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1 Introduction

For now, let’s formulate optimization problems as:

where

e X is a linear space, e.g. IR", C([0,1]; R"), etc.;

e F: X — IR is an extended real-valued functions;

e domF :={z € X |F(x) < oo}, the (effective) domain of F correspond
to the set of x’s that are feasible, i.e., satisfy the constraints of the problem.
One refers to F' as having a minimum if the infimum is attained for some z,
and this Z is then said to be a minimizer of F.

A standard linear or nonlinear programming problem:

min @)
so that filz) <0, i=1,...,s,
filz) =0, i=s+1,...,m,
x € R"

can be cast in our initial formulation, simply define
fo(ﬂ?) 1ff,(ac) SO, izl,...,s,
F(r) = filx)=0,i=s+1,....m, z€ ;
00 otherwise.
A standard calculu o wvariation problem:

min  F(z)=  f(,z(),2())
TE 0 R 0
is already in this form.

n this last instance, the decision is time dependent and re uires the
minimization of an integral functional. Stochastic optimization problems are
of this type but involve a nonanticipativit constraint which restrict the choice
of the decisions at any one time to the information that has been revealed so
far. n our first model, the nonanticipativity restriction will only be implicit
in the formulation of the problem. ut we are going to see that bringing it to
the fore will provide us with a deeper understanding of optimality conditions
and, eventually, has lead to the development of a certain class of solution
procedures.



toc tic ror in od

Our first model could be given the following interpretation. A decision x €
IR™ must be selected before the value of a random event, modeled by the
random variable ,isobserved. he cost’ of the decision is then f( ,z) which
possibly ta es on the value oo if the pair ( ,z) is not feasible (acceptable).

he distribution of is nown. t’s a probability measure defined on ( , )

with IR and a -field. he stochastic optimization problem is
it @)= f(n) ()= {0

with  { } denoting expectation. n order for the function [ to be well-
defined, one re uires that for all z, the function — f( ,z) is measurable and
the following definition of the integral is used to avoid possible ambiguities:
For any extended real-valued measurable function : — IR

() ()= max[0, ()] ()  max[0, ()] ()

with the convention that the value is oo if both integrals on the right are
divergent.

a le (the newsboy problem)
z € R

Detail Our cost function (negative profit) is
( e ifo<z<
00 it z <0.
With () =prob.[ < ], the stochastic optimization problem is
min f(z)=f(,z) ( )

TER



he optimal solution Z must satisfy

lim ()= (z)<——< (2),

z

which allows for the possibility of a (discontinuous) jump in  at Z, as could
happen when the random variable has a discrete distribution. he figure
below illustrates the possibilities. O

\J

Figure 1:

a le (portfolio selection)

rz e R" x

IN

( oy n)= trac ing prob

Detail he problem isn’t well defined in that the return ,z is a random
variable and thus a return of can usually not be guaranteed. Depending on
the meaning one gives to the word guarantee’, we are going to end up with
di erent trac ing problems. et’s begin with the following interpretation:



the investor’s goal is to avoid falling short of the desired revenue as much
as possible. o this e ect, let’s introduce the monitoring function

( T ): ( , T ) if , T S y
’ 0 otherwise.

f(,ﬂ?): ( y T ) lf ? z S , X 07

00 otherwise,

and the optimal portfolio is then
S argminwERn R f( ,iE) ( )

his is a linear- uadratic programming problem whose structure can be ex-
ploited to design e cient solution techni ues. owever the integration of
( ,z ) over { € | ,z < } mightre uire extensive computational
e ort. Maybe for this reason, variants of this problem have been proposed
that are more amenable to simple implementations, but are less satisfactory
from a modeling viewpoint.
et’s consider first the following variant with

(.2 )=0C,z ).

his means that we now penalize deviations from in both directions, on
the upside as well as on the downside. he cost function is

_ () i 7 2z< 2 0
1) o0 otherwise.

he stochastic optimization problem, inf, f(z) = {f( ,z)}, becomes a
uadratic programming problem

infpepn 2z, =z 2 Lz +
so that P <, oz 0
where the elements of the matrix are ; = {, } and the vector =

{}

Another variant has the following cost function:

—~

fOoy= (e o) i e F o< e 0
o0 otherwise.



he corresponding stochastic optimization problem is as usual, inf f(x),
which again ta es the form of a uadratic programming problem:

inf T, T
TzER™
n
so that T , r < ,x 0
7
where  is the covariance matrix of . As now formulated, the goal of
the investor is to minimize the variance of her return under the additional
constraints that the expected return be at least .  his is the so-called
mean variance port olio optimization problem. Mar owitz (1959) original
formulation of this problem has ,z = instead of the ine uality. f
one views as a parameter and let for each , ( ) be the optimal value of

the corresponding uadratic programming problem. hen traces out the
so-called e cient rontier, see Fig. 2; for each , there is a solution that
minimize variance for an expected return of at least . O

Figure 2:

ercise (mean variance and trac ing problems)
’ T =

ide With ,z = , 2z, = 2, 2 ,z + andthe uadratic
program ta es the same form as when ( ,z )=( ,x ) , except
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for the additional constraint ,z = . he resulting problem is a (con-
vex) uadratic programming problem (with linear constraints), there exists
a multiplier, call it , which can be associated to this extra constraint so
that an optimal solution of the (modified) mean variance problem is also
a solution of a trac ing problem with monitoring function ( ,z ) =
( ,# ( + 2)). otethat could be negative as well as positive or
0. O

he mean variance portfolio optimization problem can also be derived
from an expected utility maximization argument. Suppose the investor’s
utility function is a concave function : IR — IR , at least twice di eren-
tiable. aylor expansion around yields

()= O+ (@ ) whee ()= )+ OC )+ OC ).

eplacing by in the expected utility maximization problem:

n

max { ( ,z)} sothat |z =, x < ,z 0,
zeR™ i

yields the (modified) mean variance problem considered in 1.C.

a le (networ capacity expansion)
i 1
1



Figure

=( ,.y ) R

Detail et’s consider two di erent pairs of stochastic programming models
for this capacity expansion problem. n the first pair, a monitoring function
is associated with the level of demand satisfaction at each node i:

0 if <0, (supply exceeds demand)
()= & 2 if €][0, ;], (low level excess demand)
i i 2 if i (high level excess demand).

n our first model, the budget available for the capacity expansion is
fixed, say ; eventually, can be varied and the dependence of the solution
on can be (parametrically) analyzed. he cost function of the stochastic
optimization problem, min, f(z), is

(,z) f0<z < |, =1,...,, " (x)<
00 otherwise,



Figure

One refers to such a problem as a (two-stage) toc a tic program it re
cour e.  he first stage decision x has to be made now, before the sup-
ply demand situation can be observed. he second stage or recourse deci-
sions, i.e., decision about ows , are made after the supply demand situa-
tions are nown. he function is called the recour e co t unction.

Our second model is almost identical except that the capacity expansion
cost is included in the objective, not in the form of a budgetary constraints.

he function f is adjusted as follows:

_ " )+ (,z) ifo<z < , =1,..., ,
f2) = 00 otherwise,
where 0 is a coe cient chosen to weigh the relative importance of short-

age costs with respect to expansion costs.

n the second pair of models, one insists on having the demand satisfied
su ciently often. One interprets this to mean that with su ciently high
probability there will exist feasible ows 0 < <+ z that will satisfy the
demand. et

={(,z) € R"| €][0, +z] so that i 1}

i i
We want to restrict the choice of x to those for which ({ € |( ,z) €
H where is the reliability level to be achieved. With

(,z)=1 ( ,x), the indicator function of |,

the problem can be formulated as follows:

min F(z) where F(z) = " (z ) ifog@g . {(.7)} ;
TER™ o0 otherwise.



his formulation of the capacity expansion problem doesn’t fit in the class
of problems of the type: inf, {f( ,z)}, i.e., the minimization of an integral
function. owever, the constraints of the problem involve an integral func-
tional. One refers to such a problem as a toc a tic program it ¢ ance
con traint .
f rather than a common reliability level, we want to specify a reliability
level, say ; at each node 7, let ; be the marginal distribution of ; and
the expectation with respect to this marginal distribution. he problem
becomes

" (z) if0<z< |
E%%F(%): {(,z)} Hi=1,...,m,
00 otherwise.

his problem involves a number of chance constraints but is actually a much
simpler problem to solve than the previous one. ndeed, with ; the ;-

uantile of the distribution 4, ie., ;[ ; < ;] = 4, it’s easy to show
that the solution of the preceding problem can be obtained by solving the
deterministic optimization problem:

mingcgn n (z
so that 0<z<
i i i t=1...,M.

f the networ is large, one can even rely on a decomposition techni ue to
ta e advantage of the networ structure of the -part of the problem. O

a le (eutrophication management)



Treatment
plant

Figure 5:
Detail For =1,..., ,let x be the size of the treatment plant or reed
basin in location ; is an upper bound on z . he relation
= ()= ()
determines the water wuality levels ;,¢ = I,...,I in the four la e sec-

tions. he weather pattern, designated by the parameter , a ects both the
exogenous pollution ( ) and the transport of the pollutants, given by ( )z,
from one section to another. his latter component is controlled to a large
extent by the choice of . he technical and budgetary limitations on the
choice of z are included in the (linear) constraints =z < . Again, we use
monitoring functions to evaluate deviations from the desired uality level in
each particular section of the la e:

0 it < (excellent)
()= D20, ;) if €[,, ;], (acceptable)
i i) i+ ;) 2 if . (unacceptable).

he cost function of the stochastic optimization problem, min, f(x), is
then

f(,z) = Pl (), () if z< ,0<z<
’ o0 otherwise;
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here ;( ) is the i-th row of the matrix ( ). f has a discrete distribution,
this is an extended linear- uadratic programming problem for which partic-
ularly e cient solution techni ues have been designed, e.g., the agrangian
finite-generation techni ue. |

ric o non ntici ti it

All the examples that we have seen so far are characterized by the following
se uence:

decision: x observation: evaluation: ( ,x)

n particular, this means that the decision can’t depend on the value assumed

by the random uantities . he problem is of the ere and no type. n
a problem of the ait and ee type one would actually be allowed to wait
ma ing a decision until the random uantities can be observed. n other
words, the decision may depend on . Such a problem could be formulated
as follows,

inf Ilel=f(,2()) ()

TE R

where  (, ;IR") is the space of all -measurable functions z : — IR".
Since the decisions are then made with perfect (complete) information, the
uantity

= inf inf I |x].
;UlenR" f (.T) T€ i R" [.T]
is called the e pected value o per ect in ormation. Obviously, is always

nonnegative. t ta es on the value 0 only if the cost associated the decisions
(a ected by the random parameters of the problem) is itself 0 or if the prob-
lem is basically nonstochastic, i.e., when there is € argmin . [ [z] that
is a constant function.

Although, an optimal solution of the wait-and-see problem is an element
of a function space, the wait-and-see problem is in some way easier to solve
than the here-and-now problem which usually re uires the repeated evalua-
tion of multidimensional integrals. he reason for this is that one can inter-
change integration and minimization in the wait-and-see problem o deal
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with this technically, one needs to appeal to the theory of normal integrands
and the associated integral functionals.

As far as our applications are concerned there is no loss of generality in
wor ing with the assumption that the -field is -complete. his allows
us to wor with a definition of normal integrand that is easier to state. So,
henceforth let’s proceed with this assumption of -completeness of

Definition (normal integrand) nor
mal integrand f: R — IR

(,2) = f(,2)
Rn
S xﬁf(ax)

We are interested in the following properties of normal integrands:

eore (measurability of optimal values and solutions)
f: R"— R

():inff(,)’ ():argminf(a)'

— R . 3R
() { €
() = }e R"
={ [argmin, f( ,z) = }
€ ()
—z( )
roo See[, heorem 1 . 7]. m

o an integrand f we associate the following integral functionals:

Iz]:= f(,z()) () forze (, ;R")
fle):= f(,z)) () for zeR"
eore (interchange criterion) f: R" — R
I
I o
it fa() ()= i) ()



ze (, ;R")

T € argmin,,. I [z]

‘/1_:( ) € argminzeR” f( ,.T) €

roo et () =inf,f(,z)and () = argmin, f( ,z), recalling from
1. that these depend measurably on . Forany z €  we have f( ,z( ))

() for all ; hence inf I () ()
o prove the ine uality in the other direction, for 0, let
()={zeR"[f(,z) <max[ ()+ , I}

he mapping — () is closed-valued and measurable (
, roposition 1 . ) and nonempty-valued for -almost all , otherwise

one would have I oo. Conse uently, there is a measurable selection
x : — IR" such that z ( ) € () for -almost all , cf. [ , Corollary
1 . ]. And for this selection, one has

where ={ € | ()+ }. ext,let 0, to obtain
Wt <tm f(a() ()< () ()

f a function £ €  attains the minimum of I on | since f( ,Z( ))
inf f( ,) = () for all | that’s e uivalent to having ({ | f( ,z())
( )}) = 0 under our assumption that () ( ) is finite. his is iden-
tical to the stated criterion, because f( ,z( )) ( ) means that z( ) €
argmin f( , ). O

he fact that a wait-and-see problem doesn’t re uire any computational
e ort that goes much beyond solving a number, possibly large, of determin-
istic optimization problems, leads us to consider the following variant of the
here-and-now problem, inf g f(x):

. infeRnI [x] so that z( ) =z for -almost all €



We now allow the decision to depend on but then introduce a constraint
that restrict the choice of x to the linear subspace of functions that are
-almost surely constant. he constraints z( ) =z -a.s. are the nonantici
pativit con traint . hey render explicit the re uirement that the choice of x
can’t really depend on ; the -a.s.condition is included for purely technical
reasons.
Su cient optimality conditions for this problem would be: (z ,z ) is an
optimal pair if they are feasible,

for -almostall : z ( )=z,

and there exists € ( , ;IR") such that

('7; » L ) € argminze TzER™ [I [‘T]+ ( ),.73( ) ( ) ( ) ( )733 ]a
for each , the multiplier ( ) is attached to the constraint z( ) z=0. n

this last expression, we can split the minimization with respect to = €
and that with respect to z € IR". With

these su cient conditions become

ez ( )=z, -as,
e r cargmin, I [z],
e r cargmingp. ~,x where “= { ()}

n order for z to satisfy both the first and the last conditions, one must have

{Oy==o0

n view of the interchange criterion in 1. , the su cient conditions for opti-
mality can thus be restated as follows:

e r : — IR"is -almost surely a constant function,
and there exists € ( , ;R") with { ()} =0 such that

e for -almostall : z ()€ argmingp[f (,2)=f(,z2)+ (),z |
Moreover, z € argmin f.

he multipliers can be viewed as an information’ price system in the

following sense: if the decision ma er was allowed to adjust his decision,
r € argming g f(z), after is observed and the price system used for
computing the charge for these adjustments would be ( ), there would be

1



no gain in ma ing these adjustments. ndeed, in view of the optimality
conditions, for -almost all €

fCoz)+ (e <f(,2)+ ()z, zeR"
in particular, for all z € argmin f( , ). t follows that for -almost all €
f(ax)sf(ax)+ ()7$ T z € IR™.

he return from being able to wait to ma e a decision, say x € IR", until
the random elements are observed would be negated if the additional price
charged would be

( ),z =

he nonanticipativit multiplier  can thus also be viewed as an e uilibrium
price system.
At least in the convex case, when f is a conve normal integrand, i.e.,
x — f( ,x)is convex for all € |, and T € argmin I | one has

ral+ ()2() ()= fl=)

which means that { (),(@() =z } = , as could have been ex-
pected; note that { ( ),z } =0.

We didn’t touch here on the uestion of the existence of such multipli-
ers.  his is not that simple an issue ven when f is a convex normal
integrand. Conditions that will guarantee their existence involve a classical’
constraint ualification but also a nonanticipativity’ constraint ualification
that is germane to stochastic optimization problem. At this stage, we are
not ready to deal with this issue. et’s just note that for all examples of the
type inf f’ mentioned earlier, except for the pair of stochastic programs
with recourse in 1.D, both constraint ualifications are satisfied. And the
preceding optimality conditions are both su cient and necessary.

hese optimality conditions also suggest a solution procedure for our sto-
chastic optimization problem inf, f(z). ndeed, any procedure that would
se uentially (or progressively) generate improving estimates  of the nonan-
ticipativity multipliers could be used to find solutions € argmin,. I [z]
with f = f+ , that would progressively satisfy the nonanticipativity
constraint: the solution must be a -a.s. constant function.

Actually, such a procedure has already been proposed and is nown as
the rogressive edging Algorithm’ [5] and a number of variants of this
algorithm have been implemented [1], [ |, [ ] and [2].
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