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Abstract

W e pro v e that for eac h closed smo oth spin 4-manifold M there exists a closed

smo oth 4-manifold N suc h that M # N admits a conformally 
at Riemannian

metric.
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1 In tro duction

The goal of this pap er is to pro v e

Theorem 1.1. L et M

4

b e an close d c onne cte d smo oth spin 4-manifold. Then ther e

exists a close d orientable 4-manifold N such that M # N admits a c onformal ly 
at

R iemannian metric. The manifold N is (in principle) c omputable in terms of trian-

gulation of M .

Recall that there are man y closed 4-dimensional spin manifold whic h admit no


at conformal structure; for instance, simply-connected manifolds (not di�eomorphic

to S

4

), manifolds with simple in�nite fundamen tal group. (First examples of �rst 3-

manifolds not admitting 
at conformal structure w ere constructed b y W. Goldman in

[1].) The ab o v e theorem sho ws that if M admits a 
at conformal structure, it do es not

imply that all comp onen ts of its connected sum decomp osition are also conformally


at.

Our motiv ation comes from the follo wing theorem of C. T aub es [12]:
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Theorem 1.2. L et M b e a smo oth close d oriente d 4-manifold. Then ther e exists

a numb er k so that the c onne cte d sum of M with k c opies of C P

2

admits a half-

c onformal ly 
at structur e.

Here C P

2

is the complex-pro jectiv e plane with the rev ersed orien tation. Recall

that a Riemannian metric g on M is anti self-dual (or half-conformally 
at) if the

self-dual part W

+

of the W eyl tensor v anishes. V anishing of b oth self dual and

an ti self-dual parts of the W eyl tensor (i.e., v anishing of the en tire W eyl tensor) is

equiv alen t to lo cal conformal 
atness of the metric g .

Note that the assumption that M

4

is spin is equiv alen t to v anishing of all Stiefel-

Whitney classes, whic h is equiv alen t to trivialit y of the tangen t bundle of M

0

=

M n f p g . According to the Hirsc h-Smale theory (see for instance [7, Theorem 4.7]

or [11]), M

0

:= M n f p g is parallelizable i� M

0

admits an immersion in to R

4

. Th us,

b y taking M to b e simply-connected with non trivial 2-nd Stiefel-Whitney class, one

sees that M # N do es not admit a 
at conformal structure for any N : Otherwise the

dev eloping map w ould immerse M

0

in to S

4

. Therefore the v anishing condition is, to

some exten t, necessary . Note also that (unlik e in T aub es' theorem) one cannot exp ect

N to b e simply-connected since the only closed conformally 
at simply-connected

Riemannian manifold is the sphere with the standard conformal structure.

Sonjong Hw ang in his thesis [5], has v eri�ed that for 3-manifolds an analogue of

Theorem 1.1 holds, moreo v er, one can use a connected sum of Hak en manifolds as

the manifold N . Similar argumen ts can b e used to pro v e an analogous theorem in

the con text of lo cally spherical CR structures on 3-manifolds.

The argumen ts in b oth 3-dimensional and 4-dimensional cases, in spirit (although,

not in the tec hnique), are parallel to T aub es': W e start with a singular conformally-


at metric on M , where the singularit y is lo calized in a ball B � M . The singu-

lar metric is obtained b y pull-bac k of the standard metric on the 4-sphere under a

branc hed co v ering M ! S

4

. Then w e w ould lik e to \resolv e the singularit y". T o

do so w e remo v e an op en tobular neigh b orho o d U of the singular lo cus. Afterw ards,

use the \orbifold tric k" (cf. for instance [2]) to eliminate the b oundary of M n U :

In tro duce a Mo ebius re
ection orbifold structure on M n U to get a closed Mo ebius

orbifold O whic h is a connected sum of M with an orbifold. After passing to an

appropriate �nite manifold co v er o v er O w e get a conformally-
at manifold whic h

has M as a connected summand.

Lac k of re
ection groups in higher-dimensional h yp erb olic spaces limits this strat-

egy to lo w dimensions. Using argumen ts somew ah t similar to the strict hyp erb olization

of Charney and Da vis (see [3]) one can generalize Theorem 1.1 to higher dimensional

almost parallelizable manifolds. W e will discuss this issue elsewhere.

Ac kno wledgmen ts. During the w ork on this pap er the author w as supp orted b y

the NSF gran ts DMS-99-71404 and DMS-02-03045. P art of this w ork w as done during

the author's sta y at Max-Plank-Instutit f • ur Mathematik in Bonn, whose hospitalit y

is gratefully ac kno wledged. The author is also grateful to T adeusz Jan uszkiewicz who

had p oin ted out at a 
a w in the original v ersion of the pap er.
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2 De�nitions and notation

W e let Mob( S

4

) denote the full group of Mo ebius transformations of S

4

, i.e. the group

generated b y in v ersions in round spheres. Equiv alen tly , Mob( S

4

) is the restriction of

the full group of isometries I som ( H

5

) to the 4-sphere S

4

whic h is the ideal b oundary

of H

5

. W e will regard S

4

as 1-p oin t compacti�cation R

4

[ f1g of then Euclidean

4-space.

De�nition 2.1. L et Q b e a unit cub e in R

4

. We de�ne the PL in v ersion J in the

b oundary of Q as fol lows. L et h : S

4

! S

4

b e a PL home omorphism which sends

� = @ Q onto the r ound spher e S

3

� R

4

and h ( 1 ) = 1 . L et j : S

4

! S

4

b e the

or dinary inversion in S

3

. Then J := h

� 1

� j � h .

De�nition 2.2. A Mo ebius or a 
at conformal structure on a smo oth 4 -manifold M

is an atlas f ( V

�

; '

�

) ; � 2 A g which c onsist of di�e omorphisms '

�

: V

�

! U

�

� S

4

so

that the tr ansition mappings '

�

� '

� 1

�

ar e r estrictions of Mo ebius tr ansformations.

Equiv alen tly , one can describ e Mo ebius structures on M are conformal classes of

conformally-Euclidean Riemannian metrics on M . Eac h conformal structure on M

giv es rise to a lo cal conformal di�eomorphism, called a developing map , d :

~

M ! S

4

,

where

~

M is the univ ersal co v er of M . If M is connected, the mapping d is equiv arian t

with resp ect to a holonomy r epr esentation � : �

1

( M ) ! Mob ( S

4

), where �

1

( M )

acts on

~

M as the group of dec k-transformations. Giv en a pair ( d; � ), where � is a

represen tation of �

1

( M ) in to Mob ( S

4

) and d is a � -equiv arian t lo cal di�eomorphism

from

~

M to S

4

, one constructs the corresp onding Mo ebius structure on M b y taking

a pull-bac k of the standard 
at conformal structure on S

4

to

~

M via d and then

pro jecting the structure to M .

Analogously , one de�nes a c omplex-pr oje ctive structur es on complex 3-manifold

Z , as a C P

3

-v alued holomorphic atlas on Z so that the transition mappings b elong

to P GL (3 ; C ).

The concept of Mo ebius structure generalizes naturally to the category of orb-

ifolds:

A 4-dimensional Mo ebius orbifold O is a pair ( X ; A ), where X is a Hausdor� top ologi-

cal space, the underlying sp ac e of the orbifold , A is a family of lo cal parameterizations

 

�

: U

�

! U

�

= �

�

= V

�

, where f V

�

; � 2 A g is an op en co v ering of X , U

�

are op en

subsets in S

4

, �

�

are �nite groups of Mo ebius automorphisms of U

�

and the mappings

 

�

satisfy the usual compatibilit y conditions:

If V

�

! V

�

is the inclusion map then w e ha v e a Mo ebius em b edding U

�

! U

�

whic h is equiv arian t with resp ect to a monomorphism �

�

! �

�

, so that the diagram

U

�

! U

�

# #

V

�

! V

�

is comm utativ e. The groups �

�

are the lo c al fundamental gr oups of the orbifold O .

F or a Mo ebius orbifold one de�nes a dev eloping mapping d :

~

O ! S

4

(whic h is

a lo cal homeomorphism from the univ ersal co v er

~

O of O ) and, if O is connected, a
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holonom y homeomorphism � : �

1

( O ) ! Mob ( S

4

), whic h satisfy the same equiv ariance

condition as in the manifold case. Again, giv en a pair ( d; � ), where d is a � -equiv arian t

homeomorphism, one de�nes the corresp onding Mo ebius structure via pull-bac k.

Example 2.3. L et G � Mob( S

4

) b e a sub gr oup acting pr op erly disc ontinuously on

an op en subset 
 � S

4

. Then quotient sp ac e 
 =G has a natur al Mo ebius orbifold

structur e. The lo c al charts �

�

app e ar in this c ase as r estrictions of the pr oje ction

p : 
 ! 
 =G to op en subsets with �nite stabilizers.

In particular, supp ose that G is a �nite subgroup of Mob( S

4

) generated b y re
ec-

tions, the quotien t Q := 
 =G can b e iden ti�ed with the in tersection of a fundamen tal

domain of G with 
. The Mo ebius structures on 4-dimensional manifolds and orb-

ifolds constructed in this pap er de�nitely do not arise this w a y . A more in teresting

example is obtained b y taking a manifold M and a lo cal homeomorphism h : M ! S

4

,

so that Q � h ( M ). Then w e can pull-bac k the Mo ebius orbifold structure on Q to

an appropriate subset X of M , to get a 4-dimensional Mo ebius orbifold. As another

example of a pull-bac k construction, let O b e a Mo ebius orbifold and M ! O b e

an orbifold co v er suc h that M is a manifold. Then one can pull-bac k the Mo ebius

orbifold structure from O to an ordinary Mo ebius structure on M .

W e refer the reader to [9] for a more detailed discussion of geometric structures

on orbifolds.

3 Re
ection groups in S

4

with prescrib ed com bi-

natorics of the fundamen tal domains

3 3

3

22

2 2

25

22

5

55

3
2

Figure 1: Barycen tric sub division of a square.
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Consider the standard cubulation Q of R

4

b y the Euclidean cub es with the edges

of length 2 and let X denote the 2-sk eleton of this cubulation. Giv en a collection of

round balls f B

i

; i 2 I g in R

4

, with the nerv e N , w e de�ne the canonical simplicial

mapping f : N ! R

4

b y sending eac h v ertex of N to the cen ter of the corresp onding

ball and extending f linearly to the simplices of N . F or a sub complex K � Q de�ne

its b aryc entric sub division � ( K ) to b e the follo wing simplicial complex. Sub divide

eac h edge of K b y its midp oin t. Then inductiv ely sub divide eac h k -cub e Q in K b y

coning o� the barycen tric sub division of @ Q from the cen ter of Q .

S
5

S

SS

S
S

S
S

S

6

78

9

1

2

3

4

Q

Figure 2:

Prop osition 3.1. Supp ose that K � X is a 2-dimensional c omp act sub c omplex such

that e ach vertex b elongs to a 2-c el l. Then ther e exists a c ol le ction of op en r ound 4-b al ls

B

i

, i = 1 ; :::; k , c enter e d at the vertic es of � ( K ) , so that:

(1) The Mo ebius inversions R

i

in the r ound spher es S

i

= @ B

i

gener ate a discr ete

r e
e ction gr oup G � Mob ( S

4

) .

(2) The c omplement S

4

n [

k

i =1

B

i

is a fundamental domain � of G .

(3) The c anonic al mapping fr om the nerve of f B

i

; i = 1 ; :::; k g to R

4

is a simplicial

isomorphism onto � ( K ) .

Pr o of: W e b egin b y constructing the family of spheres S

i

; i 2 N cen tered at certain

p oin ts of X . F or eac h square Q in X w e pic k 9 p oin ts x

1

; ::::; x

9

: x

5

; :::; x

8

are the

v ertices of Q , x

1

; :::; x

4

are midp oin ts of the edges of Q and x

9

is the cen ter of Q . Pic k

radii r ; R ; � so that:

(a) The spheres S

1

= S ( x

1

; r ) ; S

5

= S ( x

5

; R ) are orthogonal.

(b) The (exterior) angle of in tersection b et w een the spheres S ( x

1

; r ) ; S

9

= S ( x

9

; � )

equals � = 3.
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(c) The (exterior) angle of in tersection b et w een the spheres S ( x

5

; R ) ; S ( x

9

; � )

equals � = 5. (Actually the latter angle can b e tak en � = 4 as w ell, but � = 3 w ould

not su�ce.)

Then for the radii r ; R ; � w e get:

R � 0 : 8534646790 ; r � 0 : 5211506901 ; � � 0 : 6317819089

In particular, r and � are b oth less than 1 =

p

2 � 0 : 7071067810.

W e then consider the collection of round balls B ( x

9

; � ), B ( x

i

; r ), i = 1 ; :::; 4 and

B ( x

i

; R ), i = 4 ; :::; 8; see Figure 2. The condition r <

p

2 = 2 and our c hoice of the

angles of in tersection b et w een the spheres imply that the nerv e of the ab o v e collection

of balls is the barycen tric sub division of Q . See Figure 1 for the Co xeter graph of the

Co xeter group generated b y in v ersions in the spheres S

1

; :::; S

9

.

Supp ose no w that Q

4

is a 4-cub e in the cubulation Q , apply the ab o v e construction

to eac h 2-face of Q

4

. Then the condition �; r <

p

2 = 2 implies that the the nerv e

N

Q

4

of the resulting collection of balls f B

i

g is suc h that the canonical mapping

N

Q

4

! � (( Q

4

)

(2)

) is a simplicial isomorphism.

No w w e are ready to construct the co v ering f B

i

: i = 1 ; :::; k g of the 2-complex

K . F or eac h 2-face Q of K in tro duce the family of nine round spheres S

i

con-

structed ab o v e, consider the in v ersions R

i

is these spheres; the spheres S

i

b ound balls

f B

i

: i = 1 ; :::; k g . The fact that for eac h 4-cub e Q

4

the mapping N

Q

4

! � (( Q

4

)

(2)

)

is a simplicial isomorphism, implies that the mapping from the nerv e of the co v ering

f B

i

: i = 1 ; :::; k g to K is a simplicial isomorphism as w ell. Th us the exterior angles

of in tersections b et w een the spheres equal

�

2

and

�

3

, th us w e can apply P oincare's fun-

damen tal p olyhedron theorem [10] to ensure that the in tersection of the complemen ts

to the balls B

i

is a fundamen tal domain for the Mo ebius group G generated b y the

ab o v e re
ections.

Remark 3.2. Inste ad of c ol le ctions of r ound b al ls b ase d on a cubulation of R

4

one

c ould use a p erio dic triangulation of R

4

, however in this c ase the c onstruction of a

c ol le ction of b al ls c overing the 2-skeleton of a 4-simplex would b e mor e c omplic ate d.

4 Pro of of Theorem 1.1

Recall that the manifold M is almost parallelizable, i.e M

�

= M n f p g is parallelizable;

hence, b y [7], there exists an immersion f : M

�

! R

4

. Let B denote a small op en

round ball cen tered at p and let M

0

denote the complemen t M n B . W e retain the

notation f for the restriction f j M

0

. W e next con v ert to the piecewise-cubical setting:

Consider the pull-bac k of the standard cubulation Q of R

4

to M

0

via f . The image

f ( M

0

) is compact; hence, after replacing if necessary Q b y its su�cien tly �ne cubical

sub division, w e ma y assume that for eac h p oin t x 2 M

0

there exists a cub e Q

x

2 Q

and a comp onen t

~

Q

x

� M

�

of f

� 1

( Q ) so that f j

~

Q

x

:

~

Q

x

! Q

x

is a homeomorphism.

In particular, if C � M

0

denotes the union of the cub es

~

Q

x

; x 2 M

0

, then C is a

compact cubical complex. After replacing B b y a sligh tly larger op en ball B

0

w e

get: @ B

0

� int ( C ). Let M

�

denote the complemen t M n B

0

. No w consider the 2-nd

cubical sub division C

00

of C and the regular neighorho o d N := N ( F r

M

( C )) in C

00

of
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the fron tier F r

M

( C ): The fron tier of N in C is a 3-dimensional submanifold Y � B

0

whic h is con tained in the 3-sk eleton of C

00

. Th us f ( Y ) is also con tained in the 3-

sk eleton of Q

00

. Let M

00

denote the closure of the comp onen t of M n Y whic h is disjoin t

from p . Clearly , M

00

is a compact cubulated manifold with the b oundary Y . W e retain

the notation f for the restriction f j M

00

. W e no w double M

00

across its b oundary Y , the

result is a closed cubulated manifold D M , let � : D M ! D M denote the in v olution

�xing Y p oin t wise; the mapping f extends to D M n M

00

b y f � � . Th us w e get a

globally de�ned pieciewise-linear map F : D M ! R

4

, whic h is a homeomorphism on

eac h 4-cub e in D M and is a lo cal di�eomorphism on M

�

. By cutting D M along the

sphere @ M

�

w e get a connected sum decomp osition D M = M # W . W e orien t D M

so that F preserv es the orien tation on M

�

.

W e no w b orro w the standard argumen ts from the pro of of Alexander's theorem

whic h states that eac h closed n -dimensional PL manifold is a branc hed co v er o v er

the n -sphere, see e.g. [4]. F or eac h cub e Q

0

� D M suc h that F j Q

0

is orien tation-

rev ersing w e replace F j Q

0

with the comp osition J � F j Q

0

, where J is the PL inversion

in the b oundary of the unit cub e F ( @ Q

0

) (see De�nition 2.1). The resulting mapping

h : D M ! S

4

has the prop ert y that it is a lo cal PL homeomorphism a w a y from

a 2-dimensional sub complex L � D M n M

00

, whic h is therefore disjoin t from M

�

.

(Note that L has dimension 2 near ev ery p oin t: Eac h v ertex in L b elongs to a 2-

cub e in L .) Th us the mapping h is a branc hed co v ering o v er S

4

with the singular

lo cus L con tained in D M n M

�

, the branc h-lo cus of h is the compact sub complex

K = h ( L ) � R

4

. The branc hed co v ering h has the prop ert y that for eac h p oin t

x 2 K there exists a neigh b orho o d U ( x ) � R

4

suc h that h

� 1

( U ( x )) is a disjoin t

union of balls V ( y ) ; y 2 h

� 1

( x ) 2 D M n M

00

, (whose in teriors con tain y ), so that for

eac h y 2 h

� 1

( x ), the restriction h j V ( y ) is a branc hed co v ering on to U ( x ). Moreo v er,

eac h branc hed co v ering h j V ( y ) is obtained b y coning o� a branc hed co v ering from

the 3-sphere @ V ( y ) to the 3-sphere U ( x ).

Question 4.1. Given a lo c al di�e omorphism f : M

�

! R

4

, is it p ossible to mo dify f

within the b al l B to make it a br anche d c over M ! S

4

which is r ami�e d over a smo oth

surfac e in S

4

? This c an b e e asily arr ange d in the c ase of 3-manifolds. In dimension

4 this would b e is a r elative version of a r e c ent the or em of Iori and Pier gal lini [8].

Let T denote a regular neigh b orho o d of K in R

4

, so that U ( x ) � T for eac h

x 2 K . Next, sub divide the cubulation of R

4

and scale the sub division up to the

standard cubulation Q b y regular cub es with edges of length 2, so that the discrete

group G and the collection of balls f B

j

; j = 1 ; :::; k g asso ciated with the sub complex

K in section 3 ha v e the prop erties:

1. T � [

k

i =1

B

k

.

2. Eac h ball B

j

, j = 1 ; :::; k , (cen tered at x

j

2 K ) is con tained in the neigh b orho o d

U ( x

j

).

W e no w use the branc hed co v ering h to in tro duce a Mo ebius orbifold structure O

on the complemen t X

O

to an op en tubular neigh b orho o d N

0

( L ) of L in M as follo ws:

F or eac h ball B

j

� U ( x

j

) cen tered at x

j

2 K and for eac h y

j

2 h

� 1

( x

j

) \ L , suc h

that the restriction h j V ( y

j

) is not a home omorphism onto its image , w e let

~

B ( y

j

)

denote the in v erse image h

� 1

( B

j

) \ V ( y

j

). It follo ws that eac h

~

B ( y

j

) is a p olyhedral

4-ball in M and the union of these balls is a tubular neigh b orho o d N ( L ) of L . The
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b oundary of N ( L ) has a natural partition in to sub complexes: \v ertices", \edges",

\2-faces" and \3-faces":

� The \v ertices" are the p oin ts of triple in tersections of the 3-spheres @

~

B ( y

j

),

@

~

B ( y

i

), @

~

B ( y

l

).

� The \2-faces" are the connected comp onen ts of the double in tersections of the

3-spheres @

~

B ( y

j

), @

~

B ( y

i

).

� The \3-faces" are the connected comp onen ts of the complemen ts

@

~

B ( y

j

) n [

i 6= j

~

B ( y

i

) :

W e declare eac h \3-face" a b oundary re
ector of the orbifold O . The dihedral

angles b et w een the balls B

j

de�ne the dihedral angles b et w een the b oundary re
ectors

in O . Since the restriction h j M n L is a lo cal homeomorphism, this construction

de�nes a Mo ebius orbifold O . The mapping h j X

O

is the pro jection of the dev eloping

mapping

~

h :

~

O ! S

4

of this Mo ebius orbifold. Let O

�

denote the orbifold with

b oundary O n M

�

; let O

0

b e the closed orbifold obtained b y attac hing 4-disk D

4

to

O

�

along the b oundary sphere S

3

.

W e next con v ert bac k to the smo oth category . It is clear from the construction

that the orbifold O is obtained b y (smo oth) gluing of the manifold with b oundary

M n B and the orbifold with b oundary O

�

. Hence O is di�eomorphic to the connected

sum of the manifold M with the orbifold O

0

.

It remains to construct a �nite manifold co v ering

^

M o v er the orbifold O , so that

M n B lifts homeomorphically to

^

M ; the construction is analogous to the one used

b y M. Da vis in [2]. The univ ersal co v er

~

O is a manifold since it admits a (lo cally

homeomorphic) dev eloping mapping to S

4

. The fundamen tal group �

1

( O ) is the free

pro duct �

1

( M ) � �

1

( Q ). W e ha v e holonom y homomorphism

� : �

1

( O ) ! G;

the subgroup �

1

( M ) is con tained in the k ernel of this homomorphism; b y construction,

the k ernel of � acts freely on

~

O . The Co xeter group G is virtually torsion-free, let � :

G ! A b e a homomorphism on to a �nite group A , so that K er ( � ) is torsion-free and

orien tation-preserving. Then the k ernel of the homomorphism  = � � � : �

1

( O ) ! A

is a �nite index subgroup of �

1

( O ), whic h con tains �

1

( M ) and still acts freely on

~

O .

Let

^

M ! O denote the �nite orbifold co v er corresp onding to the subgroup K er (  ).

Then

^

M is a smo oth orien ted conformally 
at manifold, the submanifold M

�

lifts

di�eomorphically to M

�

�

^

M . Th us the connected sum decomp osition O = M # O

0

also lifts to

^

M , so that the latter manifold is di�eomorphic to the connected sum of

M and a 4-manifold N .

W e observ e that the pro of of Theorem 1.1 can b e mo di�ed to pro v e the follo wing:

Theorem 4.2. Supp ose that M is a close d smo oth 4-manifold whose orientable 2-fold

c over is Spin. Then ther e exists a close d smo oth 4-manifold N so that

^

M = M # N

admits a c onformal ly-Euclide an R iemannian metric.
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Pr o of: The di�erence with Theorem 1.1 is that M can b e nonorien table. Let

~

M ! M

b e the orien table double co v er with the dec k-transformation group D

�

=

Z = 2. Then

all Stiefel-Whitney classes of

~

M are trivial. As b efore, let p 2 M , f p

1

; p

2

g b e the

preimage of f p g in M . Consider a Euclidean re
ection � in R

4

and an epimorphism

� : D ! h � i . Then, arguing as in the pro of of Hirsc h's theorem [7, Theorem 4.7], one

gets a � -equiv arian t immersion

~

f :

~

M n f p

1

; p

2

g ! R

4

. This yields a D -in v arian t 
at

conformal structure on

~

M n f p

1

; p

2

g via pull-bac k of the 
at conformal structure from

R

4

. Let B

1

t B

2

b e a D -in v arian t disjoin t union of op en balls around the p oin ts p

1

; p

2

.

Then the rest of the pro of of Theorem 1.1 go es through: Replace the ball B

1

with

a manifold with b oundary N

1

so that the 
at conformal structure on

~

M n ( B

1

[ B

2

)

extends o v er N

1

. Then glue a cop y of N

1

along the b oundary of B

2

in D -in v arian t

fashion. Note that the quotien t of the manifold P := (

~

M n ( B

1

[ B

2

)) [ ( N

1

[ N

2

)

b y the group D is di�eomorphic to a closed manifold M # N , where N is obtained

from N

1

b y attac hing the 4-ball along the b oundary . Finally , pro ject the D -in v arian t

Mo ebius structure on P to a Mo ebius structure on the manifold M # N .

As a corollary of Theorem 1.1 w e get:

Corollary 4.3. L et � b e a �nitely-pr esente d gr oup. Then ther e exists a 3-dimensional

c omplex manifold Z which admits a c omplex-pr oje ctive structur e, so that the funda-

mental gr oup of Z splits as � � �

0

.

Pr o of: Our argumen t is similar to the one used to construct (via T aub es' theorem)

3-dimensional complex manifolds with the prescrib ed �nitely-presen ted fundamen-

tal group. W e �rst construct a smo oth closed orien ted 4-dimensional spin manifold

M with the fundamen tal group �. This can b e done for instance as follo ws. Let

h x

1

; :::; x

n

j R

1

; :::; R

`

i b e a presen tation of �. Consider a 4-manifold X whic h is the

connected sum of n copies of S

3

� S

1

. This manifold is clearly spin. Pic k a collection of

disjoin t em b edded smo oth lo ops 


1

; :::; 


`

in X , whic h represen t the conjugacy classes

of the w ords R

1

; :::; R

`

in the free group �

1

( X ). Consider the pair ( S

4

; 
 ), where 


is an em b edded smo oth lo op in S

4

. F or eac h i pic k a di�eomorphism f

i

b et w een a

tubular neigh b orho o d T ( 
 ) of 
 in S

4

and a tubular neigh b orho o d T ( 


i

) of 


i

in X .

W e can c ho ose f

i

so that it matc hes the spin structures of T ( 
 ) and T ( 


i

). No w,

attac h n copies of S

4

n T ( 
 ) to X n [

i

T ( 


i

) via the di�eomorphisms f

i

. The result is

a smo oth spin 4-manifold M with the fundamen tal group �.

Next, b y Theorem 1.1 there exists a smo oth 4-manifold N (with the fundamen tal

group �

0

) suc h that

^

M = M # N admits a conformally-Euclidean Riemannian metric.

Applying the t wistor construction to the manifold

^

M w e get a complex 3-manifold Z

whic h is an S

2

-bundle o v er

^

M and the 
at conformal structure on

^

M lifts to a complex-

pro jectiv e structure on Z , see for instance [6]. Clearly , �

1

( Z )

�

=

�

1

(

^

M ) = � � �

0

.
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