Triangle inequalities in path metric spaces

MICHAEL KAPOVICH

We study side-lengths of triangles in path metric spaces. pWee that unless
such a spac is bounded, or quasi-isometric R, or to R, every triple of real
numbers satisfying the strict triangle inequalities, ialimed by the side-lengths

of a triangle inX. We construct an example of a complete path metric space
quasi-isometric tdR? for which every degenerate triangle has one side which is
shorter than a certain uniform constant.

51K05

1 Introduction

Given a metric spac¥ de ne
Ks(X) := f(a;b;c) 2 R? : 9 points x;y; z so that
dixy) = & d(y;2) = b;d(zX) = cg:

Note thatK3(R?) is the closed convex conk in R3 given by the usual triangle
inequalities. On the other hand, X = R thenK3(X) is the boundary oK since all
triangles inX are degenerate. X has nite diameter,Ks(X) is a bounded set. We
refer the reader td3] and [6] for discussion of the seti4(X).

Gromov in 3, Page 18] (see als®]) raised the following

Question 1 Findreasonableconditions on path metric spacis under which
Ks(X) = K.

It is not so dif cult to see that for a path metric spaZequasi-isometric taR, or
R, the setK3(X) does not contain the interior ¢f, see Sectiorr. Moreover, every
triangle in suchX is D-degenerate for some < 1 and thereforeKs(X) is contained
in the D-neighborhood ofaXx.

Our main result is essentially the converse to the aboveradisen:
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Theorem 1.1 Suppose thaX is an unbounded path metric space not quasi-isometric
toR: orR. Then:

1. K3(X) contains the interior of the cone.

2. If, in addition, X contains arbitrary long geodesic segments, theiX) = K.

In particular, we obtain a complete answer to Gromov's qaedbor geodesic metric
spaces, since an unbounded geodesic metric space cleathbirnsoarbitrarily long
geodesic segments. In Secti@we give an example of a (complete) path metric space
X quasi-isometric tdR?, for which

K3(X) 6 K:
Therefore, Theorerth.1is the optimal result.

It appears that very little can be said abd((X) for general metric spaces even
under the assumption of uniform contractibility. For imste, if X is the paraboloid of
revolution in R3 with the induced metric, theK3(X) does not contain the interior of
K. The space«X in this example is uniformly contractible and is not quasimetric to

R andR. .

The proof of Theoreni.1is easier under the assumption théts a proper metric
space: In this cask is necessarily complete, geodesic metric space. Moreevery
unbounded sequence of geodesic segmexti X yields a geodesic ray. The reader
who does not care about the general path metric spaces aafotieeassume that

is proper. The arguments using the ultralimits are theraeul by the Arcela—Ascoli
theorem.

Below is a sketch of the proof of Theoreinl under the extra assumption thétis
proper. Since the second assertion of Theodeinis clear, we have to prove only
the rst statement. To motivate the usetapodsin the proof we note the following:
Suppose thaX is itself isometric to the tripod with in nitely long legs,a., three rays
glued at their origins. Then it is easy to see tKa(X) = K.

We de ne R-tripods T X, as unions [  of two geodesic segments X,
having the lengths Rand 2R respectively, so that:

1. \ = oisthe end-point of .
2. ois distance R from the ends of .

3. 0 is a nearest-point projection ofto
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The spaceX is calledR-thin if it contains noR-tripods. The spacX is calledthick if
it is not R-thin foranyR< 1 .

We break the proof of Theoreflin two parts:
Part 1.

Theorem 1.2 If X is thick thenKz(X) contains the interior ok3(R?).

The proof of this theorem is mostly the coarse topology. Tide-Eengths of triangles
in X determine a continuous map

L:Xx31 K

ThenKz(X) = L(X3). Given a point in the interior ofK, we consider arR-tripod

T X for sufciently large R. We then restrict to triangles iX with vertices in

T. We construct a 2-cycle 2 Z(T3;Z,) whose image undet. determines a

nontrivial element oHx(K n ; Zy). SinceT? is contractible, there exists a 3-chain
2 C3(T3:Z,) with the boundary . Therefore the support df ( ) contains the

point , which implies that belongs to the image df.

Remark Gromov observed in3] that uniformly contractiblemetric spaces< have
large Ks(X). Although uniform contractibility is not relevant to ourgof, the key
argument here indeed has the coarse topology avor.

Part 2.

Theorem 1.3 If X is a thin unbounded path metric space, tikers quasi-isometric
loR orRy.

Assuming thatX is thin, unbounded and is not quasi-isometricRaand toR, , we
construct three diverging geodesic raysin X, i = 1;2;3. Dene ; X to be
the geodesic segment connectingi) and »(i). Take ; to be the shortest segment
connecting 3(i)to . Then ;[ ;isanR;-tripodwith lim;R; = 1 ,whichcontradicts
the assumption tha is thin.

Acknowledgements.During this work the author was partially supported by theeNS
grants DMS-04-05180 and DMS-05-54349. Most of this work \@dase when the
author was visiting the Max Plank Institute for Mathematic8onn. | am grateful to
the referee for useful comments and corrections.
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2 Preliminaries

Convention 2 All homology will be taken with theZ,-coef cients.

In the paper we will talk abouénds of a metric space .XInstead of looking at the
noncompact complementary componentetdtively compact open subsetsX asitis
usually done for topological spaces, we will de ne endXdfy considering unbounded
complementary components of bounded subseXs akith this modi cation, the usual
de nition goes through.

If x;y are points in a topological spacé we let P(x;y) denote the set of continuous
paths inX connectingx to y. For 2 P(x;y); 2 P(y;2) we let 2 P(x;2)
denote the concatenation ofand . Given a path :[0;a] ! X we let denote
the reverse path

M= (@

2.1 Triangles and their side-lengths

We setK := K3(R?); itis the cone inR? given by
f(ayb;c):a b+ cb a+cc a+ bg:
We metrizeK by using the maximum-norm oR3.

By atriangle in a metric spac& we will mean an ordered triple= (X y;2) 2 X3.
We will refer to the numbersl(x;y); d(y; 2); d(z; X) as theside-lengthsof , even
though these points are not necessarily connected by geadggnents. The sum of
the side-lengths of will be called theperimeterof

We have the continuous map
L:X3! K
which sends the triplex(y; z) of points in X to the triple of side-lengths
(d(x; y); d(y; 2); d(z x)):
ThenK3z(X) is the image ol.

Let 0. We say that a triplea b;c) 2 K is -degeneratéf, after reordering if
necessary the coordinatasb; ¢, we obtain
a+ b+ c

Therefore every -degenerate triple is within distance from the boundary oK.

A triple which is not -degenerate is called-nondegenerate. A triangle in a metric
spaceX whose side-lengths form andegeneratdriple, is called -degenerate A
0-degenerate triangle is calldegenerate
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2.2 Basic notions of metric geometry

For a subset in a metric spaceX and R < 1 we let Nr(E) denote the metric
R-neighborhood of in X:

Nr(E) = fx2 X:d(x;E) Rag:

De nition 2.1 Given a subseE in a metric spaceX and > 0, we de ne the -
nearest—point projection p pg,—As the map which sends to the set 2 of subsets
in E:

y2p(x) ( dixy) dx2+ ; 8z2E:

If = 0, we will abbreviatepg o to pe.

Quasi-isometries. Let X; Y be metric spaces. Amadp: X! Y iscalled an(; A)-
quasi-isometric embedding (far 1 andA 2 R) if for every pair of points¢;; X, 2 X
we have

L doasx) A d(f(a)foe)  Ldaix)+ A

A mapf is called an I(; A)-quasi-isometryf it is an (L; A)-quasi-isometric embedding
so thatNa(f (X)) = Y. Given an [; A)-quasi-isometry, we have tligiasi-inversemap

foyr X
which is de ned by choosing for each 2 Y a pointx 2 X so thatd(f(x);y) A.
The quasi-inverse map is an (;3A)-quasi-isometry. An I(; A)-quasi-isometric

embedding fof an intervall R into a metric spaceX is called an I ; A)-quasi-
geodesian X. If | = R, thenf is called acompletequasi-geodesic.

Amapf : X! Y is called aguasi-isometric embeddin@esp. aquasi-isometry
if it is an (L; A)-quasi-isometric embedding (respL; A)-quasi-isometry) for some
L L,A2R.

Every quasi-isometric embeddirR'! R" is a quasi-isometry, see for instané&g [

Geodesics and path metric spaces.

A geodesidn a metric space is an isometric embedding of an interval Xt By
abusing the notation, we will identify geodesics and theiages. A metric space is
calledgeodesidf any two points inX can be connected by a geodesic. By abusing the
notation we letXy denote a geodesic connectirgo y, even though this geodesic is
not necessarily unique.
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The length of a continuous curve: [a;b] ! X in a metric space, is de ned as

LI 1
length( ) = sup di (t 1); () :a=te< << th=Db :
i=1
A path s calledrectifiableif length( )< 1 .

A metric spaceX is called apath metric spacéor alength spacgif for every pair of
pointsx;y 2 X we have

dixy) = infflength( ) : 2 P(x y)g:
We say that a curve : [a;b] ! Xis -geodesic if
length() d( (a); (b)) + :

It follows that every -geodesic is (1 )—quasi-geodesic. We refer the reader2o3]
for the further details on path metric spaces.

2.3 Ultralimits

Our discussion of ultralimits of sequences of metric spaitldoe somewhat brief, we
refer the reader td] 3, 4, 5, 6] for the detailed de nitions and discussion.

Choose a nonprincipal ultra Itet on N. Suppose that we are given a sequence of
pointed metric spaces{{( ¢;), whereo; 2 X;. Theultralimit

(Xa; 0p) = ! -lim(X;; 07)

is a pointed metric space whose elements are equivalenssesbg, of sequences
X 2 Xi. The distance X, is the! -limit:

d(%; Yo) = 1 -lim d(x;; yi):

One of the key properties of ultralimits which we will use eepedly is the following.
Suppose thatY(; p;) is a sequence of pointed metric spaces. Assume that wevame gi
a sequence ofL{; A))-quasi-isometric embeddings

fi: X! Y
so that! -limd(f(o);pi)) < 1 and
I -imL=L<1; !-imA=0:

Then there exists the ultralimft, of the mapsf;, which is an [; 0)-quasi-isometric
embedding

fo : Xo ! Yo
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In particular, ifL = 1, thenfy, is an isometric embedding.

Ultralimits of constant sequences of metric spacesSuppose thaX is a path metric
space. Consider the constant sequeKce= X for all i. If X is a proper metric
space andy; is a bounded sequence, the ultralindg is nothing butX itself. In

general, however, it could be much larger. The point of tgkime ultralimit is that
some properties ok improve after passing t&, .

Lemma 2.2 X, is a geodesic metric space.

Proof Pointsx,;Y, in X, are represented by sequenceg; (y;) in X. For eachi
choose a%—geodesic curve; in X connectingx to y;. Then

o= -lim

is a geodesic connecting, to v, . O

Similarly, every sequence éh‘—geodesic segmenis in X satisfying
P-limd(y; %) = 1 ;
yields a geodesic ray,, in X, emanating fromy, = (y).
If ; 2 Xisabounded sequence, then we have a natural (diagonabtisoembedding

X1 Xy, given by the map which sends2 X to the constant sequence (

Lemma 2.3 For every geodesic segment = X,Y, in X, there exists a sequence of
1=i-geodesics; X, so that
-lim = 4

Proof Subdivide the segment, into n equal subsegments
ZojZoj+1;, J= Lunm

wherex, = Zy 1Yo = Zon+1. Then the points,; are represented by sequences
(%) 2 X. It follows that for! -all k, we have

1
d@j; 2ej+ 1) dXGYOLE 5
=1
Connect the pointg; zj+ 1 by %-geodesic segmentsj. Then the concatenation

n= kil - k,n
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is an #-geodesic connecting, andyy, where
Xo = (%) Yo = (W)

Itis clear from the construction, that, if giverwe choose suf ciently largen = n(i),
then
P-lim pg) =

Therefore we take; := ). O

2.4 Tripods

Our next goal is to de néripodsin X, which will be our main technical tool. Suppose

thatx;y; z o are points inX and is an -geodesic segment connectirdo y, so that

02 ando 2 p,{p). Then the path is the concatenation [ , where ; are
-geodesics connectingy to 0. Let be an -geodesic connectingto o.

Denition2.4 1. Wereferto [ [ as atripod T with the verticesx;y; z, legs
::, and the centeo.

2. Suppose that the length of; is at leastR. Then we refer to the tripod as
(R; )-tripod. An (R; 0)-tripod will be called simply arR-tripod.

The reader who prefers to work with proper geodesic metacap can safely assume
that = 0 in the above de nition and thu§ is a geodesic tripod.

z

U

Figure 1: A tripod.
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Denition 25 LetR2 [0;1); 2 [0;1). A metric space is calledR )-thin if
it contains no R; )-tripods. We will refer to R; 0)-thin spaces aR-thin. A metric
space which is notR; )-thin foranyR< 1 , > 0 is calledthick

Therefore, a path metric space is thick if and only if it camgea sequence oR{; |)-
tripods with
IirinRiz 1; Iirin i=0:

2.5 Tripods and ultralimits

Suppose that a path metric spaXas thick. Thus,X contains a sequence dR( i)-
tripods T; with
IirinRiz 1; Iirin i=0;

so that the center df; is 0, and the legs arej; i; i. Then the tripodd; clearly yield
a geodesic X ;0)-tripod Ty, in (Xy;04) = ! -lim(X;0;). The tripodT, is the union
of three geodesic raysy; «; «» €manating frono,, so that

0w = Pu ( w):
Here = o[ . Inparticular,X, is thick.

Conversely, in view of Lemma.3, we have:

Lemma 2.6 If X is (R, )-thin for > 0 andR< 1 , thenX, is R%-thin for every
R°> R.

Proof Suppose thaX, contains arR-tripod T,,. ThenT,, appears as the ultralimit

of (RO |_1 i—l)—tripods inX. This contradicts the assumption thais (R; )-thin. O

Let :[a;b]! X be arectiable curve inX parameterized by its arc-length. We let

ds denote the path metric om;[b] which is the pull-back of the path metric of. By

abusing the notation, we denote dyhe restriction to of the metricd. Note that, in

generald is only a pseudo-metric orafb] since need not be injective. However, if
is injective thend is a metric.

We repeat this construction with respect to the tripods:e@ia tripodT X, de ne
an abstract tripodog Whose legs have the same length as the legk.diVe have a
natural map

" Tmod! X
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which sends the legs dfinoq to the respective legs df, parameterizing them by the
arc-length. ThenTlhoq has the path metrid,og Obtained by pull-back of the path
metric from X via . We also have the restriction pseudo-mettion Tyog:

d(A;B) = d( (A); (B)):

Observe that if = 0 andX is a tree then the metriag§,og andd on T agree.

Lemma 2.7

Proof The inequalityd  dmoeqg is clear. We will prove the second inequality. If
A;B2 [ orA;B2 then,clearly,

Omod(A;B)  d(A'B) +

since these curves aregeodesics. Therefore, consider the case wheh and
B2 . Then

D= dnod(A;B)=t+ 5
wheret = dy(A; 0);s= dg(0; B).
Case 1:t D=3. Then,sincew2 [ is -nearesttd, it follows that
D=3 t d(A;0)+ dA;B)+ 2:

Hence

dmod(A; B) = % 3(d(A;B)+ 2 )= 3d(A;B) + 6;

and the assertion follows in this case.
Case 2:t < D=3. By the triangle inequality,
D t=s d(o;B)+ d(o; A) + d(A; B) + t+ 2 + d(A; B):

Hence

D 2

—=D =D D 2t 2 + d(A;B);
and

dmod(A; B) = % d(A;B)+ 6: O
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3 Topology of con guration spaces of tripods

We begin with the model tripod with the legs ;, i = 1;2;3, and the centeo.
Consider the con guration spacg:= T2 ndiag, wherediag is the small diagonal

f (X1 X0 X3) 2 T3 1 X1 = %o = XaQ:

We recall that the homology is taken with tHe-coef cients.

Proposition 3.1 Hi(Z) = 0.

Proof T2 is the union of cubes
Qijk= i K
wherei;j;k 2 f1;2;3g. Identify each cubeQix with the unit cube in the positive

octant inR3. Then in the cubeQik (i;j;k 2 f1;2;3g) we choose the equilateral
triangle i given by the intersection d@;x with the hyperplane

X+y+z=1

in R3. We adopt the convention that if exactly one of the indiggsk is zero (sayj),
then jjx stands for the 1-simplex

fOy;2:y+z=1g\f og k.
Therefore,

@ik = okt okt jjo:

De ne the 2-dimensional simplicial complex
1
S:= ijk -
ijk
This complex is homeomorphic to the link af; ©; 0) in T2. ThereforeZ is homotopy-
equivalent to

W:=8Sn( 111[ 222[ 333:
Consider the loops; := @i, i = 1,2;3.
Lemma 3.2 1. The homology classdsi];i = 1;2;3 generatdH1(W).

2.[dd=12=1 3] inH(W).
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Proof 1. We rst observe that is the 3-fold join of a 3-element set with itself and,
therefore, is simply-connected. Alternatively, note tBah 2-dimensional spherical
building. HenceSis homotopy-equivalent to a bouquet of 2-spheres (5€Efeorem
2, page 93]), which implies that;(S) = 0. Now the rst assertion follows from the
long exact sequence of the pa8; V).

2. Letus verify that [1] = [ 2]. The subcomplex

Si=S\ (1 2?

is homeomorphic to the 2-sphere. Theref®e\ W is the annulus bounded by the
circles 1 and ,. Hence [1] = [ 2]. O

Lemma 3.3
[+ [2+[3]=0

in Hi(W).

Proof Let BYdenote the 2-chain
L 1

ijk s
fijkg2 A
whereA is the set of triples of distinct indicasj; k 2 f 1; 2; 3g. Let
00 | 2 |
B™V= (vt ig+ni t G+ i)
i=1
where we set 3 1 := 1. We note that

1+ 2+ 3= @ ;

where

| 2|
= i -

i=1
Hence, the assertion of lemma is equivalent to

@s’+ B%% )= 0
To prove this, it suf ces to show that every 1-simplexSnappears ir@B%+ B% )

exactly twice. Since the chaiB®+ B%+ s preserved by the permutation of the
indicesi; j; k, it suf ces to consider the 1-simplexjo wherej = i+ 1 ori = j.

Suppose tha = i+ 1. Then the 1-simplex o appears in@B°+ B ) exactly
twice: in @ ik (Wherek 6 i 6 j) and in@ i+ 1y -
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Similarly, if i = j, then the 1-simplex jio also appears i@B°+ B+ ) exactly
twice: in @ and in@ii(i+ 1)- O

By combining these lemmata we obtain the assertion of theqgsition. O

Application to tripods in metric spaces. Consider an R; )-tripod T in a metric
spaceX and its standard parametrizatiort Tmoq! T.

There is an obvious scaling operation
u7tr u

on the spaceTmod; dnog) Which sends each leg to itself and scales all distances by
r2[0;1). Itinduces the mag3 ,! T3, denotedt7!r t,t2 T3

mod’ mod-*
We have the functions
Lmod: Tooq! K; L:T3.4! K;
Lmod(X; ¥;2) = (dmod(X; ¥); dmod(Y; 2); Amod(Z X));
L5 y; 2 = (d(x;y); d(y; 2); d(z X))

computing side-lengths of triangles with respect to thericetog andd.

For 0 set
Ko:=f(abc)2 K:a+ b+c> g
De ne
T3() =L MKp)i  Tood )= LiadKp):
Thus

Tood0) = T3(0) = T n diag
Lemma 3.4 Forevery 0, the spacd? ( ) is homeomorphic tas (0).

Proof Recall thatS is the link of ©;0;0) in T3. Then scaling de nes homeomor-
phisms
T3 )! S R! T3,40): O

Corollary 3.5 Forevery 0, Hy(T3 . );Z2) = O.

Corollary 3.6 The map induced by inclusion
Hi(T3@ + 18)) ! Hy(T¥())

is zero.
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Proof Recall that

Therefore
T33 +18) Taod ) T )

Now the assertion follows from the previous corollary. O

4 Proof of Theorem1.2

Suppose thakX is thick. Then for everyR < 1 ; > 0 there exists anR; )-tripod

T with the legs; ; . Without loss of generality we may assume that the legé of
have lengthR. Let : Tmnog! T denote the standard map from the model tripod onto
T. We will continue with the notation of the previous section.

Given a spacé& and mapf : E! T3 _,(orachain 2 C (T3.)), letf (resp. )
denote the mafh.  f from E to K (resp. the chairL ( ) 2 C (K)). Similarly, we
de ne fnog and “mog Using the mapmeg instead ofL.

Everyloop :St! T2, determines the map of the 2-disk
D% T4
given by
)=r ()
where we are using the polar coordinates ) on the unit diskD?. Triangulating both

St andD? and assigning the coef cient 2 Z, to each simplex, we regard bothand
as singular chains i€ (T3,

We let a; b; ¢ denote the coordinates on the sp:R% containing the con&K. Let
= (ap; bo; cp) be a -nondegenerate point in the interior iif for some > 0; set

r:=ag+ bg+ cg.

Suppose that there exists a loopn T34 such that:

1. () is -degenerate for each. Moreover, each triangle( ) is either contained
iN mod[ mod Or has only two distinct vertices.

In particular, the image of is contained in
KnRs

2. The image of is contained inky, where = 3r+ 18 .

3. The homology class | is nontrivial in Hy(K nRy ).
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Figure 2: Chains~ andB.

Lemma 4.1 If there exists a loop satisfying the assumptions 1—3, and = 2,
then belongs tK3(X).

Proof We have the 2-chains
A; Am0d2 Co(Kn ),

with

= @; Amod: @Amod2 Cl(Kp):
Note that tpe support o?mod is contained in@ and the 2-chain mod IS Obtained by
coning off mog from the origin. Then, by Assumption 1, for eveny2 D?:
i. Eitherd(™ (W); ~ mod(W))
i. Or ~(W); mod(W) belong to the common ray i@ .

Sinced(; @K) > 2 , it follows that the straight-line homotophl; between the
maps

A A

; mod:D?! K

1015



misses . SincekK, is convex,Hy(Sh) Ko for eacht 2 [0; 1], and we obtain
[“mod = [ 12 Ha(Kn ; Kp):
Assumptions 2 and 3 imply that the relative homology class
["mod 2 Ha(K 0 ; Kp)

is nontrivial. Hence
[ 12Hx(Kn; Kp)

is nontrivial as well. Since = 3r + 18, according to Corollaryd3.6, bounds a
2-chain
B 2 Cy(T3(r)):

Set := B+ . Then the absolute class
[[1=1+ Bl2HyKn )

is also nontrivial. Sincd? 4 is contractible, there exists a 3-chair2 C(T3 ) such
that

@:
Therefore the support of contains the point . Since the map
L:T3! K

is the composition of the continuous map : T3 ! X2 with the continuous map
L: X3! K,itfollows that belongs to the image of the map: X3! K and hence
2 K3(X). O

Our goal therefore is to construct a loop satisfying Assumptions 1—3.
Let T X be an R; )-tripod with the legs; ; of the lengthR, where =2.
Welet :Tmog! T denote the standard parametrizatioWofLet x;y; z, 0 denote the

vertices and the center Ofnog. Welet mod(S); mod(S); mod(S) : [0;R] ! Tmogdenote
the arc-length parameterizations of the leg3gfq, sothat (R) = (R) = (R)= o.

We will describe the loop as the concatenation of seven paths
pi(s) = (Xa(9); x2(8); xa(9)); 1 = 1,015 7

We leta = d(xp; x3); b= d(X3; X1); ¢ = d(Xg; X2).

1. p1(9) is the path starting aix(x; 0) and ending atd; x; 0), given by

P1(S) = ( mod(9); X, 0):
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Note that forp,(0) andp1(R) we havec = 0 andb = 0 respectively.

2. p2(9) is the path starting ab(x; 0) and ending aty x; 0), given by
P2(9) = ( mod(9); X, 0):

3. p3(9) is the path starting aty(x; 0) and ending aty( o; 0), given by
P3(s) = (¥; mod(S); 0):

Note that forpz(R) we havea = 0.

4. py(s) is the path starting aty{o; 0) and ending aty( y; 0), given by
Pa(9) = (¥; mod(9); O):

Note that forps(R) we havec = 0. Moreover, if s a geodesic, then
d( (; (0)=d( (¥); (0)) pa(R = Pr(0)
and thereforgd; 1 P4 is aloop.

5. ps(9) is the path starting aty(y; 0) and ending aty( y; 2) given by
;Y; mod(9)):
6. ps(9) is the path starting aty(y; 2 and ending atx; x; 2) given by

( mod mod mod  mod; 2):

7. p7(9) is the path starting a(x; 2 and ending atX x; 0) given by

(XX mod(9)):

Thus
=P pr
is a loop.
Since and are -geodesics inX, each pathp;(s) determines a family of

-degenerate triangles i {oq; d). Itis clear that Assumption 1 is satis ed.

A~

The class [mod is clearly nontrivial inH,(@K n0). See Figure. Therefore, since
:2,
[ 1=1[ mod 2 Hi(KnR+ ) nfOg;

see the proof of Lemmé.1. Thus Assumption 2 holds.

1017



Figure 3: The IoopAmod.

Lemma 4.2 The image of is contained in the closure &0, where

2

0_— .

= =R 4:
3

Proof We have to verify that for each= 1;:::; 7 and everys 2 [0; R], the perimeter
(with respect to the metricl) of each trianglep;(s) 2 Tﬁ]od is at least . These
inequalities follow directly from Lemma.7 and the description of the patips. O

Therefore, if we take °
R> _r 33
2r

then the image of is contained in

Kar+ 1807
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and Assumption 3 is satis ed. Theoreh? follows. O

5 Quasi-isometric characterization of thin spaces

The goal of this section is to prove Theordnd. Suppose thaX is thin. The proof is
easier ifX is a proper geodesic metric space, in which case there isatbammsidering
the ultralimits. Therefore, we recommend the reader unodatfle with this technique
to assume thaX is a proper geodesic metric space.

Pick a base-poind 2 X, a nonprincipal ultra Iter! and consider the ultralimit
Xo = ! -lim(X; 0)

of the constant sequence of pointed metric space¥X i a proper geodesic metric
space then, of course, = X. In view of Lemma2.6, the spaceX, is R-thin for
someR.

Assume thatX is unbounded. TheiX contains a sequence ofilgeodesic paths
i = 0% with
I -limd(o;x)=1;

which yields a geodesic ray; in X, emanating from the poind,.

Lemma 5.1 Let be a geodesic ray iX, emanating from a poin®. Then the
neighborhoodE = Ng( ) is an ende( ) of X,,.

Proof Suppose that is a path inX, n Bor(O) connecting a poiny 2 X, nE to a
pointx 2 E. Then there exists a poiat2 such thatd(z, ) = R. SinceX, contains
no R-tripods,

d(pp(2,0) < R

Therefored(z, O) < 2R. Contradiction. O
SetE; .= E( 1). If the image of the natural embedding X ! X, is contained in

a nite metric neighborhood of 1, then we are done, as is quasi-isometric td. .
Otherwise, there exists a sequenge X such that:

P-limd( (yn); 1) =1

Consider the%-geodesic paths , 2 P(0;y,). The sequence () determines a
geodesicray o, X, emanating frono,. Then there exists 4R such that

d( n(9); i) 2R
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for ! -all nand! -all i. Therefore, fort s, »(t) 2 E( 1). By applying Lemma
5.1to » we conclude thak, has an ends; = E( 2) = Nr( 2). SinceEs; E, are
distinct ends ofX,, E1\ E, is a bounded subset. L& denote the diameter of this
intersection.

Lemma 5.2 1. Forevery pair of points; = (), i = 1;2, we have

X1%2  Npyasor( 1[  2):

2. 1[ 2 Isaquasi-geodesic.

Proof Consider the pointg; asin Part 1. Our goal is to get a lower bounddgry ; x»).
A geodesic segmerirx; has to pass through the b&lo,; 2R);i = 1;2, since this
ball separates the endlg; E,. Lety; 2 X17x2\ B(0y; 2R) be such that

Xy Eji=12

Then
diy;y2) D+ 4R
dxi;yi) i 2R
and
Xyi Nr(i); i=1L2

This implies the rst assertion of Lemma. Moreover,
d(xg;x2)  d(Xg;y1) + dx2;y2) ti+ tr 4R= d(x;x) 4R
Therefore 1[ 2 is a (1 4R)—quasi-geodesic. O

If (X) is contained in a nite metric neighborhood of [ 2, then, by Lemm&.2, X
is quasi-isometric t&R. Otherwise, there exists a sequerg® X such that

P-limd( (z); 1 2)=1:

By repeating the construction of the ray, we obtain a geodesic rays Xo
emanating from the poird, , so that 3 is not contained in a nite metric neighborhood
of 1[ 2. Foreveryts, the nearest-point projection of(ts) to

Np/2+2r( 1[  2)

is contained in
Bor(0y):
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Therefore, in view of Lemma.2, for every pair of points i(tj) as in that lemma, the
nearest-point projection ofs(t3) to 1(t1) 2(t2) is contained in

Bar+ p(0w):

Hence, for suf ciently largets; to; t3, the points (t), i = 1;2;3 are vertices of an
R-tripod in X. This contradicts the assumption th§f is R-thin.

ThereforeX is either bounded, or is quasi-isometric tRa orto R. O

6 Examples

Theorem 6.1 There exist an (incomplete) 2-dimensional Riemannian fokhiM
quasi-isometric tdR, so that:

a. Kz(M) does not contain@s(R?).

b. For the Riemannian produdt® = M M, K3(M?) does not contair@z(R?)
either.

Moreover, there exist® < 1 such that for every degenerate triangleMnandM?,
at least one side is D.

Proof a. We start with the open concentric annuhus R2, which has the inner radius
R; > 0 and the outer radiuR, < 1 . We give A the at Riemannian metric induced
from R?. Let M be the universal cover ok, with the pull-back Riemannian metric.
SinceM admits a properly discontinuous isometric actionZofvith the quotient of
nite diameter, it follows thatM is quasi-isometric t&R. The metric completioM of
M is diffeomorphic to the closed bi-in nite at strip. Le@M denote the component
of the boundary oM which covers the inner boundary 8f under the map of metric
completions

M! A
As a metric spaceM is CAT(0), therefore it contains a unique geodesic between any
pair of points. However, for any pair of pointsy 2 M, the geodesic = Xy M is
the union of subsegments

il 2 3
C—1
where 1; 3 M, 2 @M, andthe lengths of;; 3 areatmosDp= RZ R2.

Hence, for every degenerate triangiey( 2) in M, at least one side is Dy.
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0.M

Figure 4: Geodesics iM .

b. We observe that the metric completionMf is M M in particular, it is again
a CAT(0) space. Therefore it has a unique geodesic between anyfpppints.
Moreover, geodesics iM M are of the form

( 1(t); 2(t)

where i, i = 1;2 are geodesics iNl. Hence for every geodesic segment M M,
the complement n @12 is the union of two subsegments of length. 2Dg each.
Therefore for every degenerate triangleMi?, at least one side is = 2Dq. o

Remark The manifoldM? is, of course, quasi-isometric 2.
Our second example is a graph-theoretic analogue of thedRieian manifoldv.

Theorem 6.2 There exists a complete path metric spxcga metric graph) quasi-
isometric toR so that:

1022



a. Kz(X) does not contair@s(R?).
b. K3(X?) does not contait@s(R?).

Moreover, there exist® < 1 such that for every degenerate triangléirandX?, at
least one side is D.

Proof a. We start with the disjoint union of oriented circles of the length 1+ |_1
i 21 =Nnf2g. We regard each; as a path metric space. For edchick a point
0i 2  and its antipodal poinl; 2 ;. We let ;" be the positively oriented arc of;

connectingo; to b. Let ; be the complementary arc.

Consider the bouquet of 's by gluing them all at the points;. Leto 2 Z be the
image of the point®;. Next, for every pain;j 2 | attach toZ the oriented arc j; of

the length
1

1 11

— 4+ —(—+ —
2 4(i j )

connectingl; andb; and oriented fronb; to by if i < j. LetY denote the resulting

graph. We giveY the path metric. TherY is a complete metric space, since it is a

metric graph where the length of every edge is at leag& > 0. Note also that the

length of every edge ilY is at most 1.

The spaceX is the in nite cyclic regular cover ovel de ned as follows. Take the
maximal subtree —

T= Ty

i21

Every oriented edge of n T determines a free generator@f= 1(Y;0). De ne the
homomorphism : G! Z by sending every free generator to 1. Then the covering
X1 Y is associated with the kernel of. (This covering exists sinc¥ is locally
contractible.)

We lift the path metric fromY to X, thereby making< a complete metric graph. We
label vertices and edges &fas follows.

1. Verticesa, which project too. The cyclic groupZ acts simply transitively on the
set of these vertices thereby giving them the indic&sZ.

+ .

2. The edges ; lift to the edges ;,; ;, incident to the verticesa, and a1
respectively.

3. The intersection ;; \ i(n+ 1) is the vertexoi, which projects to the vertely, 2 ;.

4. The edge jj, connectingbin to bjn+ 1y Which projects to the edge; Y.

1023



Figure 5: The metric spac¥ .

Lemma 6.3 X contains no degenerate trianglgsy; v), so thatv is a vertex,
dixv) + d(v;y) = d(xy)
andmin(d(x; v); d(v;y)) > 2.

Proof Suppose that such degenerate triangles exist.

Case 1: v = by,. Since the trianglex{y;v) is degenerate, for all suf ciently small
> 0 there exist -geodesics connectingx to y and passing through.

Sinced(x;Vv); d(v;y) > 2, it follows that for suf ciently small > 0, = () also
passes throughy, 1y and by 1) for somej; k depending on . We will assume that
as ! 0, bothj andk diverge to in nity, leaving the other cases to the reader.

Therefore
dix;v) = Jlim (d(x by ) + dlbin 2):V));

d(v;y) = k!ilm (d(y; bxn+ 1)) + d(b(n+ 1); V)):
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Figure 6: The metric spac.

Then

' ; i A
j!hlm d(bjn 1);v) + kl!llm d(bn+ 1);v) = 1+ o

On the other hand, clearly,

lim d(b b =1
i (Bitn 13 b+ 1))

Hence
decy) = fim dixbim 1)+ lim d(y; b 1)) + 1< d(xv) + dvy):

Contradiction.

Case 2: v = a,. Since the trianglexy; V) is degenerate, for all suf ciently small

> 0 there exist -geodesics connectingx to y and passing througt. Then for
suf ciently small > 0, every also passes through, 1) and by, for somej; k
depending on . However, sincg; k 2,

1 1 1 3 .
d(bjn 1); bkn) = > + Zj + 4 2 <1= 'J.""J(d(bj(n 1);V) + d(v; bxn)):
Therefored(x;y) < d(x;v) + d(v;y). Contradiction. O

Corollary 6.4 X contains no degenerate trianglgsy, z), such that
d(x; 2 + d(zy) = d(xy)
andmin(d(x; 2);d(z y)) 3.
Proof Suppose that such a degenerate triangle exists. We cana$isaitn is not a
vertex. The poiniz belongs to an edge  X. Since lengthd) 1, for one of the

verticesv of e
dizv) 1=2
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Since the triangleX y; 2) is degenerate, for all-geodesics 2 P(x;2), 2 P(zy)
we have:
e [

provided that > O is sufciently small. Therefore the trianglex;ly;v) is also
degenerate. Clearly,

min(d(x; v); d(y;v)) min(d(x;2;d(y;2) 1=2 25:
This contradicts Lemm@.3. ]
Hence part (a) of Theore® 2 follows.

b. We consideix? = X X with the product metric
dP((xe; y1); (%2; ¥2)) = dP(xa;%2) + dP(y1; y2):

ThenX? is a complete path-metric space. Every degenerate triamg{é projects to
degenerate triangles in both factors. It therefore follénem part (a) thatX contains
no degenerate triangles with all sides18. We leave the details to the reader. O

7 Exceptional cases

Theorem 7.1 Suppose thaX is a path metric space quasi-isometric to a metric space
X0, which is eitheR or Ry . Then there exists @; A)-quasi-isometry)X°!  X.

Proof We rstconsider the cas¥®= R. The proofis simpler i is proper, therefore
we sketch it rst under this assumption. Singes quasi-isometric tdr, it is 2-ended
with the endsE. ; E . Pick two divergent sequences?2 E.;y, 2 E . Then there
exists a compact subs& X so that all geodesic segments := Xy; intersect
C. It then follows from the Arcela-Ascoli theorem that the seqce of segments;
subconverges to a complete geodesic X. SinceX is quasi-isometric tdr, there
existsR< 1 suchthatX = Ng( ). We de ne the (1R)-quasi-isometryf : ! X
to be the identity (isometric) embedding.

We now give a proof in the general case. Pick a non-princifted lier ! on N and a
base-point 2 X. De ne X, as the! -limit of (X;0). The quasi-isometry : R! X
yields a quasi-isometrfi, : R = R, ! X,. ThereforeX, is also quasi-isometric to
R.

We have the natural isometric embeddingX ! X,. As above, lett; ;E denote
the ends ofX and choose divergent sequence E.;y; 2 E . Let  denote an
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%-geodesic segment iX connectingx to y;. Then each ; intersects a bounded
subsetB  X. Therefore, by taking the ultralimit of;'s, we obtain a complete
geodesic X . SinceX,, is quasi-isometric tdR, the embedding : ! X, isa
guasi-isometry. Henc¥, = Ngr( ) for someR< 1 .

For the same reason,
Xo = No( (X))

for someD < 1 . Therefore the isometric embeddings
I Xor o X1 X,

are (3 R) and (1 D)-quasi-isometries respectively. By composingvith the quasi-
inverse to , we obtain a (1IR+ 3D)-quasi-isometnyR ! X.

The case whekX is quasi-isometric t&R, can be treated as follows. Pick a potn2 X
and glue two copies oX at 0. Let Y be the resulting path metric space. It is easy to
see thaty is quasi-isometric t&R and the inclusiorX ! Y is an isometric embedding.
Therefore, there exists a;{@)-quasi-isometryh : Y ! R and the restriction oh to

X yields the (1A)-quasi-isometry fronX to the half-line. O

Note that the conclusion of Theorefrilis false for path metric spaces quasi-isometric
toR", n 2.

Corollary 7.2 Suppose thaK is a path metric space quasi-isometricRoor R, .
ThenK3(X) is contained in th® -neighborhood o@K for someD < 1 . Inparticular,
K3(X) does not contain the interior &f = K3(R?).

Proof Suppose that : X! XCis an (;A)-quasi-isometry, wher&?is eitherR or
R+ . According to Theoren7.l, we can assume that= 1. For every triple of points
X;y;z2 X, after relabeling, we obtain

dixy) + diy;2 d(x;2 + D;
whereD = 3A. Then every triangle irX is D-degenerate. Hendes(X) is contained

in the D-neighborhood ofaX. D

Remark One can construct a metric spaseuasi-isometric tdR such thatz(X) =
K. Moreover,X is isometric to a curve iR? (with the metric obtained by the restriction
of the metric onR?). Of course, the metric oKX is not a path metric.
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Corollary 7.3 Suppose thaX is a path metric space. Then the following are equiva-
lent:

1. K3(X) contains the interior ok = Kz(R?).
2. X Is not quasi-isometric to the poirlR+ andR.

3. X is thick.

Proof 1) 2 by Corollary7.2 2) 3 by Theoreni.3 3) 1 by Theoreni.2 O

Remark The above corollary remains valid under the following asstiom on the
metric onX, which is weaker than being a path metric:

For every pair of pointx;y 2 X and every > 0, there exists a (1)-quasi-geodesic
path 2 P(x;y).
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