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* In the newt 4 festined , we wil ptudy the pobucion
of the Diridblet & Newmann. protloms Sor the Laplacom
m /R l?? the me:l'hop( af ﬂalyer,:of%‘h'aﬁq > reduneey +to
sa'evina the no-callad ba‘bmn(a/? wteqraf .zg.n’.s,
« Why o thio agproach importowt ?
+ The astocialed infegrald op's : Compact !
+ The unknown fen ( often called "' chorge ") to pofue
v a'nﬂydef.‘mo( on. the bdwy .= Dimension Reduct;om
+ Yet, once we offain the “charge”, we can evalule the
Aoludion 0{ the Diridklet [/ Newmamn protlema ot any
post X € R® m o pimple mamnen .
+ Both inferior & exterior proflemo cam fethedided
Comsinte .
+ It Zeodn 1o well- tondihioned & nuperb numericel
olgorithms = 0uk Prof. §im Bremer !

K Review— omdk some focls of o Fundamentad Sof.
Leclune 10 okocusrsed the fundomewlal pol. for — 4.
We'll rervew K tere and duscunrs mare facts of k.
Def. Lel L = a const. coefficcent Linoar
PMH al o‘»ﬁm‘f’:aﬂ ope retor  theDiracdefs
Thew the distubulion & s.t. £ =4
o called a ﬁmdamth notution for L
(a.k.a. & free Spue Green's fen for L),

So, ifwe have o proflom Lu=Ff w R’
Then take L’/’-(:%%*f' convrlut, o

of_. = K = (L
=z Lu = *,ci)]af/@*f’

C—




In Le_d',«'m,e, (O, ned the

( _-IX j\ fg d=1

P (%,4):=1 ——lex -yl § d=9
1x=41* ;
| (d—2) w3 b d4=3

where Wy := 2'7t"/’-/l’(d/z) c.e., the Smfae aea of the
wut ba.m (7 ‘R |

Note thef d=3 leads 1o the fomoun Ty

L thoo Leme andd the resl, fa&uwwgtkz_

SGM&/.\A»?M. convedione wth the SL /17:7‘6«44,

we wll"uae the fund. Aoeﬂfélmf‘eado[-él

omd wute o ﬁww( nof. oo N(x,y) = — &(x,4) .
,Kdnﬂshafe.uoc -Smooth

Thwm Lel N be a bddl. oComa,w,unH«Cb =20

T If WECR) o hormenic vn QL

EOUCX) = _f Cucy) Du N(x,4) — a,, w(y) N(x 5>] gy Vxe_a

where Vy wtlmauturm.o( wwit normel vecter ok 4 &€ [ amol
?VU wﬂm.mwmlduwatwe_af ok gel'

(Proof) wem!l»a conanden d22 (k=] co tunal ).
Let N&(x,y) be_ the r@jul ged (/mfmag Mex,4):
L llx-y1? +e) i d=2,

N (x, 5)""{ (1x=y1+ £2)* f d =23,
(2—d) wy




SZW& Au_.—_O oia..()_) by @ree,n’s 2nd I:O(@Mﬁ'fj,
{ w) Ay Nx, > oy = ( uey 22y, N 0299 = 0, W NE93]dorty
o r

(o £ =0, the RHS of this of.—> the RHS of &) , Yxe€ N
SinguﬂWﬁ% af N do nol” matlin. fore Anee xef), yeol=r
e, X¥d  Now, the LHS of the obove &g o nimply
Wk (ANE) (x) if we net u(x)=0, ¥x e R*\OL
Viewiny AN € as om opprximote cdewlity, we Com Ahow
Hat wkx (ANE)(x) —> UKX) pg £-0, Vxe—Q.///

K_The Problem Setup
0 c R®, bdd., "=20 Ao C*pmothness.
O 1= RN, Both Q29 are clowed +o be
usconneced , consiot o finite number of onneded
WPW, Le., =0, UNaU---Ulm, 10L;| <00
N°=20/uiv=vim Qf:unbdd. 12]1< 0 j=l:m

rl
<
°
n

s
o

N=0,uR., O'= ;00 JNa v 3

+ To deal wth the Newwouwm proflen. , we need
the fol\w naumal dervuati vey & spac.edabp fc,wo:



Co(Q) i={ue ) n CQL) | 2, uix) exists ¥xeT }

Oy n(x):i= Lovn (1)« ZUlx+ tvex)
/OV\-"'QM:OY .d.eri‘v. tTo _ aaaaaarYe)
Co(a):= {‘Té C'() nC() | 2p,ue0 exists Yxe I’},

whore 3y+u(x):= LM- Vix). Fulx+tvix))
exterior nam.dayiv.t ¥° e

In both cases, the convergence io wnifsum on [
We Com vow- Stalk. precisely the prodlems we wamt +o sofve:
- The Interior Diridlel Proflea. (IDP): Given f€LC(r),
-B-C«o( UEL(N) s.t. Au=0 v ) omd U=F on [,
- The Exterior Diridlel Profles. (EDP): Given f €LC(r),
fivd U € C(M) s.t. Au=0 iw QU{eo} amd u=f o I
« The Interisr Newmann Profles. (INP): Given f€ cir,
find u€CulD) s.t. Au=0 (] omd Qyu=Ff om I
* The Exterisr Neumamn Protlea. (ENP): Given f € LC(F),
-8&«0( uelu)st. Au=0 &.‘.ﬂlu{oof ool 3‘,+u=f on

Remanks 1 1 For the exterior profileus, We regune

w to be houmonic ot oo, ie.) lutol=0(Ix|*>™)

for the umigueness of the polution . 00 |x|-> 69,
2) Sine V w always takew to be ouluomd nomal vector

(), Ov4 im ENP io taken allong the mword - pointing novmal
o Q; it we wank the oubuward namal o re_plaafbg-f.

Let's duscuns the W“A'SUI—V\MJ Hwd foul .
Prop. If W sofres IDP with £20, tha U=0.
CProvf) Uae the mwmtmpmwudzuto.///




Prop. If u nofves EDP with £=0, then U=0,
(Provf ) See Follomd . (It com Diamafruw to IDF, theu uce
the previows prop. ) Y A

Prop. If L nolved INP with £=0, thew w=Comt. om
eadh componenl 0 of Q.
(Provf) By Green's {st c(dentity,

f | 7u| olx-—f uAuo(x+f w2, wdo = 0
=0 wmfL A:Sﬂa'nr’

=2 Vu=0om), Muwlowﬁegwm‘l‘,mﬂ.///

Prop. If w sofred E-.NPMH,f 0, them w =tmelt. m
eac& componaa (" o QU°, omd U=0 on Q) when o >2.
ravt) Lef y>0 beQmjeem-ough. Mumbdd componeul:
A0 thekl .O.C'-Br-tl\.zbaﬂat’mmvwlk ‘BgC‘{ree.nsU‘tud

S lvul®dx= —S wAaw dx -—S uB,, udo +S u2,u dg-

BAQ BAL 25 apan T =B enl” 28y

= Sbe U kSO where dr: the radiol deriv.
Sinte U io haumowic ot 00, we hare |UB)|=0(1x1%?) and

[2rw)] = O(1x1"™%) as [xl=¥ =0, Hence, we howe

f ubru.do-l C,V2d "'j Cwa(-d—-)Oito(>2
oBr ,vé!;.. Dy d-1 rY->o00

So, VUu=0 on _Q. omd U=0 0'”-0-0 mnce U= O(lxlza)
Ifd=29, we. com show |2rutol=O(r" 2), Ao the Same
OASM showd that IS uarlkdo‘l = O(Y-') > Stmlaﬂlg
Fu=0,:.e. IAUO.Q.OCa."]CdNt o Q. V/4

RemorR: Green's idaalities fuokd for CH(IL) fums . el i the
obowe Prup.s, U ioim C'. Thio io nol a proflene Nimce




we com veplace Q by Oy whese b

[t : —{y:f-‘t\)(wlxaé[’} wpﬂhm
Limit t10 o~ tioO. TL-E.C{OfSOny & 9y, ane
descgned precafe@g to malee thio argumed work !

We'll pee that both. IDP & EDP ore olung plvnble .
For INPs ENP, we need Aome vecwbary conds .

Prop. I£ INP fao o pol, Mfmjfamw, j=lim,

(P ) Tha fellowd cwumeds om Cor. e Leclune (0:
_r_vfrgu Pormowic on N #S ?uﬁf;" g/g V4

Prop. If ENP fino o sot., then [, # dem=0, j={I™" 7

(Prwi) The §ome. Cor. M?"ofag, fdo =0 7C’YJ“I m’,

Tf d=2, Lot r be fovge enoush o that DLCBy .
Then 'tlmz. pome Cor. grves .f bylfL "'S 2,un=0.
But [2,uGd|=0(IxI"%). o,

So, awYﬁ‘”,gw_o39+\*- -S ‘Y'GLG—///



