Definition 2.9. 4 generalized Heegaard splitting of a compact orientable
3-manifold M is a structure M = (W Us, W) Up, (Vo Us, W3) Up, - Up,_,
(Vin Us,, Win). Each of the V; and W; is a union of compression bodies,
O4Vi = Sy = 0, W, (ie., Vi Us, Wi is a union of Heegaard splittings of a
submanifold of M) and 6_W, = Fi = 0_Vigr. We say that generalized
Heeqaard splitting is strongly irreducible if each Heegaard splitting V; Ug, W;

is strongly irreducible and each F; is incompressible in M. We will denote
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U F5 by F oand U,S; by S. The surfaces in F are called the thin levels and
the surfaces in S the thick levels.

Let M =V Us W be an irreducible Heegaard splitting. We may think of
M as being obtained from O_V x [ by attaching all 1-handles in V Jollowed
by all 2-handles in W, followed, perhaps, by 3-handles. An untelescoping
of M =V UsW isa rearrangement of the order in which the 1-handles
of V' and the 2-handles of W are attached, This rearrangement yields a
generalized Heegaard splitting. For convenience, we will occasionally denote
OV =39_Vy by F.

The Main Theorem in [ST1] together with the calculation [SS2, Lemma
2] implies the following:

Theorem 2.10. Suppose M is an wrreducible compact 3-manifold and 8y M
s a collection of its boundary components. Then M has a Heegaard splitting
M=V UsW with %M = d_V i and only if M has q strongly irreducible
generalized Heegaard splitting (V; Usy W) U, (Va Ug, Wy) Up, - Ug,_,
(Vin Us,, Win) such that oM = Fy = 0_V; and Yo J(V) = JV) =
x(Fo) +2g — 2.

One implication comes from untelescoping a Heegaard splitting of genus
g, the other from thinking of a generalized Heegaard splitting as an untele-
scoping of some Heegaard splitting. The latter process is sometimes called
the amalgamation of the generalized splitting into a standard splitting.

A strongly irreducible Heegaard splitting can be isotoped so that its split-
ting surface, .S intersects an incompressible surface, P, only in curves essen-
tial in both S and P. This is a deep fact and is proven, for instance, in [Sc,
Lemma 6]. This fact, together with the fact that incompressible surfaces
can be isotoped to meet only in essential curves, establishes the following:

Lemma 2.11. Let P be o properly embedded incompressible surface in an
irreducible 3-manifold M and let M = (Vius, Wi)up, -- Uy (VinUs,, Wi,)
be a strongly irreducible generalized Heegaard splitting of M. Then FU S
can be isotoped to intersect P only in curves that are essential in both P and

FuUS.
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3. AN INDICATIVE FIRST EXAMPLE

We will first point out a special simplified case in which an upper bound
to the degeneration ratio is fairly easily found, and the ideas that are used
are indicative of ideas that will be important in the general case.

The special case is this:

Theorem 3.1. Let K! and K2 be prime knots and assume that M -
C(K'#K?) possesses o minimai genus Heegaard splitting that is strongly
trreducible. Then t(K'#K2) > L(t(KY) + t(K?)). Hence d(K' K?) < L.

Proof: Let M = V Ug W be the strongly irreducible Heegaard split-
ting, with OM = A_V and W a handlebody. The hypothesis implies
that 2t(K'#K?) = —x(S). Let (A,04) C (M,0M) denote the annulus
in M = C(K'#K?) that, when completed by a pair of meridian disks, con-
stitutes a decomposing sphere for K1#K?2 c §3. Following Lemma 2.11 we
can isotope S and 4 until their intersection consists of circles essential in 4
and in S. Isotope them further to reduce, as much as possible, the number
of such components of AN S.

Let Ay € ANV and Aw = ANW be the essential non-spanning annuli of
A-SinVand W respectively. A sequence of d-compressions of Aw c W
could turn each annulus into a disk; similarly a sequence of O-compressions of
all but the spanning annulus of 4y C V could turn each annulus into a disk.
Suppose that these sets of d-compressions could be done simultaneously. Do
so on all but one annulus in Aw. The result would be that A N S would
become a pair of circles that are parallel and essential in 4 and bound a
boundary compressible annulus in W. This annulus would divide W into two
handlebodies, whose genus would add to genus(W)+1. The spanning annuli
ANV would divide V into two components, each of the form annulus x [
U 1 — handles. If, in each component of M — A, we thicken 4 N W and
regard this collar as in V, the result would be induced Heegaard splittings
of C(K') and C(K?). It would follow that HKL) + 6(K3) < t(K'#K?) so
there would be no degeneration.

In general, the boundary compressions of Ay and Ay cannot be done
simultaneously, since the arcs to which they d-compress in § may intersect.
This problem can be avoided if S were first stabilized by attaching a tube
parallel to a spanning arc of each annulus in Ayv. This would allow 8-
compressions of Ay onto arcs that run along the tubes, without affecting
the J-compressions of Ay to the original S. So we see immediately that
lAv|, the number of tubes used, is an upper bound on degeneration. The
first goal is then to get a bound on [Ay].

Since any surface in S? is separating, any component of S — A has an
even number of boundary components, since it can be completed to become
a closed surface in S% by attaching meridian disks of either k! or K2
Assurmne, for initial simplification, that no component of $ — 4 is an annulus.




ANNULI AND HEEGAARD SPLITTINGS 7

Let S" = M —n(A) and notice then that each component Sy of S has at most
2—-x(%) < —=2x(Sh) boundary components, since each component has non-
trivial even Euler characteristic. Tt follows that 10S] < ~2x(8") = ~2x(9),
so the number of essential curves |4 N S| < —x(S). Since two of these
curves come from spanning annuli in V', this implies that the number of
non-spanning annuli |Ay| < —L‘)ﬂ -1 =t(K'#K? - 1. Combining this
argument with the previous one, we get

HKL) + t(Ko) < t(K'#K?) +|Ay| < A(K#K?) — 1

or
HEKY#K?) > ;ZL—(t(Kl) + 1K),

an inequality better than required.

Now examine the annulus components in S — A. Note first of all that
any such annulus component B is necessarily d-parallel in the component
C(K') (say) of M — A in which it lies, since K is prime. Since the number
of (essential) circles S N A| has been minimized, B is not parallel to a
subannulus of A. So B must be parallel to the annulus component of M —
0A that lies in C(K!), an annulus on M which we denote by Bjs.

It follows that there cannot be two annulus components of S — A that
are adjacent in S, since one would be parallel to each of the two annulus
components of M — 04 and so the union of the two annuli in S would
provide a way to "spin” a collar of 84 in a way that would reduce the
number of components of SN A. Since no two annuli in S — A are adjacent
in S, the total number of these annuli can be no larger than the number
of circles |4 N S| that we calculated above in the absence of annuli. That
is, there are no more than —X(5) annuli among the components of S — 4.
Hence, even allowing annuli components in S ~ 4, |[AN S| < —2x(S) so
Av] < x(S) =1 =2t(K'#K?) — 1 and we get

WKL) + () < oK #K?) + | Ay < 3K $K?) 1

Qr
KK > %(t(m) L HK)).

But we can do better. The region lying between the annuli B and By in
C(KY) is homeomorphic to annulus x I, i. e. a solid torus, and it is known
how a strongly irreducible splitting surface like S can intersect a solid torus
(cf [Sh]). The upshot is that all components of S — A lying between B and
By in C(K') are annuli parallel to B, except possibly one component, (an
exceptional component) which consists of a pair of annuli parallel to B but
then tubed together by a vertical tube. (See Figure L.) An exceptional
component can be ignored since, for example, the vertical tube could be slid
across A into C(K?). Notice that, by choosing B outermost (i. e. furthest
from By C dM), all annuli components of SNC(K') lie between B and By.
By the analogous argument in C'(K2) no component of SNC(K?) can be an
annulus, since an innermost one would be adjacent in S to an innermost one
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FIGURE 1. An exceptional component between B and By

of SN C(K!), forming a O-parallel torus component of S, a contradiction,
(This argument is complicated only a little by the possible presence of an
exceptional component.)

So we may suppose that all w annulus components of S — A4 lie in C(K!)
and lie between and are parallel to the annuli B and Bg. Then at least %
pairs of these annuli each cut off a parallel pair of annuli in Ay. For each
of these pairs, only one stabilization is required in the process described
above, since the annuli are parallel. (Imagine placing the added tube so
that it lies in the collar between the annuli in V). Soif S~ A contains
w annuli there are two new effects: First, the count of |95| is changed
fo |05 < 2w — 2x(8") = 2w — 2X(5), so the number of essential curves
ANS| <w -~ x(S). This implies that

1y < w=x(S) 1
2
On the other hand, the second effect is that the number of stabilizations
required is at most
w—-2 _ —y(9)

<

_ 1 2
5 5 = UK REK?),

Ayl -
This implies that
HKL) + t(K2) < HK'#K?) + (K #K2) < (K K?)

or
HK#KY) 2 S(00K) + 1K),

as required. O
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leaves

FIGURE 2. A tree of complexity {4, 4,3}.

4. ANNULI IN AND ON COMPRESSION BODIES

A properly imbedded annulus 4 ¢ M is essential if it is incompressible
and not J-parallel. In this section we study finite sets of disjoint essential
annuli in a compression body W.

Lemma 4.1. If A is an essential annulus in a compression body W, then
either one component of 9A lies on each of O+ W and O_W (i. e. A is

spanning) or 4 C 0. W. In the latter case, A is boundary compressible.
Proof: See [BnO, Lemma 9]. a

Suppose A is a properly imbedded collection of essential annuli in a com-
pression body W so, in particular, the boundary of any non-spanning annu-
lus A lies in &, W. Suppose D is a d-compressing disk for the non-spanning
annulus A, i. e. the interior of D ig disjoint from A, and 8D is the union of
a spanning arc « of A and an arc in 9+ W. The arc components of D A
divide D into subdisks. This naturally gives rise to a tree in D, in which a
vertex is chosen inside each subdisk and two vertices are connected if they
abut the same annulus. (We can ignore closed components of intersection.
Indeed, since A is incompressible, closed components of D N A can be re-
moved by an isotopy with support disjoint from the arcs of intersection.) It
will be useful to extend this tree by attaching, to the vertex corresponding
to the subdisk that abuts @, an edge p that crosses &. The other end of p is
called the root of the resulting tree 7; the other valence one edges are called
the leaves of 7. Each leaf corresponds to a disk cut off by an outermost arc
of AND in D. (See Figure 2.)

Recall that there is a natural order on the set of finite sets of integers
(see [Ga, Definition 4.3]). One set of integers is compared to another by
arranging each in descending (or at least never-ascending) order and then
comparing them lexicographically. This ordering has the property that if a
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subset of a set of integers is replaced by a subset of lower order then the
resulting set is of lower order.

Definition 4.2. The complexity of the tree v is the set of distances (mea-
sured in edges traversed) from the root of T to the leaves in 7. The complexity
of a O-compressing disk for A€ A is the complezity of the associated tree.
A minimal 0-compressing disk Jor A is a O-compressing disk of minimal
complezity (using the above order on sets of integers).

If an annulus A has minimal disks abutting it on both sides, we say that

A is ambivalent.

Lemma 4.3. If D4 is a minimal O-compressing disk for Ae AcC W then
no component of Da N A is an inessential arc in A. In particular, D, is
disjoint from all spanning components of A. Furthermore, if A’ is another
annulus in A and A’ intersects Dy, then A’ is not ambivalent and any arc
component of A’ N\ Dy cuts off from Dy a subdisk D', C Dy that is also q

minimal disk.

Proof: Immediate, since otherwise replacing D', by a minimal disk (on the
other side of A’ if possible) would decrease the complexity of D 4. O

Definition 4.4. The side opposite to the side on which a minimal disk abuts
% non-spanning annulus A € A is called the root side of A. If A is ambiva-

lent, arbitrarily choose o side to call the root side.

Definition 4.5. Let A C O+W be a collection of essential non-spanning
annuli in the boundary of a compression body W. Then A is independently
longitudinal if for each A € A there is g meridian disk Dy for W such that
DN A consists precisely of a single spanning arc of A.

An easy outermost are argument shows that we can take the collection of
meridians that arise in Definition 4.5 to be disjoint.

Lemma 4.6. Suppose V and W ure compression bodies, and a collection

of essential non-spanning annuli A C AW s ndependently longitudinal.
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Then if V is attached to W by wdentifying A to any collection of annuli in

0LV, the result is compression hody.

Proof: A becomes a collection of boundary compressible annuli in Vu

W. In this collection each annulus has a boundary compressing disk of
complexity {1} (i. e. a disk with interior disjoint from A4). Performing these
boundary compressions turn A into a collection of disks. So an alternate and
equivalent construction for V U A W would be to first compress W along the
meridians for .4 C 8, W and then attach the resulting compression body W’
to 9.V along the disks in &, W that are the remnants of 4. This alternate
construction clearly gives a compression body. _ O

Lemma 4.7. Let P be g (not necessarily connected) incompressible surface
n a compression body W such that 9P c O+ W. Then the result of cutting

W along P is a collection of compression bodies.

Proof: See for instance [Sc, Lemma 2]. O

Lemma 4.8. Suppose A C W is a set of essential annuli in the compression
body W. Let A" C A be the subcollection of non-spanning annuli. Cut out
from W a collection of tunnels, one parallel to spanning arc of each annulus
Avin A’ and lying on the root side of A. Call the resulting compression body
W'. Then the closure Wy of any component of W' — A’ is u compression

body on which AN OWy is a collection of independently longitudinal annuyl;,

Proof: Let A be any annulus in 4’'N OW; and let Wy denote the component
of W — A from which tunnels were removed to get W{. If, in W, Wo lay on
the root side of 4 then in constructing Wy a tunnel has been removed that
runs parallel to a spanning arc of A. The disk that defines the parallelism is
a meridian for W} that intersects .A precisely in a spanning arc, as required.

If, on the other hand, Wy is not on the root side of A then consider a
minimal d-compressing disk D4 for A in W. ‘The component Dy of Dy-A
that abuts A4 lies in W, and abuts any other annulus in A, if at all, only on its
root side (see Lemma 4.3). In particular, for each such annulus, the tunnels
that are removed to create W{ can be positioned so that the component D}
of Dy MWy that abuts 4 runs over the tunnels instead of across the other
annuli. See Figure 3. D is then a meridian for W{ that intersects .4 only
in a single spanning arc of A, as required. O
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FI1GURE 3. Placing D) as a meridian of W{.

5. BREAKING UP GENERALIZED HEEGAARD SPLITTINGS BY TRANSVERSE
ANNULI

A tunnel system for a knot corresponds to a Heegaard splitting of the knot
complement. A Heegaard splitting, in turn, can be untelescoped to produce
a strongly irreducible generalized Heegaard splitting, and vice versa. When
we consider degeneration of tunnel number, we shall be concerned with con-
structing generalized Heegaard spiittings for each C(K7),j =1, ... from a
strongly irreducible generalized Heegaard splitting for C(K'#.. #K ™.

The more general context for this section is this: Let M be a compact ori-
entable 3-manifold and A a properly imbedded collection of essential annuli
in M. Suppose

Vius, W)U, - Up,_, (VinUs,, W)

is a strongly irreducible generalized Heegaard splitting of M, chosen so that
£y = 0_V1 contains A and isotoped so that (FUS)N 4 consists only of
curves essential in both ZUS and .4, and such that this number is minimal.

Definition 5.1. An annulus component (or its closure) A of A — (FUS)
w called a dipping annulus if, for some 1 Si<m, ACViand A C S; =
04+ V.

Theorem 5.2. Let M!, ., M™ be the components into which M is divided
by the family of annuli A. Then Jor each | < j < n there is a generalized
Heegaard splitting (Vlj Us{ W{) UF{' - 'UF,LI (V% Ugs LV,%) of M7 such that

DI 23N (V) -k,

i=1 J=1i=1

where k is the number of dipping annuli among the components of A—(FUS).
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Proof: The central problem in discerning Heegaard splittings in the M7 ig
that cutting V; or W, along 4 does not necessarily create compression bodies.
For example, cutting 7 U S along A does not even produce closed surfaces.
We endeavor to remedy this fact by longitudinally attaching a solid torus
(which we could view as a collar of A = An M) to each of the annuli in
OM7 and imbedding in each torus certain annuli with longitudinal boundary.
‘These annuli, when attached to surfaces S; N M7 (suitably stabilized) and
E; 1 M7 will be shown to yield generalized Heegaard splittings of the M7,

The first step will be to describe how the new annuli are to be imbedded
in the solid torus collar T4 of each A € 47 COM. In M itself, it’s natura)
to define the "distance” between two of the surfaces in (FUS) ¢ M as
the smallest number of compression bodies one needs to pass through to get
from a point in one surface to & point in the other. So, for example, the
distance from 8_V; = Fy to Fy is 2¢ and from Fp to S; the distance is 24 — 1.

(FUS)N A is a collection of parallel essential curves in the annulus A Let
& be a spanning arc of A that meetg each component of (F US)N A exactly
once. Parameterize o by 0 < ¢ < 1. That is, choose a homeomorphism
hi:a—[0,1]. Let hy : a—[0, 2m] be a continuous extension of the function
that assigns to each point in o N (FUS) its distance from Fy. We may as
well take hy to be as simple as possible. For example, on a segment of ¢
that runs between F, and Siy1, say, define hy to monotonically run from 2;
to 2¢+1. On a segment of o that lies in W; and has both ends on S;, define
h2 so that it has a single maximum.

Let & = (h1, ha) : a—|0, 1] x [0, 2m] be the corresponding imbedding of o
in the first quadrant of R?, with the endpoints of a on the 2-axis. Informally,
h identifies v with the graph of its distance from Fy. Let D be the disk that
lies below h(a) in [0, 1] x [0, 2m] ¢ R2.

Each line y = 24 (respectively y = 24 — 1) intersects h{c) C R? at points
at which F; (respectively S;) intersects ov. In view of this correspondence,
let L, denote the intersection of the line y = 2; with D, Lg, denote the
intersection of the line Yy=2%—1with D, Lp = UiLp, and Lg = Ui Ls,. See
Figure 4. Consider a component R of D — (Lp U Ls). Ris a polygon with
an even number of sides. The sides lie alternately in h(a) and Lp U Lg.

If R is a bigon, one of its sides is a subarc of A(c) and one of its sides
is a component of Lg, since an incompressible annulus with both ends on
0-H in a compression body H is d-parallel. Moreover hs has a maximum
on the corresponding subarc of @, since D lies below the graph. That is, the
annulus on which the corresponding arc of « lies is in some W;.

IfRisa quadrilateral, two opposite sides are subarcs of h(a), one side is
a component of L and one a component of Lg. If R has n sides with n >4,
then F sides will be subarcs of h(cx), one side will be a component of £z and
all other sides will be components of £g. Thus there will he 5 — 1 sides that
are subarcs of h(«) and that connect two sides that are components of Ls;
these correspond to spanning arcs of dipping annuli in some V;. Let I' be
the collection of subares of o that, in the boundary of some R, connect two
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FIGURE 4. The lines Lp,Ls, Ly CV.

sides that are components of £g. Then there is a correspondence between
the components of T" and the collection of dipping annuli that lie in 4.

Now set T4 = D x §'. T4 will be attached to each of the two copies
of 4in U;(0M7) by the obvious identification h~! x 1 of A{a) x ST with
A= (arx S'). The surfaces (FUS)N M7 can then be extended into T4 by
just attaching the collection of annuli (LF U Lg) x S. This operation will
not necessarily create compression bodies, but it will do so if we first modify
S as described below.

Stabilize S by attaching tubes, one running parallel to a Spanning arc on
each dipping annulus and lying on the root side of the annulus in the com-
pression body V; in which it lies. Denote the resulting generalized Heegaard
splitting of A4, now of genus k higher than originally, by

(Vi Usy W) U, - Up,_, (Vi Ug, W),

Denote U;S! by S’

It follows from Lemma 4.8 that each component, of the complement in
V! of the dipping annuli is a compression body on whose boundary the
collection of incident dipping annuli are independently longitudinal.

Claim: Attaching each T4, A C M7 to M7 and capping off the surfaces
(FUS)YN M7 by the annuli (L£p J Lg) x ST € T4 yields a generalized
Heegaard splitting of M7

For any i, cutting along non-spanning components of 4N V! (or AN 2%
yields compression bodies by Lemma 4.7. Cutting along spanning annuli
yields (Q x I) U(1 — handles) for some compact orientable surface Q. When
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T4 is attached to MY ; then for R a region as above, manifolds of the form
R x S are attached to (Q x [) U (1 = handles).

Case 1: R is a bigon.

Note that a bigon corresponds precisely to a non-spanning annulus com-
ponent of ANW;. Then R x 5! is a solid torus that is attached to (@ x I U
(L — handles) along a longitudinal annulus of R x S'. This does not change
the homeomorphism type of (Q@x ) U (1 ~ handles).

Case 2: R is a quadrilateral.

Attaching Rx S' to (Q x IU(1 ~ handles) yields (@’ x I U(1 - handles),
where Q' is the compact surface obtained by connecting two boundary com-
ponents of ¢ by an annulus.

Case 3: R is an n-gon with n > 4.

Here attaching R x S! to (Q x [) U (1 — handles) has the same effect as
attaching a (quadrilateral) x S!, but in addition, attachments are also made
along dipping annuli in the corresponding V;. S’ has been constructed S0
that each dipping annulus is independently longitudinal in the component of
V! —Aon which it lies, so the result is still of the form (Q'x IU(1 —handles),
essentially by Lemma 4.6.

Since all components of 0Q are eventually connected by annuli in this
process, the result is a union V7 (or W) of compression bodies. O

Remark 5.3. Theorem 5.2 will eventually be applied to the Jamily of annuli
A= {AL A1) that decompose C(K'# ... #K™) into C(KY,...,C(K™).

Certain annuli in the tori T4 now described, will be useful in the next
section.

Definition 5.4. Let D c R? be the disk described in the proof of Theorem
5.2. Let L, be the intersection of a vertical line x = x4 with D. Then the
annulus L, x S* is called a plumbline annulus in T4 = D x S, See Figure

4.

Remark 5.5. [et Mi = M’ denote the manifold obtained from M7 by
attaching the solid tori {T4|A C oMI } to M7, Note that each plumbline
annulus in T3 ¢ Mi will intersect each splitting surface 9{ in at most one

component.

It we replace the collection of annuli in ‘Theorem 5.2 by a collection of es-
sential (= incompressible and not O-parallel) tori, then an analogous proof
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FIGURE 5. Identify left and right sides so the z-axis becomes S!.

still applies. The spanning arc o must be replaced by an appropriate essen-
tial curve on T. More specifically, note that the components of (FusS)nT
are all parallel. The curve that replaces o must be an essential curve on T
that intersects each component of (FUS)NT exactly once. The graph of this
curve in St x R*, constructed in analogy to h(a) in the proof of Theorem
9.2, will cut out an annulus. This annulus replaces D in the construction.
See Figure 5. This yields the following result.

Theorem 5.6. Let M be an orientable 3-manifold containing a family of
essential tori T . Suppose (VyUsg, WiUR - U, _, (Vi Usm W) is a strongly
irreducible generalized Heegaard splitting of M isotoped so that (FusS)nT
consists only of curves essential in both FU S and T, and such that this
number is minimal. Let M Lo M™ be the components into which M is
divided by T .

Then for each | < j < n there is a generalized Heeqaard splitting (V[j Ugs

W) Upy - U . VinUg W) of M7 such that

i‘./(m) > ii.}(m — 2k,
i=1

j=1 i=1

where k is the number of dipping annuli in T U (UiV;).
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6. DESTABILIZATIONS

The generalized Heegaard splitting of each Af7 constructed in Theorem 5.9
may not be strongly irreducible and, even if it is, it might still be simplified.
Recall

Definition 6.1. 4 Heegaard splitting M =V Ug W is stabilized if there are
properly imbedded disks D, C V and Dy C W such that PD1 NHDy = 1.

Remark 6.2. [n this case, cutting V' along Dy (or D, ) yields another Hee-
gaard splitting of lower genus.

A strongly irreducible splitting may amalgamate to a stabilized or re-
ducible splitting, so (to account for this) the definition of a stabilized gen-
eralized Heegaard splitting is necessarily a bit more complicated.

Definition 6.3. A generalized Heegaard splitting M = (V1 Us, W) Up

Up, o (VinUs, Wi) s stabilized if there are disks Dy and Dy such that
Dy s properly embedded in (V1 us, W) Up - Up_, Vi, for some i, and
Dy us properly embedded in W, Ur  Up, . (Vim Us,, Wiy,). Furthermore,
D1 N ODo| = 1 and each component 0f Dj — (FUS) is either a disk or an
annulus spanning the compression body in which it lies.

If a generalized Heegaard splitting is stabilized (i. e. satisfies Definition
6.3) the associated amalgamated Heegaard splitting is stabilized. It is easy
to see that we may assurme the annuli components of D; — (F U S) are
essential. It furthermore follows from [CG] that if the generalized splitting
is strongly irreducible, then we may assume each annulus component of
Vin D, or W;N Dy is a spanning annulus in a component of Vi ot W; that
Is a trivial compression body.

Note that if a generalized splitting is stabilized we can create a generalized
Heegaard splitting of lower genus (i. e. for which > J (Vo) is reduced) by
amalgamating, reducing the genus as in Remark 6.2, and then untelescoping
again.

Here is an ad hoc criterion, useful in the present context, for showing that,
a given generalized splitting is stabilized.

Definition 6.4. 4 surface G C (D? x SY) is g tubed product if it can be
described as follows: Start with q properly imbedded | -manifold £ D?, and

a collection T of t disjoint arcs in the interior of D such that TN £ = o7,
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FIGURE 6

Then L xS c D? x ST is 4 union of tori and annuli. Create G by attaching

unnested tubes to L x S' along the ares T x {point} c D? x {point}.
Viewed dually, £ x S! is obtained Jrom G by simultaneously compressing

t disks. For Gy a component of (7, each component of L x S that results

from compressing Gy is said to ccme from Gy.

Lemma 6.5. Suppose that generalized Heegaard splitting (Vy Ug, Wi) U 2
Uy (VinUs,, W) of a compact 3-manifold M intersects an essential
solid torus D*x S' C interior(M) so that the surface G = (FUS)N(D?x 1)
can be described as a tubed product with ¢ tubes as in Definition 6.4. Suppose
further that, for each 1 < i < m, at most one arc component of £ x S comes

from S; " (D? x SYY. Then the splitting is stabilized at least t times.

Proof: The proof is by induction on [£]. If £ = ( then there is nothing on
which to attach tubes, so t = 0 and there is nothing to prove. We may as
well also assume that no component of 7 is parallel to a subarc of £ (that is,
no disk component of D — (L£U7) has boundary the union of a component of
7 and a subarc of £). For the corresponding tube is clearly a stabilization,
80 it can be removed without affecting the truth of the lemma.

Suppose £ consists entirely of arcs. Since each F| is incompressible in
both W; and Vi, ,, tubes can only have been attached to components of
L x St coming from the thick surfaces S. By assumption, there is at most
one component of £ x S coming from any given S; and distinct S,’s are
separated by components of F. It follows that at least one component of 7
is parallel to a subsegment of £, a contradiction. See Figure 6.

We proceed next to the case where there are closed components of £. Each
closed component A\ ¢ £ ¢ D? abuts two components of D? — £: call them
the inside and outside regions neighboring A, depending on whether or not
A separates the region from D2, If the outside neighboring region of each
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FIGURE 7

closed component is an annulus, and the annulus Spans some V; or W, then
it follows, much as when there are no closed components, that each tube
attached is a stabilization. So we can focus on a closed component A\ C £
which is innermost among those whose outside neighboring component is not
a spanning annulus. It follows that the components of D2 — lying inside )\
consist exactly of spanning annuli in the compression bodies, together with
a single compressing disk for some S;. Then all tubes coming from arcs in
7 lying inside \ in D? are stabilizations. This means that all components
of FU S lying inside the solid torus [/ bounded by A x S! can be removed,
and both ¢ and the number of stablizations will be reduced by the number
of tubes lying therein. Indeed, \ x S! itself can be removed, if it comes from
F.

So, by induction, we are left with the case in which A\ comes from some
S;, cuts off from D? a compressing disk in V; or W;, say, Vi, and the outside
neighbor of A is not a spanning anrulus of W;. By Jjudicious choice of curves
satisfying these properties we may further assume that no arc in T has
both ends on \. (For such an arc is either parallel to a subarc of A, and
so violates our assumption above, or cuts off from the outside neighboring
region another family of circles among which a substitute A\ can be found.
See Figure 7.) If no tube is attached to ) in the outside neighboring region,
the component P of W, containing that region will be a product, and so
OP U QU can be removed from FU S and still leave a generalized Heegaard
splitting.

So we may as well assume that & tube is attached along an arc o in the
outside neighboring region of A, and one end of a lies on A and the other end
on another component \ of £. Necessarily A’ comes from Si, but possibly A’
is an arc component of £. Whether \ is an arc or is closed, the complement
of the tube in the annulus o x S! is a disk which, together with a meridian
disk p of U form a stabilizing pair for the splitting. Compressing S; along u
then leaves a Heegaard splitting, still intersecting FU S in a tubed product,
but with both ¢ and the number of stabilizations reduced by one. Since also
|£] is reduced by one, the result follows by induction. 0
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We now turn to the setting of Theorem 5.2 in which M has a strongly ir-
reducible generalized Heegaard splitting and will henceforth assume that the
family of annuli A, separating M into components MY M s complete.
That is, if (A, 84") ¢ (M, oM ) is a properly imbedded incompressible an-
nulus disjoint from A, then A’ is O-parallel in the component M7 in which
it lies. For example, if M = C'(Kl#...#K”), then the knot summation
defines a collection 4 of n — | essential annuli in M and this is a complete
collection if and only if each knot is prime. Indeed, an annulus A’ in a knot
complement C(K7), with A4’ a pair of meridian disks, can be extended to
become a decomposing sphere in $3 by capping off 94’ with meridian disks.
A resulting summand is trivial if and only if A" is d-parallel in C(K7).

Note that the condition that 4 is complete is weaker than the assumption
that each M7 is acylindrical, since it says nothing about incompressible
annuli in M7 whose boundaries cross the curves 04N oM7.

Definition 6.6. Suppose that the surface FUS has been isotoped to intersect
A only in curves essential in both FU S and A and so that the number of
components of (FUS)N A is minimal subject to this condition. Then an
annular component w of S — A is called a wide annulus if it is adjacent to
(that is, shares a boundary component with) o dipping annulus in A—(FuUS).

A component U of W; — A (resp Vi — A) is exceptional if, for an annulus
B, there is an embedding (B,0OB) x I C W; and an open disk D in B so
that U is the image of (B — Dyx ], withUnA = 0(B) x I.

Exceptional components were frst described near the end of the proof of
Theorem 3.1. See Figure 1. Note that U N S, is a 4-punctured sphere and
the closure of D x {point} is a compressing disk for I/ 1 S; in V; (resp W;).

Definition 6.7. For U an exceptional component of W; — A (resp V; — A),
the 4-punctured sphere Ug = U NSy will be called an exceptional component
of Si — A and the annuli obtained by compressing U, into Vi (resp W) will

be called virtual annuli of S;.

Lemma 6.8. Let M be g compact 3-manifold with strongly irreducible gen-
eralized Heegaard splitting M = (Vi Ug, Wh) Up, (Vs Us, Wo) Up, - Ur,._,
(Vin Us,, Win). Let M1, - M™ be the components into which M is divided
by the complete collection of annuli A. Suppose there are w wide annul;

among the components of S — A and e exceptional components. Suppose
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further that each Heeguard splitting (Vlj US{ wy) Upf . -LJF’Z‘_1 (V2 Ugs. W,Jn)
of M7 in the construction in Theorem 5.2 can be destabilized d; times. Then

E]dj > '70 + e,

Proof: Let B ¢ M’ be an annulus disjoint from FU S whose ends are
essential (hence core curves) in components 4y and 4; of 4. Here we will
allow 4y = A4; but not if B is parallel to a subannulus of Ag = Ay. Unless
S N M? contains no annuli or exceptional components, such an annulus
can be found, e. g. parallel to an annulus component of S N M7 (or a
virtual annulus). Since A is complete, B is boundary parallel in M7 and
the annulus Bg C OM? to which it is parallel contains as collars of its

ends subannuli 44 ¢ 4y and Al C Ay with 4] # Aj. Denote the annulug
BINaM = BE — (45U 4) by By C OM. It is known (see for example
[Sh]) how a strongly irreducible Heegaard splitting can intersect a solid torus
under the conditions here, so we know that each S; intersects the solid torus
T lying between B and Bg in M7 in a collection of O-parallel annuli, plus
possibly a component in which two such annuli are tubed together by a
d-parallel tube, i. e. an exceptional component.

Since the number of curves in AN (F U S) has been minimized, none
of the annuli of (FUS)NT (and none of the virtual annuli) has both its
ends on the same component of 8T N A. Thus each annulus component of
(FUS)NT (or virtual annulus) is an annulus much like B. So with no loss
of generality, we may as well assume that B is outermost, i. e. no other
annulus component of (FUS) A M? (or virtual annulus) cuts off a solid torus
containing B. Also, T’ can be parameterized as disk x S' so that the annuli
of (FUS)NT plus the virtual anruli are Just the product of a collection of
proper arcs in disk with S1. ‘

Now attach to M7 the solid tori described in Theorem 5.2 to get M.
Assume, for initial simplicity, that neither end of B abuts a dipping annulus
on its root side. Extend B by attaching to the ends of B at Ao and A4,
the plumbline annuli in the tori 74o and Tt described in Definition 5.4.
Call the resulting annulus B, and denote by T4 the solid torus that B,
cuts off from M. By construction, the Heegaard splitting (V/ Yy wi) Ups

U (Vi Ugy W,’;J intersects T in a tubed product, where the tubes
m—| e

are attached in the manner described in Theorem 5.2 or, in the case of
exceptional components, by the compressions that create the virtual annuli.
By Lemma 6.5 it suffices to show that the number of tubes not coming from
exceptional components in this tubed product is at least half ag large as the
number of wide annuli among the components of SNT". The argument is little
changed by assuming, as we henceforth do, that there are no exceptional
components.

Under the homeomorphism 7" = diskx St any component Ty of T'—(FUS)
is the product of a 2p-gon with S. The sides of the 2p-gon become annuli
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FicURE 8. Wide annuli and stabilizing tubes

components lying in alternately (FU S U OM)—~ A and in A — (FUS). At
most one of the sides in each 2p-gon lies in F U M. If Ty lies in some V;
then either p — 2 or p of its sides are dipping annuli, depending on whether
or not Ty abuts FUOM. When Tj abuts F U M then the number of wide
annuli is correspondingly 0 if p = 2 and p—1ifp > 2. When Ty does not
abut F U OM it is simply p.

It similarly follows from the construction in Theorem 3.2 that the number
of tubes added in T} to create SV is p —2if Ty abuts FU M and is D or
p—1if it does not. The required inequality then follows from the inequalities
p—22> P—;—‘ when p > 2 and T, abuts F U 3M and p —1 > g when p > |
and Ty does not abut FuU oM.

The previous argument can be extended to include the case in which one
or both ends of B abut a dipping annulus A on its root side (when the exact
construction would need to handle a tube running through B; cf. Figure
8): Just slide the end of B out (away from T) just beyond the end of 4
(so the end of B cuts off a small collar of a boundary component of S N A)
before attaching plumbline annuli in T4. The argument then goes through
as above. ]

7. COUNTING ANNULI IN THE GENERAL CASE

[n this section we use cut and paste techniques to bound the number of
dipping annuli in a strongly irreducible generalized Heegaard splitting.
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Definition 7.1. Suppose A C M is g properly embedded collection of an-
nuli. Then a component of M — A that is a solid torus whose boundary

intersects A in a single longitudinal annulus is g parallelism.
£rrnnensm

Put another way, an annulus that is d-parallel cuts off parallelism, unless
there are other components of A lying between it and 9/

Lemma 7.2. Suppose that (A, 84) C (W, 9+ W) is  collection of essential
annuli in o compression body W and suppose JW) >0 (i e. W is not a
product). Then there is an essentiul aisk D in W such that D is disjoint
Sfrom VA. Moreover, if not all components of A are spanning, then D may
be chosen so that at least one side of D in W — (D) lies on q parallelism

of A in W — (D).

Proof: Let D # () be a set of defining disks for W. We argue by induction
on AND. If AND = @ then all non-spanning components of A are &-
parallel in the product W — n(D). One of them cuts off 1 parallelism U/
which, because A is essential in W, is adjacent to some of the disks in D.
Then a disk in the boundary annulus 8U — 4 that contains all such disks
corresponds, back in W, to the required disk D.

If AND # 0, consider DN A. Since the annuli are incompressible, we can
easily remove any circle of intersection. If there is an arc in DN A that is
inessential in A, then let v be an outermost such arc in A4, and we may cut
the disk D in D containing « along « and paste on two copies of the disk
cut off by a in A to obtain a new disk I’ Replacing D by D/ in D produces
a new set of defining disks D’ with |4 N D <] AN D The result follows by
induction.

On the other hand, if all arcs in A ND are essential in A, let 3 be an arc
in AND that is outermost in D. Let A be the annulus in A that gives rise
to 8. Cutting and pasting A along 8 and the outermost disk cut off in D
yields a disk D’ disjoint from A. Since A is essential, it follows that D/ is
essential, and is as required. O

Lemma 7.3. Suppose there is 4 collection B of essential annul; in a com-
pression body W and A C B is the subcollection of non-spanning annuli. Let
W_ CW —n(B) consist of those components which are incident to O_W.
Let S =0, W —n(B), let S C S = SN W and let Sy =S ~S_. Leta
denote the number of annulus components of S, .

Then A has at most J(W ) +§ components.
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Proof: With no loss of generality we can ignore spanning annuli and assume
B=A

Let ¢(W, 4) = 2J(W) 4+ q — 2| Al; it suffices to show that c(W, 4) > 0.
‘The proof is by induction on J(W). When J(W) = 0 there aro no annuli,
and there is nothing to prove. When J (W) > 0 it follows from Lemma
7.2 that there is a d-reducing disk D for W that is disjoint from A. The
result of cutting W along D is either one or two compression bodies W with
JW') = J(W) ~2. In particular, J is lower in (each component of) W7,
S0 we can assume the Lemma is true in W’. Remove all inessential annuli
from AN W’ and call the result .4’. Define ¢ — (W', A'). By induction, it
suffices to show that ¢/ < ¢ = (W A).

The first step, cutting W along D, decreases 2J(W) by 4 and raises g by
the number of inessential annuli that result, no more than 2. So this step
decreases ¢ by at least two. It may create, however, one or two components
of W/ — A’ that are parallelisms.

Next examine what happens when an inessential annulus is removed:
~2|A| goes up by two. Also a drops by at least one and wil drop by
two if A is adjacent to an annulus component of 6. W — A. The latter will
happen, for example, if the inessential annulus that’s removed is parallel
to another one. Thus this step either reduces the number of components
of W’ — A’ that are parallelisms and simultaneously increases ¢ by at most
one, or leaves both ¢ and the number of parallelisms unchanged. Continue
the process until all parallelisms (which, at the beginning, are no more than
two) are eliminated. The result is to increase ¢ by at most two. Combining
both steps, ¢ has not increased. 0O

Return now to the original context: M is & compact orientable 3-manifold
and A a complete properly imbedded collection of essential annuli in M.
Suppose

(V] Us, [/Vl) Ug - Up,._, (Vm Us,, Wm)
is a strongly irreducible generalized Heegaard splitting of M chosen so that
Fy = 0_V; contains 9.4 and isotoped so that (Fu 8) N A consists only of
curves essential in both FUS and A, and such that this number i1s minimal.
Let ML, ..., M™ be the components into which M is divided by the family of
annuli A. We apply Lemma 7.3 to the annuli ANV,

Theorem 7.4. For M and A as described above, let k be the number of
dipping annuli in A - S, and w be the number of wide annuli in S — A.
Then
N w
k< (T2 J(V) + bR

Proof: Lemma 7.3 says that for each 1 <4 < m the number of dipping
annuli in 4NV, is at most J(Vi)+ %, where a (defined in Lemma 7.3) counts
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the number of annuli components of S; — 4 with a property that assures
that they are adjacent to dipping annuli and therefore wide. That is, when
Lemma 7.3 is applied to Vi the inequality remains true if a is replaced by the
number of wide annuli in Si. Summing over all V; we get k < (EQIJ(W))-+§§
as required. 0

In the appendix, Andrew Casson constructs an example that the inequal-
ity of Theorem 7.4 is in some sense best possible. That is, given any ¢ < 1

n

there is an example for which w = 0 and k> (T2 J(Vh).

Corollary 7.5. Let M and A be gs described above. Then there is 4 Hee-
gaard splitting V? Ugs WY Jor each M3 so that

3(TZJ(W)) > ZJ(VJ)-

Proof: Let & denote the number of dipping annuli in A4 N (UiV;), and
let w denote the number of wide annuli in S — 4. The construction in
Theorem 5.2 yields generalized Heegaard splittings for C(K7) such that

2k + 32 J(Vi) > 2 i J(sz)
Now substitute for k£ from Theorem 7.4 to get
JELVI) +w = 3 Jv),
1,7
According to Lemma 6.8 the induced Heegaard splittings for the C(Kj)’can
be destabilized at least % times, yielding Heegaard splittings V7 Ug W7 for

each C(K7) with 2o J(VI) < 2o J(V?) —w. Tt follows that
BEZI() > Y u?).

7

Corollary 7.6. [fK!, ... K™ C S are prime knots knots then

[

HE# . H#K™Y > Z(t(KY) + ..+ t(K™).

i

fwN)

Proof: By Lemma 2.10 there is a generalized Heegaard splitting
COK 3. #K™) = (V, Us, W) Up, o UR, (Vi Us,, Win)

for which -7 J(V}) = Q(K 1 #K™). Let A be the n — 1 annuli that
decompose C(K1# . .. #K™) into the complements of the constituent prime
knots. We may assume that £ U S and A have been chosen so that (Fu
S) N A consists only of essential curves and then also minimizes the number
of such intersections. The family A4 is complete since each K7 is prime.
Apply Corollary 7.5, substitute from Lemma 2.10, and divide by two to get
BU(KT# . #K™) > LAY + . (KT as required. O
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Following Theorem 5.6, the same sort of argument can be applied to
- essential tori in M. For M a knor complement, the application is to satellite
knots.

Definition 7.7. [BZ| Let K be a knot in g 3-sphere S* and V' an unknotted
solid torus in $% with K C V ¢ $3. Assume that K is not contained in
2 3-ball of V.. A homeomorphism h - V — V onto a tubular neighborhood
v of a nontrivial knot K C S® which maps a meridian of S — V onto a
longitude of K maps K onto a knot K = h(K’) C S3. The knot K is called
a satellite of K, and K is called its companion. The pair (V, K’) 18 called a

pattern of K.

Theorem 7.8. Let K be a satellite knot. then t(K) > LK) + t(K)).

Proof: We merely sketch the proof. Let Vius, W) Up, - “Up,_, (VimUg,
W) be a generalized Heeggard splitting for C(K) for which o J(V;) =
2((K). Isotope AV so it intersects FUS only in curves essential in both, and
in a minimal number of these curves. Attach copies of torus x I to §% — 1%
and to V and complete the surfaces (F US) ~ V and (FUS) NV to give
Heegaard splittings of C(K) and V — n(K) respectively, following Theorem
5.6. The latter can be made a Heegaard splitting of C(K) by just filling in
a solid torus along OV. Destabilizations can be found for these Heeegaard
splittings just as in Lemma 6.8. O

8. COUNTING ANNULI - SPECIALIZED CASE

We can improve the count of dipping annuli in Section 7 if we add the one
further assumption that each component of S — A4 has an even number of
boundary components. This condition will certainly be satisfied when the
annuli are the decomposing annuli from a knot summation. More generally,

Definition 8.1. For C a collection of circles, the parity class o € H(C, Zy)
is the class that is non-trivial on each fundamental class of a component of
C.

(nformally, the parity class just counts the parity of the number of com-
ponents, even or odd.

Lemma 8.2. Suppose the properly embedded essential annuli A C M have

the property that the parity class of DA C OM is the restriction of a class in
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dUNA

FiGURE 9. A special component with » = 3, 7 = ¢,

H' (M, Zy). As usual, let MY,... M be the closed complementary compo-
nents of A in M, so each annulus in A becomes two annuli in d(U;M7). If
(5,08) € (M7, A0 MY) is an orientable, properly embedded surface in any
M7, then |8S| is even.

Proof: We may as well assume $ is connected. Let [S] denote the non-
trivial class of Hy(.S, 0S5, Zy), let o be the parity class of 8.4 C 9M and let
& € H'(M) be a class such that i*(&) = «. Then, after homotoping 85 to
04 we see that the evaluation [a, S]] = [6(), S]] = [0(3*(@)), [S]] = 0 by
the exactness of the cohomology sequence for the pair (M, 0A). a

Definition 8.3. 4 collection of unnuli A C M as in Lemma 8.2 satisfies

the parity condition.

This section will be a repeat of Section 7 in the special case in which the
annuli A satisfy the parity condition in M » 8O every component of & — A
has an even number of boundary components. The more delicate analysis
will require a new notion:

Definition 8.4. Suppose that (A, 0A4) C (W, 0, W) is a collection of essen-
tial annuli in a compression body W. A component U of W —n(A) is called
special if there is a planar surface P with boundary components po, ..., pr and
a homeomorphism (U, 9U N Ay = (PxI, Uie i x ). See Figure 9.

The index I(U) of the special component U is defined to be 3 — .

For example, a boundary parallel annulus cuts off from W a parallelism
(see Definition 7.1). This is a special component of index 2, for in this
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case P is an annulus and r = |, More generally, a special component is
obtained from a collection of 7 such examples by connecting them with r — 1
l-handles. An exceptional component (see Definition 6.6) is special in the
compression body in which it lies. Its index is 1. Any O-reducing disk
(D, 8D) C (U, UNOLW) for W that lies in a special component U divides
U into two special components in the boundary-reduced manifold W', and
the sum of their indices is index(U) + 3.

We now embark on improving the bound of Lemma 7.3 under the parity
assumption: every component of W — B has an even number of boundary
components. The argument is in three stages, incorporated in the following
lemmas that culminate in Lemma 8.7:

Lemma 8.5. Suppose there is g collection B of essential annuli mn a com-
pression body W and A C B is the subcollection of non-spanning annuli. Let
W_ C W —n(B) consist of those components which are incident to O_W.
Let S =0, W —n(B) and Suppose every component of S has an even number
of boundary components. Let S_ = § = SNW_ and let Sy =S5~8_. Let
m be the number of annuli in A that are adjacent to W_ (on either side or
both sides), n be the number of components of A that are not adjacent to
W_. and p be the number of spanning annuli. Let s be the number of special
components of W — B (see Definition 8.4).
Then

JW) + (S| —[S-| + genus(S_) —m+p + &Q—WJ —2n+s5>0.
Proof: If a spanning component of B is removed, the only effect is to lower
p by one and to raise [—1S_|+genus(S_)] by one. So we may as well assume
that there are no spanning annuli, so B = A4 and p = 0.

The proof will be by induction on J = J(W). When J = 0 then W is a
product, and there are no annuli. In particular, S_ =~ 9_W so the inequality

follows from 5
[O_W| — genus(d_ W) = &;ﬁ)

Adding 1-handles on d, W only increases J (W) + genus(S_) and has no
other effect, so the Lemma follows from the case J = () whenever A4 — 0. So
we henceforth assume A +# 0.

For the collection (A, 5A4) (W, 9, W) define

bW, A) = J(W) + Syl =S|+ genus(S_) —m +p — 2 + 5.

Following Lemma 7.2, there is an essential disk D in W that is disjoint,
from A and cuts off a parallelism from the component of W — 4 in which it
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lies. The result of cutting W along D is either one or two compression bodies
W' with J(W") = J (W) - 2. In particular, J is lower in (each component
of) W', so we can assume the Lemma is true in W’ Recall that D hasg
been chosen so that at least one of the adjacent components of W’ — Ais a
parallelism of A in W’. Remove all inessential annuli from AN W’ and call
the result 4’

Abbreviate b(W, A) to simply & and set & = b(W", A’). We will show that
b>¥. Since it follows from the inductive hypothesis that

ys XOWY  xo_w)
- 2 - 2 )
we will then be able to conelude that
p> _XO-W)
- 2

as required.

The process by which ¥ can be calculated from b consists of two steps:
First d-reduce W along D, then remove all resulting inessential annuli. We
examine the effect of each move on 4 (in the interim extending the definition
of b also to the case in which A may contain boundary parallel annuli). There
are a number of possible cases that arise in each step. We will examine each
in turn and determine the effect on each of the constituents of b, denoting,
for example, that |S, | goes up by at most two with the notation [S]T < 2.

Step A: d-reducing W along D.

L. D is contained in a special component. Then J|2, |S,|11, sT1 so b is
unchanged.

2. D is contained in a non-special component not in W._. Then J]2,
[S¢|T1, sT1s0 b is unchanged.

3. D lies in W_. Then J12, S_.71 and s71. The annulus abutting the
parallelism created either abuts W_ on the other side (in which case
—m and n are both unchanged) or does not (in which case —m?T1 and
—2n]2). Hence in any case b does not increase.

Step B: Inessential annuli .4 removed. There are various cases,
depending on what sort of component C' of W — A4 lies on the other side of the
annulus A (we will say that A lies on the component C') and whether or not
the two boundary components of 4 lie on the same or different components
of CNOLW (we will say that 4 is respectively non-separating or separating).
For example, it may be that ¢ becomes special when A ig removed. In this
case A is necessarily separating, since, by definition of “special”, C'na, W'
is planar.

LA is separating, doesn’t lie on W_, and isn’t on a component that
becomes special. Then [S+112, —2n72, )1 (the last since the product
component cut off by A is special by definition). Hence b drops by 1.

2. A lies on a component that becomes special. Then [S4112, —2n12 s0 b
is unchanged.
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3. A is non-separating and doesn’t lie on W_. Then |S,||1, =2nT2, s|1.
Hence b is unchanged.

1. A is separating and lies on W_. Then IS+, =1S_]11, -mTl, s|1.

Hence b is unchanged.

A is non-separating and lies on W._ Then [S_||1, genus(S_)11,

—mTl, s[1. Hence b is unchanged.

Thus we conclude that &' < b ag required. O

D3}

Lemma 8.6. With the hypotheses and notation of Lemma 8.5, let also q
denote the number of annuli components of Sy, as in Lemma 7.3. Then A
has at most $J(W) + L(a + s) components.

Proof: By the special assumption that any orientable properly embedded
surface in M7 has an even number of O-components, each component of S

is either an annulus or has Euler characteristic no greater than —9. Hence
we have

X(S. oW x(S_
D e M, ) s
On the other hand,
—|S_| + genus(S_) + m + p < _,X(i—)
)
(2) —|S-| + genus(S_) —m +p + @ < —9m.

(Equality fails when an annulus abuts W_ on both sides, thereby contribut-
ing 4 components to 5_.) Adding inequalities (1) and (2) to the equality

X(O-W) x(S.) J X0+ W) x(S-)

— L o= e ———

2 2 2 2 2
we get
oW J
IS4 = |S_| + genus(S_) — m+p+ X<‘2—) <a+ 5 2m

so from Lemma 8.5 we get

2

+a—-2m-2n-+s5>0
as required.
|

Lemma 8.7. With the hypotheses and notation of Lemma 8.6, let also T be
the sum of the indices of the special components of W — A (See Definition

8.4). Then A has at most SJ(W) + Ha + 1) components.
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Proof: Let ¢ = %J(DV) +a+ 1 - 2[A}; it suffices to show that ¢ > 0. The
proof is by induction on J. If there are no special components (e. g. when
J =0), the result follows immediately from Lemma 8.6. Otherwise, let D
be a d-reducing disk for W that lies in a special component [/ of W — A. We
will show that d-reduction of W along D and the removal of any resulting
inessential annuli cannot increase ¢ in the compression body (or compression
bodies) that arise.

The first step, cutting W along D, decreases %J(W) by 3, raises I by 3
and raises a by the number 7 = | or 2 of parallelisms in the two components
U—-D. Thus ¢ - 7 is unchanged.

Now examine the result of removing an inessential annulus 4 € 4 that
cuts off a parallelism, an annulus such as is created when W is cut along D.
Let U’ be the component of W — 4 that abuts A on the opposite side from
U. U’ may become special when A is removed. There are several cages:

L. A was not adjacent to an annulus component of Sy C OW.,. Then even
if U" becomes special, I(U") < 0 so —=2|AI12, all, I| > 2 (since the
index of a parallelism is 2), —7T1. Hence ¢ — m] > 0.

2. A is adjacent to an annulus component of Sy C W, U’ is not special
or I({U") < 0. Then —-2[A|12, al2, I| > 2, —7T1. Hence ¢ —m) > 1.

3. A is adjacent to an annulus component of Sy C OW., U’ is special and
I{(U") = 1. Then ~2|A4|12, al2, I]1, —n11l. Hence ¢ — 7 ig unchanged.

4. A is adjacent to an annulus component of S, C OW,., U’ is special and
I{(U') = 2. Then U’ becomes a parallelism and —2|.A4|12, al2, both
and -7 unchanged. Hence ¢ — 7 is unchanged.

So ¢ — 7 never increases and may decrease. Continue removing annuli
cutting off parallelisms until 7 = 0, as it was before the disk D was removed.
In the end, ¢ also will not have increased. O

Return now to the original context: M is a compact orientable 3-manifold
and A is a complete properly imbedded collection of essential annuli in M
satisfying the parity condition (see Definition 8.3). Suppose

(V] U51 [/Vl) UF1 o UFm_1 (Vm USm I/Vm)

is a strongly irreducible generalized Heegaard splitting of M chosen so that
Fy = 0_V; contains A4 and isotoped so that (FUS) N A4 consists only of
curves essential in both ZUS and 4, and such that this number is minimal.
Let M, .. M™ be the components into which M is divided by the family of
annuli 4. We will soon apply Lemma 8.7 to the annuli AN Vi.

Notice that the index of a special component of V; — A ig non-positive
unless the component U is of index I, when 9gU = 9UNS; is a d-punctured
sphere. Since dgU visibly compresses in U, it follows from strong irre-
ducibility that dgl also compresses in W;. It then follows from a standard
outermost arc argument, that dgl/ N S; compresses in W; — 4. The result is
two annuli. If the two annuli are parallel, this implies that U is exceptional
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(see Definition 6.6). If they are not, then the \mion of the two annuli, to-
gether with the annuli oU —0sU, cuts oﬁ' a 2-bridge knot or link complement
from M — A, necessarily one of the M7 since A is complete.
Definition 8.8. 4 component of M7 which is u 2-bridge knot or link com-
plement containing, as above, an index 1 special component of some V; — A
is called an interfaced 2-bridge complement.

The following theorem now improves Theorem 7.4, when A c M satisfies
the parity condition:
Theorem 8.9. For M and A as described above, let k be the number of
dipping annuli in A — S, w be the number of wide annuli in S — A, und
ey be the number of exceptional components cut off by A from all the V;
(see Definitions 5.1, 6. 6). Let c <m,n be the number of interlaced 2-bridge

complements among the M?. Then
3 w+ey +c
k< (ELJ(V) + —

Proof: We will apply Lemma 8.7 to the annuli AN V;.

Suppose, as a first simplification, that each special component of each
Vi — A has non-positive index, so in particular e = ¢ = 0. Then Lemms
8.7 says that the number of dipping annuli in ANV, is at most %J(Vi) + 3,
where a counts the number of annuli components of S; — 4 with a property
(defined in Lemma 8.6) that assures that they are adjacent to dipping annuli
and therefore wide. That is, when Lemma 8.7 ig applied to V; the inequality
remains true if a is replaced by the number of wide annuli in S;. Summing
over all V; we get k < 3(S72,J(V;)) + % as required.

Now examine what happens if V;~ A has a special component U of positive
index. Then, as explained above, U is of index 1 and so is either an excep-
tional component or part of an interlaced 2-bridge complement. In either
case, the positive index contributed by I/ to I in Lemma 8.7 is incorporated
into ey + c. 4

Lemma 8.10. For M and A gs described ubove, let M~ be the manifold
obtained from M by replucing each interlaced 2-bridge complement M7 with
an unknot or unlink complement (matching longitudes). Then M~ has a
(perhaps weakly reducible ) generalized Heeguard splitting

™ Use W) Um - U, (Vi Us, WD)

so that each V™ = Vi and W[ = I,
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Proof: One way of constructing M~ would be, on each index I special
component /' C (V;~.A) that comes from an interlaced 2-bridge complement,
reglue V; to W, differently along dsU = aU n 8, Depending on how the
O-reducing disk Dy for Wi separates pairs of boundary components of the 4-
punctured sphere dgU, this regluing can be done so that the O-reducing disk
Dy of U intersects dDw in either two points or none. In the former case,
the replacement is by an unknot complement and [/ becomes exceptional
(see Definition 6.6). In the latter, the replacement is by the complement of
an unlink of two components, and M~ is reducible. 0

Corollary 8.11. Let M and A be as described above, with A © M 4 com-
plete collection of annuli satisfying the parity condition. Order the sum-
mands so that the interlgced 2-bridge complements among the M7, if any,
are MY M™ Then there is a Heegaard splitting V7 Ugs w for each
M7 so that —

SR + (0 —g) > S

Proof: We may assume that the surfaces FUS from the generalized Hee-
gaard splitting and the annuli 4 have been isotoped so that (FUS)N A
consists only of essential curves and a minima) number of them. Let k de-
note the number of dipping annuli in A N (UsVi), w denote the number of
wide annuli in § — A, e denote the total number of exceptional components
in the V; — A and the W; — A, and ey denote only the number that lie in
the V; — A. The construction in Theorem 5.2 yields generalized Heegaard
splittings for C(K7) such that 2k + IV > 22 I (V7).
Now substitute for k& from Theorem 8.9 to get

5 )
FEEIW)) +wtev +(n—q) > (7).
¥
According to Lemma 6.8 the induced Heegaard splittings for the C (K7) can
be destabilized at least % +e times, yielding Heegaard splittings V7 Uy W7
for each C(K7) with

> oIV < DIV —w-2e < STV —w —ey.
i, 1.7

J
It follows that
5 m ;
E(Eizl'](vi)) +(n-gq)> 2}: J(V7)

as required. O
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9. TUNNEL NUMBERS

In this section we apply the results above to tunne] numbers of composite
knots. The results can also be formulated for composite links, though the
statements are sometimes a bit more cumbersome.

Theorem 9.1. Let K', ... K™ pe prime knots, and suppose KP+1 . . K™
are the 2-bridge knots among the K. Then there is some q such that p <
q<n and t(K'4 .. #K") is no smaller than any of:

o (oK) +... +t(K) + ned

* (n—q)

o L(K'#. . #KI
Proof: By Lemma 2.10 there is a generalized Heegaard splitting

CK"#.. . #K™) = (v, Usi Wi)Up, - Up,, _, (Vin Us,, Win)

for which 3= J(Vi) = 2¢(K 14 .. #K™). Let A be the n — 1 annuli that
decompose C' (K14 . .. #K™) into the complements of the constituent prime
knots. Clearly the non-trivial element of HYC(K .. #K™), Zs) restricts
to the parity class on meridians, so the parity condition holds for A4
C(K'# .. #K™).

Let ¢ > p be the number of components of the C(K7) that are not in-
terlaced 2-bridge complements. The family A is complete since each K7 is
prime. It then follows from Corollary 8.11 that

5 j
FELI)) +(n—q) 2 > a(v),
J
Since 2-bridge knots have tunnel number one, we further know that, for
J 2 p, hence j > g, that J(V?) > 2. Hence another way to write the
inequality is

- q
2 A
3 (ELI(W) 2 ;J(V‘) +(n-q)
or, substituting from Lemma 2.10 and dividing by two,
g—t(Kl#. CHRM 2K 4 (K + Q}—_q

This gives the first inequality.

The second inequality follows from the fact that each V; contributes at
least 2 to 72, J (Vi) and the number n — q of interlaced 2-bridge knot, com-
plements can be no bigger than m.

The last inequality follows from Lemma 8.10. Here M~ is the manifold
obtained by replacing each C(K7), g+1 < J < n with the complement of the
unknot. Hence M~ = C(K'#K2# . K7). It has a generalized Heegaard
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splitting whose constituent compression bodies are the same as that of the
untelescoped minimal genus Heegaard splitting for M itself, so when the
splitting of M~ is amalgamated, the result is a Heegaard splitting of genus
no higher than that of M. 0

Corollary 9.2. Let K'Y .. K™ pe prime knots.
Ltuﬁ#.”#km)2§UU@)+”.+dKﬂ}
2. Ifnone of the K7 are 2-bridge knots then LK. H#KD) > 2(HKY +
o EHK™)).
3. b(K'#K?) > 2((KY) + t(K?)).

Proof: The first statement of course is Just Corollary 7.6 but here it can
be seen (somewhat intriguingly) to follow also from the first and second
inequalities of Theorem 9.1 and the fact that, for any a, b > 0, maz{( %a +
2b),b} > La +b).

The second statement follows immediately from Theorem 9.1 by setting
D =n.

The last is immediate if both or neither of the K7 are 2-bridge. If exactly
K?is 2-bridge, the result follows from the last inequality of Theorem 9.1. [
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APPENDIX A. EXAMPLES WITH MANY DIPPING ANNULLI
ANDREW CASSON
Theorem A.1. For any number ¢ < 2, there is g J-manifold
M:XIUYILJXQLJYQLJ---UX;CUY}c

where X; and Y; are compression bodies, and an essential annulys A properly

embedded in M, such that the following conditions are satisfied.

OM =0_X| is an incompressible torus and . Yi = 0.

N =

XiNY, =0, X; = 0+Y;, and X; UY; is strongly irreducible.

Bad

YinXip =0_Y, = O_Xiy1 is incompressible in M.

The components of AN Xi, ANY; are essential sub-annuli of A.

R

If X; has n; 2-handles, and AN Xi contains d; components which are
k k

disjoint from O_X;, then Z d; > CZ n;.

i=] i=1

Most of the pairs (X;, 4 N Xi) and (Y}, ANY;) are homeomorphic to a
standard model (V/,, F), constructed in the following lemma.

Lemma A.2. For each integer n > 0 there is a compression body V,,, a
homeomorphism h - Oy Vo — 0.V, and a surface F,, properly embedded in
Vo, satisfying the following conditions.
LV, hasn 2-handles dnd O0_V, is connected.
2. Vi Un Vi, is strongly irreducible.
3. Fyn consists of 2n — | essential, non-parallel annuli disjoint from 9_V,,
together with 4dn — 9 essential, non-parallel annuli meeting both 9V,
and 0_V,.
L h(FanoeV,) = B, NoLV,.
5. Fn Uy F, consists of 4n — 2 annuli, each meeting both boundary com-
ponents of V,, Uy, V.
Proof: Let S? be the unit sphere {(z,y,2) € R®: 22 + 4= 1}. Let

Tz, Ty, 7+ and r_ be the reflections of S? in the planes y =0, 2 =0, z = ]
and z = —y respectively, generating a group I' of order 8. The fixed point
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FIGURE 10. The 4n disks D, with n = 5.

sets of 7, and r, are the circles C. and C, where S? intersects the 2z and
yz planes respectively.

Let Q% = {(z,y,2) € $2 . 2 > 0,y = 0}. Let Dy, Dy, ... D, be disjoint
closed disks in the interior of Q" such that r+(Ds) = D, for example,
small round disks in S? with centers evenly spaced on the semicircle where
Q" meets the plane r = y. Let DT = DyUDyU---UD, and D =
DY Ury(DY)Ury (DY) Ur_(D*); then D is a I-invariant disjoint union of
4n disks in S2. (See Figure 10.) Set P+ = Q* N\ Dtand P=Q < D, so
P is a 4n-punctured sphere on which I" acts. Let S = PUy P/, where P’ is a
connected surface with 9P’ = 9P such that the action of [ extends over P’.
For example, one could choose P’ == P; then S is the double of P, a surface
of genus 4n — 1.

Let Cf = P*NC,, and let R = (PTx0)U(CF x NU(P+x 1) as a subset
of of I(P* x I). There is a homeomorphism g: R — PY*Ury(P%) such that
9(p,0) =p and g(p, 1) = ry(p) for all p € P¥ outside a small neighborhood
N of CF, and r.g(p,t) = g(p,1 — t) for every point (p,¢) € R. Let V., be
the 3-manifold obtained from the disjoint union of § x [ and P+ x [ by
identifying each point (p,t) € R ¢ P+ x [ with (g(p,t), 1) e Sx1cCSxI.
By using a collar neighborhood of R in P+ x I, construct an embedding
e: Pt x [ — V, such that e(p,t) = (9(p,t),0) € S x 0 for all (p,t) € R, and
e(P* x I) is disjoint from the subset (SN (PYUry(P) x I of V,,.

Let Ih, I5, ... I, be disjoint arcs properly embedded in P+, with end-points
on C'} and such that {; separates D; from each D; with ; #J. Thene(l;x17)
Is an embedded disk in V), with boundary in S x 0. This exhibits Vi as a
compression body with 9, V,, = S x 0 and with e(lyxI),e(lyxT),. .. el x 1)
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Attaching disks for
2-handles of Vi

FICURE 11. The attaching disks e(o(I; x I))

as the cores of the 2-handles. (See Figure 11.) Since P’ was chosen to be
connected, _V;, is connected.

For 1 < i < nlet C bea simple loop in Pt that is parallel to the
boundary component 4D, and invariant under r,. Enlarge C1,Cy,...C,
to a maximal collection Ci,Ca, ... Cop_y of disjoint essential non-parallel
simple loops in P+ in such a way that r(Cy) = C; for all 1. (See Figure 12.)
Set A; = e(C; x 1); then Ar, Aay oo Agny are disjoint properly embedded
annuli in V,,. If C; is chosen disjoint from the neighborhood N of CF, then
0A; = C; U r2(Cs). Vi, also containg disjoint properly embedded annuli
Ay Ay, AY ) and A AL - Agy_y, where 4! = r,(C}) x I and Al =
r-(C;)xI. Let Fy, be the union of the annuli 4;, A, and Alfor1 <i<2n—1.

Let b = tytyry : S — S, where ‘z and t, are Dehn twists in Cy and C,
respectively. By Corollary A.4 below, V,, U, V, is strongly irreducible. The
intersection of F,, with 04 Vs is the union of the curves Ci, r:(Cy), Ty (C)
and r_(C;) for 1 < ¢ < 2n — 1, which is invariant under A. In Vo Up Vi,
each of (4; U A) Uy, (4; U 4]) and A} Up A7 is a single properly embedded
annulus. a

Lemma A.3. Let N be 4 reqular neighborhood of C, U Cy in S. Suppose
L 1s an essential simple loop in S which bounds a disk in Vi and intersects
AN U C, minvmally. Then some component of LN intersects C, and is

disjoint from C,,.
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Sample Cn+1""’ C 7

FIGURE 12. A maximal collection of of disjoint essential non-

parallel loops

Proof: A similar argument is given in [MS, Appendix]. Tt follows from the
construction of V,, as S x I U, Pt x [ that 71(Vn) is an HNN extension of
(S ™\ Cz), s0 71 (S Cz) injects into m(V;,). Moreover, every loop in §
which bounds a disk in V,, has zero homological intersection number with
Cz. Therefore every essential loop in S which bounds a disk in V, intersects
Cy at least twice. Observe that Cy bounds a disk in V,, and intersects Cz in
exactly two points; the regular neighborhood vV of C, U Cy is a 4-punctured
sphere.

Suppose that L is an essential simple loop in § which bounds a disk in 'V,
and intersects &N minimally, but every component of LNN either intersects
Cy or is disjoint from Cy. Since some component of L N N intersects Cy, L
must intersect ), also.

Therefore L contains an arc o (a wave) with «NC,, = Ao and such that if
/3 is either arc of €, . d then aU [ bounds a disk in V,,. Each component
of N N not containing an end-point of ¢ is a component of L N N which
is disjoint from C,, and is therefore disjoint from C; also. Therefore every
component of &N NV contains an end-point of q.

It follows that (o, da) is isotopic in (S, C,) to an arc o not meeting Cy;
let 3’, 3" be the arcs of Cy ™\ 0. Then o/ U, &’ UB" are essential simple
closed curves in S bounding disks in Vj, and at least one intersects C, in
less than two points, a contradiction. O

Corollary A.4. With V,, and h as in Lemma 4.2, V,, U, V,, is strongly

wreducible.
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Lemma A.5. Let S be ¢ closed orientable surface, possibly disconnected,
and let Cy,CY,. - Cy, Cr, be disjoint essential simple closed curves on S.
Then there is a compact 3-manifold N with incompressible boundary ON =

S, containing disjoint annuli A, Ag, .. Ay such that 04; =C;u Cl.

Proof: Let A, Ag, ... 4y be annuli, and construct
N =(SxTDu4, X DU (A2 x D) U~ U (A x I)

where (A; x )N (S x [) = (0A;) x I is a regular neighborhood of ¢ UC! in
S x 1. The boundary of N’ consists of S together with a closed surface S
since C; and C! are essential, S and S’ are incompressible in N, Choose a
a compact 3-manifold N” with incompressible boundary N" = ' and set
N = N'ug N”. a

Proof of Theorem A.1 Choose n > (1-¢/2)"! and let Vo, hand F, be as
in Lemma A.2. Let C, C' be parallel essentis) simple closed curves on a torus
T. Let S be the disjoint union of T and §._ Vo, and let €, Cl, ... Cop, s,
be the components of (Fand_Vy,)uCu C’, in any order. By Lemma A5,
there is a 3-manifold NV with incompressible boundary T U &_ V., containing
disjoint annuli A4;, As, ... Ao, such that

(FanNd_Vy)uCuC = a4, UOA U - UBA,,,

If instead S = 9_ V. and C|, Cly...Cop_y, an_l are the components of
N O_V, in any order then Lemma A.5 gives a 3-manifold N’ with incom-
pressible boundary §_V,, and containing disjoint annuli A Ay, A,
such that

Fano_V, =041 084, U . U004, .

Choose the orderings in such a way that if FF = A4, y Az - U Ay, and
Fr=Aludbu...u A1, then FUF' ¢ N Ug N is a single annulus.

By [SS1, Lemma 3], (N;T,0_V,,) has a strongly irreducible untelescoped
Heegaard splitting N = X1UY1U - UX,UY; such that the components of
AN X; and A4; N Y; are essential s:ib-annuli of A;. Similarly, (N';0_V,,0)
has an untelescoped Heegaard splitting v/ = Xjuvfu...u Xy VY, with
similar properties.

Let g be the total number of I-handles in these generalized Heegaard
splittings for vV and N’ Choose m: > 2¢ and let m(Vy, Up, V) denote the
union (Vo Up V) U (VaUp V) U-- L (VaUp Vi) of m copies of V,, U, V. Set
M=Num(V,u Vo) U N with the generalized Heegaard splitting

XYiuriu-- uXx,u Yeum(V, Uy Vo) U X UY{U-'-UX,:,, uYy

and set 4 = Fu m{F, UF,)UF, a single annulus properly embedded in
M.

The total number of i-handles 18 mn + ¢, and there are at least (2n — 1)m
“dipping” annuli. Since n > (L -¢/2)7" and m 22q, 2~c)mn > 2m >
m+2g2>m+eq, 50 (2n — Dm > c(mn +q), as required. O
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