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Abstract

The Hamiltonian potentials of the bending deformations of n-gons in E* studied in
[KM] and [Kly] give rise to a Hamiltonian action of the Malcev Lie algebra P, of the
pure braid group P, on the moduli space M, of n-gon linkages with the side-lengths
r = (ry,...,ry) in E3. If e € M, is a singular point we may linearize the vector fields
in P, at e. This linearization yields a flat connection V on the space C} of n distinct
points on C. We show that the monodromy of V is the dual of a quotient of a specialized
reduced Gassner representation.

1 Introduction

In [KM] and [Kly] certain Hamiltonian flows on the moduli space M, of n-gon linkages in
E? were studied. In [KM] these flows were interpreted geometrically and called bending
deformations of polygons. In [Kly], Klyachko pointed out that the Hamiltonian potentials
of the bending deformations gave rise to a Hamiltonian action of P,,, the Malcev Lie algebra
of the pure braid group P, (see §3), on M,. It is a remarkable fact, see [K1, Lemma 1.1.4],
that a representation p : P, — End(V), dim(V) < oo, gives rise to a flat connection V
on the vector bundle C? x V over C7, the space of distinct points in C. Accordingly the
monodromy representation of V yields a representation p: P, — Aut(V).

We see then that if we can find a finite dimensional representation of the Lie algebra
B C C*(M,) generated by the bending Hamiltonians under the Poisson bracket , i.e. if
we can “quantize” B, then we will obtain a representation of P,. Klyachko suggested using
a geometric quantization of M, to quantize B. This appears to be difficult to carry out
because the bending flows do not preserve a polarization. Note however that the problem
of quantizing a Poisson subalgebra of C*°(M,) can be solved immediately if the functions in
the subalgebra have a common critical point z € M,.. For in this case we may simultaneously
linearize all the Hamiltonian fields at . We are fortunate that simultaneous critical points
for the algebra B exist if M, is singular. Indeed, a degenerate n-gon (i.e. an n-gon which is
contained in a line L) is a critical point of all bending Hamiltonians.

The point of this paper is to compute the representation fje, : P, — Aut(T¢,) associated
to a degenerate n-gon P. Here T,, = Tp(M,) and € = (€1,...,€,), € € {£1}, and r =
(r1y.ey7n),mi € Ry, are defined as follows. Fix an orientation on L. The number r; is the
length of the i-th edge of P. Define ¢; to be +1 if the i-th edge is positively oriented and
e; = —1 otherwise. We call € = (e1, ..., €,) the vector of edge-orientation of P.

Our formula for pc, : P, = End(T¢,) is in terms of certain n x n matrices J;;(A) which
are called Jordan-Pochhammer matrices. Let A = (\1,...,A;) be an n-tuple of complex
numbers. Define matrices J;;(A) for 1 <i < j <n by



1 — th column j — th column

0...0 0 0...0 0 0...0
i1—throw | 0...0 Aj 0...0 =\ 0...0

0...0 0 0...0 0 0...0

: : : : S SN
j—throw| 0...0 =\ 0...0 Ai 0...0

0...0 0 0...0 0 0...0

Define J;; = 0 and J;;(X) = Jj(A) for i > j. We have (as can be verified easily)

Lemma 1.1 The matrices {J;j(\)} satisfy the infinitesimal braid relations:
o [Jii(N), Jij (A + ij()\) + Jki(A)] =0, 4,4,k are distinct.

Consequently the assignment py(X;;) = Jij(A) (see Section 3 for the meaning of X;;)
yields a representation py : P, — M,(C) and a flat connection V on C} x C". Here we
realize C" as the space of row vectors with n components. It is immediate that the subspace
C C C" defined by

(ng{zG(C”:Zziz()}

is invariant under pj, in fact p)(P,)(C") C Cj. Now we assume » . ; \; = 0. Then X € Cj
and we see that py(P,)(A) = 0. Thus we have a P, -invariant filtration

CACCh cC.

Define W) = Cj/CA. Now let P be a degenerate n-gon with side-lengths r = (rq,...,7)
and edge-orientations € = (€1, ..., €,). Our first main theorem is

Theorem A. There is a Pp-invariant almost complex structure J¢ on T, such that
there is an isomorphism of Pn-modules Tel,;no =Wy for XA := (V—1e1r1, ..., vV —lepgry).

Here o3 = {w € T., ® C : Jw = v/—Tw}. We have

Corollary. The flat connection on C} X Tel,}0 has the connection form

dz; — dz;
w = Ej_itzi®%Q)

2
1<i<j<n

with A as above.

We then adapt the methods of [K1] to give formulae for multivalued parallel sections of
V in terms of hypergeometric integrals and to compute the monodromy of V.

Before stating our first formula for the monodromy of V we need more notation. Let
vj, 1 < j < n, be the free generators of the free group F,. Define the character x : F, — C*
by x(v;) = €™, 1 < j < n (recall that A\; = v/—I¢;r;). Let C,-1 be the 1-dimensional
module (over C) in which the free group F, acts by x !. The pure braid group P, acts by
automorphisms on [F,, so that the character x is fixed. Thus we have the associated action of
P, on Hy(F,,C,-1). We let T, = m; (CP* — {21, ..., z,}) be the fundamental group of the n
times punctured sphere. Hence I';, is the quotient of [, by the normal subgroup generated



by ¥1...7n- Since x(71...7v,) = 1, the character x induces a character of I',,. The group
P, fixes 1 ..., and consequently acts on I', and on H; (T, C,-1). We can now state

Theorem B. The monodromy representation of V is equivalent to the representation

of P, on Hy(Ty,C\-1).

In §10 we define the Gassner representation of the pure braid group, the reduced Gassner
representation and their specializations via characters of the free group. Let £ is the C-
algebra, of Laureant polynomials on ¢y, ..,1,.

Theorem C. The monodromy representation of V is dual to the quotient of the reduced
Gassner representation Z'(T'y,, L) specialized at t; = e 2" | where we quotient by the
1-dimensional subspace B*(T,,,C, ) fized by P,.

Our results appear to be related to those of [DM] and [Lo| but there are significant
differences. In [Lo], D. D. Long linearizes the action of P, on the moduli space of n-gon
linkages in S° obtained from the action of P, on

Hom(m(S? — {21, ..., 2, }), SU(2))/SU(2)

by precomposition. The corresponding action of P, on M, is trivial in our case, see [KM,
Remark 5.1]. In [DM], Deligne and Mostow arrive at the Gassner representation by consid-
ering a variation of Hodge structure over C? /PG Ly(C) C M,. They obtain the quotient (by
the 1-coboundaries) of the reduced Gassner representation specialized at (€271, ..., €2 ),
we obtain the dual of the quotient of the reduced Gassner representation specialized at
(e72me1r1 . e~ 2men™n) Here we must assume Y ., 7; = 2 to be consistent with [DM]. Our
representation lies in GL(n — 2,R); their representation is in U(n — 3,1).

Acknowledgements. It is our pleasure to thank Ragnar Buchweitz and Richard Hain
for helpful conversations.

2 The moduli space of n-gon linkages in F3.

Let Pol,(E?) be the space of (closed) n-gons with distinguished vertices in the Euclidean
space E3. An n-gon P is defined to be an ordered n-tuple of points (vy,...,v,) € (E3)™.
The point v; is called the i-th vertex of P. The vertices are joined in cyclic order by edges
€1, ...,en Where e; is the oriented segment from v; to v;;+1. We think of e; as a vector in
R3. Two polygons P = (vy,...,v,) and Q = (wy, ..., wy,) are identified if and only if there
exists an orientation-preserving isometry g of E® such that g(v;) = w;, 1 < i < n. Let
r = (r1,...,,) be an n-tuple of positive real numbers. Then M, is defined to be the moduli
space of n-gons with the side-lengths r1, ..., 7, modulo isometries as above. An element of
M, will be called a closed n-gon linkage.

We will also need the moduli space space N, of “open” n-gon linkages. To obtain N,
we repeat the above construction of M, except we do not assume the end vertex v,41 of
the edge e, is equal to v;.

The starting point of [KM] was the observation that

n

M, ={e = (e1,...,en) € [[ S*(ri) : €1 + ... + en = 0}/SO(3).
=1

This equality exhibits M, as the symplectic quotient of J]? , S?(r;) and has many conse-
quences. First M, is a complex analytic space with isolated (quadratic) singularities. The
smooth part of M, is a Kahler manifold. The singular points of M, are the equivalence



classes of degenerate n-gons. Thus M, is singular if and only if r is the set of side-lengths
of a degenerate n-gon.

In [KM] we introduced bending deformations of closed polygonal linkages in 3, see also
[Kly]. Suppose P = e = (e1,...,ep). Let I C {1,...,n} be a subset and define fr € C*°(M,)

by
fi(e) = 1> el
i€l
Then f; is the Hamiltonian potential of a Hamiltonian vector field B;. The vector e; =
Y icr €i is constant along an integral curve of B;. By [KM, Lemma 3.5], By(e) = (01, ..., ),
where §; = er X e;, 1 € I, and ¢; = 0 for i ¢ I. The integral curves of B are obtained as
follows. Define an element ad(e;) € so(3) by

ad(er)(v) = ey xv
and a one-parameter group R(t) C SO(3) by
R;(t) = exp(t ad(er)).
Then the integral curve e(t) of By passing through e is given by
ei(t) = Rr(t)ej,i €I

ej(t) = e]-,j ¢ 1.
This motion of a polygon P has a simple geometric interpretation if the elements of I are
consecutive. In this case ey is a diagonal and it divides the polygon into two parts. Keep
one part fixed and bend the polygon by rotating the other part around the diagonal with
the angular speed ||er||. For this reason we call the above motion a bending deformation of

the polygon. We will be specifically interested in the case I = {3, j}, i < j. We abbreviate
fiijy to fij and By; ;3 to B;; . We have:

fij(e) = llei + ;).
Lemma 2.1 Let e € M, be a degenerate polygon. Then B;j(e) =0 for all i,j.
Proof: The bending field B;; is given by
B;j(e) = (0,...,(e; + €j) x €;,0,..., (e; + e;) x €,0,...) =(0,...,e; X €;,0,...,e; X ¢;,0,...).
If e is degenerate then e; and e; are linearly dependent, so e; x e; =0. [
Remark 2.2 In fact Br(e) =0 for all I if e is degenerate.

Define ]\~/',n~:: [T, S?(r;) where S?(r;) is the round 2-sphere of the radius r;. We also
define M, C N, by

n
Mr:{eENr:Zei:O}.
i=1

Hence N, is the quotient of N, by SO(3) and M, is the quotient of M, by SO(3).



3 The Malcev Lie algebra of the pure braid group.

Let P, be the pure braid group on n strands in C (see [C, §1]). Let C}? denote the subset of
C" counsisting of distinct n-tuples. Then P, is isomorphic to the fundamental group of C7.

Let P,, be the Malcev Lie algebra of P,,, see [ABC]. Kohno found the following presen-
tation for P, in [K2] (see also [I, Proposition 3.2.1]).

Lemma 3.1 The Lie algebra Py, is the quotient of the free Lie algebra over Q generated by
Xij,1 < 1,5 < n, subject to the relations:

1. X;i=0,1<i<n.

2. Xij=Xj;,1<i,j<n

3. [Xij, Xl =0 if {3,7} n{k,1} = 0.

4. [ Xij, Xij + X+ Xpi) = 0, 4, 4,k are distinct.

We will now see that any finite dimensional representation of P, induces a finite dimen-
sional representation of P, on the same vector space. This remarkable fact is an immediate
consequence of the following lemma of Kohno [K1, Lemma 1.1.4].

Lemma 3.2 Suppose V' is a finite dimensional vector space and A;;,1 < 4,5 < n, are
elements of End(V') such that A;; = 0 and A;; = Aj;. Let V be the connection on the trivial
V' bundle over C} with connection form

dz; — dz;
w = E = ® Az]
e~z —Zj
1<i<j<n

Then V is flat if and only if the relations (3) and (4) for Py are satisfied by the A;j’s.

Thus there is a 1-1 correspondence between Lie algebra homomorphisms p : P, —
End(V) and flat connections V on C? x V of the above form. Suppose we are given p as

~

above. Since m(C7?,z) =& P, (z is a base-point), the monodromy representation of V gives
an induced representation of P, to Aut(V).

Let F: C! — V be a smooth map. Then F' induces a parallel section of V if and only
if F satisfies the equation (of the V-valued 1-forms on C})

dz; — dz;
dF = = @ Aii(F).
_Z P ij(F)
1<i<j<n

4 A Hamiltonian action of P, on M,.
We define the function f;; on N, by
fij(e) = llei + e*.

The next proposition was proved in [Kly]. Since it is central to our paper we give a proof
here.

PI‘OpOSitiOl’l 4.1 1. f” = sz

2. {fij, fru} =0, if {i, 5} N{k,1} = 0.



3. {fij, fij + fi + fri} =0, if 3,4,k are distinct.

Proof: The assertions (1) and (2) are obvious. The third assertion will be a consequence of

the following discussion. Since N, is a symplectic leaf of the Lie algebra (R?, x) equipped
with the Lie Poisson structure it suffices to prove (3) for the functions f;; extended to (R3)"
using the same formula. Let g;; : (R®)" — R be given by g;;(e) = e;-e; and hyj; : (R®)" - R
be given by hiji(e) = e; - (e X e).

Lemma 4.2 {gij,gjk} = —hjp-

Proof: Tt suffices to prove the lemma for ¢ = 1,57 = 2,k = 3. We use coordinates
(74,9i,2),1 <i<mn,on (R®)". Then
{zi, i} = zi,{yi, %} = zi, {2, 2i} =y, 1 <i <n
We have
{912,923} = {w122 + Y192 + 2122, T2x3 + Youy3 + 2223} =
= {z129, Y2y} + {x172, 2223} + {y192, T2x3} + {Y1y2, 2023} + {2122, w23} + {2122, Y23} =

= Z1Y322 — T1Y223 — T3Y1%2 + T2Y123 + T3Y221 — T2y3z21 = —e1 - (6’2 X 63)- U

Corollary 4.3 {fij, fix} = —4e; - (ej X ex).

Proof: fz'j = fii + .fjj + 29ij- But f;; and fjj are Casimirs. [
We now prove the 3-rd assertion.

{fijs fis + fix + fri} = {fijs Fiw} + {fij> Fri} = {fig> Fiw} + {fsis fie} =

{fijo fi} +{fji, fir} = —4e;-ej X ep —4ej-e; X e = —4e; - ej X ey, +4e; - (ej X e;) = 0.

O
Since the function f;; is SO(3)-invariant it induces a function (which is again denoted
by fij) on M,. The Poisson bracket of these functions remain the same and we obtain

Theorem 4.4 There exists a Hamiltonian action of the Lie algebra P, on the symplectic
manifold N,. This action induces an action on M,.

From Lemma 3.1 and Proposition 4.1 we see that if we can find a finite-dimensional
representation of the Lie subalgebra of C*°(M,) generated by {fi;,1 < i < j < n} then
we will get a representation of P,. As explained in the introduction we obtain such a
representation on T, (M, ) for a degenerate n-gon e.

5 Linearization of the bending fields at degenerate polygons.

This section is the heart of the paper. We compute A;; € End(T.(M,)), the linearization
of the bending field B;; at a degenerate polygon e € M,. Now assume that e is degenerate,
SO we may write

€ = (T1€1U, .oy T ER)

for some vector u € S? and ¢; = £1.



Let M be a manifold, m € M. We recall the definition of the linearization Ax €
End(T,,(M)) of a vector field X at a point m where X (m) = 0. Choose a connection V on
T(M). Let u € Tp,, (M), then

Ax (u) = (VuX)(m)

Since X (m) = 0, Ax is independent of the choice of connection.

For the case in hand the above definition must be modified since M, is singular at
e. There is a commutative algebra version of the above construction that goes as follows.
Assume M is a real affine variety, m € M and X is a vector field on M satisfying X (m) = 0.
Let m be the maximal ideal of m. Then (since X(m) = 0) we have Xm C m whence
Xm? C m? and X induces an element of End(m/m?) = End(T} (M)). By duality we
obtain Ax € End(T,,(M)). The reader will verify that if m is a smooth point of M then
the two definitions coincide.

We now compute the linearization of B;; at e in M,. Recall that we have a diagram

M, — N,
{ {
M, — N,

where N, = S%(r1) X ... x S%(ry) and M, ={e € N, : 3. | e; = 0}. Define g;; : N, - R
by gij(e) = le; + ej||>. Hence g;;|M, is SO(3)-invariant and descends to the function f;; on
M,. Let B;; be the Hamiltonian vector field of g;;. Then

Bij(e) = (0,... ,ej X €;,0,... ,&; X €,0,...)

and hence Bij vanishes at e and is tangent to M,. The induced field on J\;Ir will be denoted

Bzfj. Then Béj projects to B;; on M,. We note dimT,(N,) = 2n, dimT,(M,) = 2n — 2 and
dimT,(M,) = 2n — 4.

Remark 5.1 Since e is a singular point of M, we have
dimTe(M,) = 2n — 4 > dimM, = 2n — 6.

We will first compute the linearization of Bij at e in N, (e is a smooth point on N,
so we use the first procedure) to obtain A;; € End(T.(N,)). Then A;; will preserve the
subspace T, (M,) C T.(N;) whence we obtain an induced element Aij € End(T.(M,)). But
there is an exact sequence ~

Ve = Te(My) — Teo(M,)
where V, = {6 : v € R such that §; = e; x v,1 < i < n}, we note that dimV, = 2. We
will verify that A};(Ve) C Ve (in fact A;;(Ve) = 0). Hence Aj; will descend to Te(M;). The
resulting element of End(T,(M,)) will be A;;, the linearization of B;; at e.

Accordingly we begin by computing the linearization flij of Bij on Te(]\?,n). Thus flij
will be 2n X 2n matrix (instead of a 2n — 4 X 2n — 4 matrix).

Another advantage in passing to N, is that T,(N;,) is now a direct sum of the tangent
bundles of the factors ;

Te(Ny) = @?:lTei(Sz(Ti))-

The Riemannian connection on N, is a direct sum of the Riemannian connections on the

summands. Thus we may write (for § € T,(N,))

AZ]((S) = (0, ...,V,s(e]' X ei),O, ...,V&(ei X 6]'),0, )

We will suppress the zeroes in the above row vectors henceforth.



Lemma 5.2

—€Ti €Ty

Am((s) = (’u, X (5i,u X 6j) |: €T 4T :|

Proof: Tn the above formula for A;; (6) we use the Riemannian connection V on § 2. We will
compute using the flat connection V on T'(R?)|S? and then project back into T'(S?) to get
V. We have

%(ej X e;) =0; X e +e X
V(e x ej) = 0; X ej +e; X 0;.
Evaluating at e we obtain
Vs(ej X ei)|e = €imidj X u+ €jrju X & = €;mju X & — €;riu X §;.
Since the right-hand side is in 7,(S?) we have also
Vi(e; x e;)|e = €jrju X 0; — €U X 6.

Finally Vs(e; % ej)|e = —Vs(e; x e;)|. and the lemma follows. O

We now relate the action of P, on T, (Nr) we have just computed to the action on T, (M,).
We recall that M, = {e € N, : 3.7, e; = 0} whence To(M,) = {§ € T(N,) : )., & = 0}.
We have the 2-dimensional subspace V, of tangents to the SO(3)-orbit through e described
above. Thus we have a filtration F, given by

Ve C Te(Mr) - TE(NT)

and a canonical isomorphism 3
T.(NL,) Ve = T,(M,).
We now show that P,, preserves the above filtration.

Lemma 5.3 1. P, T.(N,) C T.(M,).
2. PpVe=0.

Proof: (1) is immediate. We prove (2). Suppose ¢ € V.. We claim
(5j><ez'—|-er5i=0, 1<i<j<n.
Indeed,
dixei+ejxd=(ejxv)xe+ejX(exv)=(ejxv)xe+ (e Xe)xv+e X (e Xv).

But e is degenerate, so e; x e; =0. [
We collect our results in

Theorem 5.4 1. There is a P,-stable filtration
Ve C T(M;) C Te(Ny).
2. To(M,) = T.(M,)/V.
3. There is an isomorphism
¢ : Te(N;) = Ty(S*) @ R
such that ¢ppd~(Xi;) = adu ® Jij(€iri, €;75).

4. Q(Te(M,)) = Tu(S?) @ RY and ¢(V,) = T,(S?) @ Ru(e, ). Here RE = {(z1,...,2n) :
Yo zi =0} and v(e,r) = (€171, ..., €nTn).

Here R" is realized as the space of row vectors with n components.



6 The action on the holomorphic tangent space.

The point of this section is that 7,(IV,) has a P,-invariant almost complex structure that
descends to T,(M,). We will compute the corresponding action of P,, on the holomorphic
tangent space.

Define an almost complex structure J € End(T,(N;)) by

J(0) =n such that 7, =ux6;,1<i<n
Lemma 6.1 1. J is Pp-invariant.

2. The filtration Fy is invariant under J.

Proof: The first assertion is immediate. Tt is also clear that T3(M,) is invariant under J. Tt
remains to check that V, is invariant under J. Suppose § € V,. Hence there exists v € R?
such that §; = €;r;u x v, 1 <4 < n. Then J§; = u X (eriu X v) = ryu X (u X v). Hence if
we put w = u X v then

Joi=egrruxw, 1 <i<n

Therefore J§ € V.. O

Remark 6.2 The almost complez structure J is not the one induced by the complez struc-
ture on N, = [, S?(r;). We have changed the complez structure on S*(r;) to its conjugate
for each i such that e; is a back-track (i.e. ¢, = —1).

We can decompose Ty (N;) ® C into the +i-eigenspace of J denoted by T ( N,) and the
—i-eigenspace denoted by T, ¢(N;). Accordingly we have

TE(N,) = {0 € T.(N,) ® C : u x §; = vV—15;}

Similarly we denote the +i-eigenspaces of J acting on T, +(M,) ® C and V, ® C by T<(M,)
and V£ respectively. We denote the quotient T<(M,)/VE by T<(M,). Clearly the latter
space is the +i-eigenspace of J acting on Te(M,) ® C.

Now we recall that we have an isomorphism

¢:To(N,) = Ty(S?) @R®

complexifying we obtain
¢ : To(N,) ® C — T (5?) @g C*.

We see that ¢ conjugates J to adu® 1 and we have an induced isomorphism (again denoted

by ¢)
¢ TE(N,) — T,°(S%) @c C".

Under ¢ the action of X;; transforms to v—1I®J;;(e;ri, €;75). We note that dim@T&’O(SQ) =
1 and we obtain a canonical isomorphism

Y : TS(N,) — C".
This isomorphism has the property:
(T (M) = G, (Vi) = Cole, ).

We have completed our computation of the action of P,.



Theorem 6.3 1. There is a canonical isomorphism v : TS(N,) — C"
2. 1 induces the action of X;; € P, on C* by /—1J;5(eirs, €j1).
3. C* admits a Pp-invariant filtration by p(TS(M,)) = C2, (V) = Cu(e, ).

4. There is an Py-invariant complex structure J on Te(M,). The induced action of Py, on
the +i-eigenspace of J in Te(M,) ® C corresponds to the action of Py, on the quotient

Cy /Cu(e, ).

Here C" is realized as the space of row vectors with n components.

7 The associated hypergeometric equation.

As discussed in the introduction we use the linear operators A;; € End(C") to obtain a flat

holomorphic connection V on the trivial T¢ (N, )-bundle £ over M = C}. The connection
form w of V is p g
2 — dzj
w= —— ® Ay
Z zi — 7 ® 4
1<i<j<n

A (multivalued) holomorphic section of £ corresponds to a row vector F = (Fi,..., Fy,) of
(multivalued) holomorphic functions. The hypergeometric equation comes from the condi-
tion that F' be parallel for the connection V:

dF = Fw

or equivalently

dz; — dz;

2 — Zj

dF; = Y (\Fi — \iF))
5,71

(1)

with A; = /—1¢;r;. We will refer to (1) as the hypergeometric equation.
We observe that the operators A;; leave invariant the subspace Cj and annihilate the
line V) = C(Aq, ..., A\n). We obtain a diagram of flat bundles over C7:

CxC  — CxC
J
CE x C§ [V

The monodromies of these bundles will be the representations of P, corresponding to

the actions of P, on T,(N,), To(M,), Te(M,).

8 Solving the hypergeometric equation by hypergeometric
integrals.

Let A, ..., A\, be complex numbers with \; ¢ Z,1 < j < n. Let (£, 21, ..., 2,) € (C**!), and
®(&, 21, ..., 2zp) be the hypergeometric integrand

B(&, 21,00, 2n) 1= (€ — 2)M L. (€ — z0) ™

Let x := x» : F, — C* be the character defined by x(v;) = exp(27v/—1};), 1 < j < n.
Recall that {71, ..., } is a generating set for F,,, the free group of rank n. Here we identify
F,, with the fundamental group 71 (M, b), where M = C— {21, ..., 2, }, so that the conjugacy

10



class of v; is represented by a sufficiently small loop which goes once around z; in the
counterclockwise direction. Note that x(v;) # 1, 1 < j < n. For any character x : F, — C*
we let L, be the local system over M given by

Ly =M x C/((z,2) ~ (y2,x(7)2))-

We define a multivalued parallel section o of L, by o(z) = [z,1] (where [z, z] denotes the
equivalence class of (z, z)). Note that the lift of o to the universal cover satisfies

o(yz) = [yz, 1] = [z, x(7) ™ = x(v) " o(2).
The following lemma is obvious:
Lemma 8.1 The L,-valued 1-forms (;, 1 < j <n, defined by

dg

GO = (€= 2™ (€= e
]

R0

are single-valued on M.

Hence (; gives rise to a class [(;] in the de Rham cohomology group Hcli r(M, L,).

Let v € Hi(M, Ly-1). Let G; be the Kronecker pairing ({;,7) considered as a function
of zy,...,2,. This Kronecker pairing is traditionally represented as an integral. To make
this precise let v = Z;C:l a; @ 7;, where each a;, 1 <1 < k, is a 1-simplex and 7; is a parallel
section of £71|a;. Then ((;,7) is given by

k
d,
Gyersnn) = 3 [ (€= 20 o6 = ) (o) £ 5
i=1" @i §=%
We will use the following more economical notation:
d
Gj(zl,..,zn) = /({—zl))‘l ({—zn))‘" 3 R0
gl £~z

Now we let z = (21, ..., 2,) vary. Let 7 : C?*! — C? be the map that forgets the first
component. Then 7~1(2) is isomorphic to C — {21, ...,2,}. By [DM, 3.13], the flat line
bundle L, on 7 '(z) is the restriction of a flat line bundle L, on CP*!. As z varies, the
forms (1, ..., {, give rise to relative holomorphic 1-forms on C?H! with coefficients in f’x- We
recall that a relative holomorphic form on the total space E of a holomorphic fiber bundle
p: E — B is an element of the quotient differential graded algebra

Q*(B)/(pr0*(B)").

Here Q9 denotes the holomorphic g-forms and (p*Q°(B)") denotes the differential ideal in
Q°(E) generated by the pull-backs to E of holomorphic forms on B of positive degree. A
relative holomorphic ¢g-form 7 is relatively closed if dn is in the above ideal. The forms
€1, .-, Cn are relatively closed, hence they induce holomorphic sections [(1],...,[¢n] of the
vector bundle ! over C? with fiber over z given by

H' (17! (2), Ly |7 (2)).

Precisely, [¢;](z) is the class of the 1-form (;(z) on 771(2) in the above cohomology group.
The bundle ' has a flat connection, the Gauss-Manin connection, whose definition we
now recall. Note first that a local trivialization of 7 induces a local trivialization of H'.
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Then a smooth section of ' is parallel for the Gauss-Manin connection if it is constant
when expressed in terms of all such induced local trivializations. The bundle H; of the
first homology groups with coefficients in f) -1 admits an analogous flat connection. Now
let p: C* — C" denote the universal cover of C*. We obtain a pull-back fiber bundle

B — (C” of n-punctured complex lines over (C" and pull-back flat vector bundles H'
and #,. Choose a base-point z° (z?, .y zp) in C. We use M to denote C — {z{,..., 2}
henceforth Choose a base-point ° in (f:” lying over 2°. We may identify the fiber of Hy
over % with Hy(M, L, -1). Hence given v € HY(M, L, 1) there is a unique parallel section
4 of H, such that (°) = v. We can now define a global holomorphic function Gj(z) on
C" by

d¢

£— 2z
Here we have used the same notation for corresponding (under pull-back) objects on C}
and C?. We may also write

Gi(z) = / € a . (- m L w0
Y

Gj(2) = ([Gi(2)],7)

where (,) is the fiberwise pairing between 7! and 7{;. We have

Lemma 8.2

dGi(z):Z(/i( ® Vit ®0)dz;.

76zj §—z,-

Proof: We have

dGi(z) = (V[G(2)],7)
where V is the Gauss-Manin connection. We will need another formula for the Gauss-
Manin connection, see [KO] or Remark 8.3 below. Before stating the formula we need more
notation. Let F4Q7(E) denote the subspace of holomorphic ¢g-forms on E that are multiples
of pull-backs of g-forms from the base (flf by elements of O(FE). Then we have a canonical
isomorphism (because the fibers of & have complex dimension 1)

2(E)

~ ol/Fn 4l
O (E) 1 rE) L (C ).

Now the formula for V is
VI[G] = [d¢]-
Here d(; denotes the exterior differential of {; where (; is considered as a 1-form on E

(modulo F'Q!(E)) with values in the line bundle p*L,. The symbol [d¢;] denotes the class
of d¢; modulo dF'Q!(E) + F?Q?(E). The lemma follows from the formula

d¢; = Za dzj/\d§®o

together with the observation that integration over 4 factors through [ ]. O

Remark 8.3 The above formula for V can be proved as follows. First note that the formula
does indeed define a connection, to be denoted V' on H'. To show that V and V' agree it
suffices to show they agree locally. Since they are both invariantly defined it suffices to prove
that they agree on trivial bundles. But it is clear that in this case a section of H' is parallel
for V' if and only if it is constant.

The proof of the next lemma is a modification of [K1, Proposition 2.2.2].

12



Lemma 8.4 The functions G = (G, ...,Gy,) satisfy
dz; — dz;
dG; =Y (\Gi— \G)———t®0 or dG=wG
It

Proof: We will drop the ®c for the course of the proof:

§_zz

whence by Lemma, 8.2

== 301 Al — 2 e - ) Hdelazs — [ @e - ) delas
j=1 Y Y

--3 / MO — 2) (e—zz-)—lds]dzj—[/ (i — )D€ — z)2de]d.

J#i v

We simplify the first term using

11:1(1_1)

§—zi E—2z z—z E—zm E—%

to obtain

__ Aj d¢ o & o L -
N ; Zi — Zj [/),@f — zi]dzj /y¢£ p [/y()\z 1)(1)(5 Zz) dﬁ]dz,

AiG;
== o — 2. 2
g 7t
Now we have

d(R(E —2) ) = (N = DB(E —20) de+ ) NP —z) 1 (€ — 2) ldE.
J#i

pWer )
zf_ ;j dzj — [/V(Ai — 1)®(¢ — z) 2d¢]dz:.

Thus by Stokes’ Theorem

—/(AZ-—1)<1>(§—zZ )2d¢ = /ZA(I) — ) HE — zj) lde =
8

e

Z’\‘I’ 1 S B

i R f_zi E_Zj

T
i i
Y. G- G
gt gt ot
hence d
_ 2
1 0= 0®(E - 5) el = 3 —E (0,61 - A6y
” 7 Zi — Zj
We obtain

dz; — dz;
dG; = Zz: (G~ MGy) . O
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Remark 8.5 The simplification using Stokes’ Theorem above is equivalent to observing that
B¢ —2z) ldz @0 € FIQYE), 1 <i<n,
and we work modulo dF'QY(E) in computing V.
We now define F; := \;G;, 1 <1 < n.

Lemma 8.6 F = (F,...,F,) is a solution of the hypergeometric equation (1).

Proof:
dF; = XdGi =Y Lf - d’?j
i T

=Y N(AG) — Ai(MG))
i

= > (\Fi — \iFj)
ji

(NiAjGi — AN Gy) =

dzi - de

dz; — dz;
Zi — Zj ’

O

We have proved

Theorem 8.7 Let v be an element of Hy1(M, L,-1) and o a flat multivalued section of Ly.
For A= (A1, ..., \n) € C* define a holomorphic function on C* by

d¢
£— 2

FZ-::/\i/~(§—z1))‘1...(§—zn))‘” Q0
Y

Then F = (Fy, ..., Fy,) is a solution of the hypergeometric equation.

9 The monodromy representation of the hypergeometric equa-
tion and the action on homology.

We have seen that for v € Hy(M, L, 1) we obtain a solution S = (I, ..., Fy,) of the hyper-
geometric equation by the formula

3
£ — 2

It is important to recall that 2?21 Aj = 0. The differential forms

FZ-::/\i[(f—zl))‘l...(g—zn)’\“ ® o.
Y

d
;= A€ —2)™M (€~ Zn)Ang_gz_ ®a

are de Rham representatives of the cohomology classes [;],1 < j < n, in H! (M, fol).
Note that
d(E—z2)M . (E—z)MRa)=m+...m

hence we have the relation

[ml+...+[mm]=0 (2)

Lemma 9.1 The span of the cohomology classes [n;],1 < j < n, has dimension n — 1.

14



Proof: First since 2?21 Aj = 0 we have x(7172...7) = 1. Thus L, extends to a flat line
bundle over CP* — {z1,... ,2,}. Hence L, extends trivially to CP! — {21,...,z,}. Also, n;
extends meromorphically over infinity with a simple pole at infinity.

Next we extend the flat line bundle L, to a holomorphic line bundle LM on CP! so that
(¢ — 2)% ® o is a local basis around z;. Then (£ —2z1)M ... (€ — 2,)* ® 0 is a holomorphic
section of £ which has no zeroes or poles.

We can now prove the lemma. We have a flat line bundle L, over M (with trivial
monodromy around oo). The argument of [DM, §2.7] proves that we can compute the
group H'(M, L,) as the 1-st cohomology group of the complex (2°*(CP!,*D,L,),d) of
holomorphic L,-valued forms on M which have at worst poles at z1,...,2,,00. Here the
(additive) divisor D is defined by D = 21 + ... + z,, + 0o. Now 7; € Q' (CP',+D, L,)) and

Q%CP',+D, L) = {f®® 0o : sothat f has at worst poles at DY}.

First note that Span(ni, ...,n,) C Q*(CP!,*D, L, ) has dimension n since the forms 7, have
singularities at distinct points of C.
Suppose that there exists f® ® o € Q°(CP!, *D, L,) and ci, ..., ¢, such that

d(fPQ®0)=cim + ... +cnmp

We claim that f cannot have any poles. Indeed, assume f has a pole of order £ > 1 at z.
Then

FE) = ..

(€ — z)
We are assuming
df® + fd® =Y e
i=1
or

Ao+ (13 o)=Y ca (3)
i=1 * i=1

Equating the coefficients of (¢ — z;) ! in the equation (3) from each side we obtain
—kc+ Aic =0, or \; = k. This contradicts the assumption that each A; is pure imaginary.
It remains to check that f is not a polynomial. Assume f has a pole of order k > 1 at oo,
whence f(£) = ap+a1é + ... + ar&*. We equate the coefficients at £€¥~1d¢ on each side of (3)

to obtain kay + (D ;- Ai)ax = 0 or kay = 0. This contradiction proves the claim. Hence

f = c and hence
n
df =c> m;
=1

which means that the dimension of the subspace of coboundaries in Span(n;,...,n,) is 1.
O

In the group cohomology computations that follow 71, ...,y, will be a generating set of
F, and b4, ...,b, will be its image under abelianization in Z". Here the loop representing
v; is obtained by connecting the small circle a; going around z; to the base-point * € C —
{#1, ..., 2z }. We recall that P, acts on F,, preserving the conjugacy classes of the generators
vj- Hence the induced action on Z" is trivial and P, fixes any character x : F,, — C*.
Hence P, acts on H(F,,, Cy)- Here we let C, denote the 1-dimensional space on which I,
acts via y. We next need

Lemma 9.2 Suppose that x : F,, — C* satisfies x(v;) # 1 for alli. Then dimcH*(F,,C,) =
n — 1.
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Proof: The Euler characteristic E(F,,C;) =1—n. Hence E(F,,C,) = 1—n. On the other
hand, H'(F,,C,) =0. O

Corollary 9.3 dimcH:(M, L,-1) = n — 1 and the classes [n1], ..., [nn—1] form a basis for
H'(M, Ly)

We can construct an explicit basis wy, ..., w,_1 for Hy (M, L) following [DM, §2] as
follows. We write w; = v; ® 0; + Vit+1 ® 041, where o;, 0441 are multivalued flat sections
along 7;,vi+1 respectively and the jump experienced by o; (at the base-point) after parallel
translating along ; cancels that of 0,11 along 7;41-

Define flat sections Sj, 1 <7 <n — 1, of C? x Cy by

Si = (Sila "'aS’in)7 where SZ] = A-7/: ;-

w;
We see then that S1,...,.S,—1 are multivalued parallel sections of C} x Cf.

The desired representation p : P, — Aut(Cj) is obtained by parallel translation of
S1,...,5n—1 along loops in C?. The resulting automorphisms leave invariant the line CA
where A = (A1, ..., Ap).

Before stating the main result of this section we need to define a special class woo in
Hi(M, Ly, D). Let as C C be a circle whose interior contains all the punctures z1, ..., z,.
Since A1 +... Ay, = 0, the monodromy of L} L around ay is trivial. Hence there is a nonzero
parallel section oV of Ly, Yas. We let woo be the homology class represented by as ® oV

Let 7 : P, — AutHi(M, L ) be the homomorphism induced by the inclusion P, C
Aut(F,) (recall that P, acts trivially on the sheaf of parallel sections of L;!).

Lemma 9.4 (1) fwoo i = — i, in particular weo # 0.
(2) The class wy s fized by P,,.

Proof: To prove (1) we apply the residue theorem and note that

D(¢, 2)lg=c0 = 1

and the residue of (¢ — z;)71d¢ at & = oo is —1. To verify (2) we identify P, with the

subgroup of the mapping class group of M. Then choose representatives for the elements

of P, so that they act by the identity on the closure of the exterior of the circle a. O
We now have

Theorem 9.5 (i) The monodromy representation of the flat bundle C} x C is equivalent
to 7.

(i) Under the above equivalence the invariant line Vy C C§ corresponds to the line
Cwoo C Hi(M, L31).

(i1i) We obtain an induced equivalence of the monodromy representation of C} x C§ /Vy
and the induced action of P, on Hi(CP' — {21, ..., zn}, Ly ').

Proof: We have an isomorphism ¥ from H; (M, L, 1) onto the space of parallel sections on
Cr x CP given by ¥(w) = S, where

Su=([ M [ )= (] B (] ).

16



We claim that ¥ intertwines the representations 7 and p (see above) of P,,. The monodromy
representation p : P, — Aut(Cj) is defined by

Sw(g™'2) = Sw(z)p(g)-

In order to go further we will need to lift the P, action on @,} to the total space of 7 :
E — C. We note that from the fiber bundle 7 : C**t! — C" we get an exact sequence
F, — P,y1 — P,. We may split this sequence by mapping F,, to the subgroup of P,
which consists of those elements that do not involve the first string of a braid — recall that
7 forgets the first point. Let C**1 be the universal cover of C*t1. Then P, acts on C"t1.
But F = @H /F,, whence P, = P,,.1/F, acts on E as the group of deck transformations
of the cover E — C?*!, and the obtained the required lift § of elements g € P, to E. We
now can give a formula for the monodromy representation 7, namely

W(gz) = Gu(g) " w(2)

or
w(g~'2) = g T(g)w(2).
We can now prove the claim. Observe that since 7; is an invariantly defined 1-form with
values in L, on C?™! we have
ni(92) = (1) ni(2)
or
(9™ 2) = ()" ni(2)-

Hence

(/r(g / w(z

and the claim is proved. Hence (i) follows.

To verify (ii) it suffices to observe that S, = (—A1,...,—Ap), which follows from
Lemma 9.4. From (i) and (ii) we deduce that the monodromy representation of V on
C"/Vy is equivalent to the action of P, on Hy(M, L] 1)/Cweo. But it is clear from the
exact sequence of the pair (M,CP! — {z,...,2,}) that we have a natural isomorphism
Hi(M, L") /Cweo = Hy (CP' — {z1,..., 2}, £5"). O

Remark 9.6 Since we have seen that Te(MT) contains an invariant line, the corresponding
representation of P, must be on Hy (M, L™'), not on H (M, L) (the latter has an invariant
hyperplane).

10 The Gassner Representation.

We will follow [Bi] and [Mo] for our treatment of the Gassner representation. We begin
with a quick review of the Fox calculus.
Let G be a finitely generated group and M a G-module. Let C[G] be the group ring.
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Definition 10.1 A derivation D : C[G] — M is a C-linear map satisfying
D(fh) = (D(f))e(h) + fD(h)
where € : C[G] — C is the augmentation. We let Der(G, M) denote the space of derivations.

Remark 10.2 The restriction of each derivation D to G is a 1-cocycle § € Z'(G, M).
Conversely, given a 1-cocycle § € Z1(G, M) we define a derivation D by

D(Z cigi) = Z ci6(gi)-

Thus Der(G, M) and Z'(G, M) are canonically isomorphic. We will identify them hence-
forth.

In the case G is the free group F, on the generators {zi,..,z,} there is a unique
derivation 8%2- € Der(F,,C[F,]) given by

0 .
%(wj) = 6ij,1 < 4,5 <n.
2
Then Der(F,,C[F,]) is free over C[F,,] with the basis 6%1’ ce %. Note that the projection

p: F, = Hi(F,) = Z" induces a ring-homomorphism p : C[F,] — C[H;(F,)] and a push-
forward map on derivations

ps« : Der(F,,C[F,]) — Der(F,,CH1(F,)])-

We may identify C[H;(F,)] with the C-algebra L of Laurant polynomials in t1, ..., ¢,. The
space Der(F,, L) is free over £ with the basis p*a%l, e D %. We will drop p, henceforth.

The main point in the construction of the Gassner representation is that there is a
homomorphism o : P, — Aut(FF,). This homomorphism is described in terms of formulas
in [Bi, Corollary 1.8.3]. There is an elementary description of ¢ in terms of “pushing a loop
along the braid”, see [Mo, Page 87]. In both cases the action of P, on [, is a right action,
i.e. there is & such that 6(p1p2) = d(p2)d(p1). Therefore, the homomorphism ¢ is actually
given by o(p) := 6(p~!). Next we note that we have an action of P, on Der(F,, £L):

Since P, acts trivially on £, g - D is still a derivation and the operator g- is L-linear.

Remark 10.3 In [Bi] and [Mo] the action of P, on Der(F,, L) is defined by g x D(z) =
D(c(g)z). Buta(g) = o(g) ! and hence g-D = g+ D. The composition of two right actions
18 a homomorphism!

We can now define the Gassner representation.

Definition 10.4 The Gassner representation p : P, — Autrz(Der(F,, L)) assigns to each
g € P, the operator g- on Der(F,, L), where Der(F,, L) is considered as a free L-module
of rank n.

It is traditional to represent p(g) as an element (a;;) of GLy (L) using the basis 52 0

8_1)1’ “e By
see [Bi, Page 119], [Mo, Page 194]:
aij = 5—0(9)Tilz;=t;-

a’L‘j
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The Gassner representation is reducible. We will see shortly that Der(F,, L) contains
the P,-fixed line B!(F,,£) and the P,-invariant hyperplane Der(I',, £). The line does not
intersect the hyperplane, nor it is complementary to it (£ is not a field). We begin by
describing the line.

We have seen that Der(F,, £) = Z'(F,, £). Consequently, Der(F,, £) contains B*(F,, £),
the Eilenberg-MacLane 1-coboundaries. Since C°(F,,,£) = £ and P, acts trivially on £,
P, will also act trivially on BY(F,, £).

Lemma 10.5 B'(F,, L) is a free rank 1 submodule of Z*(F,, L) with the basis Y (1 —

Proof: Recall that the coboundary § : C%(F,, £) — C'(F,, L) is given by
0M(x;)=L—xib=L—t;=(1—1t;)4

But (1—t;)¢ = £51(x;), thus d is L-linear and B! (F,,, £) = £(61). We conclude by observing
that

51 = zn:a w2 o

ox;
i=1 ¢

We now describe the hyperplane. The element zo, = z1 ...z, € F, is fixed by P,. We
define
Der(F,,L£)* :={D € Der(F,,L) : Dz = 0}

Lemma 10.6 (i) Der(F,, L) is a free summand of Der(F,, L) of rank n — 1.
(ii) The quotient map F,, — Ty, induces an isomorphism Der(T'y,, L) — Der(F,, L) of
P,,-modules.

Proof: Let {y1, ..., yn } be the basis for F,, given by y; = z1...x;, 1 <14 < n. Then Der(F,, L)

. a 6 00 a 6 eey o
is fé]ee O Zomsee s s Gy and Der(F,, £)* is free on B B The statement (ii) is clear.

Yn

Definition 10.7 The reduced Gassner representation is the restriction of the action of Py
from Der(F,, L) to Der(Ty,L):

p: P, — Autg(Der(Tp, L)).

el

We may represent p(g), g € P, as elements of GL,,_1(L) relative to the basis aiyl, N TR

Observe that B'(F,, £) does not intersect Der (T, £), indeed
L01(zo0) = £(1 —t1... 1) #0.

Remark 10.8 We will see below that there exist homomorphism images of Der(F,, L) such
that the image of BY(F,, L) is contained in the image of Der(I'y,L). Hence BY(F,,L) is
not a complement to Der(T',,, L).

Note also that there is a representation of P, on H'(F,, £) = Z(F,, £)/B(F,, L). We
do not know whether or not H!(F,,, £) is a free £-module.
We now have

Definition 10.9 Let o = (a1,...,a,) with a;j € C*, 1 < j < n and M be an L-module.
Then the specialization M, of M at « is defined by Mo, = M Q; C,. Here C, is the
complex line equipped with the L-module structure t;z = a;z, z € C.
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More concretely, M, is the quotient of M by the submodule of elements {(t; —a;)m, 1 <
j<mn,me M}.

Suppose that T € Endg(M). Then T induces an element T, = T ® 1 of End(M,).
Now assume that M is free on myq,...,m,. Then m; ® 1,...,m,, ® 1 is a vector space basis
for M,. The matrix of T, relative to this basis is obtained from a matrix of T relative to
m1, ..., My by substituting a; for ¢;, 1 < j < n.

Now we return to the case in hand. We have Ay, ..., A, with A1 + ... + A\, = 0. Define

o = e27ri’\i, 1 < 7 <n; whence a;...a, = 1.

Lemma 10.10 Suppose that o = (a1, ...,ap) satisfies ay...a, = 1. Then in the special-
ization Der(F,, L), the image of the fized line B*(F,,, L) is contained in the image of the
invariant hyperplane Der(Ty, L).

Proof: 01(z) =1 —aq.c.o =0. O
Corollary 10.11 The specialization Der(Ty, L) contains a Py, -fized line BY(F,, £),.

Now we observe that Z!(F,, L), = Zl(]Fn,(Q(), the group of 1-cocycles with values in
the 1-dimensional module defined by x(z;) = a;,1 < j < n. Moreover

Z' (T, £)a = Z' (T, Cy),
the group of C,-valued 1-cocycles that annihilate z, and

BY(F,, L) = BTy, Cy).
We obtain

Proposition 10.12 Suppose a = (a1, ..., ) satisfies ay...an, = 1. Then the specialization
of the reduced Gassner representation at o contains a P,-invariant line. The quotient of
the representation of P, by this line is H' (Ty,, C, ).

Theorem C follows.
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