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Abstract

Consider r sensors, each one intends to send a function x; (e.g. a signal or image) to a
receiver common to all r sensors. Before transmission, each «; is multiplied by an “encoding
matrix” A;. During transmission each A;x; gets convolved with a function h;. The receiver
records the function y, given by the sum of all these convolved signals. Assume that the
receiver knowns all the A;, but does neither know the x; nor the h;. When and under
which conditions is it possible to recover the individual signals x; and the channels h; from
just one received signal y? This challenging problem, which intertwines blind deconvolution
with blind demixing, appears in a variety of applications, such as audio processing, image
processing, neuroscience, spectroscopy, and astronomy. It is also expected to play a central
role in connection with the future Internet-of-Things. We will prove that under reasonable
and practical assumptions, it is possible to solve this otherwise highly ill-posed problem and
recover the r transmitted functions a; and the impulse responses h; in a robust, reliable, and
efficient manner from just one single received function y by solving a semidefinite program.
We derive explicit bounds on the number of measurements needed for successful recovery
and prove that our method is robust in presence of noise. Our theory is actually a bit
pessimistic, since numerical experiments demonstrate that, quite remarkably, recovery is
still possible if the number of measurements is close to the number of degrees of freedom.

Keywords— blind deconvolution, demixing, semidefinite programming, nuclear norm mini-
mization, channel estimation, low-rank matrix.

1 Introduction

Suppose we are given r sensors, each one sends a function z; (e.g. a signal or image) to a receiver
common to all r sensors. During transmission each z; gets convolved with a function g; (the
g,; may all differ from each other). The receiver records the function y, given by the sum of all
these convolved signals. More precisely,

r
y:Zgi*zi—l—w, (1)
i=1

where w is additive noise. Assume that the receiver does neither know the z; nor the g;. When
and under which conditions is it possible to recover all the individual signals z; and g, from
just one received signal y?
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Blind deconvolution by itself is already a hard problem to solve. Here we deal with the even
more difficult situation of a mixture of blind deconvolution problems. Thus we need to correctly
blindly deconvolve and demix at the same time. This challenging problem appears in a variety
of applications, such as audio processing [26], image processing [33, BI], neuroscience [36],
spectroscopy [37], astronomy [12]. It also arises in wireless communicationsﬂ [41] and is expected
to play a central role in connection with the future Internet-of-Things [44]. Common to almost
all approaches to tackle this problem is the assumption that we have multiple received signals
at our disposal, often at least as many received signals as there are transmitted signals. Indeed,
many of the existing methods fail if the assumption of multiple received signals is not fulfilled.
In this paper, we consider the rather difficult case, where only one received signal is given, as
shown in . Of course, without further assumptions, this problem is highly underdetermined
and not solvable. We will prove that under reasonable and practical conditions, it is indeed
possible to recover the r transmitted signals and the associated channels in a robust, reliable, and
efficient manner from just one single received signal. Our theory has important implications for
applications, such as the Internet-of-Things, since it paves the way for an efficient multi-sensor
communication strategy with minimal signaling overhead.

To provide a glimpse of the kind of results we will prove, let us assume that each of the z; € RV
lies in a known subspace of dimension N, i.e., there exists matrices A; of size L x N such that
z; = A;x;. In addition the matrices A; need to satisfy a certain “local” mutual incoherence
condition described in detail in . This condition can be satisfied if the A; are e.g. Gaussian
random matrices. We will prove a formal and slightly more general version (see Theorem 3.1
and Theorem of the following informal theorem. For simplicity for the moment we consider
a noisefree scenario, that is, w = 0. Below and throughout the paper * denotes circular
convolution.

Theorem 1.1 (Informal version). Let ®; € RY and let the A; be L x N i.i.d. Gaussian
random matrices. Furthermore, assume that the impulse responses g; € CN have maximum
delay spread K, i.e., for each g; there holds g;(k) = 0 if k > K. Let ,u,% be a certain “incoherence
parameter” related to the measurement matrices, defined in . Suppose we are given

Y= Zgi * (Ajx;). (2)

Then, as long as the number of measurements L satisfies
L > Cr?max{K, u; N}log® Llog(r + 1),

(where C' is a numerical constant), all x; (and thus z; = A;x;) as well as all g; can be recovered
from y with high probability by solving a semidefinite program.

Recovering {x;};_, and {g,};_; is only possible up to a constant, since we can always multiply
each x; with a; # 0 and each g; with 1/«; and still get the same result. Hence, here and
throughout the paper, recovery of the vectors x; and g, always means recovery modulo constants
(670

We point out that the emphasis of this paper is on developing a theoretical and algorithmic
framework for joint blind deconvolution and blind demixing. A detailed discussion of applica-
tions is beyond the scope of this paper. There are several aspects, such as time synchronization,
that do play a role in some applications and need further attention. We postpone such details
to a forthcoming paper, in which we plan to elaborate on the proposed framework in connection
with specific applications.

In wireless communications this is also known as “multiuser joint channel estimation and equalization.”



1.1 Related work

Problems of the type or are ubiquitous in many applied scientific disciplines and in
applications, see e.g [17, 41 26, B3, B2] 23| BT} 36, 37, 12l [44]. Thus, there is a large body of
works to solve different versions of these problems. Most of the existing works however require
the availability of multiple received signals yq,...,v,,. And indeed, it is not hard to imagine
that for instance an SVD-based approach will succeed if m > r (and must fail if m = 1). A
sparsity-based approach can be found in [35]. However, in this paper we are interested in the
case where we have only one single received signal y — a single snapshot, in the jargon of array
processing. Hence, there is little overlap between these methods heavily relying on multiple
snapshots (manu of which do not come with any theory) and the work presented here.

The setup in is reminiscent of a single-antenna multi-user spread spectrum communication
scenario [39]. There, the matrix A; represents the spreading matrix assigned to the i-th user
and g, models the associated multipath channel. There are numerous papers on blind channel
estimation in connection with CDMA, including the previously cited articles [17), 41}, 23]. Our
work differs from the existing literature on this topic in several ways: As mentioned before,
we do not require that we have multiple received signals, we allow all multipath channels g, to
differ from each other, and do not impose a particular channel model. Moreover, we provide a
rigorous mathematical theory, instead of just empirical observations.

The special case r = 1 (one unknown signal and one unknown convolving function) reduces (|1)
to the standard blind deconvolution problem, which has been heavily studied in the literature,
cf. [I3] and the references therein. Many of the techniques for “ordinary” blind deconvolution
do not extend (at least not in any obvious manner) to the case r > 1. Hence, there is essentially
no overlap with this work — with one notable exception. The pioneering paper [2] has definitely
inspired our work and also informed many of the proof techniques used in this paper. Hence,
our paper can and should be seen as an extension of the “single-user” (r = 1) results in [2]
to the multi-user setting (r > 1). However, it will not come as a big surprise to the reader
familiar with [2], that there is no simple way to extend the results in [2] to the multi-user
setting unless we assume that we have multiple received signals y;,...,vy,,. Indeed, as may
be obvious from the length of the proofs in our paper, there are substantial differences in the
theoretical derivations between this manuscript and [2]. In particular, the sufficient condition
for exact recovery in this paper is more complicated since r (r > 1) users are considered and
the “incoherence” between users need to be introduced properly. Moreover, the construction of
approximate dual certificate is nontrivial as well (See Section [7)) in the “multi-user” scenario.
The paper [I] considers the following generalization of [Q]H Assume that we are given signals
Yy; = g*x;,i = 1,...,r, the goal is to recover the x; and g from y,,...,y,. This setting is
somewhat in the spirit of , but it is significantly less challenging, since (i) it assumes the
same convolution function g for each signal x; and (ii) there are as many output signals y, as
we have input signals x;.

Non-blind versions of or can be found for instance in [43 28 27, B]. In the very
interesting paper [43], the authors analyze various problems of decomposing a given observation
into multiple incoherent components, which can be expressed as

minimize Y A Xl subject to Y X; =M. (3)
7 7

Here ||-||(;y are (decomposable) norms that encourage various types of low-complexity structure.
However, as mentioned before, there is no “blind” component in the problems analyzed in [43].
Moreover, while is formally somewhat similar to the semidefinite program that we derive to
solve the blind deconvolution-blind demixing problem (see ({8])), the dissimilarity of the right-
hand sides in and makes all the differences when theoretically analyzing these two
problems.

2Since the main result in [I] relies on Lemma 4 of [2], the issues raised in Remark apply to [1] as well.



The current manuscript can as well be seen as an extension of our work on self-calibration [25]
to the multi-sensor case. In this context, we also refer to related (single-input-single-output)
analysis in [24] [14].

1.2 Organization of this manuscript

In Section [2] we describe in detail the setup and the problem we are solving. We also introduce
some notations and key concepts used throughout the manuscript. The main results for the
noiseless as well as the noisy case are stated in Section|3] Sections are devoted to the proofs
of these results. Numerical experiments can be found in Section We conclude in Section
and present some auxiliary results in the Appendix.

2 Preliminaries and Basic Setup

2.1 Notation

Before moving to the basic model, we introduce notation which will be used throughout the
paper. Matrices and vectors are denoted in boldface such as Z and z. The individual entries
of a matrix or a vector are denoted in normal font such as Z;; or z;. For any matrix Z, || Z||«
denotes nuclear norm, i.e., the sum of its singular values; || Z]|| denotes operator norm, i.e., its

largest singular value, and || Z||p denotes the Frobenius norm, i.e., [|Z|r = ,/3_;:[Z;|*. For

any vector z, ||z|| denotes its Euclidean norm. For both matrices and vectors, Z7 and 27 stand
for the transpose of Z and z respectively while Z* and z* denote their complex conjugate
transpose. z and z denote the complex conjugate of z and z respectively. We equip the matrix
space CE*N with the inner product defined as (U, V') := Tr(UV™). A special case is the inner
product of two vectors, i.e., (u,v) = Tr(uv*) = v*u = (u*v)*. The identity matrix of size n
is denoted by I,,. For a given vector v, diag(v) represents the diagonal matrix whose diagonal
entries are given by the vector v.

Throughout the paper, C' stands for a constant and C,, is a constant which depends linearly on
« (and on no other numbers). For the two linear subspaces T; and T;- defined in and ,
we denote the projection of Z on T; and T;- as Z7, := Pr,(Z) and Zpy =P (Z) respectively.

Pr, and Pp. are the corresponding projection operators onto T; and Tf.

2.2 The basic model

We develop our theory for a more general model than the blind deconvolution/blind demixing
model discussed in Section (1} Our framework also covers certain self-calibration scenarios [25]
involving multiple sensors. We consider the following setupﬂ

,

y =Y _diag(Bih;) A, (4)
i=1

where y € CL, B; € CI*Ki| A; € RN by € RE and x; € RYi. We assume that all the

matrices B; and A; are given, but none of the x; and h; are known. Note that all h; and x;

can be of different lengths. We point out that the total number of measurements is given by

the length of y, i.e., by L. Moreover, we let K := max K; and N := max IN; throughout our

presentation.

This model includes the blind deconvolution-blind demixing problem as a special case, as we

will explain in Section [3| But it also includes other cases as well. Consider for instance a linear

3 In we assume a common clock among the different sources. For sources whose distance to the receiver
differs greatly, his assumption would require additional synchronization. A detailed discussion of this timing
aspect is beyond the scope of this paper, as it is application dependent.



system y = >\, A;(0;)x;, where the measurement matrices A; are not fully known due to lack
of calibration [16] [4, 25] and 6; represents the unknown calibration parameters associated with
A;. An important special situation that arises e.g. in array calibration [16] is the case where
we only know the direction of the rows of A;. In other words, the norms of each of the rows of
A; are unknown. If in addition each of the ; belongs to a known subspace represented by B;,
i.e., §; = B;h;, then we can write such an A;(0;) as A;(6;) = diag(B;h;)A;.

Let b;; denote the I-th column of B} and a;; the I-th column of AZ:I. A simple application of

linear algebra gives
,

T
y=> (Bihi)ix{aig=> b hix]a;,. (5)
i=1 i=1
where y; is the I-th entry of y. One may find an obvious difficulty of this problem as the nonlinear
relation between the measurement vectors (b; ;, @;;) and the unknowns (h;, ;). Proceeding with
the meanwhile well-established lifting trick [10], we let X; := h;xz] € RE>Ni and define the
linear mapping A; : CK*Ni 5 CE fori=1,...,r by

Ai(Z) = {b} 1 Zaii} .

Note that the adjoint of A; is
L
A Ch— CFRoN s Ax(2) =) ybigal,. (6)
=1

since CKi*Ni i equipped with the inner product (U, V) = Tr(UV*) for any U and V' € CK* Vi,
Thus we have lifted the non-linear vector-valued equations to linear matriz-valued equations
given by

Y= A(X)). (7)
=1

Alas, the set of linear equations ([7]) will be highly underdetermined, unless we make the number
of measurements L very large, which may not be desirable or feasible in practice. Moreover,
finding such r rank-1 matrices satisfying is generally an NP-hard problem [30} [15]. Hence,
to combat this underdeterminedness, we attempt to recover (h;, x;);_; by solving the following
nuclear norm minimization problem,

T T
min Y || Zill. subject to > Ai(Z;) =y. (8)
i=1 i=1
If the solutions (or the minimizers to ({)) X1,..., X, are all rank-one, we can easily extract

h; and x; from X; via a simple matrix factorization. In case of noisy data, the X ; will not
be exactly rank-one, in which case we set h; and x; to be the left and right singular vector
respectively, associated with the largest singular value of X;.

Naturally, the question arises if and when the solution to coincides with the true solution
(hi,z;)i_,. It is the main purpose of this paper to shed light on this question.

2.3 Incoherence conditions on the matrices B;

Analogous to matrix completion, where one needs to impose certain incoherence conditions
on the singular vectors (see e.g. [5]), we introduce two quantities that describe a notion of
incoherence of the matrices B;. We require B B; = Ik, and define

2 -
:umax T

2, (9)

L L
—1Ib. 2 2 — . b,
1§l§r%?dlxgigr Kz ” l7l|| ) /'Lmln 1§l§nLlHl§’L§T Kz H Z7l|



With a little knowledge of linear algebra, it is easy to show, using only B;yB; = Ig,, that
1< ,ufnax < % and 0 < ,ulznin < 1. In particular, if each B; is a partial DFT matrix then
P = 2. = 1. The quantity p2. will be useful to establish Theorem while the main
purpose of introducing 2. is to quantify a “joint incoherence pattern” on all B;. Namely,
there is a common partition {Fp} _, of the index set {1,---,L} with |I',| = Q and L = PQ

such that for each pair of (i,p) with 1 <i<rand1<p< P, we have

max |Tip~ D < 2

1<i<r,1<p<P ap’ Where Tip =y bibjy, (10)

lel’p
which says that each T'; ;, does not deviate too much from I'g,. The key question here is whether
such a common partition exists. It is hard to answer it in general. To the best of our knowledge,
it is known that for each B;, there exists a partition {Fi,p}§:1 (where I'; ,, depends on ¢) such
that
Q

max_ | Z bi. b}, IK I <5

Vi< <,
1<p<P

if Q@ > Op? . Kilog L where this argument is shown to be true in [2] by using Theorem 1.2 in [§].
Based on this observation, at least we have following several special cases which satisfy for
a common partition {Fp}le

1. All B; are the same. Then the common partition {Fp} _, can be chosen the same as
{Fzyp}p:1 for any particular i.

2. If each B;,i # j is a submatrix of Bj, then we can simply let I') = I';, such that
holds.

3. If all B; are “low-frequency” DFT matrices, i.e., the first K; columns of an L x L DFT
matrix with Bj B; = Ik,, we can actually create an explicit partition of I', such that

Tip=> bbb = %IK, (11)

ler,
For example, suppose L = PQ and () > K;, we can achieve T'; , = %IKZ- and |I'y| = Q by
letting I', = {p, P+p,--- ,(Q —1)P +p}. A short proof will be provided in Section m

Some direct implications of are

5Q

T,
1Tl < 75,

1S5l Vi<i<rl<p<P (12)

< 4L

=30
where S; ), 1= =T,,. Now let us introduce the second incoherence quantity, which is also crucial
in the proof of Theorem B.1]

Q? [(Siphi, big)|* [(hi, bi)|? }

2
= —_— 13
o max{ L 1er,1<pepa<i<r [\ hi || ’ |<ISLi<icr |\ hi||? (13)

The range of u,% is given in Proposition

Remark 2.1. The attentive reader may have noticed that the definition of ,uz is a bit more
intricate than the one in [2], where u? only depends on |(h;,b;;)|?. The reason is that we
need to establish a result similar to Lemma 4 in [2], but the proof of Lemma 4 as stated is not
entirely accurate, and a fairly simple way to fix this issue is to slightly modify the definition of
,u%. Another easy way to fix the issue is to consider all B; as low-frequency Fourier matrices. If
so, i3 in (L3) reduces to a simpler form of uz, i.e., uz = Lmax{|(b;, h)|*/||h||*} in [2] because
the explicit partition of low-frequency DF'T matrices allows T'; , = %IKi and S;p = QIK



Both 2, and H;% measure the incoherence of B; and the latter one, depending h;, also describes
the interplay between h; and B;. To sum up, forall 1 </ < Land 1<% <,

2 2 2
:U'maxKi K Ly
mmaxl - (h, big)|? < fhllhz’HQa [(Siphi, big)|* < =2 il (14)

2
[bi0]I" < 7 < 2

Proposition 2.2. Under the condition of and ,

Proof: We start with and to find the lower bound of 2 first. Without loss of
generality, all h; are of unit norm. The definition of x2 and |I',| = @ immediately imply that

L
Q
pp > max EZ|<Si,phi7bi,l>’27z‘<hi7bi,l>‘2
P leTy =1
0 L
= max{ — hiSipbi b7 Siphi, > hib;b; h;
o Lz;:p Y119 194,p lz; AN

= max {Czh;kshphz, 1} .

»p

Note that 4
1 < max {%hfsi7phi, 1} < 3

l?p

which follows from ||.S; | < % and thus we can conclude the lower bound of u? is between
1 and %. We proceed to derive the range of the upper bound for ,u,%. Using Cauchy-Schwarz
inequality gives

2

2 Q 2 2
< < Siphi, b)), L hi,b;
i, < maX{ T 1er, 1885 <o, [Siphi b5 L e[ (Ra, Biy)| }

< m —Q2S<2bA2Lb~2
< max 1Sipll7 1103117, LI b 1]
Dyl L

16 ,

- Q7216L2'Mr2naxKi<7u
- L 9Q? L~ gimx

K;.
where |8, < 45 and [[b;,[? < oy m

2.4 TIs the incoherence parameter y; necessary?

This subsection is devoted to a further discussion of the role of u%. In order to provide a clearer
explanation of the significance of ,u%, we first reformulate the recovery of { X;}I_; subject to (7)
as a rank-r matrix recovery problem. Each entry of y is actually the inner product of two rank-r
block-diagonal matrices, i.e.,

hal 0 - 0] [buaf, 0 - 0
< 0  hexl .o 0 0  byaj; -~ O >
Yy = . . . ) . . . .
: : . 0 : : . 0
0 0 - ha! 0 0 - byal,



Recall that in matrix completion [5, 29] the left and right singular vectors of the true matrix
cannot be too aligned with those of the test matrix. A similar spirit applies to this problem as
well, i.e., both

L|(big, hi)|* /|| i, ais, @)/ (15)

max max
1<I<L1<i<r 1<I<L1<i<r

are required to be small. We can ensure that the second term in is small since each a;; is a
Gaussian random vector and randomness contributes a lot to making the quantity small (with
high probability). However, the first term is deterministic and could in principle be very large
for certain h; (more precisely, the worst case could be O(K)), hence we need to put a constraint
on ,u}% in order to control its size. As numerical simulations presented in Section |10/ show, the
relevance of i goes beyond “proof-technical reasons”. The required number of measurements
for successful recovery does indeed depend on u%, see Figure at least when using the suggested
approach via semidefinite programing.

2.5 Conditions on the matrices A;

Throughout the proof of main theorem, we also need to be able to control a certain “mutual
incoherence” of the matrices A; on the subspaces T;, cf. . This condition involves the
quantity
*
Ijn#ali( H'PT]. Aj AP, II. (16)

This quantity is formulated in terms of the matrices 4; (and not the A;), but in order to
get a grip on this quantity, it will be convenient and necessary to impose some conditions on
the matrices A;. For instance we may assume that the A; are i.i.d. Gaussian random matrices,
which we will do henceforth. Thus, we require that the I-th column of A7, a;; ~N(0,1Iy,),ie.,
a;; is an N; x 1 standard Gaussian random vector. In that case the expectation of A’ A;(Z;) =
Zlel b, b}, Z;a; a;, can be computed

L

E(AAi(Z:) = b b}, Z:E(aiay;) = Zi, Z; € CRN,

=1
which says that the expectation of A7 A; is the identity. In the proof, we also need to examine
Aj ,Aip. Considering the common partition {Fp}5:1 satisfying (10, we define A; ), : CH>*Ni —
C? and Aj CYQ — CKixNi correspondingly by

Aip(Zi) = {b], Ziai hier,, Af(2) =) zbiaj. (17)
IeT,

The definition of A;, is the same as that of A; except that A;, only uses a subset of all
measurements. However, the expectation of A} A; , is no longer the identity in general (except
the case when all B; are low-frequency DFT matrices and satisfy ), ie.,

A Aip(Z:) =) bibi Ziagaly,
ler,

and
E(A;Aip(Z:)) =TipZi, Tip:= Y byb, (18)
1T,
The non-identity expectation of A¥ A;, will create challenges throughout the proof. However,
there is an easy trick to fix this issue. By properly assuming @ > K;, T'; , is actually invertible.
Consider A7 JA; ,(SipZ;) and its expectation now yields

E(Asz@p(Si’pZi)) = Ti,pSi,pZi = Zi7 Si,p = Tz_,; (19)

This trick, i.e., making the expectation of .Af’pAi7pSi7p equal to the identity, plays an important
role in the proof.



3 Main Results

3.1 The noiseless case

Our main finding is that solving enables demixing and blind deconvolution simultaneously.
Moreover, our method is also robust to noise.

Theorem 3.1. Consider the model in and assume that each B; € C**Ki with B B; = I,
and each A; is a Gaussian random matriz, i.e., each entry in A; £ N(0,1). Let p2,.y and u2
be as defined in @ and respectively, and denote K := maxi<;<, K; and N := max;<;<, IV;.
If

L > Cyr? max{p? . K, u2 N'}log?® Llog~log(r + 1),

where v < \/Nlog(NL/2) + alog L, then the solution of satisfies

X;=X;, foralli=1,...,r,
with probability at least 1 — O(L~*1).

Even though the proof of Theorem follows a meanwhile well established route, the details
of the proof itself are nevertheless quite involved and technical. Hence, for convenience we give
a brief overview of the proof architecture. In Section [4] we derive a sufficient condition and an
approximate dual certificate condition for the minimizer of to be the unique solution to .
These conditions stipulate that the matrices A; need to satisfy two key properties. The first
property, proved in Section [5] can be considered as a modification of the celebrated Restricted
Isometry Property (RIP) [9], as it requires the A; to act in a certain sense as “local” approximate
isometries [11, [10]. The second property, proved in Section |§|, requires the two operators A;
and A; to satisfy a “local” mutual incoherence property. With these two key properties in
place, we can now construct an approximate dual certificate that fulfills the conditions derived
in Section We use the golfing scheme [19] for this purpose, the constructing of which can
be found in Section [7} With all these tools in place, we assemble the proof of Theorem in
Section Rl

The theorem assumes for convenience that the h; and the x; are real-valued, but it is easy to
modify the proof for complex-valued h; and x;. We leave this modification to the reader.
While Theorem is the first of its kind, the derived condition on the number of measure-
ments in (2)) is not optimal. Numerical experiments suggest (see e.g. Figurein Section, that
the number of measurements required for a successful solution of the blind deconvolution-blind
demixing problem scales with 7 and not with r2. Indeed, the simulations indicate that successful
recovery via semidefinite programming is possible with a number of measurements close to the
theoretical minimum, i.e., with L > r(K 4 N), see Section[L0] This is a good news from a view-
point of application and means that there is room for improvement in our theory. Nevertheless,
this brings up the question whether we can improve upon our bound. A closer inspection of the
proof shows that the r?-bottleneck comes from the requirement max;_ |Pr; A Ak Pri || < =
see conditon . In order to achieve this we need that L, the number of measurements, scales
essentially like 72 max{u2 , K, 2 N} (up to log-factors), see Section @ Is it possible, perhaps
with a different condition that does not rely on mutual incoherence between the A;, to reduce
this requirement on L to one that scales like r max{u2, K, u7 N }?

Now we take a little detour to revisit the blind deconvolution problem described in the introduc-
tion and in the informal Theorem which is actually contained in our proposed framework
as a special case. Recall the model in that y is actually the sum of Hadamard products of
B;h; and A;x;. Let F be the Discrete Fourier Transform matrix of size L x L with F*F = I,
and let the L x K; matrix B; consist of the first K; columns of F' (then B B; = Ik, ). Now we



can express equivalently as the sum of circular convolutions of F~1(B;h;) and F~(A;x;),

ie.,
Fly= ZF «VLF ' (Az;) =Y (F'By)h; x (VLF ' A)z;. (20)
=1

Set

-l

2T
Then there holds

F'Bh;=F'[B; 0O K][ i ]Zgz--
0Lk,

Hence with a slight abuse of notation (replacing F~'y in (20) by y and vVLF~A; by A;, using
the fact that the Fourier transform of a Gaussian random matrix is again a Gaussian random
matrix), we can express (4]) equivalently as

which is exactly up to a normalization factor.

Thus we can easily derive the following corollary from Theorem (using the fact that pmax = 1
for the particular choice of B; above). This corollary is the precise version of the informal
Theorem [I.1]

Corollary 3.2. Consider the model in (4), i.e.,

y = Zg@ (Ais),

where we assume that gz(k') = 0 for k > K;. Suppose that each A; is a Gaussian random
matriz, i.e., each entry in A; ‘~ N(O 1). Let i} be as defined in . If

L > C,max{K, 2 N}log? Llog~log(r + 1),

where v < /Nlog(NL/2) + alog L then solving recovers X; := h;z! exactly with proba-
bility at least 1 — O(L~2T1).

For the special case r = 1, Corollary [3.2] becomes Theorem 1 in [2] (with the proviso that in
principle our p? is deﬁned slightly differently than in [2], see Remark . Yet, if we choose
the partition of the matrix B as suggested in the third example in Subsection [2.3] then the
difference between the two definitions of u? vanishes.).

3.2 Noisy data

In reality measurements are noisy. Hence, suppose ¥ = y + € where € is noise with ||e]| < 7. In
this case we solve the following optimization program to recover {X;};_;,

T T
minz | Zil|« subject to || ZAZ-(Zi) gl <n. (21)

=1

We should choose 7 properly in order to make X; inside the feasible set and ||g| > 7. Let
{X;}7_, be the minimizer to (21). We immediately know

T T
Do IXille < DXl (22)
=1 =1

Our goal is to see how \/2221 X, — X ;||3. varies with respect to the noise level 7.
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Theorem 3.3. Assume we observe y =y +e =7 . Ai(X;)+ € with ||e|| <n. Then, under
the same conditions as in Theorem the minimizer {X;}i_, to satisfies

)\min

d v )\max
YIIXi—-Xil3<cC ry/max{K, N}n.
=1

with probability at least 1 — O(L~*"1). Here, A2, and X2,
eigenvalue of Y i_ AiA¥, respectively.

Note that with a little modification of Lemma 2 in [2], it can be shown that ﬁ ~ % The
proof of Theorem will be given in Section [9]

With Theorem and Wedin’s sin(6) theorem [42] [34] for singular value/vector perturbation
theory, we immediately have the performance guarantees of recovering individual (h;, z;);_; by
applying SVD to X;.

Corollary 3.4. Let h; = /Gt and &; = /601 where o1, @i and D are the leading
singular value, left and right singular vectors of X; respectively. Then there exist {c;}|_, and a
constant ¢y such that

I — eihill < comin(e/|[Rill, [Rill), |z — e @il < o min(e/ e, )

where € = \/2le X, — X%

are the largest and the smallest

4 Sufficient conditions

Without loss of generality, we assume that the lifted matrix X; = aihi:cZT, where h; and x; are
all real and of unit norm and «; is a scalar for all 1 < ¢ < r throughout Section We also
define a linear space which h;x! lies in and which will be useful in the further analysis:
T, = {hhlZ; + (I — hih]) Z;x;x] | Z,; € CKNiy (23)
and similarly
Tt = {(I - hhDZ(I - z2])|Z; € CHNiy, (24)
Lemma 4.1. Assume that .
> (Hihiwl) +||H, 7o ||« > 0.
i=1
for any real {H;}7_, satisfying > i, Ai(H;) = 0 and at least of H; is nonzero. Then {a;h;xl}T_,
1s the unique minimizer to the convexr program .
Proof: For any feasbile element of the convex program , it must have the form of {aihia:ZT—i—
H,;}7_,. It suffices to show that the >°I_; ||ashiel + H;ll« > Yo, |laihix] ||« for any nontrivial
set of {H;}I_,, i.e., at least one of H; is nonzero. For each H;, there exists a V; € Tf‘ such
that
(H;,V;) = <H¢,TiLaVi> = ||H1T1LH*
where H,; ;.1 is the projection of H; on T and ||V;|| = 1. Thus h;zl + V; belongs to the
subdifferential of || - ||« at X; = ayh;z!.

T T
Z loshie! + Hil. > Z leshie] ||« + (i + Vi, H;)
i=1 i=1

T
= D _lloihi@l || + (Hiz, hix)) + | H g2 |
i=1

T
> llashiz] ..
=1

11
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where the first inequality follows from the definition of subgradient and the last one is given by
the assumption. B

Now we consider under what condition on 4;, the unique minimizer is {aihimiT}. Define p by

o= I;n;g{ ||73T].A§Ak73:rk I (25)

as a measure of incoherence between any pairs of linear operators. A; 7, = A;Pr, is the restric-
tion of A; onto T;.

Lemma 4.2. Assume that

1 1
HPTZA:AZPTz - PTzH < Z? < ng HAlH <7 (26)
and also there exists a X € CE such that
|hiz] — (A A)pllF < o, [(AiX) | < 8 (27)

forall1 <i<r and (1 —B)—2rya >0, then {a,h ] }T_, is the unique minimizer to (§)). In
particular, we can choose a = (5ry)™1 and 8 = Here ||.,4 | == supz4o [Ai(Z)]|r/I| Z] F-

Proof: It suffices to show that for any nonzero {H iy with >0 Ai(H;) =0,

s

> (Hihiw! — AN + | Hgo ||« > 0.
i=1

By decomposing the equation on T; and T;- for each i, we have

T

> (Hiz, hiw! — (AN)1) — (Hy 7, (AN 72) + [ Hy g ||« > 0.
i=1

Then, by applying Cauchy-Schwarz inequality and the fact that || - || is the dual norm of || - ||,
we only need to show that the following expression holds:

r

Y N HizlFlhiel = (AN 7 e + I1H; gl = (AN ) > 0. (28)
=1

In the following part, we will show that

1 T T T
S QU IH iz llr) <9 QI1H 7 ll7) <7 IH, rall)
i=1 i=1 =1

in order to achieve ([28). We start with Y7, A;(H;) = 0. By decomposing H; on T; and T+
and using linearity, we have

1> AHir)lr = IIZ«4 i)l
i=1

It is easy to bound the quantity on the right hand side by using ||.A;|| < v and the triangle
inequality,

| ZA irt e <7 Z 1H s [l F)- (29)

=1

12



The difficulty is to establish the lower bound. There holds

HZA ir)lE = Z!\Az’( i) IP +2) (A (H ) Av(Hir,)

J#k
> *ZHHzTHF—%ZHHJT||F||Hka||F
Jj#k
T % _l/[’ PR —M
) HH1,.T1||F TR S HHL.TIHF
IH.rlrl | 5| UHmzlF
2 2 1

where the second inequality uses ||Pr, A A;Pr, — Pr|| < 1 and |[Pr, A3 A Pr|| < p < & It
is easy to see that the coefficient matrix inside the quadratic form has its smallest eigenvalue

% —(r—=1pu> > 2 — 4;7} > % and all the other eigenvalues are %. Now we have
1 1
H ZA EOIIEINED Dl [ EA PR i ) 411 (30)
i=1 i=1

Combining and leads to
1 T T
§Z||Hi,TiHF <Y IH pille (31)
i=1 i=1

The expression on the left side of has its lower bound as follows:

T

Y —IHizllrllhie! — (AN gl + 1 H o (1= [(AFX) el
=1

> I Hinllelhia! = (AN g e+ 1 H g llm (1= (AT 7))

=1
> a3 | Hunle+ (-5 ZHH rille
=1
> —QWQZHH rillr+(1 -5 ZHH rtllF
=1
> (=2rya+(1-p ZHH TLHF>O

=1

where the first inequality uses || - H* > || - ||, the second one follows from the assumption ([27),
and the third one follows from . Under the condition —2rya + (1 — ) > 0, . holds if
at least one of the terms ||H, TJ_HF is nonzero. If H; 7 = 0 for all 1 <i <7, then H; =0

Vla. [ |

5 Local Isometry Property

Our goal in this section is to prove that the first assumption in of Lemma, holds with
high probability if L is large enough. Instead of studying ||Pr, A AiPr, — Pr,|| directly, we will
focus on the more general expression || Pr, At A pSipPr —Pr, ||, where A; , and S; ;, are defined

in and respectively.
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5.1 An explicit formula for Pr, A7 A;,S;,Pr,

For each fixed pair of (i,p) where 1 <i <7 and 1 <p < P, the proof of || Pr, A} ,A;,SipPr, —
Pr.| < % is actually the same. Therefore, for simplicity of notation, we omit the subscript i
and denote P, A7 ) A; ,SipPr, by PrA,A,S,Pr throughout the proof of Proposition . By
definition, A,S,Pr(Z) = {b;SpPr(Z)ai}icr, for any Z € CF*VN. Using gives us an
explicit expression of bj S, Pr(Z)ay, i.e.,

b;S,Pr(Z)a; = b;S,|hh*Z + (I — hh*)Zzx"] a,
= (Sph,b))h*Za; + (a;,x)b;S,(I — hh*)Zx
= h'Zv +u/Zz, leT),
where Pr(Z) = hh*Z + (I — hh*)Zxx* and both h and « are assumed to be real and of unit

norm. Similarly,

b?’PT(Z)al =h*Zv, + U?Z:l}, lely

where

(h,b)ay, (32)
= (a;,z)(I — hh*)by, (33)
o = (S,h,b)ay, (34)
= (a,z)(I — hh*)Syb;. (35)

Now we have

APr(8,2) = {(Z,hv] + wa*) hier, PrA*(z) =Y z(hvf + wa”).
lely

By combining the terms we arrive at

PrA,AS,Pr(Z) = Z [hh*Zvv] + hu] Zxv] + wh*Zvx™ + wu Zzx™|.  (36)
leT,

The explicit form of each component in this summation is

hh*Zow; = (R, b))(S,h, b)hh* Zasa],

hu; Zxv; = (h,b)hb;S,(I — hh*)Zzx"a;a;,
wh*Zvix® = (S,h,b)(I —hh*)bh*Zaa)zx”,

wu; Zzz* = |(a;,x)|*(I — hh*)bb;S,(I — hh*)Zxx*.

It is easy to compute the expectation of those random matrices by using E(a;a;) = Iy and
E|(a;,z)|?> = ||x/|> = 1. Our goal here is to estimate the operator norm of PrA,A,S,Pr — Pr
which is the sum of four components, i.e.,

4
PrAsAS,Pr —Pr=>_ M,

s=1

where each M; is a random linear operator with zero mean. More precisely, each of Mg is given

14



Mi(Z) = IZF: (h,b))(Sph,b))hh* Z (aja] — I), (37)
Ms(Z) = li‘j (h, b)hb; S, (I — hh*) Zzx* (aa} — I), (38)
Ms3(Z) = lezr‘jwph, b)) (I — hh*)bih* Z(aia) — T)xa®, (39)
My(2Z) = lezrf(\(al, x)|? — 1)(I — hh*)bb; S,(I — hh*) Zzz*. (40)

Each M, can be treated as a KN x KN matrix because it is a linear operator from CK*V to
(CKXN‘

5.2 Main result in this section
Now we present the main result in this section.

Proposition 5.1. Under the assumption of and and that {a;} are standard Gaussian
random vectors of length N;,

1
IPrAipAipSipPr = Prill < 3, 1<isnl<ps<P (41)

holds simultaneously with probability at least 1—L™V1 if Q > Cp max{u2, . KK, u2 N} log? Llog(r+
1) where K := max K; and N := max N;.

The following corollary, which is a special case of Proposition (simply set @ = L and
Sip = Ik,), indicates the first condition in holds with high probability.

Corollary 5.2. Under the assumption of and and that {a;;} are standard Gaussian
random vectors of length N,

|Pr, AL AP, — Pr|| < 1<i<r (42)

1
47
holds with probability at least 1 — L= if L > Cy max{p?, K, 2 N}log? Llog(r + 1) where
K :=max K; and N := max N;.

Remark 5.3. Although Proposition and C’omllary are quite similar to Lemma 3 in [2]
at the first glance, we include S; ) and the new definition of u,?l wn our result. The purpose is to
resolve the issue mentioned in Remark by making E(Pr, A} ,AipSipPr,) = Pr;. Therefore
we would prefer to rewrite the proof for the sake of completeness in our presentation, although
the main tools are quite alike.

The proof of Proposition [5.1]is given as follows.

Proof: To prove Proposition it suffices to show that [|M,]| < & for 1 < s < 4 and then
take the union bound over all 1 < p < P and 1 <14 < r. For each fixed pair of (i, p), it is shown
in Lemmata [5.5H5.§] that

1
|P1; AS pAi pSipPry — Pry|| < 1

with probability at least 1 — 4L~% if Q > C, max{u2, K;, u? N;}log? L. Now we simply take
the union bound over all 1 < p < P and 1 < ¢ < r and obtain

1

P <H7)T1‘Azp-’4i,psi,pPTi —Pr| < 7 Vi<i<r,l<p< P) >1—4PrL ®>1—4rL ot
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if Q > Cpmax{u2, K, 2N}log? L where there are Pr events and L = PQ. In order to
compensate for the loss of probability due to the union bound and to make the probabil-

ity of success at least 1 — L™**! we can just choose o/ = a + logr, or equivalently, Q >
Cp max{ 2, K, u? N}log? Llog(r +1).

5.3 Main tools

The key concentration inequality we use throughout our paper comes from Proposition 2 in [21],
7).

Theorem 5.4. Consider a finite sequence of Z; of independent centered random matrices with
dimension My x M. Assume that || 2|y, < R where the norm || - ||y, of a matriz is defined as

1Z ]y, = inf {Elexp([| Z]|/u)] < 2}. (43)

and introduce the random matriz o
s=>) z. (44)
=1

Compute the variance parameter

Q Q
o? = max {|| B2, > E(Z 2)]1}, .
=1 =1

then for all t > 0, we have the tail bound on the operator norm of S,

|S]| < Co max{a\/t + log(M; + Ms), Rlog <\/?R) (t + log(M; + Ma))} (46)

with probability at least 1 — et where Cy is an absolute constant.

5.4 Estimation of four summations
5.4.1 Estimation of M; in (37)

Lemma 5.5. Under the assumption of , and and that a; ~ N(0,Iy) indepen-

dently, then

1
< —
M <

holds with probability at least 1 — L™ if Q > Cou? Nlog?(L).

Proof: By definition of M; in ,

Mi(2Z) =) 2/(Z), Z(Z):= (h,b)(Syh,b)hh"Z(aa; — I)
leTy

Each Z; is a rank-1 matrix and can be viewed as a KN x KN matrix since it applies to CE* .
Moreover, ||Z;|| = [(h,b;)(Sph,by)||a;a; — I|| is a random variable with an exponential tail.
In order to apply Theorem we need to know R and the upper bound of 2. Following

from , and Lemma

L 2N
<C&.\F“h.]v:(]“h7

1Zillgy < [{R, B (Sph, bi)[[[(aa; — Iy, < AR 0
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2
Thus R := maxier, || Z]ly, < C*5". Note that Z*(Z) = (h, by){S,h, by)hh* Z(ajaf — I). We
can express Z2*Z = ZZ* as

ZFZ)(Z) = |(h,b))(Sph, b))|*hh* Z (aya} — I)2.
Then we continue to compute its variance,

I EEZ2) = (N+1) ) [(hb)P(Sph, b))l
ler, ler,

2u2 N
B3 (Syh, b

lel’y

IN

IN

1Sl
< AN 4L _ 8N
= T L 307 3Q
where E(a;a} — I)? = (N + 1)I follows from (94). Thus the variance o2 is bounded by

2
o2 < 78/1,1]\7.
=730

log (@) < C log L for some positive constant C; since v/QR/o is at most of poly-L order.
Applying immediately by choosing ¢t = alog L and @ > C’a,u%]\f log? L/6? gives us

"N WN
M < Cmax{\/'u’b(alogL—i—log(QKN)),'uZQ( log L 4+ log(2KN))log L} < 4,

where K and N are properly assumed to be smaller than L. In particular, § = 1—16 gives

1

<
M <

with the probability above at least 1 — L™¢.

5.4.2 Estimation of M; in (38))

Lemma 5.6. Under the assumption of (14), and and that a; ~ N(0,Iy) indepen-

dently, then
1

I< 75
holds with probability at least 1 — L™ if Q > Co max{p2, K, u2 N}log? L.

[ M2

Proof: By definition of M, in (38,

My(Z) =" Z/(Z), Z/(Z)=(h,b)hbS,(I — hh*)Zzx"(aiai —I)
€Ty

17



Immediately, we have [|Z;|| = [[(h,b))hb]S,| - ||(aia] — I)|| and Z; is actually a KN x KN
matrix. Then we estimate || Z;||,, as follows:

1Ztllwy = [{hs b)) |[[hby Syl - [[(ara; — D)y,
Hh *

= VL NSpbull - [[(ara; — Ial|y,
s AL prrVE
VL 3Q VL
Cﬂmaxuh VKN

Q
< omax{na 1N}
— Q )
where the first equality uses the fact that |[I—-hh*|| = 1, [[zz*|| = 1 and |(h, b;)| < 5. The third
inequality uses || Spb;| < ||S,|| - ||by]| and the fourth inequality follows from |[(a;a; — I)x|ly, <

2 2

CV'N in (98). Therefore we have R := maxer, || Zi[|y, < Cw. Now we proceed to
estimate o2. By definition, the adjoint of Z;' can be represented as

IA

N(awa; = Izl

IN

ZH(Z) = (h,b))(I — hh*)S,bjh* Z(aja] — I)zz*.
Then Z*Z and ZZ* are easily obtained
21 21(Z) = |(h, b)) (I — hh*)S,bib} Sy(I — hh*) Zxx* (aya; — I)*zz*

and
Z1Z{(Z) = |(h, b)) kb S (I — hh*)S,bih* Z(aia] — Iza*(aia] — I).

The expectation of Z;Z; and Z;Z;" are computed via

E(Z;2/(Z)) = E|(h,b)|>(I — hh*)S,bib;S,(I — hh*)Zzz*(aja} — I)*zx*
(N + 1)|(h, b)) (I — hh*)S,bib} S, (I — hh*) Zzx*

where E(a;a} — I)? = (N + 1)I follows from (94). Similarly,

E(ZZ{(Z)) = E(/(h,b)hb;Sy(I — hh*)S,bih*Z (aia} — Dza*(aa; — I))
= |(h,b)]*b;S,(I — hh*)S,bjhh* Z (I + xx*)

where E[(aja} — Izx*(aa] — I)] = ||z|*I + zz* from and the fact that x is real. Taking
the sum of E(Z}Z;) and E(Z,Z]) over | € T, leads to

ISSEEZZ) = (N+ 1)1 [(hb)P(I — hh*)S,bibfSy(I — hh*)|
lel’y lely
22N
< 7 )\(1 - hh*)S, (I — k)|

L
2upN 4L 8upN

< . =
- L 3Q 3Q
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and

1D EEZND = 11D [(hb) b} Sy(I — hh*)Sybi| - | I + za”|
lery lery,
< 2max{b; S,(I — hh*)Spbi} Y [(h, b))
tely ler,
< 2 2 2T
< 2|18 2| 1)
o 2L oK 5Q
= 9@ L 4L
2
< 40MmaXK
S 0

Thus the variance o2 is bounded above by

max{p2, K, 2 N}
Q

< C

[

of My from 0 by choosing ¢ = alog L and Q > C, max{u2,,. K, 2 N}log? L/5? and it gives us

and log (‘/QR) < (1 log L for some constant C. Then we just use to estimate the deviation

2 K,u?N
My < Cmax{\/maX{'umaX b }(alogL—HOg(?KN))

Q
2 K, 2N
: max{,umaé 2 Fh }(alogL +log(2K N)) log L} <.
where K and N are properly assumed to be smaller than L. In particular, we take § = % and
have )
< —
IMa] < o

with the probability at least 1 — L™,

5.4.3 Estimation of M3 in (39)

The proof of Lemma is quite similar to that of Lemma [5.6] For simplicity, we just state the
result without proving it in details.

Lemma 5.7. Under the assumption of , and and that a; ~ N(0,Iy) indepen-

dently, then

1
<
|Ma] < o

with probability at least 1 — L™ if Q > Cp max{p2, K, u?N}log? L.

5.4.4 Estimation of M, in (40)

Lemma 5.8. Under the assumption of , and and that a; ~ N(0,Iy) indepen-

dently, then

1
< —
M <

with probability at least 1 — L™ if Q > Cou, . K log? L.
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Proof: From the definition of My in ,

My=3" 2, 2(2)=((a,z)? - 1)(I - kh*)bb; S, (I — hh*) Zzx"
leT,

Note that Z; can be regarded as a KN x KN matrix and || Z|| = |(|{a;, z)|> — 1)| - [|[bib] S, |-
| Z1]|, is estimated as

I( — hh*)bib; Sp(I — k)| - [[([{ar, ) = 1)y,
2 K 4L 2 K
< C,umax L C:U’max ’
L 3Q Q
where ||([{a;, z)|> = 1)||ly, < C|lz||* = C follows from ([97). The second step is to estimate o2.
Note Z/(Z) = (|[{ar, z)|* — 1)(I — hh*)S,bbj (I — hh*)Zzx* and Z[Z; and Z,Z] are in the
following forms:

121,

IN

Z2r2(Z) = ({ay,=)|* — 1)* - b} (I — hh*)b; - (I — hh*)S,bb; S,(I — hh*) Zxx*
and
221(Z) = ({ay,x)|* — 1)*- b} S,(I — hh*)S,b; - (I — hh*)bybj (I — hh*) Zza*.
Consider its expectation,
E(Z;2/(Z)) = 2b;(I — hh*)b; - (I — hh*)S,bib; S,(I — hh*) Zza*

and
E(Z2/(Z)) =2b;S,(I — hh*)S,b; - (I — hh*)bb; (I — hh*) Zxx*

where E(|{a;, z)|? — 1)? = 2. By taking the sum over [ € I',, we have an estimation of o :

1D EEZZ) = 21) [bi(I — hh*)b; - (I — hh*)S,bibi Sp(I — hh*)] |
leT,, leT,,
< 2max{bj(I — hh* )b} - | S (L — hh*)S,bibi S, (I — hh*)] |
lelp T,
2 2
MmaXK :u’maxK 8L
< ofmet g Mot 22
L L 3Q
2
< CM’
Q
and
1D EEZZD| = 21 ) b7 Sp(I — hh*)Syb - (I — hh*)bib; (I — hh*)] |
leT, leT,
< 2max{bi Sp(I — hh*)S by} - [T
leT,

IN

2<4L>2,u?naxK 5Q

3Q L 4L
o A0pd K
— 79@ )
Therefore we have )
0_2 S C:U’maxK
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and log (‘/QR ) < Cqlog L for some constant Cy. Now we are ready to apply Bernstein inequal-

loa

ity by choosing t = alog L and Q > Cupu? K log? L/§? gives us

2
My < Cmax{\/'t%g‘K(alogL—HogQKN))

(12 K
; mg (alogL—i—log(QKN))logL} <.

with probability at least 1 — L™® where K and N are properly assumed to be smaller than L.

: 1 _ 1
In particular, |[My]| < {5 if one can choose 6 = 5.

1
6 Proof of u <

In this section, we aim to show that u < %, where 1 is defined in , i.e., the second condition
in holds with high probability. The main idea here is first to show that a more general and
stronger version of incoherent property,

* 1
||7DTJ Aj,pAkvak,pPTk | < 1

holds with high probability for any 1 < p < P and j # k. Since the derivation is exactly the
same for all different pairs of (j, k) with j # k, without loss of generality, we take 7 = 1 and
k = 2 as an example throughout this section. We finish the proof by taking the union bound
over all possible sets of (7, k, p).

6.1 An explicit formulation of Pr, A5 A, ,S1,Pr,

Following the same procedures as the previous sections, we have explicit expressions for 4, ,Pr,
*
and Pr, A5,

A1pS1pP1(Z) = {(Z, M} + Byl her, PrAs(z) = > zi(hovl; + ug@3).
lely

where w; ;, U1, ug; and vy, are defined in (32)) except the notation, i.e., we omit subscript i
in the previous section. By combining Pr, A5 , and A ,S1,Pr,, we arrive at

~ ~ % ~ ~ %
Pry A5, A1LpS1pPr (Z) = Z [hoh( Z01 15 ) + hoti] | Zx1 05 ) + ug h] Z01 @5 + ug Uy  Zaw ] .

leT,

(47)
Note that the expectations of all terms are equal to 0 because {w;;,v1,;} is independent of
{uz,v2,;} and both u;; and v;; are of zero mean. Define M i as

Miwic(Z) = Y hohiZoy w5, =Y (S1pha,biy)(he, by Yhohi Zay a3, (48)
leT, leTy

Momic(Z) = Y hoti} | Zwavs; = Y {ary, @1)(ha, by habl S1,(I — hah}) Zaia, (49)
lery lery

Mswic(Z) = Y ughiZoy @5 = (ag, 42)(S1ph1, b1) (I — hoh3)by b Zay 3, (50)
leT, leTy

Mumic(Z) = Y ug i Zaias = Y (a1, 1)@z, z2)(I — hohd)by bt 1 S1,(I — hyh}) Zaffit)
leTy leTy,
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and the sum of M nix simply follows:

4
PTQA;J)ALpSLp,PTl - Z Ms,mix-
s=1

Each M mix can be treated as a KoNo x K;N; matrix because it is a linear operator from
(CK1><N1 tO CKZXNQ‘
6.2 Main result in this section

Here is the main result in this section.

Proposition 6.1. Under the assumption of and and that {a;} are standard Gaussian
random vectors of length N;,

x 1 ,
1P, A2 Ay Sy Pl < 10 1<j#k<r1<ps<P (52)
holds with probability at least 1 — L% if Q > Cyr? max{u2,, K, u2 N} log? Llog(r + 1) where
K = max K; and N := max ;.
By setting Q = L, we immediately have p < %, which is written into the following corollary.

Corollary 6.2. Under the assumption of and and that {a;;} are standard Gaussian

random vectors of length N;,

1P, AP < - 1<j#k<rl<p<P (53)

holds with probability at least 1 — L=°F1 if Q > Cyr? max{u2,, K, u2 N} log? Llog(r + 1) where
K :=max K; and N := max N;. In other words, u < ﬁ.

The proof of Proposition follows two steps. First we will show each || M mix| < % holds
with high probability, followed by taking the union bound over all j # k and 1 < p < P.

Proof: For any fixed set of (4, k,p) with j # k, it has been shown, in Lemma 6.6 that
* 1
1Pr; Aj p Ak pSkpPrc || < 1

with probability at least 1—4L~% if Q > Cor? max{p2 ., K;, 7 N;} log? L. Then we simply take
the union bound over all 1 <p < Pand 1 < j # k <r and it leads to

1
P <||PT].A;prkpSk pPrll < o Vi#kl<p< P> >1—4L"“Pr?/2>1— 2L %" y?
’ ’ ’ T

if Q > Cor?max{p2, K, u2N}log® L where there are at most Pr?/2 events and L = PQ. In
order to make the probability of success at least 1 — L~®T!, we can just choose o/ = a+2logr,
or equivalently, @ > Cor? max{2,,. K, 2 N}log? Llog(r + 1).

6.3 Estimation of || M |

The idea of the proof is simple but the actual proof itself involves quite a few calculations, i.e.,
computing the || - ||y, and the variance 02 and then applying Bernstein inequality.
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6.3.1 Proof of | M mix| < 17157,

Lemma 6.3. Under the assumption of , and and that a;; ~ N(0,Iy,) indepen-
dently for i =1,2 and l €T, then

1
M x| € —
| Mimisl] < 1

holds with probability 1 — L™ if Q > Car?u2 N log? L.

Proof: By definition of M yix in ,

Mimic(2) =Y 2(Z), ZI(Z) = (S1ph1,b1){h2, by )hoh} Zay a3,
leTy

and [|Z|| = |[(S1,ph1,b1)(h2, bay)|[|ar a3 || Following from and gives

1Zilly;, < [(S1ph1,b1)(h2,bay)

(lawdll - llaz,ilDl:

< */;;‘h f|r<||au|| Dl
Mh\/ N1Np Clu’h
Q Q

where the last inequality follows from Lemma [12.4] and the fact that a;; is a NV; x 1 Gaussian
random vector and therefore ||a; ;|| is the square root of a x? random variable of freedom N;.
Now let us move to the estimation of o2. By the definition of the adjoint operator,

Z*(Z) = <S17ph1, b17l><h2, b27l>h1h§Za27la”{’l.
We can express Z*Z as
Z{Z1(Z) = |(h1, S1pb10) P |(h2, b)) P las,|*hih} Zay a] ),

and ZZ* as
Z1Z[(Z) = |(h1, S1,pb1.) || (2, b2,) |

Their expectations are

E(Z{ Z(Z)) = Nal(h1, S1,b10)][(h2, bo ) PR1hi Z
and

E(212](Z)) = Nil{h1, S1,b1)]*[(h2, bo) [*hoh3 Z
We proceed to computing their variance.

IDEEZ) = Noll D (k1 S1pb10) P2, bay) PRiki|
leTy, leTy,

= N2 Y [(h1,S1,b12)%|(h2, boy)[?
leTy

N 2
2 5™ |(ha, S1 b
leTy

IN

Nzuh 4p3 Ny

3Q

IN

ISl <
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where the third and fourth inequalities follow from and . Similarly, one can have

Thus the variance o2 is bounded by

4p2 max{Ny, No} < C'M}QLN
3Q Q

o® =max{|| Y E(ZZ)|, Il Y_E(Z 2|} <

leTy, leTy,

Applying (46) by choosing t = alog L and @ > Ca,u Nlog? L/6? immediately gives us

2 N
Mimix < Cmauc{\/”’é2 (alog L + log (2K N))

N
22 (alog L 4 log(2K N)) logL} <4,
with probability at least 1 — L™ where K and N are properly assumed to be smaller than L.
By choosing ¢ = 1—(15T and let @ > CaT2//%N log? L,

1
mix Si
Ml < 7o

with probability at least 1 — L™,

6.3.2 Proof of || Mg pix| < ﬁ

Lemma 6.4. Under the assumption of , and and that a;; ~ N(0,Iy,) indepen-
dently fori=1,2 and l €T, then

1
[ M mix]|| < Tor

holds with probability 1 — L™ if Q > Cor? max{p2, K, u?N}log? L.
Proof: Following from the definition in ,

Mo mix = ZZI , 21(Z) = (a1, 1) (h2, by ) hob] | S1 (I — hihi)Zx 105,
leT,

and || Z|| = [{@1,, z1)(h2, bay)

1151pll[z1a3 |- By using Lemma and

1Z2illy, < [(h2, b2 )| S1pb1all - [[(Kars, 1) -

Hr VK1 pimax 4L

N AR 3Q||(|<a1,17331>| a2l

4 max

Ao )

< C,umax,uibvfﬁNz

CmaX{M?IlaXK17 ILLZNQ}
Q

My

< C—=

IN

C My

IN
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where ||S1,b1]| < [|S1,ll/[b1,]| and Lemma [12.4] gives

[({avp; 21)] - [lazi |y, < Cv/ Na.

since (a1, 1) is a standard Gaussian random variable and [|as,||? is a x* random variable of
degree Ny. We proceed to estimate o? by first finding ZH2Z),

Z?(Z) = (alyl, ac1><h2, b27l>(I - hlh’{)SLpbl,lh’z‘Zazyla:}‘.
ZZ)(Z) and 212/ (Z) have the following forms:
21 2/(Z) = l{ar1,®1) (ha, bo) Pllaz, |2 (I — hih1)S1,b1,1b7 1 S1,5(I — hihi) Zaz]

and
Z1Z[(Z) = [{a11, 1) (ha, by ) |?b} 1 S1, (I — h1h})S1 b1 thohs Zas as ).

The expectations of Z/'Z; and Z,Z]" are
E(ZZ*ZI(Z)) = N2|<h2, b2,l>‘2(I — hlhi)sl,pbl,lbilsl,p(-[ — hlhT)Zinle.

and
E(Z2}(Z)) = |(h2,b2)|?b} ;S1p,(I — h1h})S1,b1y - hoh3 Z.

where E(a; a};) = Iy, and E |la;;||> = N;. Taking the sum over [ € 'y, leads to

1Y E(EZ2)| = Noll Y [(ha,by)P(I — hah})S1 b1 bt 1 S1,(I — hahi)|
leT, leT,
pp N2 R " .
< 1> (I = hih)S1 b1 b7 1 S1,(T — hah})||
lely
147 No piNo AL Ap2 N,
< 1Sl < = = :
L L 30 30
and
1Y EEZZ)I = D [(ha,boy) b} 1S1,(I — h1h})S1,byy -
ler, ler,
= )T = hih})S1pb1 % (e, byy)
leT,
< max I(T = hah$)S1pb1al* Y [(ha, ba)|?
leT,
< 2 27 . T
< Ilfel%f{HSl,p 1012017} - 1 T2l
< 16L* . )ur2naxK1 . @
= 902 L 4L
o QOM?naXKl
= g

Thus the variance o2 is bounded by

max{ o K0, g N} o max{ oK 1 N}

2
o =C Q = Q
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Then we just apply to estimate the deviation of Ms ix from 0 by choosing ¢ = alog L
and Q > Cp max{p2, K, 12 N}log® L/5? immediately gives us

2 K, u2N
Momix < Cmax{\/max{umg dadl }(alogL+log(2KN))

max{p,, K, i N}
’ Q
with probability at least 1 — L™* where K and N are properly assumed to be smaller than L.
Let § = 1+ and Q > Cor? max{u2, K, 3 N}log® L,

1
mix Si
[ Mol < 7o

(alog L +1og(2KN)) log L} <.

with the probability at least 1 — L™,

6.3.3 Proof of | M3 x| < réT

The estimation of M3 iy is actually the same as Mg nmix by slightly changing the subscript of
M3 mix. Therefore, we only give the statement of lemma without proofs.

Lemma 6.5. Under the assumption of , and and that a;; ~ N(0,Iy,) indepen-
dently for i =1,2 and l €T, then

1
M3 mixll < —
H 3,mi || = 16r

holds with probability 1 — L™ if Q > Cor? max{p2,,, K, u? N}log? L.

6.3.4 Proof of | My mix| < 1715,,

Lemma 6.6. Under the assumption of , and and that a;; ~ N(0,Iy,) indepen-
dently for i =1,2 and l € I'y, then

1
M mix < —
Mol < 7

holds with probability 1 — L™ if Q > Car?p2,, K log? L.
Proof: By definition of My pyix in ,

M47miX(Z) = Z ZZ(Z), ZZ(Z) = (al,l,m1><a27l,a§2)(1 - th;)bQ,lbil‘SLp(I - hlhT)Zililm;

lely
and ||Z|| = [(@1,, 1){@z,, 2)|[|b2,b] ;S1,(|- As usual, we first give an upper bound of || Z; ||y, ,
1Z2tlly; = [[b22b1;S1pll - @1, @1) (@2, 22) 4,
< oI 20, ) s,
< C#ilax KKy < C#ﬁlaxK
Q Q

where [[_, |(@i;, ;)| is the product of two standard Gaussian random variables and its t;-norm

2
is bounded by a constant. Thus R < C % The next step is to estimate o2.

ZZ*(Z) == (al,l,m1><a2’l, $2>(I — hlhT)Sl,pbl,lb;l(I - hghE)Zﬂ?Qd}){
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It is easy to verify that

ZIZ(Z) = ayg,@1)(ags, ) P|(T — hohi)boy||*(I — hih})S1 b1 b} 1 S1,(I — hih}) Zx @)
ZZHZ) = ays,@1)(ag;, ) P[[(T — hihi)S1 b1l > (I — hohl)by b5 (I — hohl) Zxyxs.

Taking the expectation and using the fact that E|(ay,1){as;, z2)|> = 1 lead to

E(Z{2(Z)) = |(I—hoh3)by|>(I — hih})S1,b1 b} ;S1,(I — hih}) Zaw ]
E(Z2;(Z)) = |(I—hih})S1pb1,)|°(I — hoh)bo bl (I — hohl) Zxyws.

By taking the sum over [ € I',, we have an estimation of o2

1D E(EZ2)I = | )] (T = hoh3)boy||*(I — hihi)S1 pb1 bt 1 S1 (T — hahi)|
lel’, lely
< max [[bol* - | Y S1,pb167;S1,
el ler
P
:U’?naxKQ /ernaxK? 4L _ 4/‘1211axK2
< M2 g < o = e
L L 3Q 3Q
and )
X 20us . K1
1> E(ZZN)| < (181501 max [[by ][> - [|Ta || < =22
leTy 9Q
leT,
Therefore

QMIQHaX maX{Kl’ K2} < C/’LIQHaXK

L2 - Q
Now we are ready to apply Bernstein inequality: by choosingt = alog L and @Q > C,, ,ufnaXK log? L /62
immediately gives us

o2 <C

2
Mymix < Cmax {\/ngK(a log L + log(2K N))

2
K
: um%(alogL + log(2K N)) log L} <5
with probability at least 1 — L™ where K and N are properly assumed to be smaller than L.
If we let § = Tér, and Q > Cor?u? K log? L, then

1
M mix|| < Tor

holds with probability at least 1 — L=,

|
7 Constructing a dual certificate
In this section, we will finish the proof of the main theorem by constructing a A such that
* * — * ]-
Ihiz} = (A Nz llp < Gr) ™ (AN el < 5 (54)

holds simultaneously for all 1 < i < r. If such a A exists, then solving yields exact recovery
according to Lemma The difficulty of this mission is obvious since we require all A\ to
be close to h;x; and “small” on TZ-J-. However, it becomes possible with help of the incoherence
between A; and A;. The method to achieve that is to apply a well-known and widely used
technique called golfing scheme, developed by Gross in [19].
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7.1 Golfing scheme

The approximate dual certificate {Y; := AfA}_, satisfying Lemma is constructed via a
sequence of random matrices, following from the philosophy of golfing scheme. The constructed
sequence {Yi,p};::l would approach hia:ZT on T; exponentially fast while keeping Y;, “small”
on Til at the same time. Initialize Y; o = Ok, xn, for all 1 <7 < and

Ag = ZALl(Sj,lhjm;) ect
=1

Then for p from 1 to P (where P will be specified later in Lemma , we define the following
recursive formula:

Ap-1 = Z Ajp (Sjm(hjw}k' - PTj (Yj,p—l))) (55)
j=1
Yi7p = Yi,pfl + Azp)\pfla 1 < 7 <r. (56)

Y, denotes the result after p-th iteration and let Y'; = Y’; p, i.e., the final outcome for each i.
Denote W, as the difference between Y; , and h;x; on T}, i.e.,

Wm, = hzil:;k — PTi(Yi,p) e T, WLQ = hlm;" (57)
and can be simplified into

Ap-1 = Z Aip(SipWip-1)-

=1

Moreover, W, yields the following equation:

Wip=Wip1— Y PrAfAi(S;,Wip 1) (58)
7=1

from and . An important observation here is that each .A;‘,pkp,l is an unbiased estimator
of Wi,p—h i.e.,

E(A7 Ap-1) = > E(A7 45 p(SjpWjp-1)) = Wipo1. (59)
j=1

where E(A; ) A;,(SjpWjp-1)) = 0 for all j # i due to the independence between A;, and
Aip and E(A7 A p(SipWip-1)) = Wip—1. Remember that {W,, 1}7_; are independent
of {A;,}i_; based on the construction of sequences in and . Therefore, more pre-
cisely the expectation above should be treated as the conditional expectation of .A;p)\p,l given
{Wp-1}j_; are known.

7.2 ||Pr,(Y;) — hyx}||r decays exponentially fast

Lemma 7.1. Conditioned on and , the golfing scheme and generate a
sequence of {Y i}, such that

[Wipllr = Pr,(Yip) — hixl||r <277

hold simultaneously for all 1 < i <. In particular, if P > logy(5r7y),

1
(Y;) — hiat|| < 27180m) < _—_
[Pr,(Yi) — hizi|| < = 5y

where Y ; :=Y ; p. In other words, the first condition in holds.
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Proof: Directly following from leads to
Wip = Wip1— PTiAf,pAi,p(SLpWi,p 1 ZPT-A 5p(SpWjp—1) (60)
JF#i

= Wip1— Pr A AipSipyPr,(Wip_1) ZPTA AjpSipPr,(Wjp_1). (61)
JFi

Where W] p—1 € Tj and thus W, 1 = Pr, (W, 1). By using triangle inequality and apply-

ing and (| .,

1 1 )
IWipllr < 7 IWipllr + S IWipalle, 1<i<r

J#i
From the formula above, it is easy to see that
Wil < 5 mas Wiyl
lrgza<x ipllF > 9 lrg?SXT i,p—1||F

Recall that [|[Wo|r = [[h;x}||r = 1 for all 1 <4 < r and by the induction above, we prove
that
[Wipllrp<27P, 1<p<P, 1<i<m

7.3 Proof of |[Pr.(Yp)| < 2

In the previous section, we have already shown that Pr,(Y';,) approaches h;x} exponentially
fast with respect to p. The only missing piece of the proof is to show that ||[Pp.(Y;p)|l is

bounded by % for all 1 < ¢ < r, i.e., the second condition in holds. Without loss of
generality, we set ¢ = 1. Following directly from and ,

P
Yip =) A A 1

p=1

Simply applying the triangle inequality leads to

[Pre(Yip)l = [[Pps ZA Ap_y
P
- ”PT% Z( T47)‘19*1_‘)‘/1,1071) I
p=1

P
< Z ||A){,p)‘p*1 - WLP*1H7

where the second equation follows from Ple_ (Wip—1) = 0. It suffices to demonstrate that
| A} A1 — Wi, | 27771 in order to make [[Yy p|l < 1 since

1

P
IPr(Yip) <) 277! < 3

p=1

Before moving to the proof, we first define the quantity s, which will be useful in the proof,
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_ @ ;
Hp == ﬁ ISZ’SIE,?EXFPJH HWi,pSz,p-i-lbz,lH- (62)

In particular, pg < pyp, because of

max [|lzih; Siibl| = —= max [|h; S il < pn-
1

Ho = VL i€l VL ile
and the definition of uy in . Also we define w;; as

wj; = W;p71si,pbz’,l; l e Fp (63)
and we have VI
L

max [|w|| < —5pp-1. (64)
2 P Q

Remark 7.2. The definition of , is a little complicated but the idea behind it is simple. Since
we have already shown in Lemma that W, is very close to h;x} for large p, p, can be
viewed as a measure of the incoherence between W, (an approximation of h;x}) and b;; in
the p + 1th block (i.e., T'py1). We would like to have “small” py,, i.e., pp < ||Wipllpn < 27Ppp
which would guarantee that Azp)‘pfl concentrates well around W ,_1 for all i and p. This
insight leads us to the following lemma.

Lemma 7.3. Let p, be defined in and W, satisfy
pp <27 Pup,  [Wipllp <277, 1<p<P1<i<r
If @ > Cormax{p?, K, u2 N}log?® Llog(r + 1), then
”A;p)‘p—l - Wi,p—lu < 27p71:

simultaneously for (p, i) with probability at least 1 — L=°TY. Thus, the second condition in ,

1P (Vi) <

N |

holds simultaneously for all 1 < i <r.
Remark 7.4. The validity of the assumption p, < 27Ppuy, is assured in Lemma .

Proof: Without loss of generality, we start with ¢ = 1. It is shown in that
E ( 1pAp—1— Wl,p_l) =0.

First we rewrite A*ip)\p_l — W1 -1 into the sum of rank-1 matrices with mean 0 by using

and ,

L1 = Wipo1= D |bib] 1 S1,Wipt (agal, —I) + ) bubs S;,Wip-1aa,
ler, j#1

(65)

Denote Z; by
2= bywiy (aai; —T) + > byw}a;ai, € CHN (66)

J#1

where wj; is defined in (63)). The goal is to bound the operator norm of (7)), i.e, || > ier, 2l
by 27P~!. An important fact here is that pp—1 is independent of all a;; with [ € I';, because
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pp—1 is a function of {a; i }rer, s<p- Following from and the assumption p, < 27Puy,, we

have
VL

< Hp—1 <
Q" Q
The proof is more or less a routine: estimate || Z;||y,, 0* and apply (46). For any fixed I € 'y,

27PHyy, VIeT,. (67)

Jwi

120l < lbuwi, (aiat, —I) |+ [Ib1w)a;ai|
i#l

HmaxV K1
< % lwi; (a.ai, —I) ||+ |wh,a;at|
i1

Note that for j # 1, w},a;; ~ N (0, |w;||?) and [lay]|* ~ X3, From and Lemmam7

* 2_p+1,uh\/ LN,
(w3 azl - llavdDlly, < CvVNiljw;ll < CT-

On the other hand,

277 VLN,
—a

follows from and . Taking the sum over j, from 1 to r, gives

P sV KNy 27 max{ g K N Y
Q - Q ’

[wi(arai; — 1)y, < CVNiflwyl| <C

2
12l < C

€T,

1 2 2
T max{umaxKvuh

—p+
Thus we have R := maxer, || 2y, < ot N} Now let’s move on to the esti-

mation of o2.
Z = bl,l'wil(al,lail -1+ Z bl,lwizaj,laip
J#1
and
Z = (aga}; — Dwy b, + > ayalw;bi;.
J#1
The corresponding Z;Z; and Z;Z have quite complicated expressions. However, all the cross
terms have zero expectation, which simplifies E(Z}Z;) and E(Z;Z/) a lot. Their expectations
are

E(Z/2) = E||bul*(ayal, - Dwiwi(ayai, — 1)+ bl ) lw)a*aai,

i1
T
= ol [ D lwsall | T+ [[bai]Pwr w7,
j=1
where E | (a1 a7, — Hwiwi (aa]; — I)} = [lwi |21 + wwi; and Elw}ja;* = [w;,*.

E(22])

E [ [(a1a]; — Dwy]?b1ibi + > llavl*[(wj, aj0)*b1ibi
i#l

\
= N Y Jwy,

j=1

2b11b7 + [lwi %6107
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where E [|(a1,a7, — Dwy||? = (M + 1)]w,|* in (04) and E [la,[* =

1Y EE2)l < 2) |lbul? Z lwjall?
lel’, lelp
2130 K1
< =0 Z > T (WS, 1S, pbiib5 Sy Wip-1)
j=11€eT,
202 0 K1
< el S, WS, S5
j=1
2um K1 AL
< s Z IW il
< 4~ p+lrlu'maxK1 )
Q
where the last inequality follows from |[W;,_1|r < 27P*! and we also use the fact that || - ||.
is the dual norm of || - ||.
,
IS TEEZED = D0 [N [wiil*bribi + [lwi ] *brbi
leTy, leT, j=1
< max Jw; |l - Z [rN1by b7, + by b7 ]
N?)AL 57”#;2;71]\71
< P, =
- 04—P+1miN1
B Q

where [|w; || < %. Finally we have an upper bound of o

as

f/tp 1< 2—P+22ﬁuh and || T, <

AP i, N AP e K N
Q B Q
By using Bernstein inequality (46]) with ¢ = alog L and log (‘FR ) < Cilog L, we have

a2 <C

2 K, 2N
1Yz < 002—p+1max{\/armax{“mx N e
ler, Q
rmax{ g K, g N}log? L }
e
Q
In order to let || > cp Zill < 27P+1 with probability at least 1 — L™, it suffices to let Q >

Cor max{p2,, K, u2 N}log? L. This finishes the proof for case when i = 1. Then we take the
union bound over all p and 1 < ¢ <7, i.e., totally rP events and then

A7 Ap1 — Wi < 2777

holds simultaneously for all 1 < p < P and 1 <4 < r with probability at least 1 — rPL™% >
rL=®Tt. To compensate the loss of probability from the union bound, we can choose
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o/ = a+logr. In other words, Q > Cprmax{u2,,. K, 2 N}log? Llog(r + 1) makes

1
IPr (¥ i)l <

hold simultaneously for 1 < i < r and 1 < p < P with probability at least 1 — Lol

7.4 Proof of p, < %up,l

Recall that p, is defined in as fip = % maxi<i<r el (0718 p+1Wipll). The goal is to
show that p, < % pp—1 and thus p, < 27Ppy, hold with high probability.

Lemma 7.5. Under the assumption of , and and that a;; ~ N(0,Iy,) indepen-

dently for 1 <i <r then
1
pp < 5/‘1’*17

with probability at least 1 — L~ if Q > Coyr? max{u2,, K, u2 N} log? Llog(r + 1).

Proof: In order to show that p, < % Hp—1, it is equivalent to prove

1
\/>Hbzls ipr1Wipll < Np 1 (68)
forall l € I'y4q and 1 < ¢ < r. From now on, we set ¢ = 1 and fix [ € I',41 and show that
bel 1SipriWipll < Lpp1 holds with high probability. Then taking the union bound over
(4,1) completes the proof. Following from (60)) and the definition of A;, in give us

* * * *
Wi, = Pr | D biabipS1,Wipalawai, —I) | +> P | > biabipSipWip 1a;.af,
k€T, j#1 keT,

* * * *
= P | D> bupwilaai,—I) | > P | Y biswiia;eal,
k€T, j#1 k€T,

=: II; +Ils.

where wjy := W7, 1S ,b;, defined in (63). By triangle inequality, it suffices to show

167,18 pia ]| < 10 Mp 1 167, palla| < 10 Mp 1 (69)
so that holds.
. * \/E/ipfl
Step 1: proof of ||b];S1p11L|| < &= For a fixed | € I'pi1,
bf,zsl,p+1H1 = Z bf,lsl,p+1 [hlhfbl,kwf,k(al,kaf,k - I)
ker,
+(I — h1h7)by w7 (a1 kal , — Iz1x]
where P, has an explicit form in (23). Define
zp = (a1 a} , — I)wi kb LhihiS1pi1byy € CV (70)
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and
2k = bT,lSLerl(I - hlhi)bl,kwik(al,kay{,k - I)ml' (71)

Then by the triangle inequality,

167 (S1pra il < 1Dzl +1 ) il (72)

kel kery,

fﬂp 1

Our goal now is to bound both || 3-,cr 2kl and [ >,cp, 2kl by . First we take a look at

>_ker, k- For each k,

[zkllgy = 67,81 p1ha] - [(h1, b1 )| - (a1 kal , — Dwi klly,

L 2 /N
(7\/ﬁuh'jj§;\/7vi’101,kﬂ ::(75923{::1“333£3U.

<
- Q Q

which follows from and |(aqxa}, — Dwiglly, < CVNillwy g/ in (98). The expectation
of E(2z;2)) and E(z,2}) can be easily computed,

E(zjzr) = [b7;S1p11hi*|hiby k> Elw] (a1 ra) , — 1) wig]
= (N1 +1)|b} ;81 pr1ha*[R]
E(zxz) = [b};S1ps1h1]*[hib1sl* El(arkal, — Dwypw j(ayral, — 1))

= |67 181 p41ha P IR0 ([ kT + @1 ] ).

where [} (@165, —T)?w14] = (Ni+1) [w 412 and E[(@1,465 ,~ Tw1 0} (1,405 —T)] =
HkaHQI + ﬁ)ngﬁJik follow from and .

| Z (zhzi)ll < (N1+1)|b] ;81 p11ha]? max{”wl k1% Z |hiby gl
kel kel
(N1 + 1)Ly 2
< ““z§§“‘*ig§XH1“LkH|VF1mH

(Nl + 1)Luh @ max le k||2 = SM%Nl MAXkET, le’kHQ

- Q2 4L ker, ’ 2Q

The estimation of || 3 cp E(zkzp)|| is quite similar to that of || >5,cr E(z}zk)| and thus we
give the result directly without going to the details,

5pp maxger, [[wi
I'Y Bz < i .
kel

Therefore,

1

R = < (C
ggfl!z;cllwl < ggjllwl,kll

and similarly, we have
pip N maxper, [|[wi g|?

Q
Then we just apply with ¢t = alog L and log(v/QR/o) < Cylog L to estimate || > ker, 2kl

< C

oz,uiN
Q

auhf
Q

I Z zrll < C’mawal 1 ||? max
ke,

log L, log? L) p . (73)
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\/Z“”’l i and thus it suffices to let @ > Cou?Nlog? L to
\/>,U‘p 1

Note that maxger,

holds with probability at least 1 — L=,

Now consider zj in by first computing its ||z ||, ,

[2ellgy = [B1S1p41(T — R1h])by k| - [[w] (a1 kal , — D1y,
= [brll[S1 1e(arkal y — D ly,
MmaxKl
< Wit
< ot Ay,
'umaxKl
< O —[lw
Q

. 2
where [|w] (a1 kaf ,—Dar|ly, < Cllwy | in ([00). Thus R := max{||zy, } < C“n5™t maxger, |wy gl

Ezp = [b];S1p01( — hih})bi*E [wh i (aykal, — Daixi(ageal , — Iwi k]
= b S 1p11 (I — Rih})by i *w] (T + @) w

where E((a1 za} ,—I)z12} (a1 ka} ,—I)) = I+z 2} follows from ([99). The variance > ker, Ek
is bounded by

o2 < b1S1,(I — hih1)T1p(I — hihi)S1 b1, max wi (I + z127)wik
P
< Hbu!!2||51,p||2HT1,p!!ggxw’{,k(IJr T TT) Wk
P
2
:U’maxKl 16L* @ 2
= L 9Q? 4L in?xuwlﬂ’“”
4002 K
= el gl )2
9Q kel

Similar to what we have done in ,

2 K 2 K
| Z 2k <Cmawa1 k||2max{ O['urmxlogL,Oé'uIm‘XlogQL)} (74)
kel Q Q

Note that maxyer, [|wy k| < % and thus Q > C, 2, K log? L guarantees that | >ker, 2kl <
f“ p ! holds with probability at least 1 — L~%. Combining and gives

4Q 8Q

kel kel

N N VI
P(Hbizsl,pwz““ <PIY 2l = Y gp (1wl > “”1 <217,

(75)
if Q > Cpmax{u2, K, p2N}log? L.

\/>Np 1

Step 2: proof of [[b] ;S 11l < For any fixed | € I'p41,

b7 181 prlle = b7 S1p01 ) Pry | D busw)a;raiy,
G#1 kel
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Now we rewrite b7 ;81 p+11l2 into

* * *
b1 S1p1ll2 = E E Zjk T 2k

j#1 \kel,

where
zjr = b ;S1p11hihiby pw]a;ra (76)
zjr = b1;S1,011(I — hih])b pw]a;ral o1 (77)

By triangle inequality,

107 S1pralla < D (1D =zl +1 )zl | - (78)

J#1,5<r kel kel'p

In order to bound ||b] ;S1 ;4112 by f”” s

, it suffices to prove that for all 1 < j <r,

szmH_\rﬂpl, 1D zial < f”’”. (79)

8r
kel ke, Q

For 3 er, Zik:

IN

01,181 pr1hal[R1by k[ (W] pajkl] - llat k) g,

L
“h L mu |

12,5 |1

SC

Q

where (|w},a;xl- @] gy, < CVNi|lwjyl follows from Lemma Now we move on to the
estimation of o2.

1D Ezipzinl = D 161,S1ps1hahibiil’ E [[w] pajil?l|as]]
kel kel
= Ni Y b3S peiha P Riby gl w1
kel
L 2
< Ngpn maXngkH > Ind
kel
L 2
< Mg maXngkH 1Tl
< 5p; N1 maxger, [lwj k||
and similarly,
|3 By < i maser, vl
7 s - ’
kel 19

N1 maxger, [|w; k||

2
Thus o2 < 2% . By applying Bernstein inequality , we have

oz,u}le

2
au; N
HE z]kH<Cmawa]kH2max log L, Qh log? L)

k€T,
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where maxyer, [|[w; | < % Choosing Q > Cor?u2 N log? L leads to

1S = “%1

< (80)
keT, 8rQ

with probability at least 1 — L™ for a fixed j: 1 < j <.

For Eker 2j 1, defined in and fixed 7,

R: = max|z| < max|[by 8§1p01(I — hihy)byp| - max |lwja; 0] k1 ]y,
p p
Hiomax K1 4L MmaxK 1 maxger, [[w;ill
< —
< T 30X ||wy,kH 0

where ||w} a;ra] @1y, < Cllw;yl follows from Lemma Now we proceed to compute

the variance by

(72 = Z E ]zj’k]2 = Z \b’{}lsl,pH(I - hlh"{)bLk\QE\w;fykaxka’ikwlp
keT, k€T,
= > b1 S1pp1(T = hahi)by g w1
kel
< maXij Wl 167181001 (I — hahi)by k|
ke,
< %%XIIwy',kH b11S1p+1(I — hih])T1p(I — h1h})S1p1b1y
P

IN

2 2 2
i S T b
[, 1,11 [T 1

51612 @M?naxKl < Cmaxkerp [Jw; 1 lI? e K1
9Q2 4L L Q '

IN

max |w; kl

Then we apply Bernstein inequality to get an upper bound of |}, z; x| for fixed j,

Jap2, K K Lty
]k; zjk| < CmawaijQmaX{ Oé’u%logL,au%log2 L)} < \/;:gl.
P

with probability 1 — L™ if Q > Cpr?u? K log? L. Thus combined with , we have proven
that for fixed j,
\/7,Up 1

I3zl +1 3 2l < 55

kel, kel

holds with probability at least 1 —2L~%. By taking union bound over 1 < 5 < r and using ,
we can conclude that
\E:upfl

b} I <
8118112 < =3

with probability 1 — rL=% if Q > Cor?u2,, K log? L.
Final step: Proof of To sum up, we have already shown that for fixed [ € I') and ¢ = 1,

Q s 1
ﬁ”bl,lsl,pﬂwl,p” < Z zgl| + | Z 2| +Z | Z Zjkll + | Z Zikl| < SHp-1

ke, kel j#£1 | kel kel
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with probability at least 1 — (r +2)L™ if Q > Cor? max{u2, K, u?N}log? L. Then we take
union bound over all 1 <¢ <r and! €I, and 1 <p < P and obtain

1
P ( Q, mlax Hb;(,lsi,p-‘rlwi,pu > 2,up_1) >1-— 7’(7“ + 2)PQL_O‘ =1- T(T’ + Q)L—a+1,
Z7 7p

If we choose a slightly larger v as @ = a+2logr, i.e., Q > Cor? max{u2 . K, pi N} log? L log(r+
1), then 1, < 1y, for all p with probability at least 1 — L=,

8 Proof of the Main Theorem

We now assemble the various intermediate and auxiliary results to establish Theorem We
recall that Theorem [3.I] follows immediately from Lemma [4.2] which in turn hinges on the
validity of the conditions and . Let us focus on condition first, i.e., we need to
show that

1
max H,PTZ-A;:-AZPTZ - PTZ|| < 17 (81)
i
" 1
I]n#a]z( H’PTJA]AI{:,PTICH < Ev (82)
max [ A <~ (83)

Under the assumptions of Theorem m Proposition ensures that condition holds with
probability at least 1— L™ if Q > C, max{u2,, K, u2 N}log® Llog(r+1) where K := max K;
and N := max N;. Moving on to the incoherence condition , Propositionimplies that this
condition holds with probability at least 1 — L~ if Q > Cypr? max{p?,, K, u2 N'}log? Llog(r+
1). Furthermore, 7 in condition (83) is bounded by \/N(log NL/2) + alog L with probability
1 —rL™® according to Lemma 1 in [2]. We now turn our attention to condition . Un-
der the assumption that properties and hold, Lemma implies the first part of
condition . The two properties and have been established in Propositions
and respectively. The second part of the approximate dual certificate condition in is
established in Lemma with the aid of Lemma with probability at least 1 — 2L+ if
Q > Cor? max{p?, K, 2 N}log? Llog(r + 1).

By “summing up” all the probabilities of failure in each substep,

P(X;=X;V1<i<r)>1-5L""!

if Q> Cor?max{p2,, K,u2N}log? Llog(r + 1). Since L = PQ and P is chosen to be greater
than log, (5r), it suffices to let L yield:

L > Cor? max{p? . K, u2 N} log® Llogylog(r + 1)

with v < \/Nlog(NL/2) + alog L. Thus, the sufficient conditions stated in Lemma H are
fulfilled with probability at least 1 — O(L~**!), hence Theorem follows now directly from
Lemma (4.2

9 Stability theory — Proof of Theorem 3.3

9.1 Notation

Since we do not assume {X,;}7_; are of the same size, notation will be an issue during the
discussion. We introduce a few useful notations in order to make the derivations easier. Recall
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S Ai(Z;) is actually a linear mapping from CK1*N @ ... @ CE->Nr to CE. This linear
operator can be easﬂy written into matrix form: define ® := [®4]---|®,] with ®; € CE*KiNi
and ® € CLxXimi KiNi g
vec(Z1)
®;vee(Z;) = vec(Ai(Z;)), & : = vec() | Ai(Z)).
vec(Z,) =1

where Z; € CKi*Ni_ The operation “vec” vectorizes a matrix into a column vector. ® and ®;
are well-defined and can verified with a little knowledge of block matrix. It could be be shown
by slightly modifying the proof of Lemma 2 in [2] that

.
=> ®®; cCF

i=1
is well conditioned, which means the largest and smallest eigenvalues of ®®*, denoted by A2
and )\fmn respectively, are of the same scale. More precisely,
r . r N
048y, =N <2<z < gy, T (34)

with probability at least 1 — O(L™+1) if 37 K;N; > -Go- Llog? L with p2,;, defined in (9).

mln

Note that >"; ; K;N; is usually much larger than L in applications.

Let B; =X, — X, € CHKixNi 1 < j < r be the difference between X, and X;. Define
€1
e, :=vec(E;), e:=|:|¢€ cXiz K¢N¢)><17

er

where e is a long vector consisting of all e;, 1 < i < r. We also consider e being projected on
Ran(®*), denoted by es,
ep = *(PP*) ' Pe

where ®e =37 | ®,e; => " | Ai(E;). From (21)), we know that
[®ellr = || ZA i)lr <| ZA —Yllr+ | ZA —9llr <21 (85)

since both {X;}7_, and {X;}/_, are inside the feasible set. Similarly, define epl =€ —eyp <
Null(®) and denote H; € CKi>*Ni and J; € CK*Ni 1 < i <r, as matrices satisfying
vec(H1) vec(J 1)
€pl = , €@ = (86)
vec(H ) vec(J )

where >0 | Ai(H;) = ®egy = 0 and H; + J; = E; follows from the definition of H; and J;.
Define P, as the projection matrix from vec(Z) to vec(Pr,(Z)), as

Pr,vec(Z) = vec(Pr,(Z)), P, € CEN)x(KN:)

and
Prp, - 0 Ig,n, —Pp, - 0
Pri=| : . | Pri= : :
0 -+ Prp 0 oo Ig.n — Prp,

T
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Actually the definitions above immediately give the following equations:

Pr e vec(H1 1) vec(Hy 1)
Pre = , Preg. = , Pprieg. = (87)
Ppe, vec(H,1,) vec(H, 1)

9.2 Proof of Theorem [3.3

We will prove that if the observation g is contaminated by noise, the minimizer X, to the
convex program yields,

7 Amaxy/max{K, N}
< .
le] < C)\min(l ~G—2ra)"

Proof: The proof basically follows similar arguments as [2 [7]. First we decompose e into
several linear subspaces. By using orthogonality and Pythagorean Theorem,

lelF = lleal® + | Preg. [ + [|1Proeq |7 (83)

Following from , and gives an estimate of the second term in ,

ZAi(HzT)
i—1

2
.
IPregellz = > IHin|F <2

F
2 r 2
_ Hip)| <2 (leﬂi,ﬁ”f’>
F =1
< 2 Z |H, 711} < 20| Prieg. |}
=1
< 2 A2 llPriegL |3

where max || A;|| < v, A2, is largest eigenvalue of ®®* and obviously ¥ < Apax. The second
equality holds since > ; A;(H;) = 0. For the third term in , by reversing the arguments
in the proof of Lemma, we have

[1Prreglr =

T '
SIH p |3 <D I Hizo e
i=1 i=1

r

1 T
S ToF-ama X okl + I Hog,

r

1
< —F—5 X+ Hills« — || X«
S Tgga X I+ il - X

T

1 .
< — X, + Hi|. — ||1X; }
< T=h—ama o (X Hill - 1)

where the first equality comes from (87} , the third 1nequahty is due to Lemma and the last
inequality follows from ST I Xl < S I1X ]« in . From the deﬁnltlon of H; and J;
in , X,=X,+E,=X,+H,;+J; and triangle 1nequality gives,

zu < Yt N oy

P
|Prieg:lr < 5 ta 2

B 27‘704
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In other words,

rmax{K N} ZHJHF_ rmaX{K N}

2
89
(1 -8 — 2rya)? — ora )2||6<I>||F (89)

1Prieq:|f <
where |les|% = Y>.i_, || J:||% follows from (86). By combining all those estimations together,
ie, |Pregi|s < 4r 2. |Prieg.|%, and (88)), we arrive at

lelz < llesllf + (2r\fu + DI Prieg: |7

r2\2  max{K, N}
S C max e@
( _ B _ 27“’)/04) || HF
Note that eg := ®*(®P*) "' de,
leallr < ~—|[®ellr

where A2 is the smallest eigenvalue of ®®*. By applying ||®e|| < 27 in (85]), we have
T Amax\/ K,N Amax\/ K,N
Amin(1 — 8 — 2rya) Amin(1 — 8 — 2rya)

In particular, if we choose a = (57)~! and 8 = 5 L according to Lemma then m = 10.
This completes the proof of Theorem [3.3]
|

10 Numerical Simulations

10.1 Number of measurements L vs. number of sources r, K; and N;

We investigate empirically the minimal L required to simultaneously demix and deconvolve r
sources. Here are the parameters and settings used in the simulations: the number of sources r
varies from 1 to 7 and L = 50,100, ---,750 and 800. For each 1 < ¢ <r, K; =30 and N; =25
are fixed. Each B is the first K; columns of an L x L DFT matrices with B} B; = Ik, and each
A; is an L x N; Gaussian random matrix. h; and x; yield N'(0, I'x,) and N (0, I y,) respectively.
We denote X; = h;z!, the “lifted” matrix and solve to recover X ;. For each pair of (L, ),
10 experiments are performed and the recovery is regarded as a success if

VI X - Xl
S Xl

<1073 (90)

where each X, given by solving via CVX package [18] on MATLAB, serves as an approx-
imation of X ;. Theorem implies that the minimal required L scales with 72, which is not
optimal in terms of number of degrees of freedom. Figure [I| validates the non-optimality of
our theory. Figure [l shows a sharp phase transition boundary between success and failure and
furthermore the minimal L for exact recovery seems to have a strongly linear correlation with
number of sources r. Note that if L is approximately greater than 80r, solving gives the
exact recovery of X; numerically, which is quite close to the theoretical limit (K; + N;)r = 557

Moreover, our method extends to other types of settings although we do not have theories

for them yet. In wireless communication, it is particularly interesting to see the recovery
performance if A; = D;H; where D; is a diagonal matrix with Bernoulli random variables
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(taking value +£1 with equal probabilities) on the diagonal and H; is fixed as the first N;
columns of a non-random Hadamard matrix. In other words, the only randomness of A; comes
from D;. Both H; and D, are matrices of -1 entries and can be easily generated in many
applications. By using the same settings on L, r, h; and x; as before and K; = N; = 15, we
apply to recover (h;,x;);_;. Since the existence of Hadamard matrices of order 4k with
positive integer k is still an open problem [20], we only test L = 2% with s = 6,7,8 and 9.
Surprisingly, Figure [1| (the bottom one) also demonstrates that the minimal L scales linearly
with r and our algorithm almost reaches the information theoretic optimum even if all A; are
partial Hadamard matrices.

Figure 2| shows the performance of recovery via solving under the assumption that L is fixed
and K; and N; are changing. The results are presented for two cases: (i) the A; are Gaussian
random matrices, and (ii) the A; are Hadamard matrices premultiplied by a binary diagonal
matrix as explained above. In the simulations, we assume there exist two sources (r = 2) with
Ky = Ky and N; = No. We fix L = 128 and let K; and N; vary from 5 to 50. B; consists of
the first K; columns of an L x L DFT matrix. Both h; and x; are random Gaussian vectors.
The boundary between success and failure in the phase transition plot is well approximated
by a line, which matches the relationship between L, K;, and N; stated in Theorem More
precisely, the probability of success is quite satisfactory if L = 128 > 1.5r(K; + N;) in this case.

10.2 Number of measurements L vs. the incoherence parameter y;

Theorem indicates that L scales with ,u}% defined in and u,% also plays an important role
in the proof. Moreover, Figure implies that u% is not only necessary for “technical reasons” but
also related to the numerical performance. In the experiment, we fix r = 1 and K = N = 30.
A is a Gaussian random matrix, and B is a low-frequency Fourier matrix, while L and ,u%L
vary. Thanks to the properties of low-frequency Fourier matrices, we are able to construct a
vector h whose associated incoherence parameter ,u% in is equal to a particular number.
In particular, we choose h to be one of those vectors whose first 3,6, - ,27,30 entries are 1
and the others are zero. The advantage of those choices is that max;<;<z, L|(b;, h)|?/||h||? will
not change with L and can be computed explicitly. We can see in Figure |3 that the minimal L
required for exact recovery seems strongly linearly associated with p? = Lmax|(b;, h)[*/||h||2.

10.3 Robustness

In order to illustrate the robustness of our algorithm with respect to noise as stated in Theo-

Vo 1Xi=Xl1%
Vi 1Xll%

under different levels of noise. In the first experiment we choose r = 3, i.e., there are to-
tally 3 sources. They are of different sizes, i.e., (K1, N1) = (20,20), (K2, N2) = (25,25) and
(K3, N3) = (20,20). L is fixed to be 256, the B; are as outlined in Section and the A; are
Gaussian random matrices. In the simulation, we choose €; to be a normalized Gaussian random
vector. Namely, we first sample €; from a multivariate Gaussian distribution and then normalize

leillr = oy/> iy || Xil|% where 0 = 1,0.5,0.1,0.05,0.01, - - - and 0.0001. For each o, we run 10
experiments and compute the average relative error in the scale of dB, i.e., 101log;o(Avg.RelErr).

rem (3.3 we conduct two simulations to study how the relative error behaves

We run a similar experiment, this time with r = 15 sources (all IV; are equal to 10, and all K;
are equal to 15) and the A; are the “random” Hadamard matrices described above. For both
experiments, Figure [4] indicates that the average relative error (dB) is linearly correlated with
SNR = 10log;o(>i_; [| X:il|%/||€]|%), as one would wish.
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Lvs.r

800 - h

10.9

700 q
10.8

600 h 107

+10.6

Number of measurements: L, from 50 to 800

Number of sources r, from 1 to 7

Plot: K= N = 15, L vs. r; A:Hadamard matrix

Empirical probability of success

r=12,..18

Figure 1: Phase transition plot: performance of for different pairs of (L,r). White: 100%
success and black: 0% success. Top: A; : L x N; Gaussian random matrices. K; = 30 and
N; =25. 1 <r <7and L =50,100,---,800; Bottom: A; = D;H,; where A is the first IV;
columns of an L x I Hadamard matrix and D); is a diagonal matrix with i.i.d. random entries
taking £1 with equal probability. K; = N; = 15 with r =1,--- ,18 and L = 64,128, 256, 512.

11 Conclusion

We have developed a theoretical and numerical framework for simultaneously blindly decon-
volve and demix multiple transmitted signals from just one received signal. The reconstruction
of the transmitted signals and the impulse responses can be accomplished by solving a semidef-
inite program. Our findings are of interest for a variety of applications, in particular for the
area of multiuser wireless communications. Our theory provides a bound for the number of
measurements needed to guarantee successful recovery. While this bound scales quadratically
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Fixed L = 128, A: a Gaussian random matrix Fixed L = 128, A: a partial Hadamard matrix

I I I I I I I I I
5 10 15 20 25 30 35 40 45 50
N

Figure 2: Phase transition plot: empirical probability of recovery success for (Kj;, N;) where
K; and N; both vary from 5 to 50 and L = 128 is fixed. White: 100% success and black: 0%
success. Left: each A; is a L x N; Gaussian random matrix; Right: A; = D; H; with H; being
the first N; columns of the L x L Hadamard matrix and D; a diagonal matrix with entries
taking value on +1 with equal probabilities.

Lvs.pﬁ,K:N:SO,r=1

Number of measurements: L, from 30 to 300

3 6 9 12 15 18 21 24 27 30
u2:31030

Figure 3: Phase transition plot: Empirical probability of recovery success for
(L, max L|(b;, h)|?/||h||?) where r = 1, K = N = 30. White: 100% success and black: 0%
success.

in the number of unknown signals, it seems that our theory is somewhat pessimistic. Indeed,
numerical experiments indicate, surprisingly, that the proposed algorithm succeeds already even
if the number of measurements is fairly close to the theoretical limit with respect to the number
of degrees of freedom. It would be very desirable to develop a theory that can explain this
remarkable phenomenon.

Hence, this paper does not only provide answers, but it also triggers numerous follow-up ques-
tions. Some key questions are: (i) Can we derive a theoretical bound that scales linearly in
r, rather than quadratic in r as our current theory? (ii) Is it possible to develop satisfactory
theoretical bounds for deterministic matrices A;? (iii) Do there exist faster numerical algo-
rithms that do not need to resort to solving a semidefinite program (say in the style of the
phase retrieval Wirtinger-Flow algorithm [6]) with provable performance guarantees? (iv) Can
we develop a theoretical framework where the signals x; belong to some non-linear subspace,
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L =256, r = 3, A: Gaussian L=512,r=15 N =10, K= 15, A: Partial Hadamard matrix
. . T : : : : 0 T T T

20

Average Relative Error of 10 Samples(dB)
1

Average Relative Error of 10 Samples(dB)
1

_60 I I I I I I I I I _60 I I I I I I I I I

-10 0 10 20 30 40 50 60 70 80 90 -10 0 10 20 30 40 50 60 70 80
SNR(dB) SNR(dB)

Figure 4: Performance of under different SNR. Left: {A;} are Gaussian and there are 3
sources and L = 256; Right: A; = D;H; where H; is a partial Hadamard matrix and D; is a
diagonal matrix with random =41 entries. Here there are 15 sources in total and L = 512.

e.g. for sparse x;? (v) How do the relevant parameters change when we have multiple (but less
than r) receive signals? Answers to these questions could be particularly relevant in connection
with the Internet-of-Things.
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12 Appendix

12.1 Useful lemmas

For convenience we collect some results used throughout the proofs. Before we proceed, we note
that there is a quantity equivalent to [| - ||, defined in (43), i.e.,

crsupg (B Z|DV < ||Z]ly, < cosupgT (E]Z|7)1, (91)
a1 a1

where ¢; and ¢z are two universal positive constants, see Section 5.2.4 in [40]. Therefore,
sup,>1 ¢ (E |Z|7)1/9 will be used to quantify ||Z||,, in this section since it is easier to use in
explicit calculations.

Lemma 12.1. Let z be a random variable which obeys P{|z| > u} < ae™®, then
12lly, < (14 a)/b.

which is proven in Lemma 2.2.1 in [38]. Moreover, it is easy to verify that for a scalar A € C
[AZllg; = [Alll2]ly; -

For another independent random variable w with an exponential tail

12+ wlly, < CUl2llg; + [lwlly,) (92)

for some universal contant C.
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Proof: We only prove by using the equivalent quantity introduced in (91)).

Iz +wlly, < easup ¢ Bz +w] )Y
q=

< cpsupg ! [( )Y+ (B fuw]) /1]
q=1

N

< ac(llzle +llwlly,),
where the second inequality follows from triangle inequality on L? spaces. B
Lemma 12.2. Let u € R" ~ N(0,1,,), then ||u|* ~ x2 and
el = 12yl < 2n. (93)

Furthemore,
E [(uu* — I,)?] = (n+ 1)I,. (94)

Lemma 12.3 (Lemma 10-13 in [2]). Let w € R™ ~ N(0,1,) and g € C" be any deterministic
vector, then the following properties hold

|(u, @) * ~ [lqll*x7, (95)
/(. @)y, < Cllall?, (96)
I1(w, @) = llgl*ly, < Clall?, (97)
l(uu” — Iqlly, < Cvnllql, (98)
E[(uu” — I)qq" (uu” — I)] = q|°I +qq". (99)
Let p € C" be another deterministic vector, then
[{u, @) (P, u) — {q, P}y, < llalllpll- (100)

Proof: to and (100) directly follow from Lemma 10-13 in [2], except for small
differences in the constants. We only prove property

E[(uu’ — I)qq*(uu’ — I)] = E [[(u, ¢)*uu’] - qq".

For each (i, j)-th entry of R;; = |(u, @)|*uu; = q* [ujujuu*]q.
E [ujujuu’] = ¢ T #‘7.
I+E; i=j

where FE;; is an n X n matrix with the (¢, j)-th entry equal to 1 and the others being 0. The
expectation of R;;

ER. - GGt GG 1#]
1] . .
T el el i=3

and
E [[(u,q)|*uu’] — qq" = |l4l*T + qq" + qa" — qq" = lla|*T + aq".
where g is the complex conjugate of q. B
Lemma 12.4. Assume u ~ N (0,1,) and v ~ N(0,I,,) are two independent Gaussian random

vectors, then
[l[ul® + (o), <n+m

and

[l - vl <Cvmn.
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Proof: Let us start with the first one.
el + w2, < Ml oy + e, < n+m,
which directly follows from and . Following from independence,

llell - lolllly, < c2sup ¢ (E ull[[v]|) " < easup g (B fu])(E |lv]|7)!.
ks q

Let t = q/2,

1
el - lollly, < cosup o (B |lul*)/*(E o] *)"/*
t>1 2t

C2 1 20\1/t 12 1 20\1/t 2
< 2 (s g @ful) " (sup @ ol
2 t>1 t t>1 13
C1C9
< 22l ol
< Cvmn,

where |[ul|? ~ x2 and [|v||> ~ X2, and ||ully, and ||v]y, are given by (93)). W

12.2 An Important fact about “low-frequency” DFT matrix
Suppose that B is a “low-frequency” Fourier matrix, i.e.,

B = i(e—Qwilkz/L)l’k e CLXK7

VL
where 1 < k < K and 1 <[ < L with K < L. Assume there exists a () such that L = QP with
Q > K. We choose I'), = {p, P+ p,---,(Q —1)P + p} with 1 < p < P such that |T')| = Q,
UlSpSP I'y = {1,---,L} and they are mutually disjoint. Let B, be the @ x K matrix by
choosing its rows from those of B with indices in I',. Then we can rewrite B, as

1, o up_
B, = ﬁ(e 2mi(tP P+p)k/(PQ))1StSQ71SkSK € COK.
and it actually equals
1, o5 il P—
Bp _ ﬁ(e 2 ztk/Q62 i(P p)k/(PQ))IStSQ,ISkSK e (CQXK.

Therefore
B, — /% Fo diag(e2(P-D/(PQ) ... 2riK(P-p)/(PQ))

where Fg is the first K columns of a  x ) DFT matrix with F*QFQ = I k. Therefore

> bb; = BB, = QIK.

L
leT,

where b; is the [-th column of B*.
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