Lectime 22 i Greew's Funetiona L

« Womt to oiagomalize the nolf-ad;. op. £ anired
wn the Slhuree “-?Lm‘?wééo. ‘(:Lcorg_ J P '-)Diﬁm;;tta&

o+ If L were a compat pelf-ady. op., thew t's pretty
Lose to a malrix, (.e., one can app@ tovls sdnclan fo
those on Linear olgebra (e.g., Ecgenvalue docomposition, efe )

* Unforfun , L o fan powe bes ack ! In fock,
£ mﬁmg b R fa
Ex, Let L=9% o [0,1] with D(L)=1{feH 0N

Thew, (| L |[:= sup JLEl fo)=fm=o}
tepey £,

Toke $={2 sdunnx € D). |If,]l,=1.

= LA - Zawmnrx | |[£F,= (nT)°

= NLfall /Ifall = (nT)*—> 02 |

Hemee ||£ 11 =00 , L.e., umbolo(.//

. Wrefvu., we uwvestigate L-' wmstead . f.:' W om
W‘l‘e.‘graz op., emd turns nd fo be compol i owrcose!

* We'll review some basic properties compack op's
Qoter. Buk first, let's proceed M’afh deriving £

Comider am RSL: Lf =9, ie., (pf)+ef =9,
whare D(L)=1feHa,b) | afa)+afla)=0, Bf(h)+pfrb)=0}
ge L*(a.b). Wanttodo: f=L£73.

,f,g,'l"s Qook ok the Mmplest cane forst, c.e., 4C=°-:¥, on [o,1]
with the Diridddet B.C.: fro)=Ff()=0,




Titegrale. £f =f"=9 Tunce 1o get

X1 (%
- + + N S
LeT's swap the order a'g unt egration by cowsdering

the region ag Dufe.gmﬁm 00 ﬁo&gwd :

[

s
>0, £(x) =fx(§x3(t>ol§) AT + Ax+B
% TG ofon o T!
25 (x=TIG(V AT + Ax+ 3B
b
Now, f(o) = B =0
$(D =S;Cl—t)g(‘c‘)0\t+A=O,

=} —F(x) = S:(x—t)g,(_t)d’c —xg'oCl-'C)gl.‘C)dt
X

= Sx (x-1t>§ludt -—“ X (-G AT

0 0 t

« ot gxxu-wgcc)d'c}
= | T(X=1)9( dT +Sxx C1-T) §lOdT

)
= 1 S| k(x,—c) 8(,1:)d‘t = K%CX)
whens ‘Q(x" _ [ w(x—=1) if 0osTEX ;
' :rU = 1 x(t-1> if xsT<)
K oo M QWQ . > Mathemotica
R(o)-D v Tthe kﬁrth{ -Kw, ag K : fiﬁ.S')WW heve .




In thio cast , R(-,-) Rao a npecial nome :
Green’s fom for £ (or the BYP assoudled w. K)

Now, fov o generod Case sf RSL : Kf=9 feDW)
we wie the method Jf Uanicdion o paramelers
due to Lagromge . First, lats define am extewded op.:
M =28 (p—d-.) r oo DM)= HTa,b) D DL)
dx ' dx £ hOWfQ.C. ,
Now supprae we came fond o L enolap. pol’s
the c,orwpauo(»'mj ﬁomaymm egm./{ﬁ-:-o
Thew we (oohfreo pl of LF =9 of the form:
f=uwu+tvyv,6 ¢ ¥y eClabl,
; f,:' ‘/u/_'_\fwl_t_ CP’M-H;L’U*

Let's thovre ¢, ¢ st. Qu+d'v=0 — O
= f'= fu'+ v’
> LFf=(Cpf)+¢f
= Plpuw+ Pyv’ +peu+ pputp ¥t prv”

¢ pu'+ PP +pu’tgu) Mu=0 +2qQu+ptv
+ ‘I"ftl"+ "P(E'z’+ EV‘”-(- g e =Mr=0
=-P(tf'u.'+,'f'zr' ) — — ®
Oxpw'—Oxu P (LWt ¢uv) —p (P +¥ur’) =-ug
ie., tf’r(utr’—w’j(= _l;t_g- 3 ©
B «fogfwﬂ&'siewl , we hawve
?u_w z U‘-w :fszr(ulf,— V'u.'))/-’-'o.
=0 =0
So, p(uv/—vw)= consf,, soy, C.
> @ bewmed C¥’=ug, )
Similaaly , we con oo get cp'=—-v-g
So, assuming C+0, we can At




b
Fx)= —C’:(fx U.(t)g'(C)dt +.ﬁ) . Ivd'??f'a"'l.m
Y (x) = _é-(f:u(-c)?(c)a(t-:-g) Const’s

o domg oo g eCla, bl , ¢,4 € C'[a,b] aud
poahsfy cy’=-vq, c¢’=ug.
A nd ﬂm, 'th’u+ yv-=0 Ml:_ f = Qu+ LU~
VO : f =9, Mmg the B.C., we
expeck A, g +o be A%fe,rm .
Yot, 2 +wo pofeudiol problewta
@ Com e Naﬁﬁy, ossume. 0 2
® Com we extend the readlt fo § €la,b]
frow § &Cla,b] 7 | _
We. Lint deal unth @ pund Wfly doscuss ® Lofer
('-Faw. Aiscussioe on(® "'?W the /Cnmveeﬂ!fe m
-
Let's proceed ! M £ =0 Rao novtyriviad (i.e. nonzero)
/‘\,a‘e'..g 'f=- U—, S‘.t. O(M.Ca.)-l—oL/yL'(a,):'.O
t=v, st. v+ p'v(b) =0
thonls +o the Existemce Thn fov Znd ordey ODEs.
Now set £(x) =@(x) w(x) +wa> VIx) | f=puryyf
= ?-'/ WU (x) “x\r(r) g(vdt +A}

+ JC: \r(x)-[ qutt>§ct)dt+ B

By ow denuvslion, we know “LF =2, bk f
sl Aatisfw the B.C . ot both en

fo) = £ wl H:xrcn ggc%ol;(ﬁA}-l- = V(a)B

/N _ /
£°(0) : t'P(oe w (a.)b+ \r(o.) N
= = ww{Pwogmdt+Af+ Z v




So, 0=« fta)+&'f7a) =-'5H:vmg-(t)dt+A}(W;)
%(o( Vi) + &' Wea)) S0
= B=0. Simlaly, we get A=0 FC

Soj we vnwow I'wwe_ E {cf{,c):: -éjfxbvtt)?(c)dt
If £ =Put v wrh]y g =L [* wmgmadt

then £ ioa pol. of £f =2 salisfuing the B.C.'s !

Now, we'll prove the tollowing thoe , which ales care of @ :
Thw  Swppre +hat O o mol am egewvad . of the RSL.
Thew Vg.é CLa,bl, £f= 2 (mcl . B.L.'s ) foo

the wmigue A0l £r5 = [T kix, o> 500 dT

= )t P a<tex<hb
where f(x,z):= { Z Uroowe)  f AETEXS

"E WEOVU(T) if 0SxST=b,
‘A'/V"O./\.Q- non - 2evo MDVQ A—d’Q,.S af M u:a/ﬂzv.:o

} X € [a,b]

J

amd C = ‘P(MU‘"" U_u')r_ms‘f'_ =M+BC.ofa }4“‘('3.&-’
Futhermore, f“ exists wo(f”eCCa,bJ.// ot b

First, we prove !
Lewma Umder the pmanption Jf the above thu
ur'— v’ £ 0 YxELg bl .. Wruvrimo

Wronskion !
(PM) Su.PPose uv’'— \rul-: :t/ ;/ =0 ot Ixo éCO,bJ
Thew T (¥,§)%(0,0) s.t. '

{Yb((xo)+ §U(xs) =0 [U(Xo) v(x,)][y]_[o]

XY wWixo)+8ulx) =0 Wlxo) Vixg Lo

§
> f=Yu+dv wasd.f MF=0 m-+h{f(xn=0

ftxo)=0 .




= By the Fundomental Existene Twndo Znd ovder
ODEs, f(x) =0 VYx ela,b].
= Yu+8§u-=0, but (¥,§)%(0,0)
S w0 Lineadsy dep. amd U==2.v
= Pud)+ puh)=0 Mmc BU(L+Fw(b) =0,
=> W Sdbsfies Lu=0, u=xo0.
S U om egenfen afL corresp. to 0 ecqenvniue
which comtradicts with the asswmption | 4

(Provf of Thn) £>0 & U=V W0, Yxe[a,b] via Lemma,
= c=f(uvivuw)+0,

Since 0 not am eigual of £, Xf=% cerl'a&nﬂz haa
ok most one pol.in DIL). The foregoing colewlationd
fave odready shown that £ = u+ v o sk o pod.
It remaind +o check +hot £& %o, b].

w” exists pince W oo Nol. o Mif =0 (obnoue!)

/7 7/
omd U’ = — E?“ — ?P“ € Crlo,b] = weCa bl

Similardy , € C°Ca, b3,

Now, ¢, V'€ Cla,b] becouse c¥=ug, c’=-vg,
Since $=u'+yv’e C'[a,b], i.e, fe Cla.b). 77




