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REGULARITY OF THE VELOCITY FIELD FOR EULER
VORTEX PATCH EVOLUTION

DANIEL COUTAND AND STEVE SHKOLLER

ABSTRACT. We consider the vortex patch problem for both the 2-D and
3-D incompressible Euler equations. In 2-D, we prove that for vortex patches
with H*—0-5 Sobolev-class contour regularity, k > 4, the velocity field on both
sides of the vortex patch boundary has H* regularity for all time. In 3-D, we
establish existence of solutions to the vortex patch problem on a finite-time
interval [0,T], and we simultaneously establish the H*~0-5 regularity of the
two-dimensional vortex patch boundary, as well as the H* regularity of the
velocity fields on both sides of vortex patch boundary, for k > 3.

1. INTRODUCTION

1.1. The incompressible Euler equations. Global existence for the Euler 2-D
vortex patch problem was first established by Chemin [4.[5], Bertozzi & Constantin
[3], and Serfati [18]; see also [1L2LOITTLI4] for further results on the 2-D vortex patch.
Local existence for the 3-D vortex patch problem was first proved by Gamblin &
Saint Raymond [13]; see also [12/[15,22,23]. A very nice summary of results on
vortex patch problems can be found in [20].

We are interested in the regularity properties of the velocity field associated
to the vortex patch evolution. In particular, we analyze the incompressible Euler
equations on R", n = 2, 3, written as

(1.1a) us + Dyu+ Dp =0,
(1.1b) divu =0,

where u(z,t) is the velocity vector field and p(x,t) is the pressure function, where

the advection term D, u denotes Z?:l %uﬂ
J

1.2. The 2-D vortex patch problem. Letting D+ = (—8,,,0,,), we define
the 2-D vorticity function w(z,t) = D+ - u(z,t) = u?,; —u',. The vorticity w is
transported and satisfies

(1.2) wi + Dyw =10,

Letting ¢ (x,t) denote the stream function, given by u = D), we have that Ay =
w, so that ¥(z,t) = 5= [, log|z — ylw(y)dy. Thanks to the Biot-Savart kernel
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_ 1Pl
K(z) = 5-D~log |z|,

(1.3) u(x,t) = . Kz —y)w(y)dy .

For each time t € [0,00), let Q7 (t) denote an open, simply-connected, and
bounded subset of R? with boundary I'(t) := Q7 (t) given by a closed curve which
is diffeomorphic to the circle S'. Let Q7 (¢) denote Q*(t)c. The 2-D vortex patch
problem consists of the following initial data for the Euler equations:

o = { § 76T

The time-dependent open set Q7 (t) is thus termed the vortez patch; the vortex
patch boundary T'(¢) := 9Q%(¢) moves with the velocity of the fluid, given by
t) = Jo+ () K (z —y)dy. It follows that

(1.5) Du(z,t) = /Q+(t) DK (x —y)dy.

Given an initial 2-D vortex patch boundary I'(0) of Holder-class €&, it was es-
tablished by Chemin [4] and Bertozzi & Constantin [3] that a unique solution exists
for all time, that the C*® contour regularity propagates, and that the gradient of
the velocity remains bounded for all time. Their proof of C** contour regularity (in
2-D) can also be used to establish H* contour regularity (we provide a proof for the
n-dimensional case, n = 2 or 3 in Section [H]), and we state one of their fundamental
results as follows: Given an initial vortex patch boundary I'(0) of class H*~0-
k > 3, for all t € [0,00), there exists a unique solution to the vortex patch problem,
with non—self—intersecting boundary I'(t), and satisfying the following estimate:

(1.6) + 1120 Ol mr-ossty + [ Dul- )| Lo r2y < F(t),

[2].(t) ( )
where z(-,t) : S* — I'(t) denotes an H*~%_class parameterization of the vortex
patch boundary I'(¢t),

|Z(917t) _Z(QQat)‘

1.7 .(t) = inf :
(1.7) |2l (t) = jinf 0 =)

and 0 < F(t) < oo for any t < oo. We see that (LG) provides a strictly positive
lower-bound on |z|.(¢) which, in turn, provides a strictly positive lower-bound for

the metric |0ypz(0)| and ensures that I'(t) does not self-intersect (see, for example,
Majda & Bertozzi [17]). We identity S! with the interval [0, 27].

1.3. The 3-D vortex patch problem. In three space dimensions, the 3-D vor-
ticity w = curlw is a vector field, and satisfies the vector equation

(1.8) wi + Dyw = D,
where in components and for each i = 1,2, 3, [Dyw]" = Zi’ 1 g‘; u? and [Dyu]® =

3 o’
Z] 1 Bme

Letting ¢ (x,t) denote the Vector stream function, given by u = — curl ¢, we have
that A1) = w, and hence ¥(z) = & [os |:(yy)\ dy. Tt follows that
(1.9) u(z,t) = . K(z = y)w(y)dy,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



EULER VORTEX PATCH EVOLUTION 3691
where K(z) = —% is the Biot-Savart 3x3 matrix kernel.

What type of vortex evolution in three space dimension is analogous to the
2-D vortex patch problem? The answer is as follows: we suppose that at time
t = 0, Q7(0) denotes an open bounded subset of R3 which is diffeomorphic to
a G, connected, bounded, open set B (so that the boundary 9B is a smooth
surface, which can be a sphere, a donut, etc.). We then let I'(0) = 9Q7(0), and
define 27(0) = Q+ (O)C. We choose an initial divergence-free velocity field ug(x) =
ug(z)lm + ug (2)1g- (o) such that the initial vorticity vector wy = curlug €
L>°(R3) and satisfies

(1.10a) { curl ug (z) , z € Q(0),

curlug (z), =€ Q(0),
(1.10b) Jwo - n(-,0)] =0,

where n(-,0) denotes the outward unit normal to Q% (0). If [wo(z) x n(z,0)] #
0 for some x € I'(0), then the tangential components of wy are discontinuous,
while the velocity ug is continuous across I'(0). The 3-D analogue of a 2-D vortex
patch amounts to choosing ug in such a way that curlu, = 0 on 27 (0) and hence,
necessarily, curlug - n(0) = 0 so that wy is tangent to T'(0).

To explain this analogy, we first state the following existence theorem for the
Euler equations (II]) with initial data u(x,0) = ug(z). Gamblin & Saint Raymond
[13] proved that whenever T'(0) is € a € (0,1), up € LP(R?), 1 < p < oo, and
wo € L1(R?), 1 < g < 3 such that wy has C* regularity in directions tangent to I'(0);
then there exists a unique solution u € L*°(0,T; W1 (R3)) N W1°(0, T; LP(R?))
to (LI). Furthermore, letting n(x,t) denote the Lagrangian flow of u, so that

(1.11a) on(z,t) = u(n(x,t),t) for t>0,
(1.11b) n(z,0) =z,

and for each t € (0,7, setting I'(t) = n(I'(0),t); then I'(¢) is a closed surface of
class € and w(t) € LI(R3) such that w(t) has € regularity in directions tangent
to I'(t).

For each ¢ € [0,T], the Lagrangian flow 7(-, ) is a diffeomorphism with Jacobian
determinant det Dn(x,t) = 1. We set QT (¢) = n(Q7(0),¢) and Q~ () = n(Q2~(0), t).
Integrating the vorticity equation (L)), we see that

(112) w(n(xvt)vt) = Dn(xvt) : WO(x)a

where in components, [Dn - wg]’ = Ej’ 1 gzj

We will set the 3-D vortex patch problem 1nside of a periodic box. We let 2
denote a periodic box [/, /] in R? with opposite sides of the box identified with
one another, and with ¢ taken sufficiently large so that Q*(0) C Q. Functions
defined on 2 are 2¢-periodic in each of the three coordinate directions, i.e.,

u(z 4 20e;) = u(z) Vo € R3i=1,2,3,

where e; = (1,0,0), es = (0,1,0) and e = (0,0, 1).
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3692 DANIEL COUTAND AND STEVE SHKOLLER

The 3-D wvortex patch problem has the following initial data:

(1.13a) I'(0) is a closed surface diffeomorphic to 0B,
(1.13b) Q7(0) is an open set diffeomorphic to B C R?,
(1.13c) Q= (0) = Q - QF(0),

(1.13d) uo(z) = u0+(ac)19+—(0) +uo_(2)1o-(0),

(1.13e) divug = 0,

(1.13f) wo = curluy,

(1.13g) wolz) = { 3“1“3(‘"”)7 ‘ gg—ggg

(1.13h) curlug - n(-,0) = 0 on I'(0),

(1.131) /Quo(x)dac:().

We then call Q1 (0) the initial vortez patch and T'(0) the initial vortex patch bound-
ary. The identity (II2]) shows that for each ¢ € [0,T], w(-,¢) = 0 in Q(¢) and
that w(-,t) - n(-,t) = 0 on T'(t). In particular, if the initial vorticity is supported
in a set which is diffeomorphic to B, then the vorticity stays supported in a set
diffeomorphic to B for all time ¢ € [0, 7] for which the solution exists. In (I3),
we could instead set Q7 (0) = R3 — Q+(0).

Of particular interest are those solutions for which curlug (z) x n(z,0) # 0 for
almost all points x € I'(0).

1.4. Statement of the main result. Because of the singular nature of DK, it
is difficult to establish regularity for higher-order derivatives of u with the formula
(C3). By taking a different approach, however, we shall prove that the velocity
field indeed enjoys higher-order Sobolev regularity on both sides of the vortex patch
boundary. In particular, for the 2-D vortex patch problem defined in Section [[.2]
we have the following

Theorem 1 (Regularity of velocity field in 2-D). Given initial data (LAl) and a
global-in-time solution to the 2-D wvortex patch problem satisfying

1
T 1 Olmos@) + IDu Ol < P()
for t € [0,00) and k > 4, the velocity field satisfies ut(-,t) € H*(QF(t)) and
u= (-, t) € HE (Q~ (1)), and

loc
[a* GO et @y + lu™ Gl @-@uor@)) < G(H),

where B(0, R(t)) is a ball centered at 0 with radius R(t) > 0 such that T'(t) C

B(0, R(t)), and G(t) > 0 is a function of F(t), defined in ([LE), with G(t) < oo for

any t < oo.

Remark 1. Notice that both velocity vector fields u+ and u™~ gain a half-derivative
of regularity with respect to the regularity of the vortex patch boundary I'(¢). This
is very natural in Sobolev spaces H*, but requires us to locally extend our 1-D
parameterization z(-,t) to a 2-D local diffeomorphism 6% (-,¢) and 6~ (-,¢) which
also gains a half-derivative of regularity. This is accomplished by a specially chosen
elliptic extension which we describe in Section Bl On the other hand, if we had

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



EULER VORTEX PATCH EVOLUTION 3693

assumed instead that the parameterization z(-,t) € H*(S!), then a standard local
“graph” extension would have sufficed. More specifically, if z(-,¢) is given locally
by the graph (z1,h(z1)), then (z1,22 + h(z1)) provides a local extension to a
diffeomorphism, but does not gain a half-derivative of regularity.

Remark 2. Without any change to our proof, the initial data (L4 can be replaced
by the more general initial data

_ w+(a:), x € Q1+(0),
wo() = { wﬁ—@), z €0 (0),

for any functions wy € H*=1(Qf) and wy € HE1(Qg), k > 4.

loc

Remark 3. In fact, Theorem [l is true for k > 3, but the proof requires one less
regularization step for k£ > 4.

Whereas Chemin [5] and Bertozzi & Constantin [3] have established regularity
of the contour T'(¢) for the 2-D vortex patch problem, the regularity of the 3-D
vortex patch boundary I'(¢) is considered in C1'® in the analysis of Gamblin & Saint
Raymond [13] and in Besov spaces by Danchin [10] for fluids in dimension d > 2. As
our final result, we simultaneously establish an existence theory in Sobolev spaces
for the 3-D vortex patch problem, as well as the Sobolev-class regularity of the 2-D
closed surface I'(t) and the velocity fields u™ and u™.

Theorem 2 (Existence and regularity for the 3-D vortex patch boundary and
velocity fields). For k >3, if I'(0) is a closed surface of Sobolev-class H*=9 and
up € HY(Q) with uf € H*(Q(0)), ug € H*(Q(0)) and satisfying (LI3), then
there is a time T > 0 such that there exists a unique solution to the 3-D wvortex
patch problem, and for each t € [0,T)], the vortex patch boundary T'(t) is in H*=0-5,
ut(-,t) € HE(QH (1)), and u=(-,t) € HF(Q™(t)).

Remark 4. The more general initial data (LI0) can replace (II3]) in Theorem

Notation. We will denote the partial derivative % by f,; for j =1, 2, or 3. We
J
will use the Einstein summation convention, wherein repeated indices are summed

from 1 to n, with n equaling either 2 or 3.

1.5. Outline of the paper. In Section 2] we define the strong form of the two-
phase elliptic problem that the two-dimensional stream function must satisfy, and
we also define the associated variational formulation. In Section Bl we define the
local diffeormorphisms that we use to locally flatten the vortex patch boundary;
these diffeomorphisms gain one-half derivative of interior regularity in H* spaces
relative to the regularity of the vortex patch boundary. Section Ml is devoted to
the Sobolev regularity theory of the fluid velocities u™* (-, ¢) and ™ (-, ¢) in the 2-D
vortex patch problem.

The 3-D vortex patch problem is studied in Section Bl After defining the two-
phase elliptic problem for the fluid velocity, we simultaneously prove existence of
solutions and establish the regularity theory for both the vortex patch boundary
I'(t) and the velocity fields u*(-,¢) and w™ (-, ¢); this is done in the Lagrangian
framework. Finally, in Section [G] we establish the fundamental regularity estimates
for the two-phase elliptic problem with Sobolev-class coefficients in n-dimensions
(which arises in many applications, including the vortex patch problem). For com-
pleteness, we include a short appendix with some basic inequalities that are used
in Section
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3694 DANIEL COUTAND AND STEVE SHKOLLER

2. A TWO-PHASE ELLIPTIC PROBLEM FOR THE 2-D STREAM FUNCTION

The 2-D vortex patch problem has been previously studied using the evolution
equation for the parameterization of the contour z(-,¢) ([31[4]); see also [6] for
perturbations of circular patches and [7] for elliptical patches. We will take a
different approach.

While not necessary, it is convenient to introduce the stream function formulation
of the problem. Let v(x,t) = w“‘(a?,t)lQJr—(t) + Y7 (x,t)1g-(r). We set [F] =
Ft—F~ onT(t), and let n(-,t) denote the outward unit normal to I'(t), and 7(,t)
denote the unit tangent vector to I'(¢).

For each time t € [0,00), the bounds ([LB) show that Du(-,t) € L*°(R?); thus,
u(-,t) € H} (R?) and so the stream function (-, t) € HZ _(R?) is a solution to the
following two-phase elliptic problem for each fixed ¢ € [0, 00):

(2.1a) Ayt (1) =—1 in Q)7
(2.1b) Ay~ (1) =0 in Q)
(2'10) [W}(vt)]l =0 o1 F(t)a
(2.1d) [g—:f(-,t)] =0 on I(t).

The fact that ¢(-,t) € HZ,
holds in HO5(T'(t)).
For each time ¢ € [0,00), (2] has the following weak formulation:
(2.2)
/ Dyt (-,t)- D dx +/ Dy~ (-,t)- Dpdx = —/ ddx Yo € H'(R?).
Q+ (1) Q- (1)

Q+(t)

(R?) means that the interface jump condition (Z.IH)

From the bounds (L.6]), the stream-function satisfies

(2.3) VG O 2B0,RM)) < F(1),

where B(0, R(t)) is a ball centered at 0 with radius R(¢) > 0 such that I'(t) C
B(0, R(t))-

3. LOCALLY FLATTENING THE BOUNDARY I'(t)

We construct local diffeomorphisms in small neighborhoods of I'(t) which locally
“flatten” the vortex patch boundary, and which gain one-half derivative of regularity
in the interior with respect to the regularity of the parameterization z(-,¢). There
are other methods to construct regularizing diffeomorphisms (see, for example, [8]
16L19]), but the method we present appears quite natural for arbitrary geometries.

Let DT = {z € R? : |z| < 1} denote the open unit ball in R? with boundary
St = {x € R? : |z| = 1}, the unit circle. For each t € [0, 00), we solve the following
elliptic equation for Z(r, 0, t):

(3.1a) A2ZT =0 in DV,
(3.1b) Zt =z on St,
ozZ+t 0zt
1 = S'.
(8.1c) a o0 "
The unique solution Z*(r,0,t) to (B.J) satisfies the estimate
(3.2) 1Z7 () e pey < Cllz(t) | ms-o5s1y,
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and we are considering integers k > 4. The boundary conditions ([B.Ib,c) show that
det DZT(1,0,t) = |0p2(6,1)|*.

From the definition (7)) of |z|.(¢) and its lower-bound given by (L)), it is proven
in [17] that there exists a function a(t) > 0 such that a(t) < minges: |9p2(6,1)|?.
Hence, det DZ(1,60,t) > «(t) > 0. This shows that ZT is locally injective around
each point on S'.

Next, we define D~ = {z € R? : 1 < |z| < R(t)}, where R(t) > 0 is chosen
sufficiently large so that the ball B(0, R(t)) contains I'(t). We let Z~(r,0,t) solve

(3.3a) A2Z7 =0 in D™,

(3.3b) Z =z on S!,

(3.3¢) Z-—=1Id on {r = R(t)},
0Z= 0zt 1

(33d) or = W on S N

(3.3¢) 02 =e, on {r = R(t)},

or
where e, denotes the unit basis vector (cos,sin6). Again, we see that the unique
solution Z~(r, 0,t) to (B3]) satisfies the estimate
(3.4) 127 Co Ol p-) < Cllz(, )0y -
We define the map Z = Z*15++Z " 1p-. Due to the boundary conditions (3.Ib,c)
and ([B.3b,d) and the Sobolev embedding theorem, the map (r,0) — Z(r,0,t) is C!,
and for any point 6 € S!, there exists a ball B(6,e(t)) C R?, centered at § with
radius e(t) > 0 taken sufficiently small, such that Z(-,-,t) is injective on B(0,e(t)).
Next, we show that for ¢ > 0 sufficiently small, the image ZT(1 — ¢,0,t) is
contained in Q1 (¢), and similarly, that the image Z~(r,6,t) is contained in Q~(¢).
To that end, let 6y(¢) denote the point in [0,27] at which the maximum value of

z(0,t)-eq occurs. We assume that the tangent vector 9pz(0y(t),t) = B(¢) e; for some
B(t) > 0 (for, otherwise, we can reverse the orientation of the parameterization).

Hence, 9pz1(0o(t),t) = B(t)ea. This shows that 68%: (1,00(t),t) > 0, which in

turn implies that Zy (1 —€,60(t),t) < Z5 (1,00(t),t) which proves that, for e > 0
sufficiently small, for all 7 € [1 —¢,1) and 6 € [0y (t) — €, 0 (¢) + €],
ZH(r,0,t) - e2 < 2(00(t),t) - ea.
Therefore, Z* maps a local neighborhood of 6y(¢) (in D) into QT (¢). Since Z*
is locally injective around Si, this means that the image of any Z7(1 — ¢, -, t) (for
e > 0 small enough) stays in QF(¢), otherwise it would intersect I'(¢), which we
shall next prove cannot occur. Similarly, the image of any Z~(1 + ¢, -,t) stays in
Q= (t).
We next prove that for e > 0 sufficiently small,
ZT(1—€0,)NT(t)=0 Vo eS.

Since det DZT(1,60,t) > a(t) > 0 for all # € S, by the inverse function theo-
rem, there exists a small ball B(§,R(#)) C R?, centered at # € S! with radius
R(0) > 0, such that Z*(-,-,¢) is a C!-diffeomorphism between D™ N B(6, R(6)) and
ZT(DTNB(#,R(H)),t), as well as a homeomorphism between D+ N B(#, R(6)) and
ZT (Dt NB(6,R(9)),t). Since the compact set S' is covered by [y B(0, R(0)),
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we can extract a finite subcover vazl B(6;,R(6;)), where 0;, 7 =1, ..., N are points
in St.
Let A¢ = {z € R? : 1 —¢€ < |z| < 1} denote an annulus. We choose

e > 0 small enough so that ¢ C vazl B(0;,R(6;)). With (r,0) € A° fixed,
we choose i € {1,...,N} such that (r,0) € B(6;,R(6;)) N DT. Since Zt(-,-,t)
is a C! diffeomorphism between DT N B(6;,R(0;)) and Z*T (D' N B(0;,R(6;)),1),
then Z*(r,0,t) € ZT (D" N B(#;,R(6;)),t). Furthermore, as Z* is a homeomor-
phism between D+ N B(6;, R(0;)) and ZT(D+ N B(;,R(6;)),t), then ZT(r,0,t) &
ZT(0[DT N B(#;,R(6;))],t), which implies that

Z+(T, H,t) € Z([Gl — R(@Z), 0; + R(Gl)],t) C F(t)

In summary, we have shown that for (r,0) € B(6;,R(0;)) N D™,

Z*(r,0,t) is in the interior of ZT(D+ N B(6;, R(6;)),t)

with

diameter (z+(D+ A B0, R(0:)). t)) < 2|DZH | ey R(6:)

From the positive lower-bound (L.8) on the function |z|.(¢) in (1), there exists
€0 > 0 such that for any = € I'(¢), B(z,e0) N QT (t) does not contain any point of
['(t); therefore, choosing the radius R(#) such that

2| DZ7 | o (p+yR(6:) < €0,

(and increasing N if necessary) we have that ZT (Dt N B(6;,R(6;)),t) does not
contain any point of I'(¢), which shows that Z T (r,6,t) & T'(t) as desired. A similar
argument shows that for (r,0) € B(6;, R(6;))ND~, Z~(r,0,t) is contained in 2~ (¢).

Thus, for each 0; € S', i € {1,...,N}, let Z/I( ) = B(6;,R(6;)) C R2, and let
Vi(t) = Z(U;(t),t). The map Z is then a €' diffeomorphism of U, (t) onto V;(t), and
due to the estimates (2] and (34,

ZE( 1) : DEQU(t) — QF(t) N Vi(t) is an H* diffeomorphism .

Next, we flatten the boundary of U;(t) N'S!. For each i € {1,..., N}, U;(t) NS!
is a graph given by (z1, h;(x1,t)) where each h;(-,t) is C°. We define the C*° local
diffeomorphisms 9 (t) (21, 22) = (21,22 & hi(21,t)) with det DYE(t) = 1, and we
set

By =[07 (1)) ' Ui(t)nDF) and  Bj = [0 (1)) Ui(t) NSY.

The set Bj C {z2 = 0} is a flat boundary.
Finally, we define 05" (t) = Z*(t) o 9F (t). Then

(3.5) 0E(t) : BT = QF N Vi(t) is an H” diffeomorphism,
and thanks to B2), B4), and (LH), for each i € {1,...,N},

. _— 9 k < P(F(t
(36) | 52850 ey 1 Oy < PO

where P(F
set 0;(t) =

(t)) denotes a generic polynomial function of F(t). Furthermore, if we
0 (t)157+0; (t)1p: , then each 6;(t) € €'(B), where B = B{ UB_UB.
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4. REGULARITY OF THE VELOCITY FIELD FOR 2-D VORTEX PATCHES:
PROOF OF THEOREM [I]

We first use the weak formulation (Z2]) to build regularity of the stream-function
y*. Interior regularity of ¥* on sets away from the patch boundary T'(t) is classical,
so we focus our attention on regularity of U* near I'(t). We will use the change-
of-variables 6;(t) given in (B.5]).

Step 1 (The elliptic problem for W+ set on By). The weak formulation ([22) can
be written as

/ D¢+(~,t)~D¢>dx+/ D¢‘(~,t)~Dq5dx:—/ b dx
Vi (£)NQ+(t) Vs (6N (¢) Vi (£)NQ+ (1)

for all test functions ¢ € Hj(V(¢)) and each i € {1,...,N}.
With the collection of diffeomorphisms {6;}; given in ([B.5)) for each t € [0, ),
we define

A = [DOE#)]) 7! and JE(t) = det DOE(t),
and set
A = JEATIIAT)T
It follows from (B0), and (L) that for all ¢ € [0,00), there exists a function
0 < A;(t) such that
(4.1) wl AE () w > Ni(t)|w]? Yw € R?, x € BY..

To establish (1)), we drop the ¢ subscript (and superscript), and let Wy = Ji/ AL w.

The left-hand side of @) is simply |w|?, and w = J;l/zDHiﬁ)i; therefore,

|w]?

—1/2
1722 D62 54

S |’lI]i|2,

so that A(t) = ||J;1/2(t)D9iH2020(Bi), which has a strictly positive lower-bound
since A(t)~! = |75 *DOF|2 . 5oy < P(F(t)) by BF). Additionally, from (),
(4.2) AL -1 (pyy < CP(F(1))
We set
Ut =¢tol, d=¢of.

Since ¢ € H}(V(t)) and each 0;(t) € CY(B), it follows that ® € H}(B), and can
thus be used as a test function. By another application of the change-of-variables
formula, we then have that

(4.3) /A’f\lﬁ,k(-,t)cb,j dx—l—/ A0 (1) @ dx
By

:-/ ®J,dx Vo € Hy(B).
By

Step 2 (H? regularity for ¢+ and ¢~). We set k = 4 so that §* € H*(By) and
first establish that each 1* is H3. We let {¢;}Y., denote a smooth partition-of-
unity, subordinate to the open cover U;(t); in particular, 0 < ¢; < 1 in CX(U;(t))
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denote a smooth cut-off function, sz\; ¢ =1, and let § = ¢; 0 0;(t). We define
the horizontal convolution operator as follows: for € > 0 sufficiently small,

AF = pe(l‘l - yl)F(yl, 902)05917
Rn—l

where p.(71) = e !p(x1/e), and p is the standard mollifier on R. We again drop
the 7 subscript, and substitute

® = EA201(E°V) € Hy(B), ¥ =159" +1p U7,
into (43). Since differentiation commutes with convolution, we have that
;= AZ0{(E2D),; +2€€,; AZ01 (£70).

The variational formulation ([3]) then takes the following form:

(4.4) T+ T =— | 01T, EAON(EPY) da,
By

where

TE= | A(EAY T )00 A2(E20%) 51 da,
By

Ig: = _2/ (ggaj Aiquivk )71 A§(€2qli),11 dx.
By
Next, we see that

I = | APACEPT)an A(E0), da
=+

+
Tia

n / ({Aes A (E2U%) a1 ) A(E20%) 1y da
By

. F

+ / A [2A45 1 (29) 40+A5 11 (€29) 5, ~2(¢€1 AV )11 | Ac(€29%) 11 d
By

I1ci
where
(4.5) AL AV HETE) un = A(AY (20F) 1 ) — AY AL(E20%)

denotes the commutator of the horizontal convolution operator and multiplication
by .Ai] . Using the lower-bound (@.1]), we see that

(4.6) ADIOTADE V)25, < Tagr -

We let 0 < § < 1; we will make use of the Cauchy-Young inequality ab <
IA(t)a® + ﬁ(t)bQ for a,b > 0.

Using Hélder’s inequality together with the Sobolev inequality || f[/z»(p,) <

Cllfll By for all f € H'(B4) and all p € [1,00), we have that

y
T2 | < CIAY 1 1 o) 195 sk i () | A(€2T5) a1 [l L2y ) -
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Thanks to ([£2) and ([2.3), we then infer that
T2 | < P(EW)A(ETF) 1 |22 (ms)

< OADA(EPT) 11 |12y + %8)

<IN [A(ETF) 11 725, ) + (L4 (BAE) THP(F (L),
where we continue to use P(F'(t)) to denote a generic polynomial function of F'(¢).
A similar estimate can be established for the integral Izi, which provides us with
A7) LS|+ 1T < L+ (GA0) T IPE®) + AN Y )1 [ (5, ) -

Also, the integral on the right-hand side of ([@4]) has the same upper bound.
It remains to establish such an upper-bound for [Zy,|. We set gif = (€20F) 11
then,

(4.8) [Ac(AY gF) — AY Acgf](21,22)
xr1+e 3 .
- / pelarr — y)[AY (yn, 2) — A (21, 22)]7 (1, 22
xr1—€
From Morrey’s inequality, for all y; € B(z1,€),
(4.9) ‘ ‘ ‘
|AY (21, 22) — A (y1,22)| < Ce sup  |AY 1 (y1,22)| < Ce||All sy -

y1E€(z1—¢€,x1+¢€)

Substituting (@9) into (@) and using Young’s inequality for convolution, together
with ([@2]), we see that

{Ae, APYE ) k1 225, < Cell sl () (€DTF) 01 |25
< CEP(F(t))HD(éQlI/i)Jl ||L2(Bi)7
so that
[ Zip| < CeP(F 1)) DETH) 01 725, -
We choose e sufficiently small so that CeP(F(t)) < A(t)/2. By choosing § > 0
sufficiently small, we obtain from (£4), (£8) and (£7) the estimate
[ IDAL@w ) P do < (14 A0 P(E).
By

Passing to the limit as € — 0, we find that

(4.10) 1DV [Pda < [14+ A1) P(E(D)).
By

From ([2Ih,b), we have the following identity holding at any point of the interior
of Bi:

—ARTE o) = 2430 F o1y + AL TE )y 2430 U AL U
+ AR U gy + AL U AL O
The lower-bound (1) shows that 432 > A(t); hence from (EI0), [#2), and Z3)),

(4.11) 21U o1 P da < (NE) T4+ A T2 P(F(1)).
By
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Then, since
—ABUE gop = 2ARTE ooy AT 51y +2A%, U + AR L UE
+ A3t272 \I/:t522 +Agtka]2 \I/:tvk +Agtka] \I/:takQ 5
we use ([{IT)) to conclude that
(4.12) E2|WE 00 [P dz < (M) 724+ A1) 3P(F(1)).
By

Given the interior estimates, we sum (£I0), (AI1]), and [@I2)) over our finite
cover index i = 1,..., N, and find that

(4.13) 16+ G ) 1 s+ gy + 197 GO s - (yn B0, Ry < PE(R)),

where we have used the fact that A(t)~! < P(F(t)). Then since u* = D*o*,
#I3) shows that

(4.14) a5 )2+ ey + ™ G2 oynBo.rayy) < PEF®)) -

Note that the estimate ({I4]) has been obtained for the case that I'(t) is of Sobolev-

class H3® so that we can indeed build further regularity for u™*.

Step 3 (H?® regularity for u™ and u~). We will now use estimate (ZI4)) to build the
H?3 regularity for u™ and . On I'(t), we let D,u denote the directional derivative
of w in the direction 7 and similarly, we let D, u denote the directional derivative
of u in the direction n; for example, in components D,u’ = u’,; 77. We make use
of the following identities on I'(¢):

(4.15a) divu=D,;u-7+ Dpu-n,
(4.15b) curlu = D;u-n—Dyu-7.
Since u(-,t) is continuous across I'(t), it follows that
[Dhu-7] = —Jeurlu] = —1.
Then, using ([£.I5h), and the identity
[Dnu] = [Dnu - 7]7 + [Dnu - n]n,

we see that
[Dpu] = —7.

From (ETI4), the velocity field u is a solution to the following two-phase elliptic
problem:

Aut =0 in Q(t)F,
[u] =0 on I'(t),
[[Dnu]] = -7 on I'(t),
with variational form given by
(4.16) / Dut(-,t) : Dwdzx —|—/ Du=(+,t) : Dwdx
Qt(t) Q- (t)
:/ 7(t) - wdS(t) Yw € H(R*R?),
I(t)

where A: B = AéB; for any 2x2 matrices A and B.
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Again dropping the subscript i, we write (£I6]) locally as
(4.17) / Du™(-,t) : Dwdx +/ Du= (-, t) : Dwdz
v()nQt(t)

V(t)NnQ—(t)
:/ F( 1) - wdS(H)
V(t)NT'(t)

for all w € H}(V(t);R?). We set U = uof and W = wo f. By the change-of-
variables formula, [@TI7) becomes

(4.18) : Aiﬂ'Uj,;(.,t).W,jdH/B AU () - Wy da
. .

=— [ 0,,-WdS VW € Hy(B;R?).
Bo
We then substitute
W = EA201(E°0) € Hy(B),
into (ZI8). By repeating the identical argument of Step 2 above, we find that

(4.19) a5 ) s+ ey + ™ G s - oynmo.ryy) < PEF®)) -

Step 4 (H* regularity for u* and ™). We continue to assume that k = 4 so that the
boundary T'(t) is of Sobolev-class H*% and our change-of-variables 65 (t) € H*(By.).
We will now show that ut and u~ have H* regularity.

To do so, we let the test function W = —¢2A209(€2U) in [@I8). By a slight
modification of Step 3, we find that
(4.20) a5 ) s+ o) + ™ G Eaga-onso.rayy) < PE®)) -

There are new types of integrals that arise in establishing the H* regularity; namely,
integrals that have highest-order derivatives on both U* and #%.

One of these integrals is analogous to one of the integrals in Ilci defined in Step
1 and is written as

J* =/ A [Alljdu (§2Ui),k} A (E2U*),j111 da .
By
We estimate the integral |7*| using an L?-L>°-L? Holder’s inequality:
\TE < IAY a1 22 ) €U E sk e By 1A (E2U) ann | 228
which, with the Sobolev embedding of H?(B.) into L>°(B), shows that

i
|TE < CIAY a1 2o llUS ok 2. 1A (E2U)F it |2 sy -

Using the estimate ([B.6]) with & = 4 together with the previous lower-order estimate
@I9) of u* in H3, we obtain that

|TE < P(E))IA(E2U*) 111 22084

which is just a linear term in ||A¢(£2U%),j111 || 2By ), easily controlled by the energy
integral

IiA = )‘(t)/ |AD(E2U)* 111 |2 da,
By

analogous to the term I1ai in Step 2 above.
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Other integral terms set on By of this type arise and can be treated similarly.
There is one slight variation: the boundary integral term

Ty = D3N (E%0,1) - D3N (E2U) dS,
By

for which we simply notice that

Zo | < 107 Ac(E20,0) || 1058 |0 A (E°U) || o5 (80
< CN01 155y |07 A(E2U) | 1, )
where we have used the properties of the convolution operator for the first norm on

the right-hand side, and the trace theorem for the second norm. This then provides
us with

Zo| < PFO)A(EUS) 11 [l (B2 ),

which is a linear term controlled in a similar manner as Ilia 4

Step 5 (H* regularity for ut and u~). Letting W = (—1)k’1§2Af8f(k_1)(§2U) in
([£I]) and repeating Step 3, concludes the proof. a

5. EXISTENCE AND REGULARITY OF THE 3-D VORTEX PATCH BOUNDARY I'(t)
AND u4: PROOF OF THEOREM

5.1. The two-phase elliptic problem for velocity. As defined in Section [I.3]
the vortex patch boundary I'(¢) is a closed 2-D surface which is diffeomorphic
to a € closed surface B, and that Q% (t) is an open subset of R? such that

90T (t) =T(t), and Q () = T2 — Q+(0). We denote T? by Q in what follows, and
we set QF = QF(0).

We let 71 (-, t) and 72(+,t) denote an orthonormal basis of the tangent plane to
each point of I'(t), so that (71,72,n) is a direct orthonormal frame of R3. We
let D, u (o = 1,2) denote the directional derivative of u in the direction 7, and
similarly, we let D,u denote the directional derivative of u in the direction n; for
example, in components D, u’ = u’,; (7,)7. We make use of the following identities
on I'(t):

(5.1a) divu= D, u- 7o+ Dpu-n,

(5.1b) curlu = (Dyu-n — Dyu - 7o) — (Dryte - — Dp - 71 ) 7o,

where we have used the fact that curlu™ - n =0 on T'(¢) by (LI3h). Since u(-,t) is
continuous across I'(¢), it follows that

(5.2) [Dypu -] = [eurlu - ] = curlu™ - 7,
(5.3) —[Dpu - 7] = [curlu - 7] = curlu™ - 7y .
Then, using (B.Th), and the identity

(5.4) [Dnu] = [Dnu - 7] Ta + [Dnu - n]n,
we see that

(5.5) [Dpu] = curlu™ - 75 7 —curlu™ - 7y 7.
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The velocity field v = u+1m + u_1lg-(y) is a weak solution to the following
two-phase elliptic problem:

(5.6a) —Aut = curlcurlu™ in Q)"
(5.6b) Au= =0 in Q)
(5.6¢) [u] =0 on TI'(¢),
(5.6d) [[Dnu]] =curlut-m 7 —curlut -7 ™ on TI'(t),

with variational (or weak) form given as follows: For all vector test-functions w €
H'(Q) given by

/ Du™(-,t) :Dwdm—i—/ Du=(-,t) :Dwdx:/ curlu™ (-, t) - curlw dx
Qt(t) Q- (1) Q*(t)

+/ [n x curlu™] - wdS(t)
(1)
(5.7)
—|—/ [curlu™ (-, t) - 7o 71 — curlu™ (-, ) - 71 2] - wdS(t),
()

where A : B = A’ B} for any 3x3 matrices A and B. Next we notice that
(5.8) nxcurlut = nx[curlu® -7 7 +curlu™ -1 7] = curlu® -7 m—curlu™ -7 74,
so that the boundary integral terms of (B.7) cancel each other, and we are left with
(5.9) / Du™(-,t) : Dwdx —|—/ Du™(-,t) : Dwdz

Qt(t) Q= (1)

:/ curlu™ (-, 1) - curlwder Vw € HY(Q).
Q+ (1)

We let n(z,t) denote the Lagrangian flow of u, as defined in (LII). We set
vt = uT on and we define A(x,t) = [Dn(x,t)]~!. Then, letting ¢ = w o7, ([G9)
can be written as

L Ot 0¢ L 0T 09
JkZZ . 22 R 22
(5.10) /Q+ A de;  Dar dx + / ) A az,  ur dx

= / [curlu™] on - [curl(¢ o 77’1)] on det Dndz
Q+

for all ¢ € H*(Q), where

APF = AT AF det Dy .
For solutions to the Euler equations (II), divu = 0 so that det Dy = 1, but the
general form (GI0) will be necessary for our fixed-point scheme.

5.2. The fixed-point procedure for existence of solutions to the vortex
patch problem. In Section[fl we will establish the fundamental elliptic regularity
results for a Lagrangian variational formulation as in (59]). Using that regularity
theory, we now prove the existence and regularity of solutions to the 3-D vortex
patch problem; our solutions have smooth Sobolev regularity on both sides of the
vortex patch boundary I'(t) and are globally in H*(£2).
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5.2.1. The functional framework. We remind the reader that we use € to denote
a periodic box [/, /]> in R® with opposite sides of the box identified with one

another, and with ¢ taken sufficiently large so that Q7(0) C Q. Functions defined
on ) are 2¢-periodic in each of the three coordinate directions, i.e.,

u(z + 20le;) = u(z) Vo € R3i=1,2,3,

where e; = (1,0,0), ea = (0,1,0) and e3 = (0,0,1). Functions in H*(Q) satisfy
periodic boundary conditions, and H'() can be identified with H!(T?).

Given T' > 0 and M > 0 assumed fixed, we work in the Lagrangian framework
and define the bounded closed convex and non-empty set
(5.11) V&, ={ve L*0,T; H(Q)) N L*(0, T; H*(QF));

[0l 220,751 (2) + ||U:tHL2(O,T;Hk(Q:E)) <M}

for integers k > 3. For any v € V%, we define the Lagrangian flow

(5.12) n(z,t) =x —l—/o v(zx, s) ds,

which therefore, from (5.11)), satisfies € C°(0, T; H'(2))N€°(0, T; H*(Q%)). Note,
also, that since the vortex patch boundary is transported by the fluid velocity, we
have that

['(t) =n(T,t).

Hence, the regularity of the velocity field in Q% provides us with the regularity of
n in QF; the trace theorem then provides the regularity of  on I', and this in turn
provides the regularity of the vortex patch boundary T'(¢).

Since € is a periodic box, and hence convex, any two distinct points z and y in
Q can be connected by the straight-line segment (x,%); therefore, by splitting the
segment (z,y) into a finite union of subsegments (z;,x;+1), we can assume that
each subsegment (z;,;11) is contained in either QT or Q7. Tt follows from (E.12)
that

t
n(@,t) = n(y,t) =z —y +/ v(z,s) —v(y,s) ds
0
t
:x—y—i—/ v(x1,8) —v(rk, s) ds
0
K—-1 .t
=z —y+ Z/ v(zi, s) — v(xiy1, s) ds,
i=1 70

which therefore shows by the fundamental theorem of calculus, that since each
(s, T;11) is either contained in Q or Q~, that

In(z,t) —n(y,t) —z —y|

n—1 +
<O s - wii] / 1D, )| 1=ty + 1D, 8) | e ds,
=1
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and from the Sobolev embedding theorem,

In(z,t) —n(y,t) —x -yl

n—1

<Ol xz+1|/||Dv Iz + 11DvC, ) a2y ds.

From the definitions (5I1) and (&1I2I), it follows that
n—1

(513)  Ina,t) = n(y.t) —x —y| < 3 |os — 21 [2VEM < 2VTMCla — g
i=1

‘We now choose T such that

1
: <
(5.14) 0<T < femmmms

so that for any x and y in €,

1
In(z,t) —n(y,t)] > §II -yl

which establishes the injectivity of  in Q. Furthermore, since

(5.15)
/ Du(z,s) ds

<| / 150, )|y + D0 ()l ds| < 20T,

|Dn(z,s) —1d] <

due to the continuity of the determinant at Id in R?, we can choose T' > 0 small
enough, so that for all xt € Q and 0 <t < T,

3 1
(5.16) 2 > detDn(z,t) > 3
which shows, with the previously established injectivity, that 7(-,t) is an H* diffeo-
morphism from Q% onto the image n(QF,¢), and a homeomorphism from  onto
n(€, t). Finally, by choosing T sufficiently small we can ensure the strict positivity
of the coeffiicient matrix A: for all ¢ € [0,T],

1
(5.17) wl AE (z,t)w > Z\w|2 YweR? ze€Q.

5.2.2. The fized-point procedure. We define the Lagrangian curl operator curl, as
follows: if u(y,t) is an Eulerian vector, and v = w o, then we curl, v = [curlu] o7
where for any differential vector field F', and for i = 1, 2, 3,

OF k
(5.18) [curl, F|; = €ijb—=— oz, A%,
where €;;, denotes the permutation symbol, so that €;;;, = 1 for even permutations,
eiji, = —1 for odd permutations, and €;;, = 0 otherwise. We will employ a fixed-

point procedure on the variational equation (BI0), which we write as
(5.19)

L OvT 8¢> ov~ 8(;5
JEZZ JEZZ — + .
/+ A v, o dx + ) A v, D dx /+ [curlu ] on-curl, ¢ det Dndx
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for all ¢ € H*(Q2). From (LI2),

(5.20) curluon = Dn-wy, wy= curl uglg+ .

Since divwy = 0, using the formula (5.20), we see that

(5.21) / curlut on dr = / n (curlug - n(-,0)) dS(0) =
Q+ r

where the last equality follows from ([I3h).
Now, given v in our convex set Vfw and letting 7 denote the homeomorphism
defined in (B.12]), we define

(5.22) C(v)(z,t) = Dn(z,t) -wo(z) in Q.

Notice that for any « € T', the trace on I" of C(v)(x,t)-n(n(x,t),t) (the trace taken
from Q1) is zero, and is thus equal to the trace of C(v)(z,t) - n(n(z,t),t) evaluated
from Q7. To see this, we use an important geometric property of the inverse
deformation matrix A(z,t) = [Dn(z,t)]~!; namely, if N(x) := n(0,z) denotes the
outward unit normal to Q" and if n(n(z,t),t) denotes the outward unit normal
to QT (t), then

AFN,
min(@,1).t) = Sy

Hence, it follows that

L AEN,, 1 KON 1
(5.23)  C(v) -non=C(v) [ATN| ~ JATN] A_O |ATN|

where we have again used (LI3h) for the last equality.
Furthermore, the same computation as in (521]) shows that

(5.24) C(v) dx = / n (curlug - N)dS(0) =
ot r
Now, for each time ¢ € [0,T], we construct a solution @(-,t) to the following
variational problem:

LOvT 0¢ T
jkZZ jkYY
(5.25) /Q A o &%d T+ / A e %k

Nkwé“ = 0,

= / C(v) - curl, ¢ det Dndx V¢ € H'(Q).
ot

From (5.I7) and the Lax-Milgram theorem, there exists a unique periodic solution
o(-,t) € HY(Q) for each fixed t € [0, T], satisfying

(5.26) /Q@ da = 0.

Furthermore, since C(v) € H*Q, k > 2, we may integration-by-parts on the right-
hand side of (5.25]). We use the fact that the cofactor matrix a(z,t), defined by
a = det Dn A, satisfies the Piola identity (%kaf =0 for ¢ = 1,2,3. Thus, we see
that (5.25]) can be written as follows: for all ¢ € H'(Q),

o OvT 8¢ OV 3¢
k2 + IR 2 gy = 1 : D
/Q+ A z; . dx /sf A - dr = /S2+ curl, C(v) - ¢ det D dx

+ C(v) x (aTN) ¢dS(0),

o0+
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which is the variational form of the general elliptic system (G.I]) studies in Section
[6l, with forcing functions

f =0, f, =curl,C(v) det Dy, and g=_C(v)x (a’N),

for which our regularity result Theorem [ applies. We therefore have that (for
k> 2)

(5.27)

[0t sy + 107 | grs o)
< C[I1F slmes@e) + gl +P (el (I1F £z + gl iosm )|

where P is a polynomial function and the constant C' depends on Q+.

From (&13) and for
(5.28) VT M < e,

with 0 < ¢9 < 1 denoting a sufficiently small constant (which is independent of
M), that for any v € V%,

(5.29) H77||Hk+1(9+) < C|9|.
Since from the definition ([5.22]),
(5.30) IC)lzr0) < llwoll e @) (1 + CVTM),
we then infer from (£.30), (529) and (527)) that
[T N rrs1 @y + 107 e @y < C|ClQ[uoll s @) (1 + Ceo) (1 + P(\Ql))] :
Therefore,

157 | 20,7500+ (24 y) + 110 [l 20,7524 (- )

<2C [C|Q|||u0||Hk+1(Q+)(1 +Ce)(1+ P(|Q|))} VT,
which thanks to (28] shows that

107 20,7520+ (4 y) + 110 [l 20, 752061 (0 )

€
< 20 [C1[[uo x4 (1 + Ceo)(1 + P(L))| 25
This inequality then proves that v € V%, for
M? =20 [C|QH|UOHH’“+1(Q+)(1 + Ceo)(1 + P(IQ\))} €0 -

Moreover, it is easy to check that the map © : v — ¥ is sequentially weakly
lower semi-continuous; that is, if v; — v in the weak topology of the norm defining
the closed convex set V&, then ©v; — Ov. Therefore, by Schauder’s second fixed-
point theorem (see [21], p. 452]), which is itself a corollary of Tyhonov’s fixed-point
theorem, we then have that © has a fixed point in V.
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5.2.3. The fized point is a solution to the Fuler equations. We now explain why
this fixed point, v = v, is indeed a solution of the Euler equations with initial data
ug, and hence a solution to the 3-D vortex patch boundary. At a fixed point v = v,
(E28) becomes the following variational problem:

o ovt 09 L OvT O¢
jgkZZ 27 JkZZ . 7
(5.31) /m A Dz, Oy dx + /7 A - dx

= C(v) - curl, ¢ det Dn dv V¢ € H'(Q),
o+

where the operator curl, is defined (5.I8). We define the following Eulerian quan-
tities associated to our Lagrangian velocity v and test function ¢:

u=von ', €=C(w)on !, and w=¢ont.
The change-of-variables theorem shows that (5.31) can be written adl

(5.32) / Dut - Dw dy +/ Du™ - Dw dy = / ¢ curlw dy.
n(Q+,t) n(Q~,t) n(Q+,t)

Our goal is to show that divu = 0 and that curlu = €. To do so, we use
integration-by-parts on the left-hand side of (B:32)); we see that

/ Du - Dw dy
n(§%,t)

:—/ Au-wdy+/ [Dru] - wdS(t)
n(Q,t)

n(T,t)

z/ curlcurlu-wdy—/ Ddivu~wdy—|—/ [Dnu] - wdS(¢)
n($2,t) n(Q,t) n(T,t)

z/ curlu - curl w dy—l—/ divu - divw dy
n($2,t) n(2,t)
+/ ([Dnu] + [n x curlu] — [divu] n) - wdS(¢) .
n(T,t)
The identities (5.4) and (5.8) show that for v € H'(n(Q,t)), so that [u] = 0 on
n(T,t), we have that
[Dnu] + [n x curlu] — [divu]n =0 on n(T,t),
so that

(5.33) / Du - Dw dy = / [curlw - curlw + divu divw] dy.
n(Q,t) n(L2,t)
Comparing (5.32) and (5.33), we have that for all test function w € H'(n(£, 1)),

(5.34) / [curlw - curlw + divu divw] dy = / 1+ € curlw dy .
n(,t) n(,t)

We now choose the test function w to have the potential form

w = D,

INote that 7(€2,t) is the image of the 2¢-periodic box, and hence functions defined on (£, t)
are periodic.
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for some function periodic function ¢ € H?(n(€2,t)). Then,

curlw = 0,

and (B.34) reduces to
(5.35) / divu Ay dx =0.
n(£2,t)

Since u € H'(n(,t)) and is periodic, there exists a periodic function 1y €
H?(n(Q,t)), such that

(5.36) divu = Aty in n(Q,t) .

Letting ¢ = 1) in (35]) then shows that

0 :/ (divu)? dz,
n(82,t)

and thus
(5.37) divu=0.
This being true for all time ¢t € [0, T, since 7(x,0) = x, we then infer that
(5.38) detDn=1.
Using (5:38) and (5.37) in (5:34), we see that for all w € H*(n(,1)),
(5.39) 0= / (€ — curlu) - curlw dy,

n(2,t)

and from (5.22)) we see that C(v)(z,t) = 0 for all z € 27, since wy = 0. Next, we
note that

ov ,  Ov ont .  Ov ;
IU k= Ar 9 ok 9V pron) = D .
8ka0 8.’[r J 8ka0 axr jc(v) U(n) C(’U),

where Du(n) denotes Du o n. Hence, since C(v) = € o, it follows that € satisfies
(5.40) ¢+ D,€—Du-€=0 in n(Q* 1),

and €(y,t) = 0 for all y € n(Q~,t). Since € € HX(n(Q*,t)), k > 2, we take the
divergence of equation (0.40) and find that

(5.41) div ¢, + D, div€ — D¢ divu + (u',; &, —uf; € ;) =0.
From (537) and the symmetry of the last two terms, we conclude that
dive¢; + D, dive =0,

8tC(U) =

and thus

(5.42) div &€(n(x,t),t) = div €(z,0) .

Since €(0) = curlug we then have from (5.42)) that

(5.43) div&€(n(x,t),t) =0.
From (5.24) and (E38)

/ €(y,t) dy =0.
n(Qt,t)
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We note that €(-,¢t) € L?(n(,t)). Next, we define the periodic vector field 1 €
H?(n(£2,t)) as the solution, modulo constants, of

—AyT =¢ in n(Q",1),

—Ay~ =0 in n(Q,1),
with the continuity conditions, which follow from the fact that Dy € H*(n(Q,t)),
(5.44) [¥] =0 and [D,¥] =0 on n(T,t).

Theorem @ shows that 1 € H¥*2(n(Q*,t)), k > 2. Moreover, from (5.42)), div)
is harmonic in both n(Q1,¢) and n(Q~,¢) and is a periodic function; furthermore,
[Ddivey - n] =0 on I'(t), for

Ddivey® - n =curl(curl®) - n 4+ AypT - n
=curl(curly®) - n+¢-n
= curl(curl *) - n
=D, (curly®) - 75 — Dy, (curl®) - 74,
where we have used € -n =0 on I'(¢) in the third equality, so that

(5.45) [Ddivy - n] = [D,, curly - 7o — D, curld - 7] .
Using (B.44),
[eurly] =0 on n(T,t),
so that
[D-, curly)] =0 on n(T,t),
and from (&.45]),
(5.46) [Ddiveyn] =0 on n(T,t).

We now set QF(t) = n(Q*,t) Using (5.46) and the fact that divey € HY(Q(¢)) N
HFY(QF (1)), k > 2, is harmonic in QT (¢) and is a periodic function, we find that

O:/ Adivy divy dy+/ Adivy divey dy
Q+ (1) Q- (1)
:—/ |Ddiv¢|2dy—/ |Ddiv¢|2dy+/ [D div ¢y n] div e dS(t)
Q+ () Q- (t) T(t)

:—/ |Ddiv¢|2dy—/ |D div |*dy
Q+(t) Q= (t)

which shows that div (-, t) is a constant.
Therefore,

(5.47) Ay = — curl(curl ),

so that —curl(curly) = €. Substituting this into (5.39)), we see that for all test
functions w € H'(n(Q,1)),

(5.48) 0= / (= curl(curly) — curlw) - curlw dy .
n(82,t)

Next, we set w = — curly 4+ u in (B48)), which satisfies the condition of being a test
function, and obtain that

0= / | curl(curl o 4 u)|? dz,
n(,t)
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and thus

curlu®™ = — curl(curly™) = € in Q7 (),
and

curlu™ = —curl(curlyp™) =0 in Q7 (¢).
Thanks to (5.40), we have that in Q* (),

curluy + D, curlu — Du - curlu = 0,

which is the same as
curl (us + Dyu) =0,

from which we infer the existence of a pressure function p such that
u; + Dyu+ Dp=0.

Therefore, u is the solution of the incompressible Euler equations (1)), as we have
already proven that divu = 0.
It remains only to show that u(x,0) = ug(x). To this end, we notice that from
©.22),
C(v)(x,0) = curlug(z),
and thus
curlu(-,0) = curlug,

which coupled with the fact that divu(-,0) = 0 = divug and the periodicity of wu,
provides us with
u(+,0) =wug + ¢,

where ¢ is a constant vector. From (5.20]),

/ u(x,0) de =0,
Q

/Quo(x) dz =0,

then shows that ¢ = 0, so that u(-,0) = wug, which completes our proof that u is the
solution of the vortex patch problem on [0, T], with the desired regularity properties.
In particular, by (512) and (5.29), we see that n € €°([0, T]; H*T1(QF)) and hence
by the trace theorem, € €°([0, T]; H**+'/2(T')). Since the vortex patch boundary
['(t) = n(T,t) for each t € [0,T], we see that I'(t) is of Sobolev-class H*+1/2. To
explain why T'(t) is indeed n(T',t), we use the identity curlu o n = Dn - wg, where
we recall that wg = curlug and satisfies (LI3]). Next, we choose a local coordinate
system at a point € I', such that n(z,0) = e3 and the two tangent vectors are
71 = e1 and T2 = e3. By conditions (LI3k,h), we can write war = Zi=1 waL “€eq €
This means that curlu®(n(z,t),t) = 1,0 wd - €q, and as we have shown already,

which coupled with

curlut (n(z,t),t) - n(n(z,t),t) = Wy - €aMa (‘:’71§22) = 0. Since for a = 1,2, 1, is

2l T
a tangent vector to n(T,t) at the point n(z,t) and hence continuous, then

feurlu] o = no [ - eal

This shows that the set I'(¢), on which curlu(-,¢) has a jump discontinuity, is
propagated by the Lagrangian flow map n(-,t).
Uniqueness of solutions has been shown by Gamblin & Saint Raymond [13].
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6. ELLIPTIC REGULARITY

6.1. A two-phase elliptic problem. For & > 2, let QT C R" denote an open,
bounded H**'-domain which is diffeomorphic to a €, connected, open, and
bounded domain B. We set I' := 9QT, which is then an H*t1/2_class closed
surface. Let Q denote a periodic box [—£, £]* in R® with opposite sides identified,
and with £ sufficiently large so that Q+ is properly contained in €. Functions
defined on 2 are 2L-periodic in each of the n coordinate directions, i.e.,

u(x + 20e;) =u(z) Y e R i=1,...,n,

where e; denotes the usual Cartesian basis. We set Q27 = Q/FC.
We establish elliptic regularity for the following two-phase vector valued elliptic
problem:

0 O UL .
(61&) _8—37] (aji 8_%) = f:t m Qi,
(6.1b) [u] =0 on T,

L 0u

(61C I:ajka—kaj] =g on I’
(6.1d) u_ is periodic on 01},
where uy = (ul,--,ul) and f, = (f' - f"), g = (g',---,g") are vector
valued functions, and ajik are two-tensors which satisfy the positivity condition
(6.2) &g 2 NEP VEERT

for some A > 0. We use the notation [w] = w4 — w_ for vector fields w on I', and
we let N denote the outward unit normal to 9QF. The system (6.I)) has a unique
solution in H*(€2) when we additionally assume that [, u(z)dz = 0.

Let V = H'(Q), the space of H' functions on [—£, £]* which are 2£-periodic.
Let u =uy lgr+u_lo-, f = f 157+ f_1g-. The variational (or weak) form
of [G.1)) is given by

(6.3) / ajka—ua—sodx: fgoda?—i—/ggodS VeV,
O+ a$k6I] O+ T

where we use the following integral notation:
L Out dpt L O0ul 0! LO0ut 0
/ agk_u_‘de:/ ai’“ﬁ ¥ dx—i—/ a{ki LA
O+ axk 856]' Q+ al‘k 81‘j Q- al‘k 83:j

/fcpdac:/ fiedr+ f_pdz.
Q= o+ Q-

The regularity theory for solutions w of ([G3]) is classical when the coefficient
matrix a/¥ is in ¥, and can be summarized by the following

and

Theorem 3. Suppose that for some k € N, aftk € CK(OF) satisfies 6.2). Then for
all f, € HY(QF) and g € H<O5(T), the solution uw to G1) is in H<1(QF),
and satisfies

(6.4) s s o) < C[IF sllmeras) + Igllmeos)]

for some constant C' depending on ||at|exq+)-
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We use the following notation for norms:

1C) 2l e @) = (Ol @y + 16 =l @-) -
~We shall need the corresponding result for the case that the coefficient matrix
ajik has only Sobolev-class regularity:
Theorem 4. Suppose that for some integer k > 5 and 1 < 0 <k, o’ € H*(Q¥)

satisfies 62). Then if f € H1(QF) and g € H*=°>(T), the weak solution u to
@) is in HTH(QF), and satisfies

(65) lluslensy < ClIF<lmeris + lglmeosm)

+ Pllax o) (I £l2@s) + lgllu-osam)) -
where P is a polynomial function and the constant C depends on Q0.

We are using the notation
P(loxll o) (If sllzzos) + llglar-osm)
= P(llas o)) (I £ lzz@e + lglm-osr)
+ P(lla- Il (I 2oy + g llar-os)-

Proof. Let E* : H*T1(Q*) — H¥1(R™) denote a Sobolev extension operator, and
let ay, = ne x (E*ay) and f. = ne x (EXf). Let {Up, }E_, denote an open cover of
Q which intersects the interface I', and let {6,,}%_, denote a collection of charts
such that

B(0, rm) — U, is an H*+1-diffeomorphism,
2) det(D6,,) >
3) 0,:BY =B (Orm)ﬁ{a:n=O}—>UmﬂF,
4) O : B, = B(0,7) N {yn > 0} = U, NQT,
5) Om B__B(O Tm) N{yn <0} = U,,, N Q™
6) [|1DOm —1d| Lo (B(0,r,n)) < 1-
Let 0 < (, < 1 in CX(U,,) denote a partition of unity subordinate to the open
covering U,,; that is,

K
Z ¢m=1 and supp((n) CU, Ym.

m=0

Finally, let g, denote a smooth regularization of g defined by

Z\/cm Cm g) 0 0m)] 00"
It follows that for e < 1 sufﬁmently small,
; A
(6.6) all ()€€ > o) €2 VeEeR™ze.

Hence, by Theorem [3] the solution u€ to the variational problem

/ agkau O dx:/ fégadx—l—/gégodS VeV,
Q=+ 8l‘k 8$] Q+ r
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satisfies u§ € H*(QF) for all k > 1; in particular, the vector fields u are smooth.
We next establish an e-independent upper bound for |[ug || gre+1 (o).

Step 1 (Regularity in horizontal directions near I'). We fix m € {1,..., K} and set
Ur=uio0bp, F=f 00n G=g.00n {=(nobn, and ®=pob,
With A = [D6,,]"", we define b"* = (a’* o 6,,)A;A}. Then, since |D,, —

Id[| e ;) < 1, the matrix b is positive-definite:

. A
(6.7) V366 = (a7 0 0,,) AfATEE > NATEP? > Z|§|2 VE e R,

By the change-of-variables formula, the variational formulation is written as

i i
/ prs0U 02 da::/ Fdde+ | G®dS V& e HY(Bn),
Bx 83@ 6$s BE BY,

where [js 0750 S8 du = [0 7GR 00 du 4 [ b G 98 da.
2
With Ag = 22:11 8‘12 denoting the horlzontal Laplace operator, we define the
test function

o = (—1)“[¢A5(EV)],
so that
(6.8)

U 0!
b — d
/Bi Oz, Oz v

< ClIF lmrercn + IF - lmeriany + lglleosw |10 €U | s -

We focus now on the left-hand side of 6.8). We let 9 = (91, -+,0,,_1) denote
the horizontal gradient, and write

o'w
8 V6 W= Z Z 0$a1~ axae OToy - 0,

a;=1 ap=1
' AW
8 W azl WZ . axal . 8xae . 8l‘a1 .. '6$ag,1’

and so forth. Then,

dx

QU 0P
(6.9) ML et

= [ 3]0 €0 eda~ [ 31U, 19 (€U).0 da

B B

+/ 3 U, €,.10 7 (€U)da
Bi

m
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For the first term on the right-hand side of (6.9]), we make use of (6.7)) and Young’s
inequality to conclude that

' b (€U),, 13" (U)o d = /

b3 (€U, 8" (€U, da
B

BE

+ [0 €0, 0 (€0 ds

A "o _
Then, Corollary [6] with € = 1/8 shows that

A

< —9)9" DU

2
)HL?(Bi)

(6.10) /B O ) 0 (EU) > (

2

— C5||a:|:H%[k(Qi)||u§|:||He+§(Qi) :

By Lemma[5 for 0 < ¢ <k 41, fu € H*>{4(Qy) and g+ € HY(Q4), and for a
generic C,

| f+ 9 llme ) < Cllfll pmaxoen @) 9| me o)

(6.11)
V fe € Hmetet(QF) g, e HY(QF).

For the second and third terms on the right-hand side of (6], we use the inequality
(611), and find that

+

/ ' [r°Ue., 13" (€U).s da
B

[ 27 e e
B
. —¢ 2
(6.12) < C5||a:|:||§{k(ﬂ)”u:I:”%{‘i(Qi) + 4o D(gUZt)HLQ(Bi) .

Choosing ¢ > 0 sufficiently small in (6I0) and (6I2), we conclude that
(6.13)

—/ e
160" DU gy < CIF sl 02) + lgllare-ory + lall oy 1wkl yes 7 e | -
Step 2 (Regularity in the vertical direction near I'). We write ([G.Ih) as
(6.14) —&(b™*Us s )= EFy in B

We analyze (6.14) in the +-phase and drop the +-subscript for notational clarity.
With U,,, denoting 0U/dx,, we have that

(615) - fbnnUmn

=[Pt Un— > VU= Y VU | in B
(r,s)#(n,n) (r,s)#(n,n)
We analyze the terms on the right-hand side of (615]). For any integer j such that

[

DIF| a5y < ClIF i can) |
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Moreover, since ¢ < k, by Lemma [ with e = 1/8,

ng—l—ij(gbnn,n U,H)HLQ(B:%) + Z ng—l—jpﬂ'brs’r U,s HL?(BT”)

(r,5)7#(n,n)
{—1
<C Z ||D£7TCLDT+1’U,E ||L2(Q+)
r=0

14
<CY DT aD w2y < Cellall e llul]|

r=1

Finally, by Corollary 6] with e = 1/8,

[ D7 ™ Ui | gy + D MDD Wi | o
(r,8)#(nm)
< Cellall (o) llu]l

H S ()

HE ()

Therefore, for 0 < j < £ — 1, letting 9" D7 act on ©19),

(6.16) ™3 U DIUm= Gy - Y. @3 iU,
(r8)#(n0)

for a function Gy ;) satisfying

16wl < C[Iflas@y + lallm@olul e o]

Now we argue by induction on 0 < j < ¢—1. By (G6.1), b"" > 3 so that when j =0,
the inequalities (613) and (6.I6]) show that

160" U Nl o ) S WG lliamzy + D I iy
() A ()

€0 U,

||L2(B:,§)

< C[If e + I8 llme-osy + llall ey 107l ez

which, combined with (6I3), provides the estimate

01 .
||§8 DQUHLz(B;;L) < C[Hf”Hffl(m) + gl ze-o5ry + llall geyllw ”H“%(QJr)]

Repeating this process for j = 1,--- ,£ and including the analysis in the —-phase,
we conclude that

(617)  [[€D U] oo

< C[If sle-risy + Igllze-vowy + lax s 1u&l eig g |-

Step 3 (Completing the regularity theory). Let x+ > 0 be in €°(QF) so that
supp(x+) CCQF. Repeating the computations above, we find that

(618)  Ixe D utlze) < C[IF sl oty + law s lul yerg o]

The inequalities (G.I7) and ([EI8]) establish the inequality
(6.19)

lugllen sy < C|IF £lmesos) + Iglm-osy + laxlmos 1wkl e o | -
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Since

€ € 1_8_12 € 8_12

||UiHHe+§(Qi) < CHU:I:HH@-H(Q:E)Hu:I:HHl(Qi)?
Young’s inequality shows that
HuftHHHl(Qi)
< Cs I ellze—sos + gl ooy + P(lazll o)) 1w o o)
+ 0f|us || e o)

for some polynomial function P. Finally, the inequality (G4]) is established
by choosing § > 0 sufficiently small, letting ¢ — 0, and using the a priori H!-
estimate. 0

APPENDIX A. SOME BASIC INEQUALITIES
Lemma 5. For k > g and 0 < £ <k, let O C R" be a bounded smooth domain.

Then for all € € (O7 i), there exists a constant C¢ depending on € such that for all
f € H*(O) and g € H*~¢(0),

¢
(A1) > IID7 D gllr20y < Cellflla(oy gl mre-< (o) -
j=1
Proof. We estimate D7 fD*Jg for j =1,--- ,{ as follows:
Step 1. If 1 < j < g, by the Sobolev inequalities

”wHLJ'%E(O)S Ce||w||H%—j+e(O) (f0<e< 1),
||wHL$(O)§ C”wHHj*E(O)a
we find that
l— 0—
101D l120) < 1Dl 1Dl g o

< Cellf 30y I8 2109 -
Step 2. If j = £, by the Sobolev inequality
ol = (0)< Cellwl 3+ o
we find that
| D7 fD* gl 120y < Ce||f||He(o)H9HH%+6(o) .

Step 3. If g < j < £ (this happens only when g < ¢ < k), we consider the following
two sub-cases:
Case A (¢ <n). Similar to the previous case, by the Sobolev inequalities

[[w]
and hence, we obtain that

J l—j J [ n
107 1D g0y < ID A1, gy o WD gl oo

prition oS Clllresco) and il 725 ) < Clwl gy —css o,

< Clifllaeo)lgll s o) -
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Case B(n</¢<k). Ifj>k-— g, by the Sobolev inequalities

Il gy < Clllirscoy and fwl, s o < Cllwl s o)

we obtain that

o . .
D7 fD"gl[12(0) < \|Djf||Lﬂ,_22<g;_j)(O)||D 9l 225 o)

< CHf”Hk(O)||g||H%—k+e(o) .
Now suppose that g <j<k-— g Note that if 0 < e < %,

||’LU||H%+6(O)§ Ce||w||wivoo(0) < CeHU)HHk(O)v
[0l g3 -4t 0y < Cllwllzze-s 0y < Cllwllze=< (o) -

Therefore, by the Gagliardo-Nirenberg-Sobolev interpolation inequality, we obtain
that

D7 fD I gll12(0y < || fllws0)llgll e-1 0y
170¢j

1—ay aj o
< CﬁHfHH%JzE(O)||fH‘HJk(O)||g||I_IJ%7k+€(O)HgHH@—E(O)

for some «; € (0,1); hence, by Young’s inequality,
17D gl 12(0) < Ce |11l g5+ Il 10y + 1 11010 9] g -1 | -

Summing over ¢, we conclude that for 0 < e < %7

£
> ID7 D gl 20

j=1

. n

Cellf 1+ 0 lgll <o o<,

<
Ce [||f||H%+E(O)||9||Hffe(o) + ||f||Hk(o)H9HH%+s(OJ otherwise .

Estimate (AJ)) is then obtained from the fact that for all € € (0, i),

g+e§k and g+e§£—e if(inaddition)€>g

O
Corollary 6. For any m € {1,..., K}, and for F € H(B}) and G = H*~¢(B%)
with 0 <e<1/4 and 1 < ¢ <k,

(A2) 18" FYG | o ) < Cell Fl i

G‘|Hf*€(B,,i")7
where {56, F}G = EZ(FG) —Fa'q.
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