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E | gon % =/
Def. An ticenfen vf a RSL/SSL Tem
%rreopmo(«zj bj‘v aﬂéscajau, /< ) o.AZ:w—Zero c?
b ralisfying the DE & BC cn the SL /,y,fm,
(PE Y+ (Awepf=0 [Sfaraiiar=c
A scalar A lo paid +o be am ec;au.uaﬁo@ of the
/M;ATM i} 2 om egenfiean Correrp. fo A,

wWe dready Lovked ot the RSL om [o,m]
F 4 Af=0 wth flo)=f(r)=0 kodiny to_
the Faunel Acne periss ubee { pintxf,
o2 the &j%gw wth e = k2.

There , the nelup wno ! p=|, w=l, §=0.

However, for more ol p, w, g, do difficult
To mpossble 1o find esenfons & ecgenvrd s
&Cfﬁo’d?‘fy. ( Except some well - mown pstuedy ona
where Afeodaffw of matl . /’l“;""“ conlod be
wsed ; €.3., Bessel feus, Vorcoun ovthogomal paeg's
dw.oeual,«h«.j f;.v_jenabbe. , C&zb]sAZU‘, efe.)

Founiet did for the pimpleat cases (Mmes, cotines )
e [£07 (published vw 1222).

It's remorkable thot St 3 Liwvlle WM
worked oul the jW.aﬂ Cased wn 1937/ a rela.'(‘iueg shert
tme since Founer ! )

They showed = enovgh # of eigenvol’s & egonfend
AO thai'. the Aepondliorn of vk adiled onre Jum".ﬁzeo(

fw o widle romge gF thgsigﬁ problewmy .




Before showwt thia, Lel's inliodue pome
ape.rou‘?ﬂ nofal jon. .

o d (5 d, . the differestial ater
Li=felrax:) +8 of MHSLS fom .
Let D(L) := the domain of £ =1 FeL’(ab) | £%€ L2(a,b)

, § : sotisfieq the B.C. } .

The fon space 1fE€L0,0| £ e L(a,b)§ (without
the B.C.) s the po-called Sobolev space and denoled
by H*Ca,b) er W**(a,b).

Thow, the RSL/SSL pyoten cam. be ninply
wuten s L f +Awf =0,

where £ :D(L) — LTab) .

Note that L oleo /.upec,&lfce,o the B.C.viao D(X)

For amy u, v € D (L),
" r-uvrluw = (P(ulr'-v'u.'))/

(Provf ) (m eary exercise !

- Rewnew & Def 6 om adyoimk opertor

et &l, M. be Huﬁbe/tspawd ool A N,

be & Lingor operator. Thew A9 adjoml A™: #.-> 4,
Lo defired by <Au,v>, =<u Av>, Yued, red,

Ex. #,=l_‘(g,b), N=L%Ce,d), k(,-)eC([c,d]1xC(a,b])
Au ‘=fa Rex,y)ucyrdy  VYyela,b)

d
= A*» =j° k(y,x) Vity)dy, Yr€ L*(c,d) =~ maaix cayTnansp




« Solf - addjowknesd property
For amy u,v- € D(L),
{<Lu,v>=<u,v>
In other wrdo, L£¥=L (impliea DIL¥)=DL))
<+, +> = the standardl tmnen prod . i L*(a,b).

(Prw)f) Lef v e D(L) . Thew € D(L) becanae
oA’ B,p € R i the B.C. — _
Sinee P, §, W L mreaﬁ—wﬁ«wd, Lv = af.vj

> <Lw, v = < Kvd = [P(FLu—Fru)dx

:SbC-U:,ﬂM.— M.LD:)dX
Lagromgels 1d— = [p(ud' = Fw)]]

whidk s ot o be O vegondlosg of RSL/SSL
thomks 10 the B.C.. or the &A&l?ar‘nl'ww(-og £.
For wavM-ple) ai'Xz.a} f:F p@)=0, t's obwyows .
If p(a) >0, them since both W, v € DKL), e,

Sakisfry the B.C., C wa) u.’(a)} [o(} = [0]
- —7 /
2 sy - W) VW)l LS 0],
whont dFXTL0. So | e W | = wa)iar- Feoul
v(e) U'(a) — 0

amust! At x=b, we do Sirm‘lmly_///

Thwm The egenvzd’s 460 om SL system ore reols
C'Pra-uf) Let )\ be am ajwmﬁagwgﬂ_sa:/'&u.
Let f :

be the corresp. e§enfein, -2,
Lf=-2wf, faO'?



Becavwnt L o pelf-adiowt, we have
0 <.C.f,f>"’<f, 7c>

<=Awf, £ 2> = <f, -dwfD>

= AL wf, £2> + A<F, wf >

= (A=-A) fA wi(x) | flx) |d X

D A=)\ »amwt amee Ww>0, fE0 omle,b)
S NER. o

#_Orthogonality of Eigonfons
Than Let u, v~ be esonfons of am SL Aystem

corresp. 10 the ecgamunl’s )\,/A-,"&S'% wih
A M. Thon Jwrnl fwv (o kL im <,

NANANAANAANAAAAAA,

Fno

( Provf ) By the agdusption, Lu=-dwu,Lyr=-pwr
By the relf-ady’ness, we e MpEIR.

= <£M, > —-<n, Luv->

= <-Awu, Vé) "’<‘*‘)"/'(W7)“>

= (p-2) [ w0 ued Wix) dx

= ($-A) <[ u, o>

- We one a»ppmucﬁu'mbﬂ now waﬁmaﬁéaﬂm the
oUiff . op. L uaing the es5enfenn . By houmallizi
eath eigenfen, “we gel am ON ek ia L7(a,4).

Then the gutdion Lo @ Doea Thus pol form anm
ONB +or [*0a,b) ,i.e., o Tho a ww;o/d’e,nfrem?




o A‘/’a‘flulopa'l}nt, hmuew.;eg:e W oLoZtot W]"
r ewmyh.&'e«wad a givew S syslewt .
Ib: f-;df, wffhdof;nzaéwt, W}/‘%do%g; l/e:llm«/
; eccen . ov the 8L Syslem
e e L e e,

w,)mm}m". )

Here, we can phuow ano'f’fvvmaua e»gu-a@’s

Thar Nof wwersy real nusber Lo am el of
RSL (i.e., the nefof essenvnl's of RSL
o Countable ) . The canolonolity £°X's
= ND < = the CWW(AM@»Q»I:‘] 'Jg codinuim
clef O
( ) Fadko touwae : O The mmogww‘l'a.b’c
nsg. of countable sete o coumtable ; @ R is wncountable.
let {€n} be an ONB i L0, b)), We kmowr
3 SU.OeA. AN ON B} 3.3.) en(x) = (b—a)_}ﬁ 82u;n(x-—£—)/(b_a)
Now, Suppsie thut evevy AER v on edepd L o
REL. sysfewm . 'Ba. The a'ri-hejwaﬂfa'rhm} Zam ON set
{frbrer v Lca,b) .
For each m &N, et Eniz={relR | <en,f1>F 0}.
Define also Epi={2eR| I<enfa>l2)0 1.
Thew En=U) Ep . By Beasdl's ineg., we kuwow
for Vg ¢ %aps , thesel{ AeR | <G, £2>12 cl o
finste fou ¢ >0 became > I<g, H01%< 11 §lI%ee
So, by ®, En w Countable foredch n€iN.
=> U En & o countalle abref of IR, a0 by®, UE, w0
o proper saubael £IR. 0o :
Now~ take Orsy AC lR\LijE.n )



Then for andi X, a1, Yne N .

Bull fA =0 by def. .
= Contradicting The Completenasd of {ens, a0
om ONB of L*Ca, b) #

Thwm Conicler the RSL /uj.s*‘l'em wh nomAeporable
nelf-cdiowk B.C.:

B;() = o, £ () + o Fla) + B0+ B F1b) = 0, j=1,2.
where o{,‘,o{,-', ‘BJ-,'&J' € |R. ( Nole thio includes 0l tha prev. cases)
Thon, the eigenspace for amy egenvad. ) i ak most 2
dimomsional Ct.e., the mulliphcty op A <2 ),

If the B.C.'s are nepardlzd ( ao v the original RSL),
s alwors 1 - dimomsional ,ie., eadh eigenvad. A ia simple..

(Provf) The Fundamertad Existence. Thn for 2nd order
ODEs states thal fov omy caat’s €1,Ca, 3 & pol . of
Lf+rwf=0 Soiisfyina the I.C.:f(a)=c¢,, flar=C> .
= Q pel. o npecified by T orb. param’s, (.e., the apace
of a0 pnol’s (w.evulo. satisfying the B.C.'s ) of LftAwf=0
wo & D. So, the space ff al's valisfying the given B.C.'s
o af most 2D. Moveover, if the B.C.'s art
/wpmwte,o(, one a{’ thewe hao o form o fla)+o'fia)=0
<> Ci,Cz ot now conshained b; XC,+a'C, =0,
So, this reduces the dim. ba i.///

Remark : If we impote one more B.C., Bf(b)+BFh)=0
thew L alao reduceq the dim . Lg 1. Thio codd fead o
the dum. of the pof. apace = 0.~ Bul thal i for g

vl . of A Thio o Wh)’ A ponluvial sol's only for Cerfam

srec.)wl vod’s of )\, (.e.,/ egenvelis !l




Thwm ( The Fund . Existence Thw for 2nd Order ODEs)
Let P, Re Cla,bl, real- valuedl . Let Xo€ [a,b],
Yo, Y, € IR. Them, the initial value proflesm (ZVE)

{ Y+ Booy’+ Qoo y = Rxd)  enLa, b
%(Xo):ya) 'j(Xo)=71
Boo & wnigue sk, om [a, bl which io real-vulued.

(Proof) See e.g., Appendix TIL B of the bao[(og Segan,
sw Text book, ov amy other stmdond booles on ODES//
/4

Remark: Of cownte , thio thu io applicalble 1o
the RSL 1"&«:4) Aum (2
Cpf )+ £ =0 <= pf'+p'f 4 gf=0
p>0 on [a,b] , 22 f'+(L\p4[Lf=0
=P :Q //

/7




