JOURNAL OF DIFFERENTIAL EQUATIONS 65, 250-268 (1986)

Analysis of a Singular Hyperbolic System
of Conservation Laws

ELI L. IsAACSON*

Department of Mathematics, University of Wyoming,
Laramie, Wyoming 82071

AND

J. BLAKE TeEMPLE **

Mathematics Research Center, Madison, Wisconsin

Received March 8, 1985

We solve the Riemann and Cauchy problems globally for a singular system of n
hyperbolic conservation laws. The system, which arises in the study of oil reservoir
simulation, has only two wave speeds, and these coincide on a surface of codimen-
sion one in state space. The analysis uses the random choice method of Glimm
(Comm. Pure Appl. Math. 18 (1965), 697-715).  © 1986 Academic Press, Inc.

1. INTRODUCTION

In the study of enhanced oil recovery, the scalar Buckley-Leverett
equation

5.+ (s8) =0, (1.1)

models the water flooding of an oil reservoir [6]. Water flooding involves
the injection of water, which is immiscible with oil, into certain wells of the
reservoir to force oil out at others. In this case, s =s(x, ¢) is the saturation
of water (i.e., the volume fraction of water in the total fluid, 0 <s<1), and
g = g(s) is the particle velocity of the water.

Consequently, since the total volumetric flow rate is fixed [2, 6, 7], the
fraction of the flow rate associated with the water is sg(s)= f(s). In this
problem, the fractional flow curve f(*) is nonconvex: f increases from 0 to
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Fic. 1. A typical S-shaped curve corresponding to f(-) in system (1.1) and f(-,¢) in
systems (1.2), (1.3).

1, f(0)=f'(1)=0, and f has one inflection point. We say f is S-shaped.
(See Fig. 1.)
The 2 x 2 system of nonlinear conservation laws

s+ (sg)x=0
(s¢), + (scg).=0

(1.2)

models the polymer flooding of an oil reservoir [2, 7]. (See aiso [3].) In a
polymer flood, water thickened with polymer is injected into the reservoir.
A polymer is a solute of water which inhibits its flow, and thus improves
the oil displacement. In this case, s = s(x, ¢) is the saturation of the aqueous
phase (the solution of polymer and water), ¢ =c(x, ¢) is the concentration
of polymer in the water, g = g(s, sc) is the particle velocity of the aqueous
phase, and f{(s, ¢)=sg(s, sc) is the fraction of the flow rate associated with
the equeous phase. For fixed c, the fractional flow curve f(-, ¢) has the same
qualitative properties as in the Buckley—Leverett problem.

In the present paper, we study a natural generalization of Eqgs. (1.1) and
(1.2) given by the (n+ 1) x (n+ 1) system

U,+(gU),=0, (1.3)

where U= (s, s¢) is the vector of conserved quantities, ¢=(c,.., C,),
g=g(s, sc), and {(s,¢): 0<s<1, 0<c;<1} is the state space. Again, the
function f(s, ¢)=sg(s, sc¢) is important for our analysis. Our only
assumption for system (1.3) is that f'is smooth and the curves f(:, ¢) have
the S-shape of the Buckley-Leverett problem for each fixed ¢. Our main
results are:
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THEOREM A. The Riemann problem for (1.3) has a unique solution for
arbitrary initial data (sy, ¢.) and (sg, cg). Moreover, for every positive t, the
solution (s(x, t), ¢(x, t)) is in L] with respect to x and depends continuously
on t.

THEOREM B. There is a singular transformation
¥ (s,¢)> W=(z,¢)

such that, if the initial data (so(x), ¢o(x)) satisfies TV(zy(*), €of)) < 00, then
there exists a global weak solution U(x, t) of the Cauchy problem for (1.3).
Moreover, U(x, t) is in L\ with respect to x and depends continuously on t.

To prove Theorem A we construct the solutions explicitly, and to prove
Theorem B we use the random choice method (RCM) of Glimm [17.

System (1.3) can be viewed as a model for the flooding of a reservoir by
water containing » additives. Our present assumptions relax the
requirement that the additives inhibit the water flow as in [2, 7]. This
system is of interest in the study of conservation laws because of the new
phenomena which arise. The system is nowhere strictly hyperbolic and, in
fact, has at most two distinct eigenvalues which coincide on a surface of
codimension one.

There are two new features in the present analysis. First, we analyze the
Riemann problem entirely in the 2-dimensional sf-plane, and not the
(n+ 1)-dimensional state space. This enables us to handle the higher
dimensional problem. It also makes unnecessary the assumption that f(s, -)
be monotone for each fixed s. Second, unbounded variation occurs in
approximate solutions of the RCM for systems (1.2), (1.3). As in [7], we
prove convergence by bounding the variation in s as measured under a
singular transformation. Here we must incorporate a supplemental bound
on the total variation in ¢ because extra degrees of freedom occur in (1.3)
that do not occur in (1.2). Also, as in [7], it is necessary to randomize in
space as well as time to handle the singularity.

2. THE RIEMANN PROBLEM

2.1. Preliminaries

In this section we consider the Riemann problem; i.c., the initial value
problem

U, +(gl).=0,

2.1)
U(x, 0) = Uy(x),
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: slope=g = % = constant

S

Fic. 2. In system (1.2) and (1.3) the surface g = g, = const is given by all points (s, ¢) such
that (s, f(s, €)) lies on the line {(s, /): f= gos}.

where

U, x<0
i) ={ -

Ug, x>0.
Here, U=(s,b), b=sc, 0<s<1, 0<b,;<s, and f =sg satisfies the con-
stitutive assumptions of system (1.3). (See Figs. 1, 2.) Here, U is the vector
of conserved quantities. Let

U=®(V), V=(sc).

We let “state space” refer either to the space of allowed U’s or the
corresponding values of V. The map & is contractive, one-to-one, and
regular except at s =0. We solve the Riemann problem for arbitrary values
of V1 and V. We note that when s =0, the solution is not unique in the
U-variables, but specifying a value of ¢ determines a unique solution in the
V-variables.

2.2. Notation

First, because our analysis to follow uses V-space instead of U-space, we
take g to be a function of V= (s, ¢); i, g(V)= go ®(V). The set of points
where f,= f/s is crucial in our analysis. At these transition points the
system (1.3) fails to be strictly hyperbolic. Let s1(c) denote the unique
positive value of s for which f(s, ¢)/s = f,(s, ¢). The existence and uni-
queness of st for each ¢ follow from the fact that f(:, ¢) is S-shaped (see
Fig. 3). The transition surface 7 is the subset of state space given by

T ={(s,¢):s=s1(c)}.
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FiG. 3. Construction of sr(c) and gr(c) from the graph of (-, ¢).

We also define the region
L= {(5,¢),0< s <s1(e))
to the left of 4 and the region

R={(s,c)sp{e)<s< 1}

to the right of 7. For each ¢, the unique state on the transition surface is
Vr(e) = (s1(c), ¢).

For each ¢ this gives a unique g-value given by (see Fig. 3)
gr(c) = g(V1(c))

2.3. S-waves and C-waves

By differentiating (1.3), we obtain the system
U,+A(U) U, =0,
where

N

AW = At b = g1+ (}) (20 20
go =&, &5,)-

The following lemma is a consequence of the fact that 4 is a rank one per-
turbation of a scalar matrix.
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LeMMA 2.1. The eigenvalues of A are g=f/s and g+sg,+b- g,=f..
Off the transition surface F, the eigenvalue g has multiplicity n, and [ is
simple. The eigenvectors corresponding to the eigenvalue g span the tangent
space to the surface g =const. The eigenvector corresponding to the eigen-
value f, is u= (s, b). On T there are only n independent eigenvectors.

From this lemma we obtain

THEOREM 2.2. The integral manifolds of the eigenvectors corresponding
to the eigenvalue g are the connected components of the surfaces g = const.
The integral curves of the eigenvector corresponding to the eigenvalue f, are
the lines ¢ = const.

The Hugoniot locus [4] of a state U, consists of those states Uy for
which the discontinuous function

U x < ot,
)=
Ul 1) {UR x> ot,
is a weak solution of (2.1). An equivalent statement is that U= Uy satisfy
the Rankine-Hugoniot jump condition:

gU)U—-g(U ) UL=0a(U—-U,)
for some number o. A straightforward calculation yields

THEOREM 2.3. The Hugoniot locus of a state Uy is the set
{U: g(U)=g(Up)} u {U:c=c_}.

From Theorems (2.2) and (2.3), it is clear that there are two families of
elementary waves: C-waves (concentration waves) consist of contact dis-
continuities joining two states with equal g-values; S-waves (saturation
waves) solve the scalar Riemann problem that is obtained from (2.1) when
¢ is constant. To insure the uniqueness of solutions fo the Riemann
problem, we assume that the elementary waves of each family satisfy an
entropy condition. We require that the S-waves satisfy the standard
entropy condition for a scalar conservation law. Our entropy condition for
the C-waves is that C-waves can join two states only if both states are in &
or both are in #. This is equivalent to the generalization of the Lax
entropy conditions given by Keyfitz and Kranzer [3].

We let ¥V -5 Vg (resp. V|, - Vy) indicate that V; on the left can be
connected to Fy on the right by an S-wave (resp. C-wave). Two con-
secutive arrows (e.g, V; —»°V; - V) indicate that the waves can be
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Fic. 4. (a) For each ¢, (s, ¢)e &, iff (s, (s, ¢}) lies on the shaded segment of f(-, ¢)). (That
is, (s,¢)e 2 and (s, f(5, ¢)) lies below the line with slope gy(c.).) (b)For each ¢, (s,c)e %,
iff gr(c)< gr(er) and (s, f(s,c)) lies on the shade segment of f(-,¢). (c)For each c,
(s, ¢) e g, iff g1(c)> grlc,) and (s, /s, ¢)) lies on the shaded segment of f(-, ¢).

composed; i.e., the wave speeds increase from left to right, and we say that
the speeds are compatible.

2.4. Solution of the Riemann Problem

We present the solution in six cases:
(I) Vpoe% and Vy in one of (see Fig. 4)
(i) Bi=Rn{V:g(V)<grleL)}

(i) #=Ln{V:gie)<grlel)},
(i) Ry=(R UR)=(V: grlc) = gT(cL)}\‘@l -
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(II) V_ e and Vg in one of
(i) LA=Rn{VigV)<g(Vi)}
(i) H=FLn{V:gi(e)<gVL)},
(i) LH=(A VL) ={V:gle)=g(VIINZ.
These cover all possibilities. As the regions have common boundaries, one
must verify that the solutions presented for initial data in the overlap
actually agree. In fact, two such solutions V(x, t) agree in L' for each ¢.
Finally, the observations referred to below are listed in Section 2.5 and

follow from the assumption that (-, ¢) is S-shaped. That solutions depend
continuously on the data in L} _is a consequence of the continuity in each

loc

region, together with the agreement of solutions at the boundaries of
regions:

(I) Vi=(sL,cL)eX

Case (i). Vge®R,. Solution: V, =5V, - V. The intermediate state
V, is given by

Vi=(s1,¢L)
where s; is chosen so that g(V;)= g(Vy), and V,e#. State V, exists by

observation (O1). The wave speeds are compatible by observation (O3)
(given below).

Case (ii). Vge®R,. Solution: V-5V, - V-5 Vi. The inter-
mediate states V; and V|, are given by

Vi=(s1,¢L)
Vii=(su, Cr)

where s; is chosen so that g(V,) = gr(eg) and sy; = st(eg). State V; exists by
observation (O1). The wave speeds are compatible by observations (O3)
and (O4).

Case (iii). Vze#;. Solution: V; 5%V, -V, ->5Vx. The inter-
mediate states V; and Vy; are given by

Vi={(s1,¢)
Vi = (sy, €r)

where s; =s(e.) and sy is chosen so that g(Vy) = gr(c,). State Vy; exists
by observation (O2). The wave speeds are compatible by observations
(03) and (O5).

(IT) Vi=(s.,c)eZ.



258 ISAACSON AND TEMPLE

Case (i). Vge%,. Solution: Vy =5 V;—< V. The intermediate state
V' is given by

Vi=(s1,¢L)

where s; is chosen so that g(V;)= g(Vr) and Ve 4. State V; exists by
observation (O1). The wave speeds are compatible by observation (O6).

Case (ii). Vze . Solution: V; -V, > V,;—-°Vy. The inter-
mediate states V', and V; are given by

Vi=(s1,¢1)
Vii= (s, cr)s

where s; is chosen so that g(V;) = gr(cg) and s;; = st(cg ). State V; exists by
observation (O1). The wave speeds are compatible by observations (O6)
and (O4).

Case (iii). Vgze.%. Solution: V| - V; »° V. The intermediate state
V; is given by

VI = (SI’ cR)a

where s; is chosen so that g(V;)= g(V.). State V; exists by observation
(02). The wave speeds are compatible by observation (OS5).

2.5. Observations in the sf-plane

In the observations below, we let /(g) be the line in the sf-plane with
slope g passing through the origin. We say /(g,) intersects the curve
f=f(, ¢o) at the point V= (s,, o) if g(V,) = go. (In the sf-plane, the two
curves actually intersect at (sq, f(V,)). E.g., see Fig.2.) Also, the wave
speeds in observations (O3) through (O6) refer to those in the scalar
Buckley-Leverett equation:

(O1) If I(g,) intersects f = f(-, ¢,) at a point in %, and if /(g,) inter-
sects /= f(-, ¢;) with g, > g, then [(g,) also intersects /= f(-,¢,) at a
point in 4.

(02) If 0< go< gr(c), then I(g,) intersects f= f(-,¢) in Z.

(O3) The wave speeds in ¥, »° V, are at most g(V,) if V|, V,eZ.

(O4) The wave speeds in V', »° ¥V, are at least g(V) if V,€7 and
V,eZ.

(O5) The wave speeds in ¥, -5V, are at least g(V,) if V,€.¥ and
either (a) V,€ % or (b) V,e # with g(V,) = g(V,).

(06) The wave speeds in V| =5V, are at most g(V,) if V€2,
V,eR, and g(V )= g(V,).
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3. SoLuTioN OF THE CAUCHY PROBLEM

3.1. Preliminaries

In this section we use the random choice method to solve the Cauchy
problem (2.1) with general initial data. First define the variable z by

_ _fer(e)—g(V) if Vea,
Z=Z(V)‘{g(V)—gT(c) if Ve (3.1)
Let ¥: V> W be defined by
W= (z(V),c). (3.2)

The transformation ¥ is one-to-one and regular except at the transition
surface 7. We define the strength of S- and C-waves, as well as the
strengths of waves in the variable z, as follows. Let S, C denote arbitrary S-
and C-waves, respectively. Let V| and Vy denote the left and right states of
the wave, respectively. Then define

IS =1VL— Vil =lse—srl + ey —cg
=[sL—sgl+ler, —cppl+ = + e~ Cpuels
ICl= VL= Vgl (3.3)
ICle=leL —egl,
18], =1z — zrl,

| _{4 lzo—zg|  if (3.4) holds,
|2z —zgl  if (3.4) does not hold,

where the condition is
Vi, Ve & and g1(VL)= g1(Vr),

or 34)
Vi, VRe# and gr(Vi) < gr(Vwr)

The general Riemann problem has a solution of the form S“CSR; ie., two
S-waves separated by a C-wave with the convention that S® =0 if C=0.
We let y = SYCS® and set

lyl =18 +1C| +|S¥|,
Iyl.=IS"]. +1Cl. +|S¥I..

The following lemma is crucial in the convergence proof of Section 4.



260 ISAACSON AND TEMPLE

LEMMA 3.1.  For every ¢>0 there exists a constant M(e) depending only
on ¢ such that

if 1S|>e,  then  |SI<M(e)lSI., (3.5)
if 1C1>e  then  |Cl<M(e){|C|.+|C|}. (3.6)

Proof.  Suppose |S] >¢. Then [s, —sr(c,)| >¢/2 for =L or R. The map
(z,c)—> (s, ¢) is a one-to-one regular map off the transition surface 7.
Therefore the Jacobian is bounded off any neighborhood of . Conse-
quently, there is a constant M (¢) so that

lsp —sel < M (e)lzp — zg|. (3.7)

To prove (3.6), we use the fact that s, is a differentiable function of e.
Thus,

[sr(eL) —sr(er)l <7y lep —cgl

for some number y. (We may assume y > 1.)
Now suppose |C] >¢. If |C|. > ¢/2y, then we can take M,(e)=2y(n+ 1)/e
since [C| <n+ 1. On the other hand, if |C|, < &/2y, then

(I-1/2y)e <|C| — |Cle= |sL — 5gl
Slsp—seleu)l + [s(er) — sp(er)l + Ist(Cr) — skl
< sy —srle) +7(Cle + [sg — srleg)]
<lsp—srle ) +/2 + |sg — stler)].

Rearranging gives [s, —s(¢,)| > (y—1)e/4y for g=L or R. Therefore, we
can use (3.7) again to obtain

ICl = Isc — sl +[Cle
<M ((y—1)e/2y) |z — zel + ICle
<M\ ((y = De/2p){IS1. + | Cl.}
provided M, > 1.

3.2. The Random Choice Method

We first define the approximate solutions generated by the RCM. Let A,
k be mesh lengths in x, 7, respectively. Let k =k(h) be chosen so that the
Courant-Friedrichs-Lewy condition holds:

K_ max {f[} (38)
h (()) ls R)
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For every integer i and nonnegative integer j, define the mesh points
x;=1ih, ;= jk in the xt-plane. Let a denote a sequence

a={a;}, (3.9)
where 0<a;<1; ie., an element of the measure space
4= [] [0,t]; (3.10)
ji:ZZ+

with Lebesgue measure denoted by m. For each A, a, and initial data V(x),
we define the approximate solution

Vix,t)=V,(x, t;a)

generated by the RCM, by induction on j as follows: Let

Vi(x, 0)=Vo(x;+ aph) for x;<x<x;,y, (3.11)

and for 0<7<1t,, let V,(x, t) be the solution of (3.1) obtained by solving
the Riemann problems posed in (3.11). Here V,(x, ¢) is well defined for
t<t, by (3.8).

Now assume V,(x, t) has been defined for times ¢ < ¢;. Then define V, for
{=1; by setting

Vix, ;)= Vu(x;+ a;h, t;) for x,<x<x;,4, (3.12)
and define V, for ¢;<t<1;,, by solving the corresponding Riemann

problems with “initial data” V,(x, ¢;). Again, V,(x, t) is defined for all time
by (3.8). Let

Wi(x, t)y= W,(x, t;a)=P(V,(x, t;a)), (3.13)
Uyx, )=U,(x, t;ay=d(V,(x, t;a)), (3.14)
Wo(x) = ¥(Vo(x)), (3.15)
Ug(x)=D(Vo(x)). (3.16)

Let y;= S,‘.;. C; S} be the waves appearing in the solution of the Riemann
problem centered at (x,, ¢;). Note that all waves have nonnegative speeds.
Define

F() =% {lrl: +1Cyle}- (3.17)
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Notation. In the following lemma and throughout the remainder of the
paper, we let M denote a generic constant depending only on the function f
and any explicit arguments.

LEMMA 32, If TV{W,(")} < My < oo, then
F(j+ D)SF()SFO)S MM,, (3.18)
TV{W,(, 1)} < MM,. (3.19)

Proof. Inequality (3.18) holds because both F.(j) = ¥,|C,|. and
F.(j)=2Xly;l. are nonincreasing functions of j. This can be proven by
induction on j. That F, is nonincreasing follows easily from the fact that the
change in ¢ in any Riemann problem is due to a single jump; i.e., the jump
in ¢ across the C-wave. That F, is nonincreasing follows from the fact that
the sum of the wave strengths in z for any sequence of elementary waves
connecting a given left and right state is minimized by the waves in the
Riemann problem solution (cf. [7]). Inequality (3.19) follows immediately
from (3.18) together with the definition of W= ¥(V), since for 1;,<t<1,, |,

TV{W,(- 1)} < F(j) < F0) < MM,

Let the index set A (¢, a) be defined by
A=A (e,a)={(i, j): |S}| <eand |S¥| <eand |C,l <e}.  (3.20)

LeMMA 33. If (i, j) ¢ A (¢, a), then
vl S M(&){I7yl-+1Cyle}- (3.21)
Proof. If (i, j) ¢ A (¢, a), then either |ST|>¢ or |SE|>¢ or |Cyl >e. If
|Cyl > &, then by (3.6)
e<|Cyl < M(E){IC,.+1Cyle}-

Since |S%| <1 for g=L or R, we obtain

|75l = 1SF] + 1S +1Cf
<2+ ME){IC,l. +1|C,le}
<(Qfe+1) ME){|Cyl. +1Cyle}
SMe){ [y, +1C 1}
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where M(e) is generic. The case |S§| >¢, g=L or R, follows from (3.5) in
the same manner.

3.3. Convergence of the Approximate Solution
We prove the following result.

THEOREM 3.4. For every a € A and sequence of mesh lengths h — 0, a sub-
sequence U, of approximate solutions converges uniformly in Ll to a
Sunction U(x, t)=U(x, t;a); ie, U,(,t) converges to U(,t) in
L'[—M, M), uniformly on 0<t<T for any positive M, T. Moreover,
lu(, )l .1 is a continuous function of t.

We use the following result of Oleinik [1]:

LEMMA 3.5. Let h denote a positive sequence tending to zero, and let
W,: (x, t) > R" be a sequence of functions satisfying

TV{W,(, 1)} <M, <0 for all A, ¢, (3.23)

IWil, )= Wi, Dl < M{lt—1] + b} (3.24)

Then a subsequence of the functions W, converges uniformly in L} _ to a
Sunction W(-, t). Moreover, W(, t) satisfies

IWE ) =W, D)lp<sMlr—1. (3.25)

Proof of Theorem 3.4. The approximate solutions W,(x, t)= W,(x, t;a)
satisfy the conditions of Lemma 3.5 for all a € 4. The first condition follows
from Lemma 3.2 with M, =MM,. To see that the second condition is
satisfied, let ¢; and ¢, be the times with

T—k<t; <T<IStpSt+k
Then for xe(x;, x; ],

|Walx, 1) = Wilx, 1)l < Z {l7l +1Cyle}-

=
Therefore,

7w = w0l ax

_z B S i+ 1C,1

—w =]
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2

=h ), {ZWU|:+Z|CU|c}
j=jl i i
J2

<h Y {F(j)+ My} S MMoh(j2—j1)
j=Jjl

SMM{|t—1|+h}.

Thus (3.24) holds for the approximate solutions.
We now show that ¥, also converges to ¥ uniformly in L . Note that

loc

¥-1! is continuous with compact domain; so it is uniformly continuous.
Suppose T>0. For 0<¢< T, let

E=E(M, h, 1, 1)
={xe[—M, M]: [W,(x, )= W(x, 1)l < pu}.

Then

IMM \V,— V| dx= L+ L_ .

But jE<2M5(y), which is uniformly small in [0, 7). (Here, 6 is the
modulus of continuity of ¥.) Also

j WV~ VI <2n+1)m{[—M, MI\E}
[-MMNE
<2("+1)fM \W, — W] dx. (3.26)
u -M

The last member of (3.26) is uniformly small for 4 small because W, - W
uniformly in L} . Consequently the convergence of ¥, to V is uniform in
Ll.. Since @ is also uniformly continuous, U, also converges to U

uniformly in L} .. The uniform continuity of ¥ and & together with (3.25)

imply that | U(;, #)|l,._is a continuous function of time. This completes the
proof of Theorem (3.4).

3.4, The Weak Solution
We say that U(x, t) is a weak solution of (1.3) if it satisfies

@(U,(;s)sﬂ_m . ‘U¢,+g{/’¢,dxdt+[o Ulx, 0) ¢(x, 0) dx =0

120

(3.27)
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for every smooth ¢ with compact support. Let

D(h,a,¢)=2(U,(, :; a), ¢). (3.28)

THEOREM 3.6. Suppose Uy(x) is initial data satisfying
Up(x) = D(Vo(x)) (3.29)
and
TV{Wo(')} < My< 0. (3.30)

Then there exists a set NS A, m{N}=0, such that if ae A\N, then the
Sunction U(x, t; a) of Theorem (3.5) satisfies (3.27) for all ¢ of compact sup-
port.

Proof of Theorem 3.6. Let h—0 be a sequence of mesh lengths such
that U,(x, t;a) » U(x, t; a) in the sense of Theorem 3.4. We will show that
there exists a set N of measure zero in 4 such that if ae A\N, then

D(h,a,¢9)—0

for all smooth ¢ of compact support. This completes the proof because U,
converges to U uniformly in L} .

Since U, is an exact solution on [¢;, t,, ), we can integrate by parts in
(3.27) to write

D(h,a,9)=> D,(h,a,¢) (3.31)

i

where

Dh a, $)= fx'” [U(x, £,4)— Ulx, 1,—)]1 (x, 1) dx.  (3.32)

Thus
Dy(h,a, )< hldll 1yl (3.33)
Let ¢, be the constant function ¢ = ¢(x;, £;). Then

D(h,a,¢)= Z D(h,a, ¢)

=ZDij(h, a, ¢,~j)+ZD,-j(h, a,¢—o;) (3.34)

505/65/2-9
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But

Z,D(ha a, ¢_¢g/') < z Vel ., h? Z ‘"/,j/‘ (3.35)

jes ies

where
S = {it Jwith [x,—h, x,+ h]x [1,, 1,4+ k] nsupp(4) not empty },
F=1{j:diwith [x,—h, x,+h]x[t,t;+ k] supp(¢) not empty }.

Also, set
F=Fxg.
By Lemma 3.3, with
alt il N\~ A
A=, jJEX |,
we obtain
Yhd= ¥ o+ Y <3eMhT'+ M(e) F(j)<3eMh™' + M(e)
ie ¥ ic Ay iejmf;'

where we have applied Lemma 3.2. (We now allow the generic constant M
to depend on the test function ¢.) Thus by (3.35),

S M ||Vé|| {3+ M(e)h}.

S Dk 3, 49,

This implies that

-0 (3.36)

'ZD(h, a, ¢_¢y)

as h— 0 as follows: for any >0, choose ¢ <3/{6M |Vé| ,, }. Then for all
h<d/{6M(e)M |Vg| .} we have

Y. D(h, 3, 6—4,)

<4

Consider now the first sum in the right-hand side of (3.34). We have

[ (Z,,D,j(h, a, ¢,,)>2 da
= | Dy(h 2, 9,) Duha, 6u,) da

ki
=Y [ Dyh a4, da:j Y D(h a,¢,) da (3.37)
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since

[ DyDyda=0  for (ij)# kD,
A

by the independence of sampling points. But for any a€ 4,

ZD,-]-(h, a,¢,)"

i

< X 1415 APyl

(h)eS

- ¥ + 3

(LpeF mA  (Lj)eSL X"

< Y 912 A3+ Y Igl1% M) (Iygl .+ 1Cyle)*  (3.38)

(Lj)es (iLj)e&
where we have applied Lemma 3.3. But with ¢ <1 we obtain

Y lgl3 A?3%% < Me,

(i.,j)e ¥
and

Y 613 M) (7). +1Cyle)

(Ljyes

< Y M(e) Y (lyyl-+1Cyle)®
jef i

<) M@ {Z(IVUIZHC,-;IC)}
jeF i
< Y M(e) PF(jP < M(e)h.

jef

Thus from (3.38),

Y Dyh a, ¢,)° < Me+ M(e)h.
~

Using this estimate in (3.37) yields

| (Z D,(h, a, ¢,.,.)) < Me + M(e)h. (3.39)



268 ISAACSON AND TEMPLE

Now as in (3.36), (3.39) implies that

| (Z Dy(h, a, ah-,-))2 da ~ 0 (3.40)

as h— 0. Therefore there exists a set N of measure zero in 4 and a sub-
sequence # — 0 such that, if ae A\N, then

Y. Dy(h,a,¢;)—0 (3.41)

Y

as h — 0. Therefore
D(h,a,¢)—>0

as h— 0 by (3.36), (3.41), and (3.34). This achieves the desired result for a
particular ¢, since N depends on ¢. To extend this to arbitrary ¢ € C}, we
can apply the diagonal process in a direct manner as in [1, 7]. This com-
pletes the proof.
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