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w Bavic Propecties of Hormowe Functiond
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or poud 1o be hormonvce :f Aun=20.

Here , () o o domawn, c.e., an opes
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If O o o bdd. domain with smesth bdry,
and u, v € C*(L),_then

tst id: [ v, u olo-sg(vAMVzr-Vu)olx
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(Prood) The (st tdowtity Lo Jusl the Diverjence Th
opplied o the vechy 6\2&4 vVu .
The 2nd do(m‘\'i‘fn ‘f‘van Q,Wla ’ov cw'app-'w}u&\r
ond, then S‘ufrﬁ.o-.c/h‘ma : ///

Cor : I w o favmome on (L then

(Prod) Easy! Take v=| imthe {5t 4

¥ The MQM\.JM Tl g Losue
Suppore U io harmowic on QL CIRS. ¢
I e, ¥>0 bamadl sit. BXY)CQ,
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G.'-BajoﬁFa&aMo( : ?L:'tr-o
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*X_The converse 1o the MV Thwm
Suppose w € C(£2), amd Vs e (L <. t. B:(X;r)C.Q-

amdk W(X) = o5, Ssd_.w.‘)u(x+ry)d\o~(g).
J
Then W € CP(D) amd U w hoamauwc on )

(Proof) See Follomd. ),

Applying both the M.V. Thim & S8 convenie,
we 501? the ‘Follaw'u'v\ﬂ
Cor | W: Bowmome m L = U € CPC(R).

* The Moxemum. Principle

Supporl 2 o a ComnecAedl domevia.

If w v Rarmowic and real - valued on O
condh Ap U(X) = A < oo, thew

YESL
et U(X)< A, ¥Yxe )
oy w(i(xX) = A, Yx e 5.

?

(Povf) The net Qpi={ix€ O | wix)=A}
vllaively cned i ) (ve., 2o doed
padrek K CRE st. Qpa="Kn).
Now-by the M.V. Thm, f U(X)=A,
them w(y)=A,YY e B x;r),"r>0 with
(if nof, the m.v. on Sd°'(x3r) BeC(x;r) C 0.

wndd be < A became A =puf U(X) ).
= Q. o oleo open.



Cor = Suppoae (L v compack .
I{ U w0 harmome and read- valued on () omd
ue C(n), then H\.emax.afu. on ) v
achaeved o 20 .

(Proof) Sine w € C(LNL), the max.vo adieved
pomewbune X*¥e Q. If x*e L, thew u=(onsl.
on the counecdzdd W»po'nwf at’_Q (‘,m’f‘aminj X *

So the max. ca also acdueved on the baunala@

UK +hat Cawvfaw}t ///

* The Uni guenes Thm

S'u.p,oaS‘e 0. oowfadﬂ' _L_ﬁut,'izm
Lormaonnc fw:m_()_a) n:v»C(.Q.), ond

U =Uy om 00, Thew U= U2 on (2,

(Provf ) Re(wi-ue) & Im (U -uU2) ore

Pormonic on Q). D They adwere than

mox. on 9(), wlwch s Sinee U =Uz on 22

B\a the maximum punwple , either
'M|—M?.<0 oY M|—u:_=-0 O'Vl_()_

Do the some fov Ua-WU; 10 comdude

U = U, U"n..o_///

¥ £iowville's Thm d
If N W bodd. amd hormonic on IR ,
then U = (onal. o~

(P ) Sea Follard.




% A Fundamental Solution
Jlei. LeT aC = a ctommsT. Coeffz'u‘e«f L'MM,
PaxHal o‘iﬁmfiaﬂ (ype_ra'l‘m" e Dirac dediz
Then The oustubulion & s.t. £ =4
o called a  fundomentod aotution for L
(a.k.a. a free spuce Grreen's fen for ).

So, if we howe o proflem of,u=f w R°

then  take w =2 t_fc,bmwbd'{m

d = £ >k =
7 Lu= ii;c i)]a (L2)*f

C——

If L =~ A (negative Laplaciom), then

we howe
( ——é—[x-—‘j\ 5‘8 d=]
B(x,y)=1 — = Inlx—gl § d=2
Ix_tllzwl |
| (d-2) wa b 4=3

Note thet d=3 leads 1o the fomoua 411‘|><-3|




