Leclune 291 Layes Pleutodo & Inteprod Egu's TIL

w S\:“nfle Loy er Prlevtiols
Recall the single Lower paﬁwt‘ial
(stP) nexd= [ Noxg) $y) doty

wiHL moment @ € (), Thio vl be wed 1o solve
INP & ENP! Because of the prgpedties of N(,-),
w_mem:z nee 1) u%ﬁ@@%ﬁ%
2) W Lo Daamonic ok 00 if d>2 pme |utol=0(1xI*<);
Ifd=2, this st LRy iff § l9)doty)=0, a0 ve'll nee |
DN lrer 0 o cotinuous Ferned of ordor d=2.

> U o well - defineAon L TIn fodk, we hape

Prop. If ®€Ur) ond U o defined on (SLP),

then U EC(R?) , (.e., (SLP) oloes onol hewe
(73 J(wa olscrnli lMu'fy, whech. o a Controst fo (DLP)

(Prm{) See the end page af tlio »Qecic_m‘e,///

Now Lot's comucler 2L tn (SLP) ow the tibulan

neigh borbuozel V=ix+tvmo e IRY| Yxe rjvte(-z,i)},aqu

of 7. Gk a poink im V, 9p U(x+ tv(x) o defined oo
Dy WIX+EV()) = V(%) VU (x+£009)) |

Thew, for X €V\F, we hawe

8 D,W(X) = grb‘)" N(x,y)P(y) day

NS

%), waed i (DLP)I

Now, note. NOx,9)= N8, x) L S0, 2y, Nix,¥)=2,N(y, %)

Recall our notolion for Convenmence : K(x»3)==3u3 N(x,Y)

for X, 4 €. Hence, ko natimed to met K*cx.y) = "Key,x),

= RHS of ® maked nemse fov X €7 if we (mlerpret £ a



(SLPOT) er*(x,w Ply)day) =: Tgr P .

Sinee K o o towbimusuo ke.meloﬁ ovder CL"Z,M‘;"K’T
= (SLPM defines a conbinuono few on . Moreover,
ince Kio real-valued , Tyt io Ty om adjoinl of Tk
a0 om operator pa Lz(l"), e, <Tprf §>=<f, Tx,‘lz
= Tt =T ! Vf. g eL(r).

SO‘PM, So ) BUI:M %M—W\h MQJ)‘ Q.J:J
Sinulan to ytakji relalionshop be.tweei ( DLP’; 2 (DLPP),
o jump oliscontinuity between 66) defined on V\I &
(SLPI,IM) defived on [ :

Thm Suppose P € CLIM) amd w o defired on R L; (SsLP)
W, UIﬁ e C,u() & U‘-,E, 60,)(32.’)’ amd on [,

we have U=t 3P+ T:c}S,

where ?u+= exterier nowm. deyiv. 3« 9y : mlerier nam. deriV.
Compone thio unth (DLPM): Us=F 3¢+ TP !

COT 4"—'—3,,_,,11—3,,_1,( .

(p T ) First of ol , u ow (SLP)e C(R).
Cmrzgolﬁ/ the DLP: on)£= [ 2y, Nex,yd$ey)d doty), xe R\
Now define the following fon F i the tubulan
neighbahood V of 7 0o

£ix) 1= {v(x)+ duu(x) if xe V\Il;

' TP O+T b0 ip xel,

(Jaim : £ €C(V),
(Proof ) See the end pagas of tuo bclure .




Let’s prowed . Qo f = Ur+,U exteads catinonely
e [T = Ccm uee the DL P Thm o lections 27 :

Tk 4>(x)+T*¢(x) = UL (X)-t-?,; Ux) , )
‘P(x>+ T P x)
= b,_u(x)———qﬁcx)ﬁ-'r Px), xer Vv

Similonky | Tie 00+ T8 Poxd = Uy () + 2 U0
= -—-15(x>+ T P (x)
= 0 Wix)=+ 3 ¢0O+'T 4>(x) xel
"+ /4

Proed towmd the sol. of I/ENPs, we need the
foll 3 Lewmmas .
Lemma 1= TE $€Clr) & Lo+ T$= £, theu } #=[ £

(Proof) By the Prop. 9 DLP withP= |, togethen with Fubini's
Thn, We have

S fx)da(x) = —S\ P(x)d 60 + S S Kty,x) P (y) doty) da(x)
= _S ¢ (x) do-(x) + S 4>(5)o(o-(.‘1>— I‘Pls)ddg)/
Lemma 2 Suppose d=2. If ¢€ C(l), then

U e (SLP) w'ﬁwl_mowc.ai? ) (ﬁ% ¢ =0,
Hemee UW—>0 08 X2 0° (m thio case,

u(x) W (PMIX -4l — L IXI)CPlj)doij)+0'“' 'S<1>(9)Ao-t>

Sinc2 llmlx 1=l —> 0 umifoumly 60 X =00 Ve el
Hemee, the Acanll fotlows . /4 4




Lemmo. 3 Suppre d=2._If¢GCCF’)’§r4>=0) omd
W in (SLP) = Conul. on O, thew P =0 (heme U=0).

(Prwf) Bg Lemma 2, bLLoﬁwLmMc.wtoo, M;-B u==c
om O, U pnolves EDP with £=C om[[. Bul the
nol. 1o theo proflem o, via the UG ientdd Prop. of
EDP, u=C. Then via Cor.: 4>=B,;+u-2,,_u=0-0,//
/4

Swm.mw\,y o Leclurnes 26 — 28 :
Given a ba(zl? oelo. f € CLI), Mema I/E DN Ps
reduced 10 finding the momenl ¢ € C(r) San‘sfm
the bdry . integnel egn’s:
IDP: yé+ Tt =f, EDP: —fd+ T p=f;
INP: -5 P+ T¢=Ff, ENP: L +T7¢=F,

Once, ¢ oo Loundl, thew the pol. UL (o oftamed via
(DLP) for I/EDP, and (SLP) fovr I/ENP!!

(Provf of Prop: w via(SLP) vith e (D) S ue C(R))
We ordy neeol 4o prove the cotimity of n on 7 pisnce
we Olmdt] *fnow e e C(RNP)

Givew Xo €T, §50, fot Bg:={yer| x-y(<§}.

Thew,
| U0 —U (%)) sSB | Nox, 92409 | Aoty +{ INGo9 )| dety)
g 54

+{ INGLY-Nixo,9)| [Pt9)] domey) .
F\Bg

. | _ (O(Ix=91*"%) if d»2
iﬁcﬁjéfdd' ok NOUH= { S Churesi™ f d=2



the first Two 1owws of the RHS opove oare both
O(8) it d>2, O(§ Ins™) if d=2 sinw (do=p, 83"
Homee , Givem £>0, we Con dotie § spall. B¢
no thok thare Tup Tt < %3 . How phod the thind
town for [\ Bg 2 If we ye |X-¥o| <5 §,than
X%Y, 1o the idegromek ie biol. amok — O umefoumly
60X = Xo. So 0Ghine we com hoore § small fo male

CProvh of Do ’F:={TK¢+TK*¢ o I )eCv) )

S;V\(,Q. ‘.f' Iv\"’ GC(\/\T'>) 'F Ir GCCF), dt /mﬁic.ed +o
show that Xo €, X=Xo+tU(xo) € V\I, Lim Fx)=F(x0)

Fe0-Fxo) = j r[bV,N(xIB ) “'bux N(x,y) - av, N(xo,9) “avj\’?’aﬁ)] ‘%‘S&w}
O befne, we aplil f,. = SB‘+ Sr'\Bg' By the Pome ongument

(C-3—20 a8 x>% uhile

P\8s

I %B‘E 1< ll¢ ll,,{ §B| (3,,3y, INCE, 9> | doty) + SBI (3, +2,) N(x.,s)lelo‘wﬁ
)

S 28 lI$lle — 0 00 £ 0 i eodh whagml

w<d. Bu that o the case becauwse

. _ (X-P-Vxe) _ =(x-9)-V(9)
L)gmfvi 'beN(K"‘D_ wa Ix-9]¢ , b"lex'”_ _"-ga Ix-y|¢
i V.| So, (Buetdp, INY) = (x=9)-[Vixe)-vey] /(wa 1x—y|4)
But 1vx)=viy| = O(Ix%-y1) simee Y o a C' fen thomks
to the assumption of [7: C* smoith Moreover, |~z Clxo-Y|
Pince X= Ko+ tV0%0). =5 |(3y,+3y,)N(x,y7] S CI%ey| >
. . 7(é 9-d d-2
Integroting both sides sver Bg, we see k< C So ri=¢.uy,, v dr
=C”d  (nmote that Bgclc rR“").///




