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Abstract

Whenever we use devices to take measurements, calibration is indispensable. While the
purpose of calibration is to reduce bias and uncertainty in the measurements, it can be quite
difficult, expensive, and sometimes even impossible to implement. We study a challenging
problem called self-calibration, i.e., the task of designing an algorithm for devices so that the
algorithm is able to perform calibration automatically. More precisely, we consider the setup
y = A(d)z+e where only partial information about the sensing matrix A(d) is known and where
A(d) linearly depends on d. The goal is to estimate the calibration parameter d (resolve the
uncertainty in the sensing process) and the signal /object of interests & simultaneously. For three
different models of practical relevance, we show how such a bilinear inverse problem, including
blind deconvolution as an important example, can be solved via a simple linear least squares
approach. As a consequence, the proposed algorithms are numerically extremely efficient, thus
potentially allowing for real-time deployment. We also present a variation of the least squares
approach, which leads to a spectral method, where the solution to the bilinear inverse problem
can be found by computing the singular vector associated with the smallest singular value of a
certain matrix derived from the bilinear system. Explicit theoretical guarantees and stability
theory are derived for both techniques; and the number of sampling complexity is nearly optimal
(up to a poly-log factor). Applications in imaging sciences and signal processing are discussed
and numerical simulations are presented to demonstrate the effectiveness and efficiency of our
approach.

1 Introduction

Calibration is ubiquitous in all fields of science and engineering. It is an essential step to guarantee
that the devices measure accurately what scientists and engineers want. If sensor devices are not
properly calibrated, their measurements are likely of little use to the application. While calibration
is mostly done by specialists, it often can be expensive, time-consuming and sometimes even impos-
sible to do in practice. Hence, one may wonder whether it is possible to enable machines to calibrate
themselves automatically with a smart algorithm and give the desired measurements. This leads
to the challenging field of self-calibration (or blind calibration). It has a long history in imaging
sciences, such as camera self-calibration [33, 22|, blind image deconvolution [12], self-calibration in
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medical imaging [35], and the well-known phase retrieval problem (phase calibration) [16]. It also
plays an important role in signal processing [18] and wireless communications [38, 32].

Self-calibration is not only a challenging problem for engineers, but also for mathematicians. It
means that one needs to estimate the calibration parameter of the devices to adjust the measure-
ments as well as recover the signal of interests. More precisely, many self-calibration problems are
expressed in the following mathematical form,

y = A(d)z +¢, (1.1)

where y is the observation, A(d) is a partially unknown sensing matrix, which depends on an un-
known parameter d and x is the desired signal. An uncalibrated sensor/device directly corresponds
to “imperfect sensing”, i.e., uncertainty exists within the sensing procedure and we do not know
everything about A(d) due to the lack of calibration. The purpose of self-calibration is to resolve
the uncertainty i.e., to estimate d in A(d) and to recover the signal x at the same time.

The general model (1.1) is too hard to get meaningful solutions without any further assumption
since there are many variants of the general model under different settings. In (1.1), A(d) may
depend on d in a nonlinear way, e.g., d can be the unknown orientation of a protein molecule
and x is the desired object [44]; in phase retrieval, d is the unknown phase information of the
Fourier transform of the object [16]; in direction-of-arrival estimation d represents unknown offset,
gain, and phase of the sensors [47]. Hence, it is impossible to resolve every issue in this field,
but we want to understand several scenarios of self-calibration which have great potential in real
world applications. Among all the cases of interest, we assume that A(d) linearly depends on the
unknown d and will explore three different types of self-calibration models that are of considerable
practical relevance. However, even for linear dependence, the problem is already quite challenging,
since in fact we are dealing with bilinear (nonlinear) inverse problems. All those three models have
wide applications in imaging sciences, signal processing, wireless communications, etc., which will
be addressed later. Common to these applications is the desire or need for fast algorithms, which
ideally should be accompanied by theoretical performance guarantees. We will show under certain
cases, these bilinear problems can be solved by linear least squares exactly and efficiently if no
noise exists, which is guaranteed by rigorous mathematical proofs. Moreover, we prove that the
solution is also robust to noise with tools from random matrix theory. Furthermore, we show that
a variation of our approach leads to a spectral method, where the solution to the bilinear problem
can be found by computing the singular vector associated with the smallest singular matrix of a
certain matrix derived from the bilinear system.

1.1 State of the art

By assuming that A(d) linearly depends on d, (1.1) becomes a bilinear inverse problem, i.e., we
want to estimate d and x from y, where y is the output of a bilinear map from (d, ). Bilinear
inverse problems, due to its importance, are getting more and more attentions over the last few
years. On the other hand, they are also notoriously difficult to solve in general. Bilinear inverse
problems are closely related to low-rank matrix recovery, see [15] for a comprehensive review. There
exists extensive literature on this topic and it is not possible do justice to all these contributions.
Instead we will only highlight some of the works which have inspired us.

Blind deconvolution might be one of the most important examples of bilinear inverse prob-

[13%

lems [12], i.e., recovering f and g from y = f * g, where “«” stands for convolution. If both
f and g are inside known low-dimensional subspaces, the blind deconvolution can be rewritten



as F(y) = diag(Bd)Ax, where F(f) = Bd, F(g) = Ax and “F” denotes the Fourier trans-
form. In the inspiring work [4], Ahmed, Romberg and Recht apply the “lifting” techniques [13]
and convert the problem into estimation of the rank-one matrix da*. It is shown that solving a
convex relaxation enables recovery of dx* under certain choices of B and A. Following a similar
spirit, [30] uses “lifting” combined with a convex approach to solve the scenarios with sparse x
and [29] studies the so called “blind deconvolution and blind demixing” problem. The other line of
blind deconvolution follows a nonconvex optimization approach [3, 26, 25]. In [3], Ahmed, Romberg
and Krahmer, using tools from generic chaining, obtain local convergence of a sparse power factor-
ization algorithm to solve this blind deconvolution problem when h and x are sparse and B and A
are Gaussian random matrices. Under the same setting as [3], Lee et al. [25] propose a projected
gradient descent algorithm based on matrix factorizations and provide a convergence analysis to
recover sparse signals from subsampled convolution. However, this projection step can be hard to
implement. As an alternative, the expensive projection step is replaced by a heuristic approximate
projection, but then the global convergence is not fully guaranteed. Both [3, 25| achieve nearly
optimal sampling complexity. [26] proves global convergence of a gradient descent type algorithm
when B is a deterministic Fourier type matrix and A is Gaussian. Results about identifiability
issue of bilinear inverse problems can be found in [27, 23, 28].

Another example of self-calibration focuses on the setup y; = DA;x, where D = diag(d).
The difference from the previous model consists in replacing the subspace assumption by multiple
measurements. There are two main applications of this model. One application deals with blind
deconvolution in an imaging system which uses randomly coded masks [5, 37]. The measurements
are obtained by (subsampled) convolution of an unknown blurring function D with several random
binary modulations of one image. Both [5] and [2] developed convex relaxing approaches (nuclear
norm minimization) to achieve exact recovery of the signals and the blurring function. The other
application is concerned with calibration of the unknown gains and phases D and recovery of the
signal x, see e.g. [10, 9]. Cambareri and Jacques propose a gradient descent type algorithm in [10, 11]
and show convergence of the iterates by first constructing a proper initial guess. An empirical
study is given in [9] when x is sparse by applying an alternating hard thresholding algorithm.
Recently, [1, 2] study the blind deconvolution when inputs are changing. More precisely, the authors
consider y; = f * g; where each g; belongs to a different known subspace, i.e., g; = C;x;. They
employ a similar convex approach as in [4] to achieve exact recovery with number of measurements
close to the information theoretic limit.

An even more difficult, and from a practical viewpoint highly relevant, scenario focuses on self-
calibration from multiple snapshots [47]. Here, one wishes to recover the unknown gains/phases
D = diag(d) and a signal matrix X = [x1,---,2,] from Y = DAX. For this model, the
sensing matrix A is fixed throughout the sensing process and one measures output under different
snapshots {x;}]_,. One wants to understand under what conditions we can identify D and {a;}}_,
jointly. If A is a Fourier type matrix, this model has applications in both image restoration from
multiple filters [21] and also network calibration [6, 31]. We especially benefitted from work by
Gribonval and coauthors [20, 8], as well as by Balzano and Nowak [6, 7]. The papers [6, 7] study
the noiseless version of the problem by solving a linear system and [31] takes a total least squares
approach in order to obtain empirically robust recovery in the presence of noise. If each x; is
sparse, this model becomes more difficult and Gribonval et al. [8, 20] give a thorough numerical
study. Very recently, [43] gave a theoretic result under certain conditions. This calibration problem
is viewed as a special case of the dictionary learning problem where the underlying dictionary DA



possesses some additional structure. The idea of transforming a blind deconvolution problem into a
linear problem can also be found in [32], where the authors analyze a certain non-coherent wireless
communication scenario.

1.2 Our contributions

In our work, we consider three different models of self-calibration, namely, y; = DAz, y; = D Ax;
and y; = DAx;. Detailed descriptions of these models are given in the next Section. We do not
impose any sparsity constraints on & or ;. We want to find out «; (or ) and D when y; (or y) and
A; (or A) are given. Roughly, they correspond to the models in [5, 1, 8] respectively. Though all of
the three models belong to the class of bilinear inverse problems, we will prove that simply solving
linear least squares will give solutions to all those models exactly and robustly for invertible D and
for several useful choices of A and A;. Moreover, the sampling complexity is nearly optimal (up to
poly-log factors) with respect to the information theoretic limit (degree of freedom of unknowns).

As mentioned before, our approach is largely inspired by [8] and [6, 7]; there the authors convert
a bilinear inverse problem into a linear problem via a proper transformation. We follow a similar
approach in our paper. The paper [8] provides an extensive empirical study, but no theoretical anal-
ysis. Nowak and Balzano, in [6, 7] provide numerical simulations as well as theoretical conditions
on the number of measurements required to solve the noiseless case.

Our paper goes an important step further: On the one hand we consider more general self-
calibration settings. And on the other hand we provide a rigorous theoretical analysis for recov-
erability and, perhaps most importantly, stability theory in the presence of measurement errors.
Owing to the simplicity of our approach and the structural properties of the underlying matri-
ces, our framework yields self-calibration algorithms that are numerically extremely efficient, thus
potentially allowing for deployment in applications where real-time self-calibration is needed.

1.3 Notation and Outline

We introduce notation which will be used throughout the paper. Matrices are denoted in boldface
or a calligraphic font such as Z and Z; vectors are denoted by boldface lower case letters, e.g. z.
The individual entries of a matrix or a vector are denoted in normal font such as Z;; or z;. For any
matrix Z, || Z|| denotes its operator norm, i.e., the largest singular value, and || Z||r denotes its the

Frobenius norm, i.e., || Z||p = /3 ;;1Z;|*. For any vector z, |z|| denotes its Euclidean norm. For

both matrices and vectors, ZT and 2”7 stand for the transpose of Z and z respectively while Z*
and z* denote their complex conjugate transpose. For any real number z, we let z;. = 3(z + |2|).
We equip the matrix space C5X*¥ with the inner product defined by (U, V) := Tr(U*V). A special
case is the inner product of two vectors, i.e., (u,v) = Tr(u*v) = u*v. We define the correlation
between two vectors u and v as Corr(u,v) = m For a given vector v, diag(v) represents the
diagonal matrix whose diagonal entries are given by the vector v.

C' is an absolute constant and C is a constant which depends linearly on ~, but on no other
parameters. I,, and 1, always denote the n x n identity matrix and a column vector of “1” in
R" respectively. And {e;}7", and {€;}]_, stand for the standard orthonormal basis in R” and R?

Wy

respectively. “x” is the circular convolution and “®” is the Kronecker product.

The paper is organized as follows. The more detailed discussion of the models under consid-
eration and the proposed method will be given in Section 2. Section 3 presents the main results



of our paper and we will give numerical simulations in Section 4. Section 5 contains the proof for
each scenario. We collect some useful auxiliary results in the Appendix.

2 Problem setup: Three self-calibration models

This section is devoted to describing three different models for self-calibration in detail. We will also
explain how those bilinear inverse problems are reformulated and solved via linear least squares.

2.1 Three special models of self-calibration

Self-calibration via repeated measurements Suppose we are seeking for information with
respect to an unknown signal @y with several randomized linear sensing designs. Throughout this
procedure, the calibration parameter D remains the same for each sensing procedure. How can
we recover the signal &g and D simultaneously? Let us make it more concrete by introducing the
following model,

yy=DAxog+e, 1<I<p (2.1)

where D = diag(d) € C™*™ is a diagonal matrix and each A; € C™*™ is a measurement matrix.
Here y; and A; are given while D and x( are unknown. For simplicity, we refer to the setup (2.1)
as “self-calibration from repeated measurements”. This model has various applications in self-
calibration for imaging systems [10, 11], networks [6], as well as in blind deconvolution from random
masks [5, 37].

Blind deconvolution via diverse inputs Suppose that one sends several different signals
through the same unknown channel, and each signal is encoded differently. Namely, we are consid-
ering

yu=f*xCx +eg, 10<p.

How can one estimate the channel and each signal jointly? In the frequency domain, this “blind
deconvolution via diverse inputs” [1, 2] problem can be written as (with a bit abuse of notation),

yy=DAx +¢, 1<I<p (2.2)

where D = diag(d) € C"™*™ and A; € C"™*"™ are the Fourier transform of f and Cj respectively.
We aim to recover {x;}]_; and D from {y;, A;}]_;.

Self-calibration from multiple snapshots Suppose we take measurements of several signals
{a;})_, with the same set of design matrix DA (i.e., each sensor corresponds one row of A and has
an unknown complex-valued calibration term d;). When and how can we recover D and {x;}]_,
simultaneously? More precisely, we consider the following model of self-calibration model from
multiple snapshots:

y=DAx;+¢, 1<I[<p. (2.3)

Here D = diag(d) is an unknown diagonal matrix, A € C™*" is a sensing matrix, {x;}]_, are
n X 1 unknown signals and {yl}f:1 are their corresponding observations. This multiple snapshots
model has been used in image restoration from multiple filters [21] and self-calibration model for
sensors [47, 6, 31, 20, 8].



2.2 Linear least squares approach

Throughout our discussion, we assume that D is invertible, and we let S := diag(s) = D~!. Here,
D = diag(d) stands for the calibration factors of the sensor(s) [6, 8] and hence it is reasonable to
assume invertibility of D. For, if a sensor’s gain were equal to zero, then it would not contribute
any measurements to the observable y, in which case the associated entry of y would be zero.
But then we could simply discard that entry and consider the correspondingly reduced system of
equations, for which the associated D is now invertible.

One simple solution is to minimize a nonlinear least squares objective function. Let us take (2.1)
as an example (the others (2.2) and (2.3) have quite similar formulations),

p
i DAz — vy || 2.4
rg};}l; |IDA;x — (2.4)

The obvious difficulty lies in the biconverity of (2.4), i.e., if either D or x is fixed, minimizing over
the other variable is a convex program. In general, there is no way to guarantee that any gradient
descent algorithm/alternating minimization will give the global minimum. However, for the three
models described above, there is one shortcut towards the exact and robust recovery of the solution
via linear least squares if D is invertible.

We continue with (2.1) when g, = 0, i.e.,

diag(y;))s = Ajxz, 1<1<p (2.5)

where Sy, = diag(y;)s with s; = d Land S is defined as diag(s). The original measurement
equation turns out to be a linear system with unknown s and . The same idea of linearization
can be also found in [20, 8, 43, 6]. In this way, the ground truth zg := (sg, xo) lies actually inside
the null space of this linear system.

Two issues arise immediately: One the one hand, we need to make sure that (sg,xg) spans
the whole null space of this linear system. This is equivalent to the identifiability issue of bilinear
problems of the form (2.4), because if the pair (a~'dy, axg) for some o # 0 is (up to the scalar
«) unique solution to (2.1), then (asg, axp) spans the null space of (2.5), see also [27, 23, 28]. On
the other hand, we also need to avoid the trivial scenario (sg,xg) = (0, 0), since it has no physical
meaning. To resolve the latter issue, we add the extra linear constraint (see also [8, 6])

(o[-

where the scalar ¢ can be any nonzero number (we note that w should of course not be orthogonal
to the solution). Therefore, we hope that in the noiseless case it suffices to solve the following linear
system to recover (d,xg) up to a scalar, i.e.,

diag(y1) —A;

et 2~ @
diag(yp) —A, L1 (man)x1 €l (mp+1)x1
w (mp+1)x (m+n) z b
Au



In the presence of additive noise, we replace the linear system above by a linear least squares

problem
P

minimize Z | diag(yi)s — Ajz|? + |w*z — ¢
=1

2

with respect to s and @, or equivalently,

minimize || Awz — b||? (2.8)
z

where z = [; , b= (c) , and Ay, is the matrix on the left hand side of (2.7). Following the same

idea, (2.2) and (2.3) can also be reformulated into linear systems and be solved via linear least
squares. The matrix A,, and the vector z take a slightly different form for those cases, see (3.1)
and (3.3), respectively.

Remark 2.1. Note that solving (2.8) may not be the optimal choice to recover the unknowns
from the perspective of statistics since the noisy perturbation actually enters into A,, instead of b.
More precisely, the noisy perturbation d.A to the left hand side of the corresponding linear system
for (2.1), (2.2) and (2.3), is always in the form of

diag(e1) O

SA=| (2.9)
diag(ep) O
0 0

The size of A depends on the models. Hence total least squares [31] could be a better alternative
while it is more difficult to analyze and significantly more costly to compute. Since computational
efficiency is essential for many practical applications, a straightforward implementation of total least
squares is of limited use. Instead one should keep in mind that the actual perturbation enters only
into diag(y;), while the other matriz blocks remain unperturbed. Constructing a total least squares
solution that obeys these constraints, doing so in a numerically efficient manner and providing
theoretical error bounds for it, is a rather challenging task, which we plan to address in our future
work.

Remark 2.2. Numerical simulations imply that the performance under noisy measurements de-
pends on the choice of w, especially how much w and zg are correlated. One extreme case is that
(w, zp) = 0, in which case we cannot avoid the solution z = 0. It might be better to add a constraint
like ||lw| = 1. However, this will lead to a nonlinear problem which may not be solved efficiently
and not come with rigorous recovery guarantees. Therefore, we present an alternative approach in
the next subsection.

2.3 Spectral method

In this subsection, we discuss a method for solving the self-calibration problem, whose performance
does not depend on the choice of w as it avoids the need of w in the first place. Let S be the



matrix Ay, excluding the last row (the one which contains w). We decompose S into S = Sp + S
where Sy is the noiseless part of S and 4S is the noisy part!.

We start with the noise-free scenario: if 6§ = 0, there holds § = &y and the right singular
vector of S corresponding to the smallest singular value is actually zy. Therefore we can recover zg
by solving the following optimization problem:

min ||Sz]|. (2.10)
llzl=1
Obviously, its solution is equivalent to the smallest singular value of S and its corresponding singular
vector.
If noise exists, the performance will depend on how large the second smallest singular value of
Sp is and on the amount of noise, given by ||0S||. We will discuss the corresponding theory and
algorithms in Section 3.4, and the proof in Section 5.4.

3 Theoretical results

We present our theoretical findings for the three models (2.1), (2.2) and (2.3) respectively for
different choices of A; or A. In one of our choices the A; are Gaussian random matrices. The
rationale for this choice is that, while a Gaussian random matrix is not useful or feasible in most
applications, it often provides a benchmark for theoretical guarantees and numerical performance.
Our other choices for the sensing matrices are structured random matrices, such as e.g. the product
of a deterministic partial (or a randomly subsampled) Fourier matrix or a Hadamard matrix? with a
diagonal binary random matrix®. These matrices bring us closer to what we encounter in real world
applications. Indeed, structured random matrices of this type have been deployed for instance in
imaging and wireless communications, see e.g. [19, 41].

By solving simple variations (for different models) of (2.8), we can guarantee that the ground
truth is recovered exactly up to a scalar if no noise exists and robustly if noise is present. The
number of measurements required for exact and robust recovery is nearly optimal, i.e., close to the
information-theoretic limit up to a poly-log factor. However, the error bound for robust recovery
is not optimal. It is worth mentioning that once the signals and calibration parameter D are
identifiable, we are able to recover both of them exactly in absence of noise by simply solving a
linear system. However, identifiability alone cannot guarantee robustness.

Throughout this section, we let dmax = maxi<i<m |dio| and dmin = minj<;<p, |d; 0| where
{di 0}, are the entries of the ground truth dy. We also define A, o as the noiseless part of Ay,
for each individual model.

3.1 Self-calibration via repeated measurements

For model (2.1) we will focus on three cases:

1This is a slight abuse of notation, since the 6.4 defined in (2.9) has an additional row with zeros. However, it will
be clear from the context which .4 we refer to, and more importantly, in our estimates we mainly care about ||0.A||
which coincides for both choices of §.A.

2A randomly subsampled Fourier matrix is one, where we randomly choose a certain number of rows or columns
of the Discrete Fourier Transform matrix, and analogously for a randomly subsampled Hadamard matrix

3 At this point, we are not able to prove competitive results for fully deterministic sensing matrices.



(a) A;is an m xn complex Gaussian random matrix, i.e., each entry in A; is given by %/\/’(O, 1)+

SN0, 1).

(b) A;isanm xn “tall” random DFT/Hadamard matrix with m > n, i.e., A; := HM; where H
consists of the first n columns of an m x m DFT/Hadamard matrix and each M; := diag(m;)
is a diagonal matrix with entries taking on the value +1 with equal probability. In particular,
there holds,

AfA; = My H*HM, = mlI,.

(c) A;is an m x n “fat” random partial DFT matrix with m < n, i.e., A; := HM); where H
consists of m columns of an n x n DFT/Hadamard matrix and each M, := diag(m;) is a
diagonal matrix, which is defined the same as case (b),

AAF = HH* = nl,,.

Our main findings are summarized as follows:

Theorem 3.1. Consider the self-calibration model given in (2.1), where .Aw is as in (2.7) and
Ao is the noiseless part of Aw. Then, for the solution Z of (2.8) and o = there holds

w*zo’
|2 — azo| < 2 >
—— < k(Awpo 1+ ——F7F7——
ozl = e T o
if K(Aw,0)n < 1 where n = M\/mip“. The condition number of Ay, satisfies
6(mp + ||w max{d2 .. ||z|?, m
) < oy Jwl?) el )
i {mp, ]| Corr(w, 20) Y min{ &y, 2], m}
where Corr(w, zo) = %, and for ||lw|| =

max{d,. || 2[? m}

w < )
i Awo) \Corr w, ) \\/mln{d |lx||2,m}

(a) with probability 1 — (m +n)~"7 if A; is Gaussian and p > cyy max {1, %} log?(m +n);

min

(b) with probability 1 — (m + n)~7 — 2(mp) =YL if each A; is a “tall” (m x n,m > n) random
Hadamard/DFT matriz and p > coy? log(m + n) log(mp);

(c) with probability 1 — (m + n)~™Y — 2(mp) ™" if each A; is a “fat” (m x n,m < n) random
Hadamard/DFT matriz and mp > cory’nlog(m + n) log(mp).

Remark 3.2. Qur result is nearly optimal in terms of required number of measurements, because
the number of constraints mp is required to be slightly greater than n+m, the number of unknowns.
Theorem 3.1 can be regarded as a generalized result of [10, 11], in which D is assumed to be positive
and A; is Gaussian. In our result, we only need D to be an invertible complex diagonal matriz and
A; can be a Gaussian or random Fourier type matriz. The approaches are quite different, i.e., [10]
essentially uses nonconvexr optimization by first constructing a good initial guess and then applying
gradient descent to recover D and x. Our result also provides a provable fast alternative algorithm
to “the blind deconvolution via random masks” in [5, 37] where a SDP-based approach is proposed.



3.2 Blind deconvolution via diverse inputs

We now analyze model (2.2). Following similar steps that led us from (2.1) to (2.7), it is easy to
see that the linear system associated with (2.2) is given by

[diag(y;) —A; O -+ 0 ] [s ]
diag(y2) 0 —-Ay --- 0 1
: : PR T2 = [g] . (3.1)
diag(yp) 0 0 . _Ap (mp+1)x1
L w” 1 1) x (rptm) 2] (en)
Aw z

We consider two scenarios:

(a) A;is an m x n complex Gaussian random matrix, i.e., each entry in A; yields -=A(0,1) +

_ V2
LN(0,1).

(b) A; is of the form
A= H /M, (3.2)

where H; € C™*" is a random partial Hadamard/Fourier matrix, i.e., the columns of H;
are uniformly sampled without replacement from an m x m DFT/Hadamard matrix; M; :=
diag(m;) = diag(my1,---,myy) is a diagonal matrix with {m;;}? ,; being i.i.d. Bernoulli
random variables.

Theorem 3.3. Consider the self-calibration model given in (2.2), where Ay is as in (3.1). Let
Tmin 1= Mini<i<p (||| and Tmax = maxi<i<p |@il|. Then, for the solution Z of (2.8) and o = -,
there holds

12 — az|

2
< wlAwol <1 IR 0)77>
2||6A]|

if K(Aw,0)n < 1 where n = NG The condition number of Aw,o obeys

[lezo|

6x12nax (m + Hw” ) max{pdmax, xT}
K;(A’U),O) S P} Trrriln ,
g min{m, [w]] Corr(w, 20) P} min{pdZ,, £
and for ||lw|| = \/m, there holds
2\/§xmax maX{pdmaxa 2 n}

K(Aw,[)) <

)

xmin| COI"I"('U), Zo)| mln{pdmm’ z2 ..

(a) with probability at least 1 — (np +m)~7 if A; is an m x n (m > n) complex Gaussian random
matriz and

=

1
Co < + n> (v + 1) log?(np + m) <
p m

10



(b) with probability at least 1 — (np +m)~7 if A; yields (3.2) and

L > 2
- m .
1 =

1 -1
Co <+ n )7 log* (np+m) <
p m-—1

Remark 3.4. Note that if A = 0, i.e., in the noiseless case, we have z = azy if mp > (np +
m)poly(log(np + m)). Here mp is the number of constraints and np + m is the degree of freedom.
Therefore, our result is nearly optimal in terms of information theoretic limit. Compared with a
similar setup in [1], we have a more efficient algorithm since [1] uses nuclear norm minimization
to achieve exact recovery. However, the assumptions are slightly different, i.e., we assume that D
is invertible and hence the result depends on D while [1] imposes “incoherence” on d by requiring

% relatively small, where F denotes Fourier transform.

3.3 Self-calibration from multiple snapshots

We again follow a by now familiar procedure to derive the linear system associated with (2.3),
which turns out to be

[diag(y;) —A 0 -~ O s
diag(y2) 0 —-A --- O T
: : : S x2 = [2] : (3.3)
diag(y,) 0 0 .-+ —-A : (mp+1)x1
i w” 1 mpt1)x(mnp) L22] (mnpy 1
Aw z

For this scenario we only consider the case when A is a complex Gaussian random matrix.

Theorem 3.5. Consider the self-calibration model given in (2.3), where Ay is as in (3.3) and Ay o
corresponds to the noiseless part of Aq. Let Tmin = Minj<i<p [|27]| and Tmax = maxi<i<p |2
Then, for the solution Z of (2.8) and o = there holds

w*zg?

I — ozl ( —

—— <k 14+ —
ozl = e (M T o

if K(Aw,0)n < 1 where n = 2'\';%“ Here the upper bound of k(Aw) obeys
(o) < 62205 (m + [|w]|2) max{pdinax, 7
K y
w0 S\ 2, min{m, [w]P] Corr(w, 20) P} min{p,. -

and for ||lw|| = \/m, there holds

2v/3 % max max{pdmax, 22

Tin| Corr(w, z0)| \| min{pd?

K(Aw,[)) <

’
min? $2 }

with probability at least 1 — 2m(np +m)~7 if A is a complex Gaussian random matriz and

o (s { LG LI Y . 1Yy oy L o
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where G is the Gram matriz of {ﬁ}f L In particular, if G = I, and ||G||r = \/p, (3.4) becomes

1 n 1
Co(=+—)log*(np+m) < ——.
(3 ) otom e < gy
Remark 3.6. When ||0A| =0, Theorem 3.5 says that the solution to (2.3) is uniquely determined
up to a scalar if mp = O(max{np + m||G||, \/mnp2 + m?||G||%}), which involves the norm of the

Gram matric G. This makes sense if we consider two extreme cases: if {v;})_, are all identical,
then we have |G|| = p and |G||p = p and if the {v;}}_, are mutually orthogonal, then G = I,,.

Remark 3.7. Balzano and Nowak [6] show exact recovery of this model when A is a deterministic
DFT matriz (discrete Fourier matriz) and {x;}]_, are generic signals drawn from a probability
distribution, but their results do not include stability theory in the presence of noise.

Remark 3.8. For Theorem 3.3 and Theorem 3.5 it does not come as a surprise that the error
bound depends on the norm of {x;}}_, and D as well as on how much zy and w are correlated.
We cannot expect a relatively good condition number for Ay, if ||x;|| varies greatly over 1 <1 < p.
Concerning the correlation between zy and w, one extreme case is (zg, w) = 0, which does not rule
out the possibility of z = 0. Hence, the quantity (zo, w) affects the condition number.

3.4 Theoretical results for the spectral method

Let S be the matrix A, excluding the last row and consider § = Sy + dS where Sy is the noiseless
part of S and S is the noise term. The performance under noise depends on the second smallest
singular value of Sy and the noise strength ||0S]|.

Theorem 3.9. Denote 2 as the solution to (2.10), i.e., the right singular vector of S w.r.t. the

smallest singular value and ||2|| = 1. Then there holds,
iy o2 =l _ |50 15|
aeC |20 1Zoll ~ [02(S0) — (195 ]1]+

where 09(Sp) is the second smallest singular value of Sy, zo satisfies Spzg = 0, and 2 is the right
singular vector with respect to the smallest singular value of S, i.e., the solution to (2.10).
Moreover, the lower bound of 02(Sp) satisfies

(a) 02(Sp) > \/>m1n{\/> dmin||x||} for model (2.1) under the assumption of Theorem 3.1;
(b) 02(Sp) > fasmm min {fdmm, x‘/» } for model (2.2) under the assumption of Theorem 3.3;

(c) 02(So) > facmm min {fdmm, mL} for model (2.3) under the assumption of Theorem 3.5.

Remark 3.10. Note that finding z which minimizes (2.10) is equivalent to finding the eigenvector
with respect to the smallest eigenvalue of §*S. If we have a good approximate upper bound A of
|IS*S||, then it suffices to find the leading eigenvector of \I — S*S, which can be done efficiently by
using power iteration.

How to choose \ properly in practice? We do not want to choose A too large since this would
imply slow convergence of the power iteration. For each case, it is easy to get a good upper bound
of |S||? based on the measurements and sensing matrices,

12



(a) for (2.1), A= || 37, diag(y;) diag(y))|| + || > o1, AT Aqll;
(b) for (2.2), X = || diag(y;) diag(y;)|| + maxi<j<p | A]|?;
(c) for (2.3), A = | diag(y;) diag(y;)| + | A%

Those choices of A are used in our numerical simulations.

4 Numerical simulations

This section is devoted to numerical simulations. Four experiments for both synthetic and real data
will be presented to address the effectiveness, efficiency and robustness of the proposed approach.

For all three models presented (2.1), (2.2) and (2.3), the corresponding linear systems have
simple block structures which allow for fast implementation via the conjugate gradient method for
non-hermitian matrices [34]. In our simulations, we do not need to set up Ay, explicitly to carry
out the matrix-vector multiplications arising in the conjugate gradient method. Moreover, applying
preconditioning via rescaling all the columns to be of similar norms can give rise to an even faster
convergence rate. Therefore, we are able to deal with medium- or large-scale problems from image
processing in a computationally efficient manner.

In our simulations the iteration stops if either the number of iterations reaches at most 2000 or
the residual of the corresponding normal equation is smaller than 10~8. Throughout our discussion,
the SNR (signal-to-noise ratio) in the scale of dB is defined as

i el
SNR := 10log;, <§3—1H2> .
i1 lledll

We measure the performance with RelError (in dB) := 201log;y RelError where

RelError = max { min w, min Haﬂi_dOH} .
meC ol TaeC  ldo
Here dg and x( are the ground truth. Although RelError does not match the error bound in our
theoretic analysis, certain equivalent relations hold if one assumes all |d; | are bounded away from
0 because there holds § ~ s if and only if d~ dp.
For the imaging examples, we only measure the relative error with respect to the recovered
image @, i.e., min, .c al“";ig“mo”

4.1 Self-calibration from repeated measurements

Suppose we have a target image @ and try to estimate & through multiple measurements. However,
the sensing process is not perfect because of the missing calibration of the sensors. In order to
estimate both the unknown gains and phases as well as the target signal, a randomized sensing
procedure is used by employing several random binary masks.

We assume that y; = DH M;xq + €; where H is a “tall” low-frequency DFT matrix, M, is a
diagonal +1-random matrix and x is an image of size 512 x 512. We set m = 10242, n = 5122,p = 8
and D = diag(d) € 10242 x 10242 with d € C102%*; the oversampling ratio is 22 = 6.4. We

m—+n
compare two cases: (i) d is a sequence distributed uniformly over [0.5,1.5] with w = 1,,4,, and (ii)
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d is a Steinhaus sequence (uniformly distributed over the complex unit circle) with w = { lm} . We
n

pick those choices of w because we know that the image we try to reconstruct has only non-negative
values. Thus, by choosing w to be non-negative, there are fewer cancellation in the expression w*z,
which in turn leads to a smaller condition number and better robustness. The corresponding results
of our simulations are shown in Figure 1 and Figure 2, respectively. In both cases, we only measure
the relative error of the recovered image.

Figure 1: Here m = 10242, n = 5122, p = 8, SNR=5dB, D = diag(d) where d; is uniformly
distributed over [0.5,1.5]. Left: original image; Middle: uncalibrated image, RelError = —13.85dB;
Right: calibrated image, RelError = —20.23dB

Figure 2: Here m = 10242, n = 5122, p = 8, SNR=5dB, D = diag(d) where d is a Steinhauss
sequence. Left: original image; Middle: uncalibrated image; Right: calibrated image, RelError =
—10.02dB

In Figure 1, we can see that both, the uncalibrated and the calibrated image are quite good.
Here the uncalibrated image is obtained by first applying the inverse Fourier transform and the
inverse of the mask to each y; and then taking the average of p samples. We explain briefly why
the uncalibrated image still looks good. Note that

1< 1<
Tuncali = > > M 'H'(DHMzo) = z0 + ; > M HY(D - I)H M
=1 =1

where HT = %H * is the pseudo inverse of H. Here D —1 is actually a diagonal matrix with random
entries £1. As a result, each Ml_lHT (D—1I)H Mx is the sum of m rank-1 matrices with random
:I:% coefficients and is relatively small due to many cancellations. Moreover, [14] showed that most
2-D signals can be reconstructed within a scale factor from only knowing the phase of its Fourier
transform, which applies to the case when d is positive.

However, when the unknown calibration parameters are complex variables (i.e., we do not know
much about the phase information), Figure 2 shows that the uncalibrated recovered image is totally
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meaningless. Our approach still gives a quite satisfactory result even at a relatively low SNR of
5dB.

4.2 Blind deconvolution in random mask imaging

The second experiment is about blind deconvolution in random mask imaging [5, 37]. Suppose we
observe the convolution of two components,

y=hxMzxy+e, 1<I1<p

where both, the filter h and the signal of interests &g are unknown. Each M is a random +1-mask.
The blind deconvolution problem is to recover (h,xg). Moreover, here we assume that the filter is
actually a low-pass filter, i.e., F(h) is compactly supported in an interval around the origin, where
F is the Fourier transform. After taking the Fourier transform on both sides, the model actually
ends up being of the form (2.1) with A; = HM,; where H is a “fat” partial DFT matrix and d is
the nonzero part of F(h). In our experiment, we let &y be a 128 x 128 image and d = F(h) be a
2-D Gaussian filter of size 45 x 45 as shown in Figure 3.

In those experiments, we choose w = 1,,1, since both d and x(y are nonnegative. Figure 4
shows the recovered image from p = 32 sets of noiseless measurements and the performance is quite
satisfactory. Here the oversampling ratio is #—Tm ~ 3.52. We can see from Figure 5 that the blurring
effect has been removed while the noise still exists. That is partially because we did not impose any
denoising procedure after the deconvolution. A natural way to improve this reconstruction further
would be to combine the blind deconvolution method with a total variation minimization denoising

step.

4.3 Blind deconvolution via diverse inputs

We choose A; to be random Hadamard matrices with m = 256 and n = 64 and D = diag(dp)
with dy being a positive/Steinhaus sequence, as we did previously. Each x; is sampled from

standard Gaussian distribution. We choose w = [ Lm ] if dy is uniformly distributed over [0.5, 1.5]

npx1
Vv mep
andw:[

Onpxl
test is also given under different choices of p. The oversampling ratio pgfm is 2, 2.67 and 3 for
p = 4,8,12 respectively. From Figure 6, we can see that the error scales linearly with SNR in
dB. The performance of Steinhaus dy is not as good as that of positive dy for SNR < 10 when
we use the least squares method. That is because w*zy is quite small when dj is complex and
= [{me

Onpxl
Therefore, the error bound does not depend on ||0.A|| linearly if x(Aqw,0)n is close to 1. This may
explain the nonlinear behavior of the relative error in the low SNR regime.

We also apply spectral method to this model with complex gains dg and A; chosen as either a
random Hadamard matrix or a Gaussian matrix. Compared to the linear least squares approach,
the spectral method is much more robust to noise, as suggested in Figure 7, especially in the low
SNR regime.

] for Steinhaus dy. 10 simulations are performed for each level of SNR. The

]. Note that the error between 2 and z is bounded by k(Aw,0)n <1 + M)
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Figure 3: Left: Original image; Right: Gaussian filter in Fourier domain. The support of the filter
is 45 x 45 and hence m = 452 = 2025, n = 1282, p = 32.

~

Figure 4: Left: Blurred image without noise, Right: Recovered image, RelError = -45.47dB

Figure 5: Left: Blurred image with SNR = 5dB, Right: Recovered image, RelError = -5.84dB

4.4 Multiple snapshots

We make a comparison of performances between the linear least squares approach and the spectral
method when dj is a Steinhaus sequence and A is a Gaussian random matrix A. Each x; is sampled
from the standard Gaussian distribution and hence the underlying Gram matrix G is quite close
to I, (this closeness could be easily made more precise, but we refrain doing so here). The choice
of w and oversampling ratio are the same as those in Section 4.3. From Figure 8, we see that
the performance is not satisfactory for the Steinhaus case using the linear least squares approach,
especially in the lower SNR regime (SNR < 10). The reason is the low correlation between w and
vmey
Onpxl
method. As we can see in Figure 8, the relative error given by spectral method is approximately
7dB smaller than that given by linear least squares approach when dy is a complex vector and the
SNR is smaller than 20dB.

zg if dp is Steinhaus and w = [ } . The difficulty of choosing w is avoided by the spectral
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m = 256, n = 64, d:Positive, LS method, Hadamard

m = 256, n = 64, d:Steinhaus, LS method, Hadamard
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Figure 6: Performance of linear least squares approach: RelError (in dB) vs. SNR for y; =
DAz, +¢€;,1 <1< pwhere m = 256,n = 64, D = diag(dp) and each A; is a random Hadamard
matrix. dy is a Steinhaus sequence.

m = 256, n = 64, d:Steinhaus, spectral method, Gaussian m = 256, n = 64, d:Steinhaus, spectral method, Hadamard
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Figure 7: Performance of spectral method: RelError (in dB) vs. SNR for y; = DAjx;+€;,1 <1 <p

where m = 256,n = 64, D = diag(dy). Here A; is either a random Hadamard matrix or a Gaussian
matrix. dy is a Steinhaus sequence.

5 Proofs

For each subsection, we will first give the result of noiseless measurements. We then prove the
stability theory by using the result below. The proof of spectral method can be found in Section 5.4.

Proposition 5.1. [46] Suppose that Auy = b is a consistent and overdetermined system. Denote
4 as the least squares solution to ||(A+ 6 A)u — b||? with ||[0A| < n||A|. If c(A)n < 1, there holds,
[ — uol|

Faol] = <A <1 *

To apply the proposition above, it suffices to bound k(A) and 7.
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m = 256, n = 64, d:Steinhaus, LS method m = 256, n = 64, d:Steinhaus, spectral method
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Figure 8: Comparison between linear least squares approach and spectral method: RelError (in
dB) vs. SNR for y; = DAx; + ¢;,1 <1 < p where m = 256,n = 64, D = diag(dp) and A is a
Gaussian random matrix. The gain dj is a random vector with each entry uniformly distributed
over unit circle.

5.1 Self-calibration from repeated measurements

Let us start with (2.7) when &; = 0 and denote A; := diag(A;v) and v := % € C",

[

diag(y1) —A; Al —ﬁAl
P e P L
0= : : =1 : .

: 0 vmlI,
diag(y,) —A, A —\/—%Ap

Then we rewrite A}, A, as

p
AfyAw = AjAo + ww* =Y PZZf P* + ww”

=1
where
Zim | 2| cctmn pe= [PTL B fectm o
By definition,
7,2} = ?’31 N _ﬁfAAl e Clm+n)x(mtn)
Tym At A

Our goal is to find out the smallest and the largest eigenvalue of A,,. Actually it suffices to under-
stand the spectrum of Zle Z,Z;. Obviously, its smallest eigenvalue is zero and the corresponding

1y
eigenvector is uy := % [Vm] . Let a;; be the i-th column of A} and we have E(a;;a;,;) = I, under
v b

I —-L1,,0*
all the three settings in Section 3.1. Hence, C := E(Z;Z}) = 1 " 1 \/HI "

It is easy to see that rank(C) = m +n — 1 and the null space of C' is spanned by u;. C has an
eigenvalue with value 1 of multiplicity m + n — 2 and an eigenvalue with value 2 of multiplicity 1.
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More importantly, the following proposition holds and combined with Proposition 5.1, we are able
to prove Theorem 3.1.

Proposition 5.2. There holds

p
> z.z; - pC
=1

<P
-2

(a) with probability 1 — (m +n)~7 if A; is Gaussian and p > coymax {1, 2} log®(m + n);

(b) with probability 1 — (m + n)~7 — 2(mp) ™YL if each A; is a “tall” (m x n,m > n) random
Hadamard/DFT matriz and p > coy? log(m + n) log(mp);

(c) with probability 1 — (m + n)~" — 2(mp) YL if each A; is a “fat” (m x n,m < n) random
Hadamard/DFT matriz and mp > coy?nlog(m + n) log(mp).

Remark 5.3. Proposition 5.2 actually addresses the identifiability issue of the model (2.1) in
absence of noise. More precisely, the invertibility of P is guaranteed by that of D. By Weyl’s
theorem for singular value perturbation in [36], m +n — 1 eigenvalues of Zle Z)\Z] are greater
than g. Hence, the rank of Ao is equal to mnk(Z‘;’:l Z)Z) = m+n—1if pis close to the
information theoretic limit under the conditions given above, i.e., p > O(;:). In other words, the
null space of Ay is completely spanned by zo := (89, o).

5.1.1 Proof of Theorem 3.1

Note that Proposition 5.2 gives the result if &, = 0. The noisy counterpart is obtained by applying
perturbation theory for linear least squares.

Proof: Let Ay = Aw,o + 0A where A, o is the noiseless part and J.A is defined in (2.9). Note

c
w*zg

: . . . 0
that azg with a = is actually a solution to the overdetermined system A0z = [c] by the

definition of A4 . Proposition 5.1 implies that it suffices to estimate the condition number (A o)
of Ao and 7 such that [|0.A]| < n||Aw,l|| holds. Note that

p
Ay oAwo = P (Z z,z,*) P* + ww* (5.2)
=1

p
= P (Z Z,Z; + wa) P* = PCP* (5.3)
=1

where w := P~1w. From Proposition 5.2 and Theorem 1 in [36], we know that

where Ay < -+ < Ay and M (37, ZZ;) = 0. Following from (5.2), we have

p
I 0Awoll < IPIP (D ZiZ7 || + lw])* < 3pmax{di,, [z, m} + ||w]?
=1
w 2
< 3 <p + ”m’> A (P). (5.4)
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On the other hand,

[ A 0Aw,oll = (5:5)

P
§2A14
=1

follows from Proposition 5.2. In other words, we have found the lower and upper bounds for
[ Awoll or equivalently, Amax(Ay, 0 Awo). Now we proceed to the estimation of Amin(Ay, gAw,0)-

Am
Let u := Z;”Jgn aju; be a unit vector, where u; = % [\é}m] with Z”H" laj|? = 1 and {u; }mjl"

are the eigenvectors of Y7, Z;Z;. Then the smallest eigenvalue of C defined in (5.3) has a lower
bound as follows:

P
uw'Cu = u* <Z ZlZl*> u + uwwu

=1
m—+n
> Z Al 2 4 uru i ww ui vy
j=2
m+n w* |
2 Z Aj | ]’2 ” H2| 1|2 (56)

which implies /\min(é) > % min {p, %} > % min {p, l|lw||?| Co::(w,zo)b } Combined with AL70Aw,0 _
pPCP,

N ~ 1
)\min<Aw,0Aw,0) > )‘mln(c))‘?nm(P) > % min {mp7 HwH ’COI“I“(’LU = ’ })‘mln )
Therefore, with (5.4), the condition number of A, ;. Aw,o is bounded by
6(mp + [|lw]*) 2
iy < P).
MAwoAwo) < e Tw]P Corr(w, )P}~ )
From (5.5), we set n = 2%' > |||¢|i:41>|||
Applying Proposition 5.1 gives the following upper bound of the estimation error ”T‘;:Ozﬁ” <
H<~Aw,0)77 (1 + m) where a = 'waO and
6(mp + [|w][*)
< P).
i) = \/min{mp, [P Corr(w, z)} "
If ||w| = \/mp, the upper bound of k(A o) satisfies
12 max{d2 .. |lz||?, m}
< P ax
%%W-mmmmw()mmmemmmmmﬂ
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5.1.2 Proof of Proposition 5.2(a)

Proof: [Proof of Proposition 5.2(a)] From now on, we assume a;; € C", i.e., the i-th column
of AJ, obeys a complex Gaussian distribution, %N(O, I,) —{—ﬁ/\/(O, I,). Let z;; be the i-th column
of Z;; it can be written in explicit form as

7T\ 2 1
(aj;,v)e; . |{aii,v) [‘eie] ——=evaaf;
g = | 1 K Li®l; — 1 ok * 1 %
\/malvz _1/mal7lal,ivei Ra’l,la’l’i'

Denoting 2;; 1= 2z;,2]; — ]E(zlﬂ-zl*,i), we obtain

[ ([{ari, v) 2 = Dese;  ——-ew*(aa;, — I,)
et

le’ = 1 * * 1 *
*ﬁ(alvia’l,i — I,)ve’ —(ay iay; — In

)

Obviously each Z;; is independent. In order to apply Theorem 5.12 to estimate || Zl,i 214, we
need to bound max;; || 2|4, and HZle S E(Z25)

2147, we have || Z4]) < max{ |22 | E(zi25,) |} < max{| (i, v) 2+ &[], 2} and hence

. Due to the semi-definite positivity of

1 n
1Z1illor < (@i o) Phon + —(laril®, < C (14 )

which follows from Lemm 5.14 and ||- ||, is a norm. This implies R := max; || Z;;[ly, < C(1+ 2).
Now we consider 03 = H DD E(ZIZZ[*Z)H by computing (ZMZZZ.)M and (Zl,iZZi)g,g, ie.,
the (1,1)-th and (2,2)-th block of 2,2/,

* 1 * k *
(Zuzin = |(laws o) P - 10 + Lo (aai, — P el
* 1 * * * 1 * 2
(Zl,izz,i)m = R(aln’az,i — I,)vv (a’l,ia’l,i —I,) + W(a’l,ia’l,i —I,)".
Following from (5.36), (5.37), (5.38) and Lemma 5.10, there holds

P m P m E(Z[ 'Z*‘)l 1 0
2 a8 )
G PO ICETE R EET 9 Dl G S
=1 i=1 =1 =1 ’
A T(1+ ﬂ) e;e’ 0
— 92 E ( m/ Tt

H(1+§)Im (H?’;)LJ ‘zgp(u;;),

By applying the matrix Bernstein inequality (see Theorem 5.13) we obtain

P m
ZZZM < Comax{ p<1+ﬁ>\/t+log(m+n),
=1 i=1 m

p

(1 + %) (t+ log(m—i—n))log(m—i-n)} < 5

with probability 1—e~*. In particular, by choosing ¢t = ylog(m+n), i.e, p > copymax {1, 2} log?(m+
n), the inequality above holds with probability 1 — (m +n)~7. O
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5.1.3 Proof of Proposition 5.2(b)

Proof: [Proof of Proposition 5.2(b)] Each Z; is independent by its definition in (5.1) if
A; := HM; where H is an m x n partial DFT/Hadamard matrix with m > n and H*H = mlI,
and M, = diag(my) is a diagonal random binary +1 matrix. Let 2Z; := Z,;Z; — C € C(m+n)x(m+n),
in explicit form

Zl _ ) AlA*l —* Im . T(A[Al — ]_m’U )
— 7 (ATA] —vly) 0
where A7 A; = ml, follows from the assumption. First we take a look at the upper bound of || Z;||.
It suffices to bound [|Z;Z}| since ||Z|| = ||Z;Z] — C|| < max{||Z;Z}|,||C||} and C is positive

semi-definite. On the other hand, due to Lemma 5.10, we have || Z;Z/|| < 2max{||A;A[||,1} and
hence we only need to bound ||A||. For ||A;||, there holds

max ||Ay|| = max |40 00 = max | (a;,v)|.
1<I<p 1<i< 1<i<p,1<i<m

Also for any pair of (I,7), (a;;,v) can be rewritten as

| (@, v) | = | (diag(ma)hi, v) | = | (mu, diag(hi)v) |

where h; is the i-th column of H* and || diag(h;)v|| = ||v|| = 1. Then there holds
P m
p (o 1Al > V2T oBCn) ) < B I(CREIENETED)
2
< mpP (@i v) | = v/2ylog(mp) )
< 2mp - e V108MP) < 9(pmp)TIHL (5.7)

where the third inequality follows from Lemma 5.11. Applying Lemma 5.10 to Z;,

R = Zll <2 AAT] 1Y < 491
gla%?\l 1| < glaéj{ll AT, 1} < 4ylog(mp),

with probability at least 1 — 2(mp)~?"!. Denote the event {max;<;<, || Z| < 4vlog(mp)} by E.
Now we try to understand of = || >-F_, E(Z,Z])|. The (1,1)-th and (2, 2)-th block of Z,Z; are
given by

1
(22010 = (MAT L)+ (A~ 1w ) (A~ T)"
* 1 * * * *
(Z120)22 = —(ATA] —v1,)(ArA; — 1nv7).
By using (5.41), (5.42) and AjA] = HH* < mI,,, we have

E(AA] — 1,)°) = B(AA])? — I, < 2L, (58)
E(AA; — 1,,v7) (A A — 1,0%)" = E(A AlAl Al) -1, 1>k < mlI,, (5.9)
E(A;A] — vl )(AA; — 1,v%) = E(AJA[AA) — mov®

ﬁ

= > [{ai,v) Pagai; — mov* 2 3mI,.  (5.10)
=1

~
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Combining (5.8), (5.9), (5.10) and Lemma 5.10,

p
E(lel*)l 1 0 :|
2 )
B lel [ 0 E(Z12] )2

By applying (5.32) with ¢t = vlog(m + n) and R < 4log(mp) over event E;, we have

< .
a1, || =6

|<2PH[21m+Im 0}

P
> (22 - C)|| < Comax{ypy/(7 + 1) log(m + ), (v + 1) log(mp) log(m +n)} <
=1

with probability 1 — (m 4+ n)~" — 2(mp) YT if p > coy? log(m + n) log(mp). O

5.1.4 Proof of Proposition 5.2(c)

Proof: [Proof of Proposition 5.2(c)] Each Z; is independent due to (5.1). Let Z; := Z; Z} —
C e clmtn)x(m+n). in explicit form

MAT — I == (M A~ 10" )]

_ﬁ(AzkAl — ’Ulfn) L A*Al I

Here A; = HM; where H is a “fat” m x n,(m < n) partial DFT/Hadamard matrix satisfying
HH* =nl,, and M, is a diagonal +1-random matrix. There holds A7 A; = M;"H*H M, € C"*"
where H € C™*" and E(A;A;) = mlI,. For each [, |AjA|| = |H*H|| = |HH*|| = n. Hence,
there holds,

Z =

* 1 * n

2] < (12127 1, €11 < 2max {147 AL DA 1} < 2 {2y tog(onp)

with probability at least 1 — 2(mp) =", which follows exactly from (5.7) and Lemma 5.10.
Now we give an upper bound for o3 := || >°F_| E(Z,Z})||. The (1,1)-th and (2,2)-th block of
Z, 2] are given by
1
(ZlZl*)l,l = (AZA?( — Im)2 + E(AIAZ — 1mv*)(AAl — 1mv*)*,
* 1 * A K * * 1 * 2

By using (5.41), (5.42) and AjA; = HH* = nl,,, we have

E(AA — I,)%) = E(MNA))? — I, <21, (5.11)
]E(AIAZ — 1m'v*)(AlAl - 1mv*)* = ]E(AIAZAEkA*) - 1m1:<n = nIm, (5.12)
E(AJA] —v1) ) (AJA — 1,,v%) = E(AJA[AA) — mov®

m
= Z\ a;,v ]a“a“ mov* < 3ml,. (5.13)

For E (%A?‘Al — In)2, we have
1 S|
<A7Al — In> = —SAJAIATA - Al A+1I, = Al A+ 1,
m m m2
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where AjA] = nlI,,. Note that E(A;A;) = mI,, and there holds,

n—m

1 2
E (A;*Al - 1n> - I, (5.14)
m

m

Combining (5.11), (5.12), (5.13), (5.14) and Lemma 5.10,

2+ 21, 0
Acn|[PTP L 5

m

‘Sﬁnp

By applying (5.32) with ¢t = ylog(m + n), we have

P
> (2127 - O)| < Comax{y[“2+/(3 + Dlog(m +n), (7+ 1) (ylog(mp) + - ) log(m +n)} < &
=1

with probability 1 — (m +n)~" — 2(mp) YL if mp > coy?nlog(m + n) log(mp). O

5.2 Blind deconvolution via diverse inputs

We start with (3.1) by setting &, = 0. In this way, we can factorize the matrix A4,, (excluding the
last row) into

[y A— 0 %\gm) _% e 0 \/IZD \/gln g
Ao = : KR : : : K !
0 v llp| I %\‘/“;”P) o - _% 0 0 N A
0 Ze(cm;;(’w*m) [
(5.15)
where v; = % is the normalized x;, 1 < [ < p. We will show that the matrix Z is of rank
U1
np +m — 1 to guarantee that the solution is unique (up to a scalar). Denote v := | : | € C"*!
Up
and >_7_, & ® v; = v with |[v|| = \/p where {€}]_, is a standard orthonormal basis in R?.

5.2.1 Proof of Theorem 3.3

The proof of Theorem 3.3 relies on the following proposition. We defer the proof of Proposition 5.4
to the Sections 5.2.2 and 5.2.3.

Proposition 5.4. There holds,

1 Im _le'v*
1z°z-C|| <5, C=EZ2Z2)=|_, .. V7 (5.16)
2 —\/T—pvlm Inp

(a) with probability at least 1 — (np+m)~7 with v > 1 if A; is an m xXn (m > n) complex Gaussian
random matriz and

)

U

1
Co < + n> (v + 1) log?(np + m) <
p m
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(b) with probability at least 1 — (np +m)~7 — 2(mp) =71 with v > 1 if A; yields (3.2) and

1 -1 1
o (30 228) Pty <

m—1
Remark 5.5. Note that C has one eigenvalue equal to 0 and all the other eigenvalues are at
least 1. Hence the rank of C is np + m — 1. Similar to Remark 5.3, Proposition 5.4 shows
that the solution (so,{x;}]_;) to (3.1) is uniquely identifiable with high probability when mp >
(np +m) - poly(log(np +m)) and | Z*Z — C|| < 3.

Proof: [Proof of Theorem 3.3] From (3.1), we let Ay, = Ay 0+ 0.A where A, o is the noiseless
part of A,,. By definition of A, o, we know that azg is the solution to the overdetermined system

Awoz = [2] where a = —£—. Now, (5.15) gives

w*zp*

A 0Aw0 = AjA) + ww* = P*Z*Q"QZP + ww”.

Define Tmax := maxi<i<p |||| and zyin := minj<j<p [|2||. From Proposition 5.4 and Theorem 1
in [36], we know that the eigenvalues {\;}1<j<ppim of Z*Z fulfill \; = 0 and \; > $ for j > 2
since | Z*Z — C|| < 3; and the eigenvalues of C are 0, 1 and 2 with multiplicities 1, np+m — 2, 1
respectively.

The key is to obtain a bound for £(Ay,). From (5.15),

Amax (A 0Awo) < IIPIPIQIPIZ*Z|| + [w]* < 323 A max(P*P) + [|w]|?
2
< 322 <1 il > Amax(P*P) (5.17)
m
where 22, Amax(P*P) > :p?naXIQ" > m. On the other hand, (5.16) gives

min

m
)\max(AprW,O) = 112%){” l lH} =9

since H%A?Al — InH < % For )\min(Aiv,ko,o),

Ay 0Aw,o = Anin(Q*Q)P*Z* ZP + ww* = 22, P*Z*ZP + ww" =: P*CP.

1

11 ~

Denote u; := % [@ Um] such that Zu; = 0 and C = 22, Z*Z + ww* where w = P~ 'w. By
NG

using the same procedure as (5.6),
np+m
wCu > w30 Aoyl + Pl Pl
=2

where u := Z;ﬁm ajuj with 355 o> = 1 and A; > 1 for j > 2 follows from Proposition 5.4.

Since |u}(P~1)*w|? = ﬁhu*zop7 the smallest eigenvalue of C satisfies

- 2 * 2
Amin(C) Timin iy 1, [w”zo|
2 mpax?

min

v

2
Zmin i §1, L 2] Corr(w, 20)
2 m

Y
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where |w*2z0\2 > sz\??l > ||w||?| Corr(w, 29)|? follows from ||zo||* > pa?

min

Therefore, the smallest eigenvalue of Ay, 5 Aw,o satisfies

min*

)\min(-AZ,,ko,O) Am (C))\min(P*P)

2
min

Y
8

Combining (5.17) and (5.18) leads to

623 (m + [|w]|?)

Al A < P*P).
(Ao wo) < o inm, lwlE] Con(w, z0) L )
Applying Proposition 5.1 and n = 2”6“4” > lf:\ﬂ“, we have
Hz — aon ( > oo
lazol — 1—k(Awo)n )’ w* 2

if K(Aw,0)n < 1 where £(Aqw) obeys

62 (m + ]2 max (pd s, )

min{m, || w|]?| Corr(w, zo)|*} min{pdZ,;,, #}

H(-Aw,O) < 5

Lin

In particular, if ||w| = /m, then k(A ) has the following simpler upper bound:

2\/§xmax max{pdmaxv 2 n}

|Corr(w, o) |Tmin \| min{pd?

’{(Aw,O) <

min’ 352

which finishes the proof of Theorem 3.3. O

5.2.2 Proof of Proposition 5.4(a)

In this section, we will prove that Proposition 5.4(a) if a;; ~ %N(O,In) + %N(O,In) where
a;; € C" is the i-th column of A]. Before moving to the proof, we compute a few quantities which
will be used later. Define z;; as the ((I — 1)m + i)-th column of Z*,

1
2 = %ﬁal,iavﬂei
_ﬁel ® ari (np+m)x1

where {e;}7, € R™ and {€;}}_, € R? are standard orthonormal basis in R™ and RP respectively;
“®” denotes Kronecker product. By definition, we have Z*Z = Y7 > 2,2/, and all z;; are
independent from one another.
l|<a-v>]26'efk L <U a;)ei(ef ®aj,)
2 Zl* . ) l,is Y1 I €5 mpl 1, Qi) €\ € i
Ha — 7 (ari,v) (6@ ap;)e; €€ ®apal;
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and its expectation is equal to

o %eie; —ﬁei(gf ® vf)
E(Zl,z‘zz,z‘) = _L(g ®v)er leeral
N7 l 1)€; m E1€l n

It is easy to verify that C = >"7_, Y7 E(zy,2],).

Proof: [Proof of Proposition 5.4(a)] The key here is to use apply the matrix Bernstein in-
equality in Theorem 5.13. Note that Z*Z = >"1_, >, z1i%),- Let 2y = zi2]; — E(zl,izl*’i) and
we have

. 1 1 11
B0 < 31 s P+ ol + 2max {5 2

since || E(z1:27;)] < 2max{11;, L1 follows from Lemma 5.10. Therefore, the exponential norm of
| Z1,4]| is bounded by

1 1 11 1 n
120l <2 (51 ans 0 P + -l ) + 2 {0 b <0 (D4 2)

P m
which follows from Lemma 5.14 and as a result R := <C (%D + %) .
Now we proceed by estimating the variance 0'0 = HZ Z:Zl ZMZI’; . We express Z;; as
follows:
2 ([ {ari, o) P —1)ee] ~ e @ (v (ayai; — In)))
li — 1 (> * * 1~ 5% * .
_W(el (29 ((al’ialji — In)'vl))ei nele (amal’i - I,)

The (1,1)-th and the (2,2)-th block of Z;; 2/, are

1

(Z1iZ[ 11 = p

2 1
(| (ari,v) ]2 — 1) eie; + m—pvl*(auazi — In)Qvleiez‘,

and . .
(Zl,iZl*,i)ZQ =e€e @ [mp(al,iaii - In)vlvf(aua}’:i —I,) + W(al,iazi - In)Q] .

Following from (5.36), (5.37) and (5.38), we have

* 1 n % % ~ 1 n
E(Zl,izl,i)l,l = (]?2 + mp) €;€;, E(Zl,izl,i)2,2 =ee & (mPIn + mQIn> .

Due to Lemma 5.10, there holds,

llle

ii [ Z“Z” E(Z, 35“)22}

=1 =1

ﬂ m 0 1 n
1 n §2 paaeegl I
(5+ %) I pom

@\H il Mg

|—|>~



Note that o > || >0 >, E(Z: 2 hall = 5 +

since E(Z;;2);) is a positive semi-definite
matrix. By applying (5.34),

1 n
P m

P m
DD A

=1 i=1

12"z - C|

P m
ZZ (21321,)
=1 =1

1
< Comax{ f—l-ﬁ\/t—i-log(np—i-m),
p m

1

1 n

D) (41 1 } <
(3+ ) (0 togtup + o)) togup +m0) } < 5.
With ¢ = ylog(mp + n), there holds | Z*Z — C|| < } with probability at least 1 — (np + m)~7 if

Co (% + %) (v +1)log*(np +m) < L. O

5.2.3 Proof of Proposition 5.4(b)

We prove Proposition 5.4 based on assumption (3.2). Denote a;; and h;; as the i-th column of A;
and H} and obviously we have a;; = Mjh; ;. Denote A; = diag(A;v;) and let Z; be the I-th block
of Z* in (5.15), i.e

Z, = %EAI e C(np+m)><m_
_Lmel ® Azk
With A7 A; = mlI,, we have
LA A 1
zz=| N v © AN i) < upem)
— e © (M A (ee]) @ I,

where the expectation of i-th row of AjA; yields E(A;A;); = E(vja;;a];) = v/. Hence E(AjA;) =
1,,v € C™*". Its expectation equals

1 _1 g «
E(lel*):[ L V’Tpi’*@?mvl)l.
— el ® (1) e @I,

Proof: [Proof of Proposition 5.4(b)] Note that each block Z; is independent and we want
to apply the matrix Bernstein inequality to achieve the desired result. Let Z; := Z,Z} — E(Z,Z))
and by definition, we have

HZ || _ %(AZAT — Im) _ﬁ(AlAl — 1m'vl*)
! _ﬁ(AlAl — 1mvl*)* 0
1 . 1 )
< —AAT = I + —[[ A A — L]
p v/ mp

Note that
AL A; — 1] || < AN Al + [[Lmof || < VAl + v

Since (5.7) implies that P <max1§l§p | ALl > /2y log(mp)> < 2(mp)~7F!, we have

AP 1 A1 291 W 1
R—maxHZH<H d+ 1 A+ 1 2ylog(mp) ~log(mp) +
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with probability at least 1 —2(mp) 7. We proceed with estimation of o3 := ||>1_, E(Z,Z})| by
looking at the (1,1)-th and (2,2)-th block of Z,Z}, i.e.,

(2120011 = 3 (AlAz— )+7(AzAl L o] )(AjA; = 1nv7)",

* 1 ~ o~ %\ ¥ *
(ZlZl )2’2 = mip(elel) & ((AlAl — 1mvl) (AlAl — 1, ))
Note that E(A;A] — I,,)? = E((AjA})?) — I,,. The i-th diagonal entry of (AjA})? is |(a;,v) [* =
\<ml,diag(_hl,i)vl> |* where a;; = Mh;; = diag(h;;)m; and (5.42) implies E(| (a;;, vr) )y <3
since diag(hy;)v; is still a unit vector (note that diag(h;;) is unitary since hy; is a column of H}).
Therefore,
E(AA] — I,)? = E(AjA})?) — I, < 31, — I,y < 21,,,. (5.19)
By using Lemma 5.18, we have
E(AlAl — lm’vl*)(AlAl — lmvl*)* = E(AlAlAzkAzk) — 1m1;kn
_ (n—1)(mI,, — 1,1})) - m(n — 1)Im' (5.20)

m—1 - m—1

With a;; = Mjh;; and independence between {h;;}/", and M;, we have

E((AIAZ — 1m'vl*)*(AlAl — 1mvl*))
= E(A?A?AlAl) — mvlvl*

m
=E <Z | (@i, v1) \2az,¢a7ﬂ-> — mu;]
=1

=K <Z diag(hy ;) (] <ml, diag(ﬁlﬁi)'vﬁ lzmlmf) diag(hlﬂ-)> — muyv;
i=1
= 3mlI,, — mvv; = 3ml, (5.21)

where E | (my, diag(h;;)v;) [*mym} < 3I, follows from (5.41) and diag(hy;) diag(h;) = I,. By
using (5.19), (5.20), (5.21) and Lemma 5.10, 02 is bounded above by

P 2 E(Z2120)11 0
(; 22 ) ; [ Ol ]E(ZZZZ*)ZJ
>

( n—l ) Im 0
; ~ o~
=1 P

2 n—1
o s |

m
3
0 2 Loy

7

< 2

—

IN

2
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Conditioned on the event {maxlggp | ALl > /2y log(mp)}, applying (5.32) with t = ylog(np+m)

gives
= G {\/pl - 1\/(Y 1) log(np +m)
max + + 1) log(np +m
0 m—1 gi\np )

p
22
=1

2v1lo 1
(- 0y Bty ) og(mp -+ )} < 5
with probability at least 1 — (np +m)~7 — 2(mp) 7! and it suffices to require the condition
Co (% + %—11) 3 log4(np +m) < %. O

5.3 Blind Calibration from multiple snapshots

Recall that A, in (3.3) and the only difference from (3.1) is that here all A; are equal to A. If
g; =0, A, (excluding the last row) can be factorized into

diag(Av;) A V/pD 0 0
loill -0 T ITF T Ym0 Ty vEL
Ay = : . : . . 1]l

)l diag(Av,) A : : -

0 llzp || L Lﬁ% o - -4 0 o .. WIW
J €T
Q mpX(n m -

ZeCm? (np+m) }S
(5.22)
where v; = ”% € C" is the normalized x;.

Before we proceed to the main result in this section we need to introduce some notation. Let
a; be the i-th column of A*, which is a complex Gaussian random matrix; define Z; € C(p+m)xp
to be a matrix whose columns consist of the i-th column of each block of Z*, i.e.,

7 _ [\}5<az‘7’01>€i %<az‘70p>€i
LI S W .. 1 & .
vm €L o VmP o (np+m)xp

where “®” denotes Kronecker product and both {e;}", € R™ and {&;}}_, € R? are the standard
orthonormal basis in R™ and RP, respectively. In this way, the Z; are independently from one
another. By definition,

Z.7 — 5 Lie1 | (ai,v) Peief —— e (I, ® aiay)
14 _7\/7%)([1, ® a;a))ve’ %Ip ® (a;a))
U1
where >1_ & @v; =v € C""*! and v = | : | with ||v| = ,/p. The expectation of Z;Z} is given
Up
by
* 1 * m 1 *
e;e; ———=e;v I ——=1,v
E(Z;Z}) = L T 0= K2z = Ve
— ymp V€ m L i—1 ~vmp¥lm Loy



Our analysis depends on the mutual coherence of {vl}le. One cannot expect to recover all
{v}_, and D if all {v;}}_, are parallel to each other. Let G be the Gram matrix of {v;}}_; with
p < n,ie, GeCP*Pand Gy = (vg,v;),1 <k <1 <pand in particular, G;; = 1,1 <[ < p. Its
eigenvalues are denoted by {Al}le with A\, > --- > A1 > 0. Basic linear algebra tells that

p
> N=p, UGU*=A, (5.23)
=1

vy
where U € CP*P is unitary and A = diag(A1,---,\p). Let V.= | | € CP*", then there holds

,U*

P
A =UGU* = UV(UV)* since G = VV*. Here 1 < |G| < \/p and \/p < [|G|r < p. In
particular, if (vg,v;) = g, then G = I,; if | (vg,v;) | = 1 for all 1 < k,1 < p, then |G| = /p and
IGlF = p.

We are now ready to state and prove the main result in this subsection.

Proposition 5.6. There holds

= 1
Z*Z - C| = Z;ZF - C|| < =
|r I= |22z -0 <,
with probability at least 1 — 2m(np +m)~7 if
IGIl IGIE | » 2 1
C —_— — ) 1 < 5.24
0<max{ PR —i—m og (np+m)_16(7+1) (5.24)

and each a; is i.i.d. complex Gaussian, i.e., a; ~ %N(O,In) + %N(O,In). In particular, if
G =1I, and ||G||Fr = \/p, (5.24) becomes

1
< —.
~16(y+1)

Remark 5.7. The proof of Theorem 3.5 follows exactly from that of Theorem 3.3 when Proposi-
tion 5.6 holds. Hence we just give a proof of Proposition 5.6.

1
Co < + n> log?(np + m) (5.25)
p m

Proof: [Proof of Proposition 5.6] Let Z;Z' —E(Z,Z}) =: Z; 1 + Z; 2, where Z;; and Z; 5 are
defined as

Ziq = %. f:1(’ (a;,v;) !2 —1)eje; 0O
7, . 0 0 ,

z 0 e’ (I, © (aia] — 1))
0,2 —ﬁ(Ip ® (a;a} — I,))ve: LI, ® (aa —I,)

Estimation of ||}~ Z;1|| Following from (5.23), we have

~ 1<
> Haiv) P = |Vai|? = [UVa = [AV2ATV2UVa,|* = 3 Do NE
=1 =1
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where A~Y2UV is a p x n matrix with orthonormal rows and hence each &i,1 is Rayleigh distributed.
(We say ¢ is Rayleigh distributed if ¢ = v/ X2 4 Y2 where both X and Y are standard real Gaussian
variables.)

Due to the simple form of Z; 1, it is easy to see from Bernstein’s inequality for scalar random
variables (See Proposition 5.16 in [42]) that

RS G ﬁ”G”P
— . — < A
i1 11f<nza<x lg 1 | (a;,v;) | 11 <Gy max{ , (5.26)
with probability 1 — me~t. Here )% >0 H{ai, o) |? — 1‘ = ’ Al( ’ where Y7 N =

Therefore,

(ZAZ l—1> < Var(¢, —1) Z)\I—COHGHF,

=1
max (\|€2 = 1)y, < 1 max A = |G|

1<i<p 1<I<p

Now we only need to find out || Z; 2|y, and of = || Y72 E(Z;22;,)]| in order to bound || Y27 Zio||.

Estimation of || 22|y, Denote z; := (I, ® (a;a; — I))v and there holds,

1 1 1
Zio| < = ail? 1 el = — 1%, 1 I
1Zi2ll < — max{flai[*,1} + mpllzzezll — max{]a;[, 1} + el

1
Vmp

For ||a;||?, its ¢1-norm is bounded by Con due to Lemma 5.14 and we only need to know || 2|y, :

p
lzil = (L, ® (aiai — L))ol < |1, © (aia})ol| + ol = | D | (ai, ) [*aill + v/p.
=1
Let u =" |[{a;v)>=>7"_, )\lle and v = |la;||>. The ¥;-norm of || I, ® (a;a})v| satifies
(Vaw)y = supgq ME(/m))Y < supq Bty (E 1)1/
g1 g1

< \/sup g Y (Eu?)Yasup g~ L (Ev?)t/a < Cy\/np

g>1 q=>1

where the second inequality follows from the Cauchy-Schwarz inequality, ||y, < Cip, and ||v]|y, <
Cin. Therefore, ||z;||y, < C2,/np and there holds

np
I1Z:2lly, < Co (:L + \/*/n;p> < Cy (" + ") . (5.27)
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Estimation of 03 Note that o := HZ:L E(Zi,QZZQ)H. Let A; 11 and A; 29 be the (1,1)-th and
(2,2)-th block of Zi2Z2], respectively, i.e.,

1 . .
A1 = mpr(Ip@ (aia; — I,))v| e;e],
1 . 1
Aip2 = m—p(Ip ® (a;a; — I,))vv* (I, ® (a;a; — 1)) + WIP ® (aial — I,,)?
1 * * * 1 *
= mip[(aia’i — I,)vpv; (aa; — I,)i<p<i<p + WI” ® (a;a; — I,,)°. (5.28)

Since Z; 22*2 is a positive semi-definite matrix, Lemma 5.10 implies

~ [A;11 O
Z]E [ 0 Ai,2,2:|

=1

08§2

‘ . (5.29)
So we only need to compute E(A; ;1) and E(A;22).
P
E|[(I, ® (aia] — In))v|* = ZE l(asa; = L)l =n)_ |lul® =
=1

where E(a;a; — I,,)?> = nI,. Now we have EA; 11 = ~e;ej. For E(A;22), note that
E((a;a; — I,)viv) (a;a; — I,)) = Tr(viv) ) I, = (v, vg) I, = ék,lIn
which follows from (5.35). By (5.28), (5.29) and Lemma 5.10, there holds,

m n *
P27 peen gl <26 jeenanl| =2 (514 5)
0p:<2 m <201M™m 1= <2 .
0 ;{ 0 LG+ 51, 0 Gal,+ 11, p ' m
One lower bound of of is of > || E(As11)|| = £ because each E(Zi22],) is positive
. . mR
semi-definite. Therefore, we have log <\F ) < log (200 \/\T/L%> < log(2Cpy/m) where R :=

maxi<i;<m ”Zi,2||1l)1 < Co E + 4/ % and m > n.

Applying (5.34) to Y_" | Z; 2 with (5.29) and (5.27), we have

i2l| < Comax { <n + 4/ ;) (t +log(np +m)) log(np +m),

m

\/(Hj” m) (log(np +m) + t)} (5.30)

with probability 1 — e~?. By combining (5.30) with (5.26) and letting ¢ = ~ylog(np + m), we have
1> Z;Z; — C|| < % with probability 1 — 2m(np +m)~7 if

VA loglnp + m)||Gllr 1 G 1
o VIR E Gl 1 (1G] a1
or equivalently, Cy <max {@, ”C;i'QF} %) log?(np +m) < m. O
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5.4 Proof of the spectral method

We provide the proof of the spectral method proposed in Section 2.3. The proof follows two steps: 1)
we provide an error bound for the recovery under noise by using singular value/vector perturbation.
The error bound involves the second smallest singular value of Sp and the noise strength [|6S]|; ii)
we give a lower bound for 03(Sy), which is achieved with the help of Proposition 5.2, 5.4 and 5.6
respectively for three different models.

The first result is a variant of perturbation theory for the singular vector corresponding to the
smallest singular value. A more general version can be found in [45, 36].

Lemma 5.8. Suppose S = Sy 4+ §S where Sy is the noiseless part of S and 0S is the noisy part.

Then
|6S]]

= [02(S0) — [I8S]]]+

where 09(Sp) is the second smallest singular value of So, zo satisfies Sozog = 0, and Z is the right
singular vector with respect to the smallest singular value of S, i.e., the solution to (2.10).

. HOéoﬁ — ZQ” _ H (I — 22*),20
a0eC |20l [[zoll

Proof: By definition, there holds Spzg = 0 where zg = BO] is the ground truth and also the
0

right singular vector corresponding to the smallest singular value. Without loss of generality, we
assume ||zo]| = ||2|| = 1. For S, we denote its singular value decomposition as

S:=8 — 0y(S)az* +0y(S)az*
—— N——
B By

where 01(S),w and 2 are the smallest singular value/vectors of S. By definition, the vector 2 is
also the solution to (2.10).

First note that I — 22* = B} (B})" where (Bf)" is the pseudo-inverse of By. Therefore, we
have

I — 22* z * ¥ * * * * * *
[S22020 | e BB = (5 + (65)° — (Bo) ) (B

[E

15Al 165
92(8) ~ [o2(So) — [10S][]+

= |lz025(68)" (BNl < IS [1(BH)|l <

where Spzo = 0 and (By)*(B;)" = 0. And the last inequality follows from |02(Sp) — 02(S)| < ||6S]|
and o3(S) > [02(So) — |16S]]+- O

The second smallest singular value o2(Sp) is estimated by using the proposition 5.2, 5.4 and 5.6
and the following fact:

Lemma 5.9. Suppose P is an invertible matriz, and A is a positive semi-definite matriz with the
dimension of its null space equal to 1. Then the second smallest singular value of PAP* is nonzero
and satisfies

oo(PAP™) > O'Q(A)O'%(P)

where o1(+) and o3(-) denotes the smallest and second smallest singular values respectively.
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Proof: The proof is very straightforward. Note that ||(PAP*)T|| = TP*) since A is rank-1
deficient. Also from the property of pseudo inverse, there holds

H2 _ 1 1

PAPH || = (P~ )Y ATP 1| < ||AT||||P ! )
¢ M= 1(P~) | < [[AT]]] o2(A) 72(P)

Hence, oo( PAP*) > 09(A)o?(P). O

Proof: [Proof of Theorem 3.9] Combined with Lemma 5.8, it suffices to estimate the lower
bound of the second smallest singular value of Sy for the proposed three models. We start with
(a). From (5.1), we know that S§So = Y }_; PZ;Z; P* where

. Ay (m+n)xm ,_ D*HwH 0 (m+4n)x(m+n)
VARES _\;HA;(IG(C , P:.:= 0 \/ﬁIn eC .

From Proposition 5.2, we know that the second smallest eigenvalue of 7, Z;Z}" is at least £ and
it is also rank-1 deficient. Applying Lemma 5.9 gives

02(S5S0) = 2 (ZZ@*) {(PP?) > min{ /i, dua 2] )2

=1
and hence 04(Sp) > [mm{f dmin ||| }-

Since (b) and (c) are exactly the same, it suffices to show (b). From (5.15), we know that Sp
can be factorized into Ag := QZ P and Proposition 5.4 implies

1 Im _#]ﬁmv*
lz'z-c| <5, C=E2ZZ)=| , .. V7 :
2 —ﬁvlm Inp

Therefore, S§So = QZ*PP*ZQ* and 02(Z*Z) > % Applying Lemma 5.9 leads to

02(8380) = 02(Z* PP* Z)0{(Q) 2 02(Z" Z)o{(P)oi(Q)

2
1
> —z2 . min {\/ﬁdmin, \/ﬁ}
2 Tmax
where zp,in = min{||a;||} and xymax = max{||z;||}. O
Appendix
.- . . . . . L 511 512
Lemma 5.10. For any Hermitian positive semi-definite matriz S with S := S S| there
12 22
holds,
{511 512] <9 [511 0 } '

In other words, ||S|| < 2max{||S11]|, ||S22]}-
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Lemma 5.11. Corollary 7.21 in [17]. Leta € CM ande = (e1,--- ,epr) be a Rademacher sequence,

then for u > 0,
M

P Zsjaj > |lallu | < 2exp(—u?/2).
j=1

For Gaussian and random Hadamard cases, the concentration inequalities are slightly different.
The following theorem is mostly due to Theorem 6.1 in [39] as well as due to [42].

Theorem 5.12. Consider a finite sequence of Z; of independent centered random matrices with
dimension My x My. We assume that || Z;]| < R and introduce the random matriz S := Zlel 2.
Compute the variance parameter

L L
ot = max { I B2 | YR 2]}, (5.31)

=1 =1

then for allt > 0

S]] < Comax{og\/t + log(M; + Ma), R(t + log(M; + Ms))} (5.32)
with probability at least 1 — e~ where Cy is an absolute constant.

The concentration inequality is slightly different from Theorem 5.12 if || Z;|| is a sub-exponential
random variable. Here we are using the form in [24]. Before presenting the inequality, we introduce

the sub-exponential norm || - ||y, of a matrix, defined as
1211y, = inf{u : Elexp(]|Z]|/u)] < 2}. (5.33)

One can find more details about this norm and norm on Orlicz spaces in [42] and [40].

Theorem 5.13. For a finite sequence of independent My x Ms random matrices Z; with R :=
maxi<i<r, || 21|y, and o} as defined in (5.31), we have the tail bound on the operator norm of S,

IIS|| < Co max{ag\/t + log(My + Ms), Rlog (?) (t +log(M; + M2))} (5.34)

with probability at least 1 — et where Cy is an absolute constant.

The estimation of the 11-norm of a sub-exponential random variable easily follows from the
following lemma.

Lemma 5.14 (Lemma 2.2.1 in [40]). Let z be a random variable which obeys P{|z| > u} < ae™"",

then ||z||y, < (1+a)/b.

Remark 5.15. A direct implication of Lemma 5.14 gives the 1 -norm of |al|* where a ~ N'(0, 51,,)+
iIN(0,31,,) is a complex Gaussian random vector, i.e., (||al/*)y, < Con for the absolute constant

Co.
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Lemma 5.16. For a ~ N(0,11,) +1N(0, $1,,), there holds

E(al*aa”) = (n+1)I,,
E((a*Xa)aa™) = X+ Tr(X)I,, (5.35)

for any fized x € C™ and X € C™*". In particular, we have

E|{a,z)|?aa* = |z|*I, + zx*, (5.36)
El(a,2)|" = 2|z, (5.37)
E(aa* — I,)> = nl,. (5.38)

Lemma 5.17. Suppose that a € R" is a Rademacher sequence and for any fired * € C™ and
X € C™™ there holds

E(||la||*aa*) = nI,, (5.39)

n
E((a*Xa)aa™) = TH(X)I,+ X+ X" —2) XEx (5.40)
k=1

where Ey is an n X n matriz with only one nonzero entry equal to 1 and at position (k,k). In
particular, setting X = xx* gives

E|{a,z)|?aa* = |z|°I, + zz* +zx* — 2diag(x) diag(z) < 3|z|*I,, (5.41)
n 2 n

Bl(aa) |t = 2l Y0 2l < 3 (5.42)
k=1 k=1

Proof: Since a is a Rademacher sequence, i.e, each a; takes +1 independently with equal prob-
ability, this implies a? = 1 and ||a|* = n. Therefore, E(||al|?aa*) = nE(aa*) = nl,. The (k,l)-th
entry of (a*Xa)aa* is Y77, Y71 Xjjaajara.

1. Ifk=1,

n n

n
E|D D Xijaajlap* | =) E(Xilai*lax]?) = Tr(X)

i=1 j=1 i=1
where E(a;ajlag|?) = 0 if i # j.

2. Itk #£1,

n n
E Z Xijaiajapa; | = X E(|ap*|al®) + X E(lak*|al®) = Xy + X
i=1 j=1

Hence, we have E((a*Xa)aa*) = Tr(X)I, + X + X1 — 23} XerEkk- O

Lemma 5.18. There holds

n—1)(mIy, —1,,1%)
m—1

E(AA(AA)) = + 1,10
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where A = HM, A = diag(Av) and v = (vi, -+ ,v,)T € C" is a deterministic unit vector.
H € C™*" is a random partial Fourier/Hadamard matriz with H*H = mI, and m > n, i.e., the
columns of H are uniformly sampled without replacement from an m x m DFT/Hadamard matriz;
M is a diagonal matriz with entries random sampled from +1 with equal probability; moreover, we
assume M and H are independent from each other. In particular, ifm =n =1, E(AA(AA)*) = 1.

Proof: We only prove the case when A is a random Fourier matrix since the Hadamard case is
essentially the same modulo very minor differences. By definition,

AAAN" = AHH*A* = diag(HMv)H H* diag( H Mv).

Let h; be the i-th column of H* and the (7, j)-th entry of diag(H Mv)H H* diag(H Mw) is

(hi, Mv) (hj, Mv) (h;, hj) where (u,v) = u*v. The randomness of AAA*A* comes from both H
and M and we first take the expectation with respect to M.

E((h;, Mv) (h;, Mv) |H) = hfE(Mvv*M|H)h; = h} diag(v) diag(v)h;
= (H diag(v)diag(v)H*); ;

where E(Mvv*M) = diag(v) diag(v) follows from each entry in M being a Bernoulli random
variable. Hence, E((AAA*A*); ;|H) = (H diag(v) diag(v)H*); ; - (HH*); ;.

Let uy be the k-th column of H and 1 < k < n and “®” denotes the Hadamard (pointwise)
product. So we have HH* = "}, uiu;. There holds,

E(AAA*A*|H) = (H diag(v)diag(v)H*) ® HH* = (Zwkﬁuku;;) © HH*

k=1
= Z |vg |2 diag(ay ) H H* diag(ug) = Z Z o |* diag (@) uyu} diag(uy,)
k=1 k=1 1=1
= > ol diag(a)uuf diag(ug) + 11}, (5.43)

1<k#l<n
where the third equation follows from linearity of the Hadamard product and from
upu;, © HH* = diag(uy) H H* diag(uyg).

The last one uses the fact that diag(up)ur = 1,, if up is a vector from the DFT matrix or
Hadamard matrix. By the property of conditional expectation, we know that E(AAA*A*) =
E(E(AAA*A*)|H) and due to the linearity of expectation, it suffices to find out for k # [,
E(diag(uy)wu; diag(uy)) where uy, and w;, by definition, are the k-th and [-th columns of H
which are sampled uniformly without replacement from an m x m DFT matrix F. Note that
(ug,u;) is actually an ordered pair of random vectors sampled without replacement from columns
of F. Hence there are in total m(m — 1) different choices of diag(uy)u; and

1

- VI<i#j<mV1<k#l<n
m(m —1)

P(ur = ¢4, u; = @)
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where ¢; is defined as the i-th column of an m x m DFT matrix F. Now we have, for any k # [,

1

i#j
- m(ml_l) Z diag ()¢} diag(¢pi) — m1n1;,
1<i,j<m
= ﬁ (; diag(¢;) diag(¢p;) — 1m1;*n>
- % (5.44)

where diag(d;)¢i = 1, and >.i0, @i = mI,,. Now we return to E(AAA*A*). By substitut-
ing (5.44) into (5.43), we get the desired formula:

E(AAA*A") = E(E(AAAA*|H))=E Z lug|? diag(ug )wu} diag(ug) | + 1,15,

1<k£l<n
mIy, — 1,17, Z 9 . (n—1)(mI,, — 1,,1})) .
= — lvg|* + 11, = 4+ 1,10,
m =1 1<k£l<n m—1
where 37 1<, log|? =n — k1 Jvk|* =n — 1 follows from > ;o |vg|* = 1. O
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