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Abstract

The almost Mathieu operator is the discrete Schrodinger operator H,, 59 on ¢£2(Z) defined
via (Hopof)(k) = f(k+1)+ f(k—1)+ B cos(2mak +0) f (k). We derive explicit estimates
for the eigenvalues at the edge of the spectrum of the finite-dimensional almost Mathieu op-
erator H é”g g- We furthermore show that the (properly rescaled) m-th Hermite function ¢y, is

an approximate eigenvector of H C(Yng} ¢» and that it satisfies the same properties that characterize

the true eigenvector associated to the m-th largest eigenvalue of H én[)ﬁ ¢- Moreover, a properly

translated and modulated version of ¢, is also an approximate eigenvector of Hg%ﬁ, and it
satisfies the properties that characterize the true eigenvector associated to the m-th largest (in
modulus) negative eigenvalue. The results hold at the edge of the spectrum, for any choice of
# and under very mild conditions on « and 5. We also give precise estimates for the size of
the “edge”, and extend some of our results to H, g ¢. The ingredients for our proofs comprise
Taylor expansions, basic time-frequency analysis, Sturm sequences, and perturbation theory
for eigenvalues and eigenvectors. Numerical simulations demonstrate the tight fit of the theo-
retical estimates.

1 Introduction
We consider the almost Mathieu operator H,, 54 on (*(Z), given by
(Hopof)(x) = f(x+1)+ f(x — 1) + 25 cos(2mak + 0) f(x), (1.1)

with z € Z, f € R,a € [—1,1), and 6 € [0,27). This operator is interesting both from a
phyiscal and a mathematical point of view [18, 19]. In physics, for instance, it serves as a model
for Bloch electrons in a magnetic field [13]. In mathematics, it appears in connection with graph

theory and random walks on the Heisenberg group [6, 11] and rotation algebras [9]. A major part



of the mathematical fascination of almost Mathieu operators stems from their interesting spectral
properties, obtained by varying the parameters «, 3, 6, which has led to some deep and beautiful
mathematics, see e.g [3,5,7,15,17]. For example, it is known that the spectrum of the almost
Mathieu operator is a Cantor set for all irrational « and for all 3 # 0, cf. [4]. Furthermore, if
B > 1then H, g ¢ exhibits Anderson localization, i.e., the spectrum is pure point with exponentially
decaying eigenvectors [14].

A vast amount of literature exists devoted to the study of the bulk spectrum of H, 34 and
its structural characteristics, but very little seems be known about the edge of the spectrum. For
instance, what is the size of the extreme eigenvalues of H,, g, how do they depend on «, /3, 0 and
what do the associated eigenvectors look like? These are exactly the questions we will address in
this paper.

While in general the localization of the eigenvectors of H, 34 depends on the choice of 3,
it turns out that there exist approximate eigenvectors associated with the extreme eigenvalues of
H, 3¢ which are always exponentially localized. Indeed, we will show that for small o the m-th
Hermitian function ¢,, as well as certain translations and modulations of ,,, form almost eigen-
vectors of H, 3¢ regardless whether « is rational or irrational and as long as the product ay/[ is
small.

There is a natural heuristic explanation why Hermitian functions emerge in connection with al-
most Mathieu operators. Consider the continuous-time version of H, g in (1.1) by letting z € R
and set « = 1,8 = 1,0 = 0. Then H, 3¢ commutes with the Fourier transform on L?(R). It
is well-known that Hermite functions are eigenfunctions of the Fourier transform, ergo Hermite
functions are eigenvectors of the aforementioned continuous-time analog of the Mathieu operator.
Of course, it is no longer true that the discrete H, 3¢ commutes with the corresponding Fourier
transform (nor do we want to restrict ourselves to one specific choice of o and 3). But nevertheless
it may still be true that discretized (and perhaps truncated) Hermite functions are almost eigenvec-
tors for H, 39. We will see that this is indeed the case under some mild conditions, but it only
holds for the first m Hermite functions where the size of m is either O(1) or O(1/,/7), where
v = may/B, depending on the desired accuracy (v? and v, respectively) of the approximation. We
will also show a certain symmetry for the eigenvalues of H, 3¢ and use this fact to conclude that
a properly translated and modulated Hermite function is an approximate eigenvector for the m-th
largest (in modulus) negative eigenvalue.

The only other work we are aware of that analyzes the eigenvalues of the almost Mathieu
operator at the edge of the spectrum is [21]. There, the authors analyze a continuous-time model
to obtain eigenvalue estimates of the discrete-time operator H, gg. They consider the case 3 =
1,6 = 0 and small « and arrive at an estimate for the eigenvalues at the right edge of the spectrum
that is not far from our expression for this particular case (after translating their notation into
ours and correcting what seems to be a typo in [21]). But there are several differences to our
work. First, [21] does not provide any results about the eigenvectors of H, z¢. Second, [21] does
not derive any error estimates for their approximation, and indeed, an analysis of their approach
yields that their approximation is only accurate up to order v and not 2. Third, [21] contains no
quantitative characterization of the size of the edge of the spectrum. On the other hand, the scope
of [21] is different from ours.



The remainder of the paper is organized as follows. In Subsection 1.1 we introduction some
notation and definitions used throughout the paper. In Section 2 we derive eigenvector and eigen-
value estimates for the finite-dimensional model of the almost Mathieu operator. The ingredients
for our proof comprise Taylor expansions, basic time-frequency analysis, Sturm sequences, and
perturbation theory for eigenvalues and eigenvectors. The extension of our main results to the
infinite dimensional almost Mathieu operator is carried out in Section 3. Finally, in Section 4 we
complement our theoretical findings with numerical simulations.

1.1 Definitions and Notation

We define the unitary operators of translation and modulation, denoted 7}, and M, respectively by

(T.f) (@) = fle—a) and  (Mpf) (2) := ™" f(2),

where the translation is understood in a periodic sense if f is a vector of finite length. It will be
clear from the context if we are dealing with finite or infinite-dimensional versions of 7}, and M,,.
Recall the commutation relations (see e.g. Section 1.2 in [12])

T, M, = e~ 2™\ T (1.2)

The discrete and periodic Hermite functions we will be using are derived from the standard
Hermite functions defined on R (see e.g. [1]) by simple discretization and truncation. We do
choose a slightly different normalization than in [1] by introducing the scaling terms (1/27)% and

(v/277)%*1, respectively.

Definition 1.1 The scaled Hermite functions @, with parameter v > ( are

2 1(2v/2)%(—1)2
forevenm: g (x) = e S (VA e, where ey = = (<z\zg<)m( zi; 7
1=0 5 — :

(1.3)

m—1

2 m=1_j
. _ a2 21+1 2041 _ m!(2\/§)2l+1(_1) 2
foroddm: @ (zr)=e" ;(ﬁ) Cmyx™ ", where ¢y = O 1)!(m;1 T

(1.4)
forx € Zand m = 0,1,.... The discrete, periodic Hermite functions of period n, denoted by
O, are similar 1o oy, except that the range for x is x = —%, ..., 5 — 1 (with periodic boundary
conditions) and the range for mism =0,...,n — 1.

We denote the finite almost Mathieu operator, acting on sequences of length n, by H (")79. It

a7
can be represented by an n x n tridiagonal matrix, which has ones on the two side-diagonals and
cos(z_n 1k + 0) as k-th entry on its main diagonal for z;, = 2mak, k = —3,...,% — 1, and
7 =20,...,n— 1. Here, we have assumed for simplicity that n is even, the required modification

for odd n is obvious. Sometimes it is convenient to replace the translation present in the infinite



almost Mathieu operator by a periodic translation. In this case we obtain the n X n periodic almost
o which is almost a tridiagonal matrix; it is given by

Mathieu operator P

(n)

a7/8’

[cos(v_n +0) 1 0 . 0 1 1
1 cos(z_niy +0) 1 0 0
P _ 0 1 cos(r_nio+0) 1 0
o.B, . :
. 0 1 cos(xn_o+0) 1

i 1 0 0 1 cos(xn_y + )

(1.5)
where ), = 2rak fork = -2, ..., 2 — 1. If 0 = 0 we write Pcinﬁ) instead of PCE"B)Q

2 Finite Hermite functions as approximate eigenvectors of the
finite-dimensional almost Mathieu operator

In this section we focus on eigenvector and eigenvalue estimates for the finite-dimensional model
of the almost Mathieu operator. Finite versions of H, ¢ are interesting in their own right. On the
one hand, numerical simulations are frequently based on truncated versions of H,, 34, on the other
hand certain problems, such as the study of random walks on the Heisenberg group, are often more
naturally carried out in the finite setting.

We first gather some properties of the true eigenvectors of the almost Mathieu operator, col-
lected in the following proposition.

Proposition 2.1 Consider the finite, non-periodic almost Mathieu operator H (7279. Let (o > (1 >

«
-« > (p_ be its eigenvalues and 1)y, 1, ..., Y,_1 the associated eigenvectors. The following
statements hold:

1. H®) b = Gutbn forall 0 < m < n — 1;
2. There exist constants C, Cs, independent of n such that, for all m

[i(i)] < Cre” M,

3. If . is one of the m-th largest eigenvalues (allowing for multiplicity), then 1, changes sign
exactly m times.

Proof The first statement is simply restating the definition of eigenvalues and eigenvectors. The
second statement follows from the fact that the inverse of a tri-diagonal (or an almost tri-diagonal
operator) exhibits exponential off-diagonal decay and the relationship between the spectral projec-
tion and eigenvectors associated to isolated eigenvalues. See [8] for details. The third statement is
a result of Lemma 2.2 below. ]



Lemma 2.2 Let A be a symmetric tridiagonal n X n matrix with entries aq, ..., a, on its main
diagonal and by, . .., b,_1 on its two non-zero side diagonals. Let \y > Ny > --- > \,, be the

eigenvalues of A with multiplicities ry, . .., Ty,. Let vél), . v((]m) uﬁ”, ..., 0™ be the associated

eigenvectors. Then, for each 0 < 1 < m and each 1 < j,, < 1, the entries of the vector v(j’”)
change signs m times. That is, for all 1 < jo < rq, the entries of each of the vectors v %) all have
the same sign, while for all 1 < j; < ry each of the vectors v(j Y has only a single index where the

sign of the entry at that index is different than the one before it, and so on.

Proof This result follows directly from Theorem 6.1 in [2] which relates the Sturm sequence to the
sequence of ratios of eigenvector elements. Using the assumption that b, > O forall: = 1,...,n
yields the claim. ]

The main results of this paper are summarized in the following theorem. In essence we show
that the Hermite functions (approximately) satisfy all three eigenvector properties listed in Propo-
sition 2.1. The technical details are presented later in this section.

Theorem 2.3 Let A be either of the operators P( ") 59 OF H C(X ; o Let gpm n be as defined in Defini-

tion 1.1. Set v = ma\/P, let 0 < & < 1, and assume nQ*E << nE Then, form = 0,..., N
where N = O(1), the following statements hold:

1. Appn = Ay mn, where N\, = 23 + 277 — dmye™;
2. For each m, there exist constants Cy, Cs, independent of n such that

|G (i)| < Cre= I,

3. Foreach 0 < m < n — 1, the entries of p, , change signs exactly m times.

Proof The second property is an obvious consequence of the definition of ¢,, ,, while the first and
third are proved in Theorem 2.6 and Lemma 2.8, respectively. That the theorem applies to both

Po(:/;,e and H é’fé,e is a consequence of Corollary 2.7. u

In particular, the (truncated) Gaussian function is an approximate eigenvector associated with the
largest eigenvalue of Pc(fgﬂ (this was also proven by Persi Diaconis [10]).
In fact, via the following symmetry property, Theorem 2.3 also applies to the m smallest eigen-

values of Po([nﬂ) o and their associated eigenvectors.

PropOSItlon 2.4 If p is an eigenvector of P 9 with eigenvalue A, then M 5T 2, is an eigen-

n)

vector of P 5.0 With eigenvalue —\.

Proof We assume that 6 = 0, the proof for 6 # 0 is left to the reader. It is convenient to express
P("g as
P") =Ty + Ty + BM, + BM_,.



Next we study the commutation relations between Po(é"g and translation and modulation by consid-
ering
TaMb(Tl +T—1 +6Ma +BM—Q)(T(1Mb)*‘ (21)

Using (1.2) we have
TaMleM_mT_a == 627ribT1, TaMbT—lM—mT_a = Q_QWibT_l’
and |
T MM M_)T ., = @727”&“Ma’ T,M,M_ M_,,T ., 27rzozaM7

Note that ¢>™* = +1if b € 37 and e 2™ = +1 if aa € Z. In particular, if b = 1 and a = 5~
we obtain
Ty My Ho (T M) = —Ha .

Hence, since P(")T L M RS —T L M P(”ﬁ)v for any v € C", it follows that if ¢ is an eigenvector

of P! ﬁ) with elgenvalue )\ then T 1 M 1 is an eigenvector of P( ") with eigenvalue —\. Finally,
note that if the entries of ¢ change 51gns k times, then the entrles of M. 1 change sign exactly
n — 1 — k times, while the translation operator does not affect the signs of the entries. ]

The attentive reader will note that the proposition above also holds for the infinite-dimensional
almost Mathieu operator H, g g.

In the following lemma we establish an identity about the coefficients c¢,,; in (1.3) and (1.4),
and the binomial coefficients by; 5, which we will need later in the proof of Theorem 2.6.

Lemma 2.5 Form =0,...,n—1;1=0,..., %, there holds
2¢m 1bar o — 4Cm —1boy—21 = —4mcy, -1, (2.2)
where b; i, = (J) = (.j!

k KG—k)!"

Proof To verify the claim we first note that by 2 = 2l(2é_1) and by_o 1 = 20 — 2. Next, note that
(2.2) is equivalent to

20—2—m
= A T 23
md = 120 — 1) ! (23

Now, for even m we calculate

2v2)%(—1)5 7 —8(Z — 1+ 1) ml(2v2)*2(—1)% 1+
O(Z -0 2020120 - 2)! (2 —1+1)

__8( -1+ ) _42l—2—m

o —1) LT Yoy it

Cmy = m!

as desired. The calculation is almost identical for odd m, and is left to the reader. [}

While the theorem below is stated for general «, 3, 6 (with some mild conditions on «, (), it is
most instructive to first consider the statement for o = %, £ = 1,0 = 0. In this case the parameter

6



~ appearing below will take the value v = Z. The theorem then states that at the right edge of

the spectrum of P B 9> Pm,n 18 an approx1mate eigenvector of P 9 with approximate eigenvalue
Am = 20 + 277 — 4mrye~7, and a similar result holds for the left edge. The error is of the order
# and the edge of the spectrum is of size O(1). If we allow the approximation error to increase to
be of order %, then the size of the edge of the spectrum will increase to O(y/n).

Theorem 2.6 Let Pc(fﬁ)ﬁ be defined as in (1.5) and let o, 3 € R+ and 0 € [0,27). Set v = ma/B
and assume that 7;% <v<1l

(1) Form =0,1,..., N, where N = O(1), there holds forall v = —7%,..., 5 — 1
(n) 0 2
(P ,6990771 n)( ) - Am@m,n x + % S 0(7 )a (24)
where
Am =20+ 2e”7 — dmye 7. (2.5)
(2) Form = —n+1,-n+2,..., =N, where N = O(1), there holds for all v = —%,...,5 — 1
(B ) () = A1) (2 5o = =) | < O(3) 26
8,0 m,n m m,n o 20 = ) .
where
Am = —(20+2e77 — dmrye™ ). (2.7)

Proof We prove the result for # = 0 and for even m; the proofs for # # 0 and for odd m are
similar and left to the reader. Furthermore, for simplicity of notation, throughout the proof we will
write H instead of ng and ¢, instead of ©,,, ,,.

We compute for v = —%, ..., § — 1 (recall that ¢, (5 — 1) = ¢(—75) due to our assumption of
periodic boundary conditions)

(How)(z) = om(z+ 1) + oz —1) + 26 cos(27rozx))g0m(x) (2.8)
— e 1% <e’27$ . Z cmﬂl(a: +1)% 4 e Z cm,fyl(x — 1)2l> + (2.9)
] !

+ e_7x226 cos(2maux) Z cmfyla:zz. (2.10)
l
We expand each of the terms (z + 1)2l into its binomial series, i.e.,

(z+1)? Zbg 2=k1k and ( Zbgl w227 (=1)%,  where by, = (21) 2.11)



and obtain after some simple calculations

m/2
(Hom)(z) = e [Z Y <€_szl,o(€_2W + %) 428 COS(Q’]TOA’L‘))} + (2.12)
1=0
m/2
e [Zcmm szz ke (e 4 (—1)’%2”)] (2.13)
= D + D). (2.14)

We will now show that (I) = p,,,(z) - (28 +2e¢77) + O(+?) and (Il) = —¢,, () - dmye™ + O(7?),
from which (2.4) and (2.5) will follow.
We first consider the term (I). We rewrite (I) as
m/2
d) = e (e_v(e_m +e¥") + 283 cos(27raa:)) Z Cmay @
1=0
Using Taylor approximations for e=27® ¢®*, and cos(2max) respectively, we obtain after some
rearrangements (which are justified due to the absolute summability of each of the involved infinite
series)

e (e Y(e7 4 e¥17) 4 23 cos(2 )

= ev[(1+(—2vx)+(_227!x) L& 237!:6)

(272)* | (2y2)°
91 31 +RQ($))]

(27rax)

+ Ry(z)) (2.15)

+(14 (2yz) +

e 253(1 +
(2y2)”
2!

where Ry, Ry, and R3 are the remainder terms of the Taylor expansion for e 2%, €%, and cos(2rax)
(in this order) respectively, given by

=@ (2@‘7 +2e 7 128 — 28 + e (Ru(x) + Ro(x)) + 25R3(33)>’ (2.16)

—9v)de & 2~ )4e2é2 2rar)d
Rl(l') _ ( '7) € ZE4, RQ(ZE) _ ( 7) € 134, R3<l’) _ ( 77'05) COS(€3)x47
4! 4! 4!
with real numbers &1, &, 3 between 0 and . We use a second-order Taylor approximation for e~
with corresponding remainder term R4(7y) = * 3 (for some &, € (0,7)) in (2.16).

Hence (2.16) becomes

3|

—2 (26—7 + (2yz)? + (—7 + g—? + Ry(y )) (2y7)* + 28 — B(Qm)z:v)Q) + (2.17)
e ((1 -7+ ;—7 + Ry (v )) (Ri(z) + Ra(z)) + 251—23(95)) : (2.18)



Since v = may/}3, the terms (2yz)? and —((2rax)? in (2.17) cancel. Clearly, |R;(z)| < 27""”) ,
|Ro(z)| < M ,and |Ry ()| < ('zy,)—),?’ It is convenient to substitute o« = #B in R3(x), in Wthh

case we get |R3( )| < ?Qj), Thus, we can bound the expression in (2.18) from above by
g2 ’YQ
e (= 7+ 5 + Ra() (Bu(@) + Ralw)) + 268Rs(a))| (2.19)
2 4 2y 4 4
a P 2yt e (2y) (27z)
< () g+ 2 5241 ) (220
Assume now that |z| < —= f then we can further bound the expression in (2.20) from above by
2 3 4 2y 4 4
ya? v (2ya)t e (2ya) (2yz)
¢’ <<7+2_+§)( ot TPy )> 2.21)
VN2 220y Ay > 3 3
— —_—t+—) ] <0 @ . 222
(o o+ E T ) 0w o e

Moreover, if |z| < 7, we can bound the term ( — 7y + "’—2 + Ry(7)) S (2”””) in (2.17) by

2 2 2
‘( 7+%+R4( ))( 1) §272+73+%§0(72)-

(&
Now suppose |z| > \/g We set |z| = ( ,—1y> for some ¢ with

2log(n/2)
PSS 1)

n

The upper bound in (2.23) ensures that |z| < % and the assumption % < v < 1 implies that
condition (2.23) is not empty. Then

(2.23)

Ca? v P @)t e (2ya)t L (2y2)
¢’ <(7+§+ )t TPy )) = (2.24)
1—c 2 9~ )42 2vy1-e 2~ )4—2¢ frA—2c
= (G IS BT I <o, e

where the last inequality follows from basic inequalities like e “472¢ < ~2 (which in turn
follows from e¥ > 42 for all y > 0).
Thus we have shown that

e (e”(e_m +e¥") + 283 cos(27rozx)) = (2e77 4+ 28) + O(7?). (2.26)
Returning to the term (I) in (2.12), we obtain, using (2.26),
m/2
D) = @n(@) (267 +28) +C, Y cy'a™ (2.27)

=0



where C., = O(7?).

Let us analyze the error term C, Z;”/OZ cmy'@?. Using Stirling’s Formula ( [1, Page 257]) we
note that ¢,,; grows at least as fast as (m/e)" m/2 , but not faster than (m/e)™. Hence, the error term
will remain of size O(+?), as long as we ensure that m does not exceed O(1).

We now proceed to showing that (I) = —,,, () - (4mye™7) + O(~?). The key to this part of
the proof is the observation that H acts “locally” on the powers 2% that appear in the definition of
©m- Recall that the term (II) has the form

m/2

[Zcmm Zblkm - 27:54—(—1)]662%3)]. (2.28)

Analogous to the calculations leading up to (2.26) we can show that for odd % there holds

e e (e 4 (=1)FeP?) = (—dvyz)e e + O(7?), (2.29)
and for even k
2 2
e e (e (—1)FePT) = 267 e 4 O(7). (2.30)
Using (2.29) and (2.30) we can express (2.28) as
m/2
(e‘“”ge_7 + (’)(72)) [Z cm,ml( Z(—Zl’}/l')bgl,kxm_k + Z 2bglﬁkx2l_k)} . (2.31)
=0 odd k even k

Furthermore, using estimates similar to the ones used in deriving the bounds for (I), one easily
verifies that ,
e 1 e Y (—dyx) 2B h < O(4?), for k > 3,

and
e_WQe_”cm’fylmm_? < 0(72), for k > 4.
Therefore,
m/2
P [Z cmvwl( Z(—Zl'yx)bm,kx?l_k + Z 2b2l,k$2l_k)] = (2.32)
=0 odd k even k
m/2
(e e+ 0(%)) [Z Cmy (=472 by g™~ + 2b21,2x2l—2)] . (2.33)
1=0
The expression above implies that H acts “locally” on the powers 2% of ,),.
Moreover,
m/2
z? e [Zcm l'y (—4yz)by, Y 2b2172x21_2)} (2.34)
= 1% [(—Mm)cm,mmﬂ M 4 2 my™ 2y 5™ (2.35)
m/2—1
+ Y (—47)emy bz + 2cm,wlbgl,2x2l—2)], (2.36)

=0

10



and

m/2—1
(—4my)cp,m m ™2™ 2, my™ 2, a2 4 Z (—47) iy Dot 12 + 200,17 by 227 72)
1=0
m/2
= (_4m7)0m,";7 m2pm 4 Z QCmﬁ ba, o2 470m,z—17l_1b2l—2,1$2l_2) (2.37)
1=0
m/2
= (—4m)cm,m Y™ + VZVZ 2?72 (20,0912 — ACm—1b2-21) (2.38)
1=0
m/2
= (—4m~)cp, ’ym/2 m 4mfyz Cmg1y a2 (2.39)
1=0
m/2
=4my Y ez, (2.40)

=0

where we have used Lemma 2.5 in (2.39). Hence, up to an error of size O(+?) we have

m/2 m/2
_ _ 2
oe 7[ E cmm E 4793)62;,;@21 kg g 2b2[7k$2l k)} = —4dmye Ve 7 E cmﬂlxm.
odd k even k =0

2.41)
Analogous to the estimate of (I), we need to choose m to be not larger than O(1), in order to
keep the error term

m/2

[Zcmw — 4y )by 122+ 2bgy 022 2)] (2.42)

of size O(+?).
Therefore, for such an m, by invoking (1.3), (2.31), and (2.41) we can express the term (II) in
(2.28) as
() = —4mye Vo, (z) + O(?).

Hence we have shown that

(Hom)(z) = (28 +2e77 — dmye pm(z) + O(7?),

which establishes claims (2.4) and (2.5).
Claims (2.6) and (2.7) of Theorem 2.6 follow now from Proposition 2.4. [

Remark 2.1 If we allow the error bound in (2.4) and (2.6) to increase from O(~?*) to O(7), then
the range for which the p,, serve as approximate eigenfuctions for P( ") 5.9 €xtends from m ~ o(1)

tom ~ O(\/1/v). This can be seen by a suitable modification of the proof of Theorem 2.6 in the
derivations in (2.24), (2.25) and in the error term (2.27), as well as in the calculations leading up
to (2.41) and in the error term (2.42). (We leave the details to the reader.) See also the numerical
simulations depicted in Figure 2, which illustrate this fact.

11



Corollary 2.7 Theorem 2.6 also holds if we replace p" B g With H

Proof A simple application of the triangle inequality yields

HHgLﬂ)yegpmvn o mSOmn H ,Be‘Pmn - P( ,3090mn + ’ P(i?ﬁ),egpm,n - )\mgom,n )
We compute
n n n 2 n 2
|5 o0mn - Pcivg,gsomn = [emn (5 =1)] +]ema (-5) (2.43)
2 2
m/2 m/2
n 2 21 n)\2 21
— G e (1) |+ C Y e (<5) | @4
=0 =0

Now, from 2.27 we know that the sums are of size (’)(72), so we conclude (in a large overestimate
when n is large) that

HHS,LB,GQOWJL - c(fﬁ),e@m,n ) = 0(72)'
Meanwhile, from Theorem 2.6, we know that
‘ Po(zn,b2 9Pm,n — )‘m@m,n ) = 0(72)'
[ ]
Lemma 2.8 Let o, ,, be as before. Let 0 < ¢ < 1 and assume —— < v < -=. Then, as long as

m < n° — 1, the entries of @y, ,, change signs m times.

Proof Recall that the Hermite polynomial of order m has m distinct real roots. From [16], we
know that the roots of the mth Hermite polynomial lie in the interval [—v/2m + 2,v/2m + 2].
Now, in our definition of ¢, ,,, we have applied the transformation = +— +/2vz to the Hermite
polynomials. Thus, in our case, we see that the zeroes of ¢,, ,, lie in the interval

b

lie in the interval

1—¢ 1—¢

from which we see that so long as m < n® — 1, all of the zeroes of the mth Hermite polynomial
lie in the interval
53]
2721°

12



Then, if the distance between consecutive zeroes is always larger than 1, the lemma will follow.
Now, from [20] we know that the distance between consecutive roots of the mth Hermite polyno-
mial is at least \/27’;7 Applying our scaling, we see that the distance between consecutive zeroes

of ¢, 15 at least T The condition v < = L Jeads to
2v(2

m neé

— >y ———,
2v(2m + 1) 4m + 2

2.6 __ . . .
and so we see that whenever m < %2 the minimum distance between consecutive zeroes of

©m,n Will be greater than 1. Finally, note that n® — 1 <

TI'TL72
]

In particular, by choosing € = % in Lemma 2.8, and thus = < v < we obtain that for

m < v/n+ 1, ¢, changes sign m times.

Remark 2.2 Let o« = _, where r € N,. Then it is easy to see that each eigenvalue of P;"B) has

multiplicity (at least) *: and if f is an approximate eigenvector of PO%) with eigenvalue )\, then so
is Tynyr f, fork=1,...,r — 1.

3 Eigenanalysis of the infinite almost Mathieu operator /1, 3¢

In the preceding sections we have seen that ¢,, , are approximate eigenfunctions with associated

eigenvalues )\, for both P( )9 and Ha g, o- We now consider the infinite dimensional operator

H, g ¢ and its relationship w1th the non-periodic version of the Hermite functions defined in (1.3)
and (1.4). We shall denote these functions by ¢,,, and for all m > 0 they are defined exactly as
in Definition 1.1 except that the range of z is Z. Note that the claims in Proposition 2.1 no longer
make sense for the infinite dimensional operator H, 9. Nevertheless, we see that \,,, and ¢, still
function as approximate eigenpairs for H, ¢, and the statements of Theorem 2.3 still hold.

Theorem 3.1 Let H,, 59, pm, \m be as before. Set v = wan/B and assume 0 < v < 1. Then, for
m=20,...,N, where N = O(1), the following statements hold:

]- Ha,ﬁﬁgom ~ )\mSOm,
2. For each m, there exist constants C,Cy > 0 such that

o (i)| < Cre= @l

3. Forall0 <m < g — %, the entries of ., change signs exactly m times.

Proof The first statement is proved in Corollary 3.2 to Theorem 2.6 below. The second follows

from the definition of the Hermite functions. The third statement is an easy consequence of Lemma
2.8. |

13



Corollary 3.2 Let H, s ¢ be as defined in (1.1) and let o, 3 € Rt and 6 € [0,27). Set v = wan/3
and assume that 0 < v < 1.

(1) Form=0,1,..., N, where N = O(1), Tzi ©m is an approximate eigenvector for H,, g g with
approximate eigenvalue \,, = 23 + 2e™7 — 47’7;;76_7. Moreover;, there holds for all x € 7

(Ha00m)(@) = AT o ()| < O). G.1)
(2) Fform=—-n+1,-n+2,...,—N, where N = O(1), T2—79M1/290m is an approximate eigen-
vector and \,, = — (23 + 2e~7 — 4dm~e™") is an approximate eigenvalue associated with the m-th

largest negative eigenvalue of H, 3. Moreover, there holds for all x € Z

|(Hap00m)(@) = ATy My om (@) < 0. (32)

2T

If we replace O(~?) in (3.1) and (3.2) by O(~), then the range for m increases from N = O(1) to

N = 0(\/1/)

Proof As in the proof of Theorem 2.6, we prove the result for even m and § = 0. Indeed, the
proof proceeds exactly as before, except that in this case we no longer need the assumption (2.23).
Thus, (3.1) holds for 0 < v < 1 and for all x € Z. We apply the infinite-dimensional version of
Proposition 2.4 to obtain (3.2). [

4 Numerical simulations

In this section we illustrate our theoretical findings with numerical examples. We consider Pcs"g 0

with the parameters n = 10000, a = %, p = 1,0 = 0, hence in this case v = Z. Figure 1 shows

the true eigenvalues of ffg and the approximate eigenvalues given by formula (2.5). Depicted are
the 600 algebraically largest eigenvalues and their approximations.

Theorem 2.6 predicts that the approximation error will be of size v? for the first few approxi-
mate eigenvalues, while about \/n many approximate eigenvalues deviate from the true eigenvalues
by an error of less than about 1/n. Figure 2 confirms this prediction. In Figure 2 we show the num-
ber of approximate eigenvalues that approximate the true eigenvalues of P;”ﬁ) o Within an error of vy
(red solid line) as well as within an error of 72 (green dash-dotted line). Also depicted is the graph
of 1/,/7 (blue dashed line). The picture confirms clearly our theoretical findings, which imply that
the number of approximate eigenvalues that deviate from the true eigenvalues by an error less than
7?2 is of size O(1), i.e, independent of n, while the number of approximate eigenvalues that deviate

from the true eigenvalues by an error less than +y scales like 1/,/7, thus in this example like \/g .
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True and approximate eigenvalues
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Figure 1: True eigenvalues of Po(jg o and their approximation via (2.4). The values for Po(éng 0

are n = 10000,c = 2,3 = 1,60 = 0.
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Figure 2: Shown are the number of approximate eigenvalues that approximate the true eigen-

values of Po([ng o Within an error of y (red solid line) as well as within an error of 72 (green

dash-dotted line). Also depicted is the graph of 1/, /7 (blue dashed line). The values for Po(énﬁ), 0
are n = 1000, ...,30000,a = %,B = 1,60 = 0, hence in this example v = 7.
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