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We prove the existence of 1-dimensional space and time-periodic 
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The nonlinear theory parallels the linear theory.

Theory requires genuine nonlinearity and non-constant entropy. 

WE PROVE:  For generic, non-resonant entropy profiles, the 
equations obtained by linearization admit k-mode solutions each of 
which perturbs to a one parameter family of “pure tone” solutions of 
the nonlinear Euler equations, displaying the same frequency in space 
and time as the linear k-mode.

There really is a nonlinear theory of musical tones!

This provides the first existence proof for globally bounded shock-free 
solutions exhibiting sustained nonlinear interactions and large TV.
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…neglecting any form of dissipation, like 
viscosity and heat conduction…
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The compressible Euler equations consist of three 
coupled nonlinear PDE’s that can be interpreted as the 
continuum version of  

               Newton’s Laws of Motion 

(1)  Conservation of Mass:  (Continuity Equation) 

(2)  Newton’s Force Law:  (Continuum Version) 

 “ The time-rate of change of momentum equals minus 
gradient of the pressure” 

(3) Conservation of Energy:  (Continuum Version)

COMPRESSIBLE EULER EQUATIONS

…shock-waves introduce a canonical 
dissipation into this zero dissipation limit…



• System (Ma), (Mo), (En) describes the time 
evolution of a compressible fluid...   

e = energy
mass =specific internal energy

p=pressure

� = mass
vol =density

(Mo)

(En)

(Ma){

Compressible Euler Equations:

u = velocity

E = energy
vol = �e + 1

2�u2

Compressible
Euler

Eulerian Coordinates:
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• For wave propagation in                 :
<latexit sha1_base64="wpUt56J8nRmwJfp0EVi4aVheUKw=">AAAB9HicbVC7SgNBFL0bX3F9RS1tBhPBxrArojZi0MYygnlAsoTZyWwyZPbhzGwgLPkOGwsl2Pob9jbi3zibTaGJBwbOnHMv997jRpxJZVnfRm5peWV1Lb9ubmxube8UdvfqMowFoTUS8lA0XSwpZwGtKaY4bUaCYt/ltOEOblO/MaRCsjB4UKOIOj7uBcxjBCstOaXmSZcJStJPqVMoWmVrCrRI7BkpXn+YV9Hky6x2Cp/tbkhinwaKcCxly7Yi5SRYKEY4HZvtWNIIkwHu0ZamAfapdJLp0mN0pJUu8kKhX6DQVP3dkWBfypHv6kofq76c91LxP68VK+/SSVgQxYoGJBvkxRypEKUJoOxgPtIEE8H0roj0scBE6ZxMHYI9f/IiqZ+W7fPy2b1VrNxAhjwcwCEcgw0XUIE7qEINCDzCE7zAqzE0no2J8ZaV5oxZzz78gfH+A0+JlNA=</latexit>

X-direction



Compressible Euler Equations:
Lagrangian Coordinates:

Change to material coordinate co-moving with the fluid
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0
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Compressible Euler Equations:
Lagrangian Coordinates:

Change to material coordinate co-moving with the fluid

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

(Euler)
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Compressible Euler Equations:
Lagrangian Coordinates:

Change to material coordinate co-moving with the fluid

(Ma),(Mo),(En) are equivalent to Lagrangian Equations
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An equation of state relating
is required to close the equations…
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(Euler)



The Entropy:

• Time-irreversibility is measured by the entropy, which 
evolves according to a derived conservation law:



The Entropy:

• The specific entropy     is a state variable obtained 
by integrating the second law of thermodynamics
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• Time-irreversibility is measured by the entropy, which 
evolves according to a derived conservation law:



The Entropy:

(2nd Law)
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v = 1/⇢= specific volume

<latexit sha1_base64="AeWw82QuBgoDdiScda9zuAOSC3w=">AAACE3icbVBLSwMxGMzWV62vVY9egq0gHspuEfVSKHrxWME+oF1KNs22ocluSLLCsvQ/ePGvePGgiFcv3vw3Zts9aOtAYJiZL8k3vmBUacf5tgorq2vrG8XN0tb2zu6evX/QVlEsMWnhiEWy6yNFGA1JS1PNSFdIgrjPSMef3GR+54FIRaPwXieCeByNQhpQjLSRBvZZRdX7gUQ4JaGWkUimKUdKTSt1qATBWRLmzsAuO1VnBrhM3JyUQY7mwP7qDyMcczOPmbm05zpCeymSmmJGpqV+rIhAeIJGpGdoiDhRXjrbaQpPjDKEQSTNCTWcqb8nUsSVSrhvkhzpsVr0MvE/rxfr4MpLaShiTUI8fyiIGdQRzAqCQyoJ1iwxBGFJzV8hHiPTkDY1lkwJ7uLKy6Rdq7oX1fO7WrlxnddRBEfgGJwCF1yCBrgFTdACGDyCZ/AK3qwn68V6tz7m0YKVzxyCP7A+fwDkI57P</latexit>

s = entropy
mass = specific entropy

<latexit sha1_base64="y7xCU5J8V0l6g04byyKYMzimDo0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCG0tSRN0IRTcuK/QFbSiTyaQdOpmEmUmhhCzd+CtuXCji1k9w5984abPQ1gMD555zL3fucSNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRnGApMWDlkoui6ShFFOWooqRrqRIChwGem447vM70yIkDTkTTWNiBOgIac+xUhpaWAeVzx50/cFwolH0qSZnkd5NcmqysAsW1VrBrhM7JyUQY7GwPzqeyGOA8IVZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NOQqIdJLZISk81YoH/VDoxxWcqb8nEhRIOQ1c3RkgNZKLXib+5/Vi5V87CeVRrAjH80V+zKAKYZYK9KggWLGpJggLqv8K8QjpHJTOrqRDsBdPXibtWtW+rF481Mr12zyOIjgCJ+AM2OAK1ME9aIAWwOARPINX8GY8GS/Gu/Exby0Y+cwh+APj8wcDMJn8</latexit>

ds = de
T � pdv

T

• The specific entropy     is a state variable obtained 
by integrating the second law of thermodynamics

<latexit sha1_base64="3FG8LBdEqC18A4jUfll6ka4bLSE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2squoUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3QSmQPQ==</latexit>s

• Time-irreversibility is measured by the entropy, which 
evolves according to a derived conservation law:



The Entropy:

(2nd Law)

•  A consequence is the “adiabatic constraint”

<latexit sha1_base64="a7GF6f3TmeYxqiwvXuC08ywGGy4=">AAACBHicbVDLSgMxFM3UV62vUZfdBFvBVZ0pom4KRTcuK9gHtEPJpJk2NJMMSaZQhi7c+CtuXCji1o9w59+YaWehrQcCh3Pu4eYeP2JUacf5tnJr6xubW/ntws7u3v6BfXjUUiKWmDSxYEJ2fKQIo5w0NdWMdCJJUOgz0vbHt6nfnhCpqOAPehoRL0RDTgOKkTZS3y6WJzX3vCdHolyDKiI49eBEsDgkfbvkVJw54CpxM1ICGRp9+6s3ENgkucYMKdV1nUh7CZKaYkZmhV6sSITwGA1J11COQqK8ZH7EDJ4aZQADIc3jGs7V34kEhUpNQ99MhkiP1LKXiv953VgH115CeRRrwvFiURAzqAVMG4EDKgnWbGoIwpKav0I8QhJhbXormBLc5ZNXSatacS8rF/fVUv0mqyMPiuAEnAEXXIE6uAMN0AQYPIJn8ArerCfrxXq3PhajOSvLHIM/sD5/AAv5lxs=</latexit>

v = 1/⇢= specific volume

<latexit sha1_base64="AeWw82QuBgoDdiScda9zuAOSC3w=">AAACE3icbVBLSwMxGMzWV62vVY9egq0gHspuEfVSKHrxWME+oF1KNs22ocluSLLCsvQ/ePGvePGgiFcv3vw3Zts9aOtAYJiZL8k3vmBUacf5tgorq2vrG8XN0tb2zu6evX/QVlEsMWnhiEWy6yNFGA1JS1PNSFdIgrjPSMef3GR+54FIRaPwXieCeByNQhpQjLSRBvZZRdX7gUQ4JaGWkUimKUdKTSt1qATBWRLmzsAuO1VnBrhM3JyUQY7mwP7qDyMcczOPmbm05zpCeymSmmJGpqV+rIhAeIJGpGdoiDhRXjrbaQpPjDKEQSTNCTWcqb8nUsSVSrhvkhzpsVr0MvE/rxfr4MpLaShiTUI8fyiIGdQRzAqCQyoJ1iwxBGFJzV8hHiPTkDY1lkwJ7uLKy6Rdq7oX1fO7WrlxnddRBEfgGJwCF1yCBrgFTdACGDyCZ/AK3qwn68V6tz7m0YKVzxyCP7A+fwDkI57P</latexit>

s = entropy
mass = specific entropy

<latexit sha1_base64="y7xCU5J8V0l6g04byyKYMzimDo0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCG0tSRN0IRTcuK/QFbSiTyaQdOpmEmUmhhCzd+CtuXCji1k9w5984abPQ1gMD555zL3fucSNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRnGApMWDlkoui6ShFFOWooqRrqRIChwGem447vM70yIkDTkTTWNiBOgIac+xUhpaWAeVzx50/cFwolH0qSZnkd5NcmqysAsW1VrBrhM7JyUQY7GwPzqeyGOA8IVZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NOQqIdJLZISk81YoH/VDoxxWcqb8nEhRIOQ1c3RkgNZKLXib+5/Vi5V87CeVRrAjH80V+zKAKYZYK9KggWLGpJggLqv8K8QjpHJTOrqRDsBdPXibtWtW+rF481Mr12zyOIjgCJ+AM2OAK1ME9aIAWwOARPINX8GY8GS/Gu/Exby0Y+cwh+APj8wcDMJn8</latexit>

ds = de
T � pdv

T

• The specific entropy     is a state variable obtained 
by integrating the second law of thermodynamics

<latexit sha1_base64="3FG8LBdEqC18A4jUfll6ka4bLSE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2squoUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3QSmQPQ==</latexit>s

• Time-irreversibility is measured by the entropy, which 
evolves according to a derived conservation law:



The Entropy:

(Ma),(Mo),(En)        (Ent)Second Law of 
Thermodynamics +( )

(2nd Law)

(Ent)

<latexit sha1_base64="a7GF6f3TmeYxqiwvXuC08ywGGy4=">AAACBHicbVDLSgMxFM3UV62vUZfdBFvBVZ0pom4KRTcuK9gHtEPJpJk2NJMMSaZQhi7c+CtuXCji1o9w59+YaWehrQcCh3Pu4eYeP2JUacf5tnJr6xubW/ntws7u3v6BfXjUUiKWmDSxYEJ2fKQIo5w0NdWMdCJJUOgz0vbHt6nfnhCpqOAPehoRL0RDTgOKkTZS3y6WJzX3vCdHolyDKiI49eBEsDgkfbvkVJw54CpxM1ICGRp9+6s3ENgkucYMKdV1nUh7CZKaYkZmhV6sSITwGA1J11COQqK8ZH7EDJ4aZQADIc3jGs7V34kEhUpNQ99MhkiP1LKXiv953VgH115CeRRrwvFiURAzqAVMG4EDKgnWbGoIwpKav0I8QhJhbXormBLc5ZNXSatacS8rF/fVUv0mqyMPiuAEnAEXXIE6uAMN0AQYPIJn8ArerCfrxXq3PhajOSvLHIM/sD5/AAv5lxs=</latexit>

v = 1/⇢= specific volume

<latexit sha1_base64="AeWw82QuBgoDdiScda9zuAOSC3w=">AAACE3icbVBLSwMxGMzWV62vVY9egq0gHspuEfVSKHrxWME+oF1KNs22ocluSLLCsvQ/ePGvePGgiFcv3vw3Zts9aOtAYJiZL8k3vmBUacf5tgorq2vrG8XN0tb2zu6evX/QVlEsMWnhiEWy6yNFGA1JS1PNSFdIgrjPSMef3GR+54FIRaPwXieCeByNQhpQjLSRBvZZRdX7gUQ4JaGWkUimKUdKTSt1qATBWRLmzsAuO1VnBrhM3JyUQY7mwP7qDyMcczOPmbm05zpCeymSmmJGpqV+rIhAeIJGpGdoiDhRXjrbaQpPjDKEQSTNCTWcqb8nUsSVSrhvkhzpsVr0MvE/rxfr4MpLaShiTUI8fyiIGdQRzAqCQyoJ1iwxBGFJzV8hHiPTkDY1lkwJ7uLKy6Rdq7oX1fO7WrlxnddRBEfgGJwCF1yCBrgFTdACGDyCZ/AK3qwn68V6tz7m0YKVzxyCP7A+fwDkI57P</latexit>

s = entropy
mass = specific entropy

<latexit sha1_base64="ENjDJkMN/mvkU5L2PpBApHlpIas=">AAACBHicbZDLSgMxFIYzXmu9jbrsJtgKLUKZKaJuhKIblxXsBdphyKSZNjSTDElGKEMXbnwVNy4UcetDuPNtTNtZaOsPgY//nMPJ+YOYUaUd59taWV1b39jMbeW3d3b39u2Dw5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2MLqZ1tsPRCoq+L0ex8SL0IDTkGKkjeXbhVK5J4cCqoqvTzOEScXvXDkl3y46VWcmuAxuBkWQqeHbX72+wElEuMYMKdV1nVh7KZKaYkYm+V6iSIzwCA1I1yBHEVFeOjtiAk+M04ehkOZxDWfu74kURUqNo8B0RkgP1WJtav5X6yY6vPRSyuNEE47ni8KEQS3gNBHYp5JgzcYGEJbU/BXiIZIIa5Nb3oTgLp68DK1a1T2vnt3VivXrLI4cKIBjUAYuuAB1cAsaoAkweATP4BW8WU/Wi/VufcxbV6xs5gj8kfX5AxQQldE=</latexit>

(⇢s)t + (⇢su)X = 0
<latexit sha1_base64="SrtVC9Ro2ySGMmO/+6K/HIeR3Gs=">AAAB7HicbVA9SwNBEJ3zM8avqGBjcxgEq3AnojZCiI1lAl4SSI6wt9lLluztHbtzQjjyG2wsFLG181/4C+xs/C1uPgpNfDDweG+GmXlBIrhGx/mylpZXVtfWcxv5za3tnd3C3n5dx6mizKOxiFUzIJoJLpmHHAVrJoqRKBCsEQxuxn7jninNY3mHw4T5EelJHnJK0Eie7uC10ykUnZIzgb1I3Bkplg9r3/y98lHtFD7b3ZimEZNIBdG65ToJ+hlRyKlgo3w71SwhdEB6rGWoJBHTfjY5dmSfGKVrh7EyJdGeqL8nMhJpPYwC0xkR7Ot5byz+57VSDK/8jMskRSbpdFGYChtje/y53eWKURRDQwhV3Nxq0z5RhKLJJ29CcOdfXiT1s5J7UTqvmTQqMEUOjuAYTsGFSyjDLVTBAwocHuAJni1pPVov1uu0dcmazRzAH1hvPz0SkgU=</latexit>

st = 0

<latexit sha1_base64="y7xCU5J8V0l6g04byyKYMzimDo0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCG0tSRN0IRTcuK/QFbSiTyaQdOpmEmUmhhCzd+CtuXCji1k9w5984abPQ1gMD555zL3fucSNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRnGApMWDlkoui6ShFFOWooqRrqRIChwGem447vM70yIkDTkTTWNiBOgIac+xUhpaWAeVzx50/cFwolH0qSZnkd5NcmqysAsW1VrBrhM7JyUQY7GwPzqeyGOA8IVZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NOQqIdJLZISk81YoH/VDoxxWcqb8nEhRIOQ1c3RkgNZKLXib+5/Vi5V87CeVRrAjH80V+zKAKYZYK9KggWLGpJggLqv8K8QjpHJTOrqRDsBdPXibtWtW+rF481Mr12zyOIjgCJ+AM2OAK1ME9aIAWwOARPINX8GY8GS/Gu/Exby0Y+cwh+APj8wcDMJn8</latexit>

ds = de
T � pdv

T

• The specific entropy     is a state variable obtained 
by integrating the second law of thermodynamics

<latexit sha1_base64="3FG8LBdEqC18A4jUfll6ka4bLSE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2squoUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3QSmQPQ==</latexit>s

• Time-irreversibility is measured by the entropy, which 
evolves according to a derived conservation law:

•  A consequence is the “adiabatic constraint”



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="/gdmpM5NPWrQfIaBvzkB9KopTgA=">AAAB8HicbVDLSgNBEOz1GeMr6lGRwSAIQtgVUS9C0IvHBMxDkmWZncwmQ2Z2l5lZMSw5+gVePCji1S/Id3jzG/wJJ4+DJhY0FFXddHf5MWdK2/aXNTe/sLi0nFnJrq6tb2zmtrarKkokoRUS8UjWfawoZyGtaKY5rceSYuFzWvO710O/dk+lYlF4q3sxdQVuhyxgBGsj3SWePo69h0vby+Xtgj0CmiXOhOSLe4Py9+P+oOTlPputiCSChppwrFTDsWPtplhqRjjtZ5uJojEmXdymDUNDLKhy09HBfXRolBYKImkq1Gik/p5IsVCqJ3zTKbDuqGlvKP7nNRIdXLgpC+NE05CMFwUJRzpCw+9Ri0lKNO8Zgolk5lZEOlhiok1GWROCM/3yLKmeFJyzwmnZpHEFY2RgFw7gCBw4hyLcQAkqQEDAE7zAqyWtZ+vNeh+3zlmTmR34A+vjBxzuk6s=</latexit>

ut + px = 0
<latexit sha1_base64="SrtVC9Ro2ySGMmO/+6K/HIeR3Gs=">AAAB7HicbVA9SwNBEJ3zM8avqGBjcxgEq3AnojZCiI1lAl4SSI6wt9lLluztHbtzQjjyG2wsFLG181/4C+xs/C1uPgpNfDDweG+GmXlBIrhGx/mylpZXVtfWcxv5za3tnd3C3n5dx6mizKOxiFUzIJoJLpmHHAVrJoqRKBCsEQxuxn7jninNY3mHw4T5EelJHnJK0Eie7uC10ykUnZIzgb1I3Bkplg9r3/y98lHtFD7b3ZimEZNIBdG65ToJ+hlRyKlgo3w71SwhdEB6rGWoJBHTfjY5dmSfGKVrh7EyJdGeqL8nMhJpPYwC0xkR7Ot5byz+57VSDK/8jMskRSbpdFGYChtje/y53eWKURRDQwhV3Nxq0z5RhKLJJ29CcOdfXiT1s5J7UTqvmTQqMEUOjuAYTsGFSyjDLVTBAwocHuAJni1pPVov1uu0dcmazRzAH1hvPz0SkgU=</latexit>

st = 0

(Euler)



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

We perturb off  “quiet state” solutions:

<latexit sha1_base64="Ap8OmJK2kic2HeYs2wFMz/xbxQ0=">AAAB7XicbVDLSgNBEOyNrxhfUY+KLAbBg4RdEfUiBL14TMA8IFnC7GSSjJmdGWZmhbDk6N2LB0W8+gv5Dm9+gz/h5HHQxIKGoqqb7q5QMqqN5305qYXFpeWV9GpmbX1jcyu7vVPRIlaYlLFgQtVCpAmjnJQNNYzUpCIoChmphr2bkV99IEpTwe9MX5IgQh1O2xQjY6WKvJJN76SZzXl5bwx3nvhTkivsD0vfjwfDYjP72WgJHEeEG8yQ1nXfkyZIkDIUMzLINGJNJMI91CF1SzmKiA6S8bUD98gqLbctlC1u3LH6eyJBkdb9KLSdETJdPeuNxP+8emzal0FCuYwN4XiyqB0z1wh39Lrboopgw/qWIKyovdXFXaQQNjagjA3Bn315nlRO8/55/qxk07iGCdKwB4dwDD5cQAFuoQhlwHAPT/ACr45wnp03533SmnKmM7vwB87HD6m9kj4=</latexit>p = p0,
<latexit sha1_base64="Y0QiIi7DhyPEiFeiIvs+gnV5rus=">AAAB63icbVDLSgNBEOyNrxhfUY+KDAbBg4RdEfUiBL14TMA8IFnC7GQ2GTIzu8zMCiHk6NWLB0W8+g/5Dm9+gz/hbJKDRgsaiqpuuruCmDNtXPfTySwsLi2vZFdza+sbm1v57Z2ajhJFaJVEPFKNAGvKmaRVwwynjVhRLAJO60H/JvXr91RpFsk7M4ipL3BXspARbFIpuXJP2vmCW3QnQH+JNyOF0v648vVwMC638x+tTkQSQaUhHGvd9NzY+EOsDCOcjnKtRNMYkz7u0qalEguq/eHk1hE6skoHhZGyJQ2aqD8nhlhoPRCB7RTY9PS8l4r/ec3EhJf+kMk4MVSS6aIw4chEKH0cdZiixPCBJZgoZm9FpIcVJsbGk7MhePMv/yW106J3Xjyr2DSuYYos7MEhHIMHF1CCWyhDFQj04BGe4cURzpPz6rxNWzPObGYXfsF5/wYqV5Fg</latexit>

u = 0,
<latexit sha1_base64="UWoa0B2195LfRhVnGezMuPWJyes=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdEfUiBL14jGAekCxhdjKbjJmdWWZmxSXkHzzoQRGv/o+3/I2Tx0GjBQ1FVTfdXUHMmTauO3YyS8srq2vZ9dzG5tb2Tn53r65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDK4nfuOBKs2kuDNpTP0I9wQLGcHGSnV9qUuPR5180S27U6C/xJuTYqXQPn4eV9JqJ//V7kqSRFQYwrHWLc+NjT/EyjDC6SjXTjSNMRngHm1ZKnBEtT+cXjtCh1bpolAqW8KgqfpzYogjrdMosJ0RNn296E3E/7xWYsILf8hEnBgqyGxRmHBkJJq8jrpMUWJ4agkmitlbEeljhYmxAeVsCN7iy39J/aTsnZVPb20aVzBDFg6gACXw4BwqcANVqAGBe3iCV3hzpPPivDsfs9aMM5/Zh19wPr8B9amRtg==</latexit>

s = s(x)

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="/gdmpM5NPWrQfIaBvzkB9KopTgA=">AAAB8HicbVDLSgNBEOz1GeMr6lGRwSAIQtgVUS9C0IvHBMxDkmWZncwmQ2Z2l5lZMSw5+gVePCji1S/Id3jzG/wJJ4+DJhY0FFXddHf5MWdK2/aXNTe/sLi0nFnJrq6tb2zmtrarKkokoRUS8UjWfawoZyGtaKY5rceSYuFzWvO710O/dk+lYlF4q3sxdQVuhyxgBGsj3SWePo69h0vby+Xtgj0CmiXOhOSLe4Py9+P+oOTlPputiCSChppwrFTDsWPtplhqRjjtZ5uJojEmXdymDUNDLKhy09HBfXRolBYKImkq1Gik/p5IsVCqJ3zTKbDuqGlvKP7nNRIdXLgpC+NE05CMFwUJRzpCw+9Ri0lKNO8Zgolk5lZEOlhiok1GWROCM/3yLKmeFJyzwmnZpHEFY2RgFw7gCBw4hyLcQAkqQEDAE7zAqyWtZ+vNeh+3zlmTmR34A+vjBxzuk6s=</latexit>

ut + px = 0
<latexit sha1_base64="SrtVC9Ro2ySGMmO/+6K/HIeR3Gs=">AAAB7HicbVA9SwNBEJ3zM8avqGBjcxgEq3AnojZCiI1lAl4SSI6wt9lLluztHbtzQjjyG2wsFLG181/4C+xs/C1uPgpNfDDweG+GmXlBIrhGx/mylpZXVtfWcxv5za3tnd3C3n5dx6mizKOxiFUzIJoJLpmHHAVrJoqRKBCsEQxuxn7jninNY3mHw4T5EelJHnJK0Eie7uC10ykUnZIzgb1I3Bkplg9r3/y98lHtFD7b3ZimEZNIBdG65ToJ+hlRyKlgo3w71SwhdEB6rGWoJBHTfjY5dmSfGKVrh7EyJdGeqL8nMhJpPYwC0xkR7Ot5byz+57VSDK/8jMskRSbpdFGYChtje/y53eWKURRDQwhV3Nxq0z5RhKLJJ29CcOdfXiT1s5J7UTqvmTQqMEUOjuAYTsGFSyjDLVTBAwocHuAJni1pPVov1uu0dcmazRzAH1hvPz0SkgU=</latexit>

st = 0

(Euler)



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

We perturb off  “quiet state” solutions:

<latexit sha1_base64="Ap8OmJK2kic2HeYs2wFMz/xbxQ0=">AAAB7XicbVDLSgNBEOyNrxhfUY+KLAbBg4RdEfUiBL14TMA8IFnC7GSSjJmdGWZmhbDk6N2LB0W8+gv5Dm9+gz/h5HHQxIKGoqqb7q5QMqqN5305qYXFpeWV9GpmbX1jcyu7vVPRIlaYlLFgQtVCpAmjnJQNNYzUpCIoChmphr2bkV99IEpTwe9MX5IgQh1O2xQjY6WKvJJN76SZzXl5bwx3nvhTkivsD0vfjwfDYjP72WgJHEeEG8yQ1nXfkyZIkDIUMzLINGJNJMI91CF1SzmKiA6S8bUD98gqLbctlC1u3LH6eyJBkdb9KLSdETJdPeuNxP+8emzal0FCuYwN4XiyqB0z1wh39Lrboopgw/qWIKyovdXFXaQQNjagjA3Bn315nlRO8/55/qxk07iGCdKwB4dwDD5cQAFuoQhlwHAPT/ACr45wnp03533SmnKmM7vwB87HD6m9kj4=</latexit>p = p0,
<latexit sha1_base64="Y0QiIi7DhyPEiFeiIvs+gnV5rus=">AAAB63icbVDLSgNBEOyNrxhfUY+KDAbBg4RdEfUiBL14TMA8IFnC7GQ2GTIzu8zMCiHk6NWLB0W8+g/5Dm9+gz/hbJKDRgsaiqpuuruCmDNtXPfTySwsLi2vZFdza+sbm1v57Z2ajhJFaJVEPFKNAGvKmaRVwwynjVhRLAJO60H/JvXr91RpFsk7M4ipL3BXspARbFIpuXJP2vmCW3QnQH+JNyOF0v648vVwMC638x+tTkQSQaUhHGvd9NzY+EOsDCOcjnKtRNMYkz7u0qalEguq/eHk1hE6skoHhZGyJQ2aqD8nhlhoPRCB7RTY9PS8l4r/ec3EhJf+kMk4MVSS6aIw4chEKH0cdZiixPCBJZgoZm9FpIcVJsbGk7MhePMv/yW106J3Xjyr2DSuYYos7MEhHIMHF1CCWyhDFQj04BGe4cURzpPz6rxNWzPObGYXfsF5/wYqV5Fg</latexit>

u = 0,
<latexit sha1_base64="UWoa0B2195LfRhVnGezMuPWJyes=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdEfUiBL14jGAekCxhdjKbjJmdWWZmxSXkHzzoQRGv/o+3/I2Tx0GjBQ1FVTfdXUHMmTauO3YyS8srq2vZ9dzG5tb2Tn53r65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDK4nfuOBKs2kuDNpTP0I9wQLGcHGSnV9qUuPR5180S27U6C/xJuTYqXQPn4eV9JqJ//V7kqSRFQYwrHWLc+NjT/EyjDC6SjXTjSNMRngHm1ZKnBEtT+cXjtCh1bpolAqW8KgqfpzYogjrdMosJ0RNn296E3E/7xWYsILf8hEnBgqyGxRmHBkJJq8jrpMUWJ4agkmitlbEeljhYmxAeVsCN7iy39J/aTsnZVPb20aVzBDFg6gACXw4BwqcANVqAGBe3iCV3hzpPPivDsfs9aMM5/Zh19wPr8B9amRtg==</latexit>

s = s(x)

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="/gdmpM5NPWrQfIaBvzkB9KopTgA=">AAAB8HicbVDLSgNBEOz1GeMr6lGRwSAIQtgVUS9C0IvHBMxDkmWZncwmQ2Z2l5lZMSw5+gVePCji1S/Id3jzG/wJJ4+DJhY0FFXddHf5MWdK2/aXNTe/sLi0nFnJrq6tb2zmtrarKkokoRUS8UjWfawoZyGtaKY5rceSYuFzWvO710O/dk+lYlF4q3sxdQVuhyxgBGsj3SWePo69h0vby+Xtgj0CmiXOhOSLe4Py9+P+oOTlPputiCSChppwrFTDsWPtplhqRjjtZ5uJojEmXdymDUNDLKhy09HBfXRolBYKImkq1Gik/p5IsVCqJ3zTKbDuqGlvKP7nNRIdXLgpC+NE05CMFwUJRzpCw+9Ri0lKNO8Zgolk5lZEOlhiok1GWROCM/3yLKmeFJyzwmnZpHEFY2RgFw7gCBw4hyLcQAkqQEDAE7zAqyWtZ+vNeh+3zlmTmR34A+vjBxzuk6s=</latexit>

ut + px = 0
<latexit sha1_base64="SrtVC9Ro2ySGMmO/+6K/HIeR3Gs=">AAAB7HicbVA9SwNBEJ3zM8avqGBjcxgEq3AnojZCiI1lAl4SSI6wt9lLluztHbtzQjjyG2wsFLG181/4C+xs/C1uPgpNfDDweG+GmXlBIrhGx/mylpZXVtfWcxv5za3tnd3C3n5dx6mizKOxiFUzIJoJLpmHHAVrJoqRKBCsEQxuxn7jninNY3mHw4T5EelJHnJK0Eie7uC10ykUnZIzgb1I3Bkplg9r3/y98lHtFD7b3ZimEZNIBdG65ToJ+hlRyKlgo3w71SwhdEB6rGWoJBHTfjY5dmSfGKVrh7EyJdGeqL8nMhJpPYwC0xkR7Ot5byz+57VSDK/8jMskRSbpdFGYChtje/y53eWKURRDQwhV3Nxq0z5RhKLJJ29CcOdfXiT1s5J7UTqvmTQqMEUOjuAYTsGFSyjDLVTBAwocHuAJni1pPVov1uu0dcmazRzAH1hvPz0SkgU=</latexit>

st = 0

(Euler)

<latexit sha1_base64="eK4HdfUeogcx65Uz1SyzKjolfVs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGZpMlyYpl6Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nUeqNJPiwUxj6kd4JFjICDZW6vTVWFafzgfliltz50CrxMtJBXI0B+Wv/lCSJKLCEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcAR1X46P3eGzqwyRKFUtoRBc/X3RIojradRYDsjbMZ62cvE/7xeYsJrP2UiTgwVZLEoTDgyEmW/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6K14OQzx/AHzucPx8iPNw==</latexit>

⇢(x)         will be non-constant…



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

We perturb off  “quiet state” solutions:

<latexit sha1_base64="Ap8OmJK2kic2HeYs2wFMz/xbxQ0=">AAAB7XicbVDLSgNBEOyNrxhfUY+KLAbBg4RdEfUiBL14TMA8IFnC7GSSjJmdGWZmhbDk6N2LB0W8+gv5Dm9+gz/h5HHQxIKGoqqb7q5QMqqN5305qYXFpeWV9GpmbX1jcyu7vVPRIlaYlLFgQtVCpAmjnJQNNYzUpCIoChmphr2bkV99IEpTwe9MX5IgQh1O2xQjY6WKvJJN76SZzXl5bwx3nvhTkivsD0vfjwfDYjP72WgJHEeEG8yQ1nXfkyZIkDIUMzLINGJNJMI91CF1SzmKiA6S8bUD98gqLbctlC1u3LH6eyJBkdb9KLSdETJdPeuNxP+8emzal0FCuYwN4XiyqB0z1wh39Lrboopgw/qWIKyovdXFXaQQNjagjA3Bn315nlRO8/55/qxk07iGCdKwB4dwDD5cQAFuoQhlwHAPT/ACr45wnp03533SmnKmM7vwB87HD6m9kj4=</latexit>p = p0,
<latexit sha1_base64="Y0QiIi7DhyPEiFeiIvs+gnV5rus=">AAAB63icbVDLSgNBEOyNrxhfUY+KDAbBg4RdEfUiBL14TMA8IFnC7GQ2GTIzu8zMCiHk6NWLB0W8+g/5Dm9+gz/hbJKDRgsaiqpuuruCmDNtXPfTySwsLi2vZFdza+sbm1v57Z2ajhJFaJVEPFKNAGvKmaRVwwynjVhRLAJO60H/JvXr91RpFsk7M4ipL3BXspARbFIpuXJP2vmCW3QnQH+JNyOF0v648vVwMC638x+tTkQSQaUhHGvd9NzY+EOsDCOcjnKtRNMYkz7u0qalEguq/eHk1hE6skoHhZGyJQ2aqD8nhlhoPRCB7RTY9PS8l4r/ec3EhJf+kMk4MVSS6aIw4chEKH0cdZiixPCBJZgoZm9FpIcVJsbGk7MhePMv/yW106J3Xjyr2DSuYYos7MEhHIMHF1CCWyhDFQj04BGe4cURzpPz6rxNWzPObGYXfsF5/wYqV5Fg</latexit>

u = 0,
<latexit sha1_base64="UWoa0B2195LfRhVnGezMuPWJyes=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdEfUiBL14jGAekCxhdjKbjJmdWWZmxSXkHzzoQRGv/o+3/I2Tx0GjBQ1FVTfdXUHMmTauO3YyS8srq2vZ9dzG5tb2Tn53r65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDK4nfuOBKs2kuDNpTP0I9wQLGcHGSnV9qUuPR5180S27U6C/xJuTYqXQPn4eV9JqJ//V7kqSRFQYwrHWLc+NjT/EyjDC6SjXTjSNMRngHm1ZKnBEtT+cXjtCh1bpolAqW8KgqfpzYogjrdMosJ0RNn296E3E/7xWYsILf8hEnBgqyGxRmHBkJJq8jrpMUWJ4agkmitlbEeljhYmxAeVsCN7iy39J/aTsnZVPb20aVzBDFg6gACXw4BwqcANVqAGBe3iCV3hzpPPivDsfs9aMM5/Zh19wPr8B9amRtg==</latexit>

s = s(x)

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="/gdmpM5NPWrQfIaBvzkB9KopTgA=">AAAB8HicbVDLSgNBEOz1GeMr6lGRwSAIQtgVUS9C0IvHBMxDkmWZncwmQ2Z2l5lZMSw5+gVePCji1S/Id3jzG/wJJ4+DJhY0FFXddHf5MWdK2/aXNTe/sLi0nFnJrq6tb2zmtrarKkokoRUS8UjWfawoZyGtaKY5rceSYuFzWvO710O/dk+lYlF4q3sxdQVuhyxgBGsj3SWePo69h0vby+Xtgj0CmiXOhOSLe4Py9+P+oOTlPputiCSChppwrFTDsWPtplhqRjjtZ5uJojEmXdymDUNDLKhy09HBfXRolBYKImkq1Gik/p5IsVCqJ3zTKbDuqGlvKP7nNRIdXLgpC+NE05CMFwUJRzpCw+9Ri0lKNO8Zgolk5lZEOlhiok1GWROCM/3yLKmeFJyzwmnZpHEFY2RgFw7gCBw4hyLcQAkqQEDAE7zAqyWtZ+vNeh+3zlmTmR34A+vjBxzuk6s=</latexit>

ut + px = 0
<latexit sha1_base64="SrtVC9Ro2ySGMmO/+6K/HIeR3Gs=">AAAB7HicbVA9SwNBEJ3zM8avqGBjcxgEq3AnojZCiI1lAl4SSI6wt9lLluztHbtzQjjyG2wsFLG181/4C+xs/C1uPgpNfDDweG+GmXlBIrhGx/mylpZXVtfWcxv5za3tnd3C3n5dx6mizKOxiFUzIJoJLpmHHAVrJoqRKBCsEQxuxn7jninNY3mHw4T5EelJHnJK0Eie7uC10ykUnZIzgb1I3Bkplg9r3/y98lHtFD7b3ZimEZNIBdG65ToJ+hlRyKlgo3w71SwhdEB6rGWoJBHTfjY5dmSfGKVrh7EyJdGeqL8nMhJpPYwC0xkR7Ot5byz+57VSDK/8jMskRSbpdFGYChtje/y53eWKURRDQwhV3Nxq0z5RhKLJJ29CcOdfXiT1s5J7UTqvmTQqMEUOjuAYTsGFSyjDLVTBAwocHuAJni1pPVov1uu0dcmazRzAH1hvPz0SkgU=</latexit>

st = 0

(Euler)

         can be discontinuous…
<latexit sha1_base64="fwQ1dA+TXNp474nENntiq11pWtg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahIpRdEfVY9OKxgv2AdinZNNuGJtklyYpL6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx34uRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geJv5zUeqNIvkg0lj6gvclyxkBJtM0uWn026x5FbcKdAy8eakVD3unL1OqmmtW/zu9CKSCCoN4VjrtufGxh9hZRjhdFzoJJrGmAxxn7YtlVhQ7Y+mt47RiVV6KIyULWnQVP09McJC61QEtlNgM9CLXib+57UTE177IybjxFBJZovChCMToexx1GOKEsNTSzBRzN6KyAArTIyNp2BD8BZfXiaN84p3Wbm4t2ncwAx5OIJjKIMHV1CFO6hBHQgM4Bne4N0Rzovz4XzOWnPOfOYQ/sD5+gGd0ZDy</latexit>

s(x)

<latexit sha1_base64="eK4HdfUeogcx65Uz1SyzKjolfVs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGZpMlyYpl6Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nUeqNJPiwUxj6kd4JFjICDZW6vTVWFafzgfliltz50CrxMtJBXI0B+Wv/lCSJKLCEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcAR1X46P3eGzqwyRKFUtoRBc/X3RIojradRYDsjbMZ62cvE/7xeYsJrP2UiTgwVZLEoTDgyEmW/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6K14OQzx/AHzucPx8iPNw==</latexit>

⇢(x)         will be non-constant…



Compressible Euler Equations:
Lagrangian Coordinates:

(Ma),(Mo),(En) are equivalent to Lagrangian Equations

We perturb off  “quiet state” solutions:

<latexit sha1_base64="Ap8OmJK2kic2HeYs2wFMz/xbxQ0=">AAAB7XicbVDLSgNBEOyNrxhfUY+KLAbBg4RdEfUiBL14TMA8IFnC7GSSjJmdGWZmhbDk6N2LB0W8+gv5Dm9+gz/h5HHQxIKGoqqb7q5QMqqN5305qYXFpeWV9GpmbX1jcyu7vVPRIlaYlLFgQtVCpAmjnJQNNYzUpCIoChmphr2bkV99IEpTwe9MX5IgQh1O2xQjY6WKvJJN76SZzXl5bwx3nvhTkivsD0vfjwfDYjP72WgJHEeEG8yQ1nXfkyZIkDIUMzLINGJNJMI91CF1SzmKiA6S8bUD98gqLbctlC1u3LH6eyJBkdb9KLSdETJdPeuNxP+8emzal0FCuYwN4XiyqB0z1wh39Lrboopgw/qWIKyovdXFXaQQNjagjA3Bn315nlRO8/55/qxk07iGCdKwB4dwDD5cQAFuoQhlwHAPT/ACr45wnp03533SmnKmM7vwB87HD6m9kj4=</latexit>p = p0,
<latexit sha1_base64="Y0QiIi7DhyPEiFeiIvs+gnV5rus=">AAAB63icbVDLSgNBEOyNrxhfUY+KDAbBg4RdEfUiBL14TMA8IFnC7GQ2GTIzu8zMCiHk6NWLB0W8+g/5Dm9+gz/hbJKDRgsaiqpuuruCmDNtXPfTySwsLi2vZFdza+sbm1v57Z2ajhJFaJVEPFKNAGvKmaRVwwynjVhRLAJO60H/JvXr91RpFsk7M4ipL3BXspARbFIpuXJP2vmCW3QnQH+JNyOF0v648vVwMC638x+tTkQSQaUhHGvd9NzY+EOsDCOcjnKtRNMYkz7u0qalEguq/eHk1hE6skoHhZGyJQ2aqD8nhlhoPRCB7RTY9PS8l4r/ec3EhJf+kMk4MVSS6aIw4chEKH0cdZiixPCBJZgoZm9FpIcVJsbGk7MhePMv/yW106J3Xjyr2DSuYYos7MEhHIMHF1CCWyhDFQj04BGe4cURzpPz6rxNWzPObGYXfsF5/wYqV5Fg</latexit>

u = 0,
<latexit sha1_base64="UWoa0B2195LfRhVnGezMuPWJyes=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdEfUiBL14jGAekCxhdjKbjJmdWWZmxSXkHzzoQRGv/o+3/I2Tx0GjBQ1FVTfdXUHMmTauO3YyS8srq2vZ9dzG5tb2Tn53r65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDK4nfuOBKs2kuDNpTP0I9wQLGcHGSnV9qUuPR5180S27U6C/xJuTYqXQPn4eV9JqJ//V7kqSRFQYwrHWLc+NjT/EyjDC6SjXTjSNMRngHm1ZKnBEtT+cXjtCh1bpolAqW8KgqfpzYogjrdMosJ0RNn296E3E/7xWYsILf8hEnBgqyGxRmHBkJJq8jrpMUWJ4agkmitlbEeljhYmxAeVsCN7iy39J/aTsnZVPb20aVzBDFg6gACXw4BwqcANVqAGBe3iCV3hzpPPivDsfs9aMM5/Zh19wPr8B9amRtg==</latexit>

s = s(x)

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
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st = 0

(Euler)

         can be discontinuous…
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⇢(x)         will be non-constant… “pressure and velocity
are constant across
contact discontinuities”
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The existence of space and time periodic solutions of compressible 
Euler has been an open problem since the time of Euler and Riemann.  

A LONG STANDING OPEN PROBLEM

For most of the history of fluid mechanics it was believed that 
periodic solutions could not exist due to shock-formation.  



Smooth Solution

Shock Wave 

t

Shock-waves produce increase of entropy and dissipation…

SHOCK-WAVES



Smooth Solution

Shock Wave 

t

Shock-waves produce increase of entropy and dissipation…

SHOCK-WAVES

(time-reversible)



Smooth Solution

Shock Wave 

t

Shock-waves produce increase of entropy and dissipation…

SHOCK-WAVES

(time-irreversible)

(time-reversible)



Shock-waves are inconsistent with space-time periodicity…
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The Difficulty in a Nutshell

• The compressible Euler Equations form a system of 3-coupled 
nonlinear conservation laws of form---

• Basic warmup problem:  scalar Burgers Equation:

ut + uux = 0

�(1,u)u(x, t) = 0

“u=const. along lines of speed u”

“inconsistent with time-periodic evolution”

ut +
1
2
(u2)x = 0

ut + f(u)x = 0
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The Problem:

• Basic warmup problem:  scalar Burgers Equation:

ut + uux = 0

“inconsistent with time-periodic evolution”

0

t

x

2��

Rarefactive Compressive

End of classical solutiont =

Shock-waveShock implies solution 
can never return in time



This always happens in the 2x2 p-system obtained by 
closing the first two Euler equations with 

p = p(�)

(Mo)

(Ma)�t + (�u)x = 0{p-system (�u)t + (�u2 + p(�))x = 0

Theorem:   (Lax 1964)  Genuinely nonlinear 2x2 systems 
like the p-system always form shock-waves when there is 
compression initially...

Theorem:   (Riemann1860)  Shock waves generically form
in the isentropic and isothermal 2x2 systems...
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“Characteristics compresses into shocks like Burgers”



Theorem:   (Glimm/Lax 1970)  This generically happens 
in 2x2 systems like the p-system...

Forward-R
 Wave

x

t

Backward-C 
Wave

Shock-wave

“Periodic solutions decay by shock dissipation at rate 1/t”



Periodic Solutions of 
Compressible Euler 

History/Background

Ref:  Tuesdell, Lindsay, Johnson and Cheret…



• 1687-- In Book 2 of Principia Newton attempted to 
describe the dynamics of continuous media and 
propagation of sound waves, but did not get it quite right.

• 1748-- D'Alembert introduced the linear wave equation 
to describe displacements of a vibrating string.

• 1751-- Euler derived his equation for conservation of 
momentum, completing Newton’s program

• 1759-- Euler used Lagrangian coordinates to linearize his 
equation to show the density solved D’Alembert’s wave 
equation for a vibrating string.

• This established the framework for the linear theory of 
sound and musical tones.

• Ref:  Tuesdell, etc.
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• 1687-- In Book 2 of Principia Newton attempted to 
describe the dynamics of continuous media and 
propagation of sound waves, but did not get it quite right.

• 1748-- D'Alembert introduced the linear wave equation 
to describe displacements of a vibrating string.

• 1751-- Euler completed Newton’s program by deriving 
the equation (Mo) for conservation of momentum.

• 1759-- Euler linearized his equation and demonstrated 
the density solved D’Alembert’s wave equation for the 
vibrating string.

• This established the framework for the linear theory of 
sound and musical tones.

• Ref:  Tuesdell, etc.

History/Background

Since Euler, it appeared that the linear theory of sound based on 
modes of vibration, was inconsistent with the nonlinear theory!  



• 1808-- Poisson developed the method of 
characteristics.

• 1848-- Challis pointed out that in some cases Poisson’s 
solutions appeared to break down.

• 1848-- Stokes proposed discontinuous solutions to 
describe shock waves.

• 1860-- Earnshaw introduced simple waves.

• 1860-- Riemann proved that compressive solutions of 
Euler’s equations “always” suffer gradient blowup.

History/Background

<latexit sha1_base64="hCyPLABo+6wdFtmNqBwJlZYqVkg="></latexit>

“...portions of the wave where the density decreases in
the direction of propagation, will accordingly become in-
creasingly more narrow as it progresses, and finally goes
over into compression shocks.



History/Background

After Riemann…

…shock-waves became the central issue in 
the study of the compressible Euler 
equations…

• Latter part 19’th century-- got thermodynamics and the 
roles of entropy and energy straight.

• 1880’s-- Rankine-Hugoniot gave correct treatment of 
discontinuous solutions and entropy condition at shocks. 

• 1957-- Lax formulated the general theory of 
conservation laws. 



• 1964-- Lax proved finite time blow-up in derivatives for 
2x2 (isentropic) systems.

History/Background

• 1970-- Glimm and Lax periodic solutions of 2x2 GR 
systems always form shock-waves and decay like 1/t.

P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic par-
tial di�erential equations, Jour. Math. Physics, Vol. 5, pp. 611-613 (1964).

J. Glimm, P.D. Lax, Decay of solutions of systems of nonlinear hy-
perbolic conservation laws, Memoirs Amer. Math Soc. 101(1970).

• 1965-- Glimm’s celebrated existence theory-
represented smooth solutions by using weak-shocks.
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J.Glimm, Solutions in the large for nonlinear hyperbolic systems of
conservation laws, Comm Pure Appl Math, Vol XVII, 697-715 (1965).
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J.Glimm, Solutions in the large for nonlinear hyperbolic systems of
conservation laws, Comm Pure Appl Math, Vol XVII, 697-715 (1965).

This is where the field was when I started 
studying conservation laws under Joel Smoller!



• 1964-- Lax proved finite time blow-up in derivatives for 
2x2 (isentropic) systems.

History/Background

• 1970-- Glimm and Lax periodic solutions of 2x2 GR 
systems always form shock-waves and decay like 1/t.

P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic par-
tial di�erential equations, Jour. Math. Physics, Vol. 5, pp. 611-613 (1964).

J. Glimm, P.D. Lax, Decay of solutions of systems of nonlinear hy-
perbolic conservation laws, Memoirs Amer. Math Soc. 101(1970).

• 1965-- Glimm’s celebrated existence theory-
represented smooth solutions by using weak-shocks.

<latexit sha1_base64="AW8mZ8R75CY+DoqAi6vojROMfnw="></latexit>

J.Glimm, Solutions in the large for nonlinear hyperbolic systems of
conservation laws, Comm Pure Appl Math, Vol XVII, 697-715 (1965).

Courant Institute 1980, experts thought Glimm-Lax
extended to 3x3 Euler, and weak shocks explained 
musical tones…



• 1964-- Lax proved finite time blow-up in derivatives for 
2x2 (isentropic) systems.

History/Background

• 1970-- Glimm and Lax periodic solutions of 2x2 GR 
systems always form shock-waves and decay like 1/t.

P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic par-
tial di�erential equations, Jour. Math. Physics, Vol. 5, pp. 611-613 (1964).

J. Glimm, P.D. Lax, Decay of solutions of systems of nonlinear hy-
perbolic conservation laws, Memoirs Amer. Math Soc. 101(1970).

• 1965-- Glimm’s celebrated existence theory-
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J.Glimm, Solutions in the large for nonlinear hyperbolic systems of
conservation laws, Comm Pure Appl Math, Vol XVII, 697-715 (1965).

…experts suggested Glimm-Lax explained 
the attenuation of sonar signals observed by Navy.



• 1974-97  Blow-up results extending Lax to 3x3 
systems could not rule out the time- periodic 
solutions...

F. John, Formation of singularities in one-dimensional wave propagation,
Comm. Pure Appl. Math., Vol. 27, pp. 377-405 (1974).

T.P. Liu, Development of singularities in the nonlinear waves for quasi-linear
hyperbolic partial di�erential equations, J. Di�. Eqns, Vol. 33, pp. 92-111
(1979).

Li Ta-Tsien, Zhou Yi and Kong De-Xing, Global classical solutions for gen-
eral quasilinear hyperbolic systems with decay initial data, Nonlinear. Analysis.,
Theory., Methods. and Applications., Vol. 28, No. 8, pp. 1299-1332 (1997).

History/Background

Blowup result by Chen/Young (2010).



• 1984-88-- Time periodic solutions conjectured to 
exist based on nonlinear geometric optics…

History/Background

A. Majda and R. Rosales, Resonantly interacting weakly
nonlinear hyperbolic waves I. A single variable, Stud. in
Appl. Math., 22, pp. 149-179 (1984).

A. Majda, R. Rosales and M.Schonbeck, A canonical
system of integrodi�erential equations arising in resonant
nonlinear acoustics, Stud. in Appl. Math., 79, pp. 205-
262 (1988).

R.L. Pego, Some explicit resonating waves in weakly
nonlinear gas dynamics, Stud. in Appl. Math., 79, pp.
263-270 (1988).

•(Scalar/Asymptotic Models) 



• 1996-99-- Rosales et al produced numerical 
simulations and conjectured the possibility of 
periodic, or quasi-periodic attractor solutions.

History/Background

M. Shefter and R. Rosales, Quasi-periodic solutions in weakly nonlinear gas
dynamics, Studies in Appl. Math., Vol. 103, pp. 279-337 (1999).

D. Vaynblat, The strongly attracting character of large amplitude nonlinear
resonant acoustic waves without shocks. A numerical study. M.I.T. Dissertation,
(1996).
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 MY LONG TERM PROGRAM with YOUNG

• Step 1:  Identify the mechanism by which time-
periodic/shock-free solutions are possible. 

· · ·

• Step 2:  Find the simplest possible time periodic  
structure and realize solutions at the linearized level.  

• To Understand the Structure of...  

• To Give a Mathematical Proof of Existence of...  

Space and Time Periodic Solutions 
of the 

 Compressible Euler Equations 

We have now completed Step 3: 

• Step 3:  Give a complete mathematical proof that 
linearized solutions perturb to nonlinear solutions.

 I.e.  we have a rigorous existence theory!



We completed Steps 1 and 2 over a decade ago, but
to complete Step 3 we needed to construct an iteration
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We completed Steps 1 and 2 over a decade ago, but
to complete Step 3 we needed to construct an iteration
scheme and prove convergence in the presence of 
resonances and small divisors.  

And how to get uniformity in the small divisors? 

INVERSION OF A NON-UNIFORM DIFFERENCE OPERATOR AND 
A STRATEGY FOR NASH-MOSER

We formulated a consistent strategy in a scalar model…

B. TEMPLE  AND  R. YOUNG

Meth. Appl. Anal. Vol. 29, No. 3, pp. 265–294, September 2022 

A Nash-Moser-Newton method to expunge resonant  
linearized operators looked like the only way to go!

But how to expunge? 

OUR LONG TERM PROGRAM
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 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U

Nonlinear Evolution in
space over one period

Periodic
Return

BREAKTHROUGH IN A SNAPSHOT



The final breakthrough came when Young got the idea that 
the perturbation from linear could be consistently expressed
within a smaller more symmetric class of nonlinear solutions. 

In the more symmetric setting, periodicity could be imposed by
 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="XoW02eNP6yEgY/QwTn6Ajc342CY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKgboehGN1LBtIU0lMl00g6dPJiZCCUU/BU3LhRx63e482+ctF1o9cDA4Zx7uWeOn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyjgVhDok5rFo+1hSziLqKKY4bSeC4tDntOUPr3K/9UCFZHF0r0YJ9ULcj1jACFZa6pp7lawTYjUgmKPb8fHNket4F1bXLFtVawL0l9gzUoYZGl3zs9OLSRrSSBGOpXRtK1FehoVihNNxqZNKmmAyxH3qahrhkEovm8Qfo0Ot9FAQC/0ihSbqz40Mh1KOQl9P5lHlvJeL/3luqoJzL2NRkioakemhIOVIxSjvAvWYoETxkSaYCKazIjLAAhOlGyvpEuz5L/8lzZOqfVqt3dXK9ctZHUXYhwOogA1nUIdraIADBDJ4ghd4NR6NZ+PNeJ+OFozZzi78gvHxDUCHlGM=</latexit>

(N � I)[U ] = 0
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U or

Nonlinear Evolution in
space over one period

Periodic
Return

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =



The final breakthrough came when Young got the idea that 
the perturbation from linear could be consistently expressed
within a smaller more symmetric class of nonlinear solutions. 

In the more symmetric setting, periodicity could be imposed by
 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="XoW02eNP6yEgY/QwTn6Ajc342CY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKgboehGN1LBtIU0lMl00g6dPJiZCCUU/BU3LhRx63e482+ctF1o9cDA4Zx7uWeOn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyjgVhDok5rFo+1hSziLqKKY4bSeC4tDntOUPr3K/9UCFZHF0r0YJ9ULcj1jACFZa6pp7lawTYjUgmKPb8fHNket4F1bXLFtVawL0l9gzUoYZGl3zs9OLSRrSSBGOpXRtK1FehoVihNNxqZNKmmAyxH3qahrhkEovm8Qfo0Ot9FAQC/0ihSbqz40Mh1KOQl9P5lHlvJeL/3luqoJzL2NRkioakemhIOVIxSjvAvWYoETxkSaYCKazIjLAAhOlGyvpEuz5L/8lzZOqfVqt3dXK9ctZHUXYhwOogA1nUIdraIADBDJ4ghd4NR6NZ+PNeJ+OFozZzi78gvHxDUCHlGM=</latexit>

(N � I)[U ] = 0
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U or

Nonlinear Evolution in
space over one period

Periodic
Return

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

Construct zeros of      by
Nash-Moser-Newton

<latexit sha1_base64="PNXyZx9hUYnQ/wnw7L8w7jPSl8k=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7wXYomTTThmYyIckIZehbuHGhiC59EPduxLcxvSy0+kPg4//PIeecUHKmjed9Obm5+YXFpfyyu7K6tr5R2Nyq6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72L0Z5/Y4qzRJxYwaSBjHuChYxgo21bpGbtQjm6HLYLhS9kjcW+gv+FIpn7+6pfP10K+3CR6uTkDSmwhCOtW76njRBhpVhhNOh20o1lZj0cZc2LQocUx1k44mHaM86HRQlyj5h0Nj92ZHhWOtBHNrKGJuens1G5n9ZMzXRSZAxIVNDBZl8FKUcmQSN1kcdpigxfGABE8XsrIj0sMLE2CO59gj+7Mp/oXZQ8o9Kh9desXwOE+VhB3ZhH3w4hjJcQQWqQEDAPTzCk6OdB+fZeZmU5pxpzzb8kvP2DZX2kzg=</latexit>

F



The final breakthrough came when Young got the idea that 
the perturbation from linear could be consistently expressed
within a smaller more symmetric class of nonlinear solutions. 

In the more symmetric setting, periodicity could be imposed by
 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="XoW02eNP6yEgY/QwTn6Ajc342CY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKgboehGN1LBtIU0lMl00g6dPJiZCCUU/BU3LhRx63e482+ctF1o9cDA4Zx7uWeOn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyjgVhDok5rFo+1hSziLqKKY4bSeC4tDntOUPr3K/9UCFZHF0r0YJ9ULcj1jACFZa6pp7lawTYjUgmKPb8fHNket4F1bXLFtVawL0l9gzUoYZGl3zs9OLSRrSSBGOpXRtK1FehoVihNNxqZNKmmAyxH3qahrhkEovm8Qfo0Ot9FAQC/0ihSbqz40Mh1KOQl9P5lHlvJeL/3luqoJzL2NRkioakemhIOVIxSjvAvWYoETxkSaYCKazIjLAAhOlGyvpEuz5L/8lzZOqfVqt3dXK9ctZHUXYhwOogA1nUIdraIADBDJ4ghd4NR6NZ+PNeJ+OFozZzi78gvHxDUCHlGM=</latexit>

(N � I)[U ] = 0
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U or

Nonlinear Evolution in
space over one period

Periodic
Return

Periodicity by Projection:
<latexit sha1_base64="IRGK0z9ppUGx4Zm88WOGAoKgnsM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWRom6EohtXUsG0hSSUyXTSDp1MwsxEKKFrN/6KGxeKuPUL3Pk3TtqA2npg4Nxz7mXuPUHCqFSW9WWUFhaXllfKq5W19Y3NLXN7pyXjVGDi4JjFohMgSRjlxFFUMdJJBEFRwEg7GF7lfvueCEljfqdGCfEj1Oc0pBgpLXXN/cyLkBpgxGBz7B3/VDe6ch3/wuqaVatmTQDniV2QKijQ7JqfXi/GaUS4wgxJ6dpWovwMCUUxI+OKl0qSIDxEfeJqylFEpJ9NThnDQ630YBgL/biCE/X3RIYiKUdRoDvzTeWsl4v/eW6qwnM/ozxJFeF4+lGYMqhimOcCe1QQrNhIE4QF1btCPEACYaXTq+gQ7NmT50nrpGaf1uq39WrjsoijDPbAATgCNjgDDXANmsABGDyAJ/ACXo1H49l4M96nrSWjmNkFf2B8fAPrR5nC</latexit>

P N [U ] = 0

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

Construct zeros of      by
Nash-Moser-Newton

<latexit sha1_base64="PNXyZx9hUYnQ/wnw7L8w7jPSl8k=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7wXYomTTThmYyIckIZehbuHGhiC59EPduxLcxvSy0+kPg4//PIeecUHKmjed9Obm5+YXFpfyyu7K6tr5R2Nyq6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72L0Z5/Y4qzRJxYwaSBjHuChYxgo21bpGbtQjm6HLYLhS9kjcW+gv+FIpn7+6pfP10K+3CR6uTkDSmwhCOtW76njRBhpVhhNOh20o1lZj0cZc2LQocUx1k44mHaM86HRQlyj5h0Nj92ZHhWOtBHNrKGJuens1G5n9ZMzXRSZAxIVNDBZl8FKUcmQSN1kcdpigxfGABE8XsrIj0sMLE2CO59gj+7Mp/oXZQ8o9Kh9desXwOE+VhB3ZhH3w4hjJcQQWqQEDAPTzCk6OdB+fZeZmU5pxpzzb8kvP2DZX2kzg=</latexit>

F



The final breakthrough came when Young got the idea that 
the perturbation from linear could be consistently expressed
within a smaller more symmetric class of nonlinear solutions. 

In the more symmetric setting, periodicity could be imposed by
 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="XoW02eNP6yEgY/QwTn6Ajc342CY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKgboehGN1LBtIU0lMl00g6dPJiZCCUU/BU3LhRx63e482+ctF1o9cDA4Zx7uWeOn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyjgVhDok5rFo+1hSziLqKKY4bSeC4tDntOUPr3K/9UCFZHF0r0YJ9ULcj1jACFZa6pp7lawTYjUgmKPb8fHNket4F1bXLFtVawL0l9gzUoYZGl3zs9OLSRrSSBGOpXRtK1FehoVihNNxqZNKmmAyxH3qahrhkEovm8Qfo0Ot9FAQC/0ihSbqz40Mh1KOQl9P5lHlvJeL/3luqoJzL2NRkioakemhIOVIxSjvAvWYoETxkSaYCKazIjLAAhOlGyvpEuz5L/8lzZOqfVqt3dXK9ctZHUXYhwOogA1nUIdraIADBDJ4ghd4NR6NZ+PNeJ+OFozZzi78gvHxDUCHlGM=</latexit>

(N � I)[U ] = 0
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U or

Nonlinear Evolution in
space over one period

Periodic
Return

Periodicity by Projection:

Projection onto
even modes

<latexit sha1_base64="IRGK0z9ppUGx4Zm88WOGAoKgnsM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWRom6EohtXUsG0hSSUyXTSDp1MwsxEKKFrN/6KGxeKuPUL3Pk3TtqA2npg4Nxz7mXuPUHCqFSW9WWUFhaXllfKq5W19Y3NLXN7pyXjVGDi4JjFohMgSRjlxFFUMdJJBEFRwEg7GF7lfvueCEljfqdGCfEj1Oc0pBgpLXXN/cyLkBpgxGBz7B3/VDe6ch3/wuqaVatmTQDniV2QKijQ7JqfXi/GaUS4wgxJ6dpWovwMCUUxI+OKl0qSIDxEfeJqylFEpJ9NThnDQ630YBgL/biCE/X3RIYiKUdRoDvzTeWsl4v/eW6qwnM/ozxJFeF4+lGYMqhimOcCe1QQrNhIE4QF1btCPEACYaXTq+gQ7NmT50nrpGaf1uq39WrjsoijDPbAATgCNjgDDXANmsABGDyAJ/ACXo1H49l4M96nrSWjmNkFf2B8fAPrR5nC</latexit>

P N [U ] = 0

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

Construct zeros of      by
Nash-Moser-Newton

<latexit sha1_base64="PNXyZx9hUYnQ/wnw7L8w7jPSl8k=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7wXYomTTThmYyIckIZehbuHGhiC59EPduxLcxvSy0+kPg4//PIeecUHKmjed9Obm5+YXFpfyyu7K6tr5R2Nyq6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72L0Z5/Y4qzRJxYwaSBjHuChYxgo21bpGbtQjm6HLYLhS9kjcW+gv+FIpn7+6pfP10K+3CR6uTkDSmwhCOtW76njRBhpVhhNOh20o1lZj0cZc2LQocUx1k44mHaM86HRQlyj5h0Nj92ZHhWOtBHNrKGJuens1G5n9ZMzXRSZAxIVNDBZl8FKUcmQSN1kcdpigxfGABE8XsrIj0sMLE2CO59gj+7Mp/oXZQ8o9Kh9desXwOE+VhB3ZhH3w4hjJcQQWqQEDAPTzCk6OdB+fZeZmU5pxpzzb8kvP2DZX2kzg=</latexit>

F



The final breakthrough came when Young got the idea that 
the perturbation from linear could be consistently expressed
within a smaller more symmetric class of nonlinear solutions. 

In the more symmetric setting, periodicity could be imposed by
 a Projection Operator instead of Periodic Return:

Periodic Return:
<latexit sha1_base64="XoW02eNP6yEgY/QwTn6Ajc342CY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKgboehGN1LBtIU0lMl00g6dPJiZCCUU/BU3LhRx63e482+ctF1o9cDA4Zx7uWeOn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyjgVhDok5rFo+1hSziLqKKY4bSeC4tDntOUPr3K/9UCFZHF0r0YJ9ULcj1jACFZa6pp7lawTYjUgmKPb8fHNket4F1bXLFtVawL0l9gzUoYZGl3zs9OLSRrSSBGOpXRtK1FehoVihNNxqZNKmmAyxH3qahrhkEovm8Qfo0Ot9FAQC/0ihSbqz40Mh1KOQl9P5lHlvJeL/3luqoJzL2NRkioakemhIOVIxSjvAvWYoETxkSaYCKazIjLAAhOlGyvpEuz5L/8lzZOqfVqt3dXK9ctZHUXYhwOogA1nUIdraIADBDJ4ghd4NR6NZ+PNeJ+OFozZzi78gvHxDUCHlGM=</latexit>

(N � I)[U ] = 0
<latexit sha1_base64="aezw7EKaeaxL1GP1L2xZguzzOEA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuh6MaVVDBtIQ1lMp20QycPZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unlndb8s4FYQ6JOax6PpYUs4i6iimOO0mguLQ57Tjj69zv/NAhWRxdK8mCfVCPIxYwAhWWuqb1awXYjUimKPbqet4l07frFl1awa0TOyC1KBAq29+9QYxSUMaKcKxlK5tJcrLsFCMcDqt9FJJE0zGeEhdTSMcUulls+hTdKyVAQpioV+k0Ez9vZHhUMpJ6OvJPKdc9HLxP89NVXDhZSxKUkUjMj8UpBypGOU9oAETlCg+0QQTwXRWREZYYKJ0WxVdgr345WXSPq3bZ/XGXaPWvCrqKMMhHMEJ2HAOTbiBFjhA4BGe4RXejCfjxXg3PuajJaPYOYA/MD5/AKGXk5k=</latexit>

N [U ] = U or

Nonlinear Evolution in
space over one period

Periodic
Return

Periodicity by Projection:

Projection onto
even modes

<latexit sha1_base64="IRGK0z9ppUGx4Zm88WOGAoKgnsM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWRom6EohtXUsG0hSSUyXTSDp1MwsxEKKFrN/6KGxeKuPUL3Pk3TtqA2npg4Nxz7mXuPUHCqFSW9WWUFhaXllfKq5W19Y3NLXN7pyXjVGDi4JjFohMgSRjlxFFUMdJJBEFRwEg7GF7lfvueCEljfqdGCfEj1Oc0pBgpLXXN/cyLkBpgxGBz7B3/VDe6ch3/wuqaVatmTQDniV2QKijQ7JqfXi/GaUS4wgxJ6dpWovwMCUUxI+OKl0qSIDxEfeJqylFEpJ9NThnDQ630YBgL/biCE/X3RIYiKUdRoDvzTeWsl4v/eW6qwnM/ozxJFeF4+lGYMqhimOcCe1QQrNhIE4QF1btCPEACYaXTq+gQ7NmT50nrpGaf1uq39WrjsoijDPbAATgCNjgDDXANmsABGDyAJ/ACXo1H49l4M96nrSWjmNkFf2B8fAPrR5nC</latexit>

P N [U ] = 0

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

<latexit sha1_base64="14QkMAdRkQ/GmadVcyZi3Ms8TCM=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5JIUS9CURCPFUxbSEPZbLft0s0m7G4KJfSfePGgiFf/iTf/jZs2B20dWBhm3uPNTphwprTjfFultfWNza3ydmVnd2//wD48aqk4lYR6JOax7IRYUc4E9TTTnHYSSXEUctoOx3e5355QqVgsnvQ0oUGEh4INGMHaSD3bzroR1iOCObqf+V5w07OrTs2ZA60StyBVKNDs2V/dfkzSiApNOFbKd51EBxmWmhFOZ5VuqmiCyRgPqW+owBFVQTZPPkNnRumjQSzNExrN1d8bGY6UmkahmcxjqmUvF//z/FQProOMiSTVVJDFoUHKkY5RXgPqM0mJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJa2LmntZqz/Wq43boo4ynMApnIMLV9CAB2iCBwQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gDpZZMy</latexit>

F [U ] =

Construct zeros of      by
Nash-Moser-Newton

<latexit sha1_base64="PNXyZx9hUYnQ/wnw7L8w7jPSl8k=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWBTEZQV7wXYomTTThmYyIckIZehbuHGhiC59EPduxLcxvSy0+kPg4//PIeecUHKmjed9Obm5+YXFpfyyu7K6tr5R2Nyq6SRVhFZJwhPVCLGmnAlaNcxw2pCK4jjktB72L0Z5/Y4qzRJxYwaSBjHuChYxgo21bpGbtQjm6HLYLhS9kjcW+gv+FIpn7+6pfP10K+3CR6uTkDSmwhCOtW76njRBhpVhhNOh20o1lZj0cZc2LQocUx1k44mHaM86HRQlyj5h0Nj92ZHhWOtBHNrKGJuens1G5n9ZMzXRSZAxIVNDBZl8FKUcmQSN1kcdpigxfGABE8XsrIj0sMLE2CO59gj+7Mp/oXZQ8o9Kh9desXwOE+VhB3ZhH3w4hjJcQQWqQEDAPTzCk6OdB+fZeZmU5pxpzzb8kvP2DZX2kzg=</latexit>

F

Invertible Nonlinear
Operator



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

BREAKTHROUGH IN A SNAPSHOT



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

BREAKTHROUGH IN A SNAPSHOT

Initial
Data

at 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

BREAKTHROUGH IN A SNAPSHOT

Nonlinear
Evolution

to

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Initial
Data

at 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

BREAKTHROUGH IN A SNAPSHOT

Nonlinear
Evolution

to

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Projection
onto

Even Modes

Initial
Data

at 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)
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<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>
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<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]
<latexit sha1_base64="cJbadfn4GL+n/X4jaxI0DE0LGxQ=">AAAB9XicbVDLSsNAFL2pr1pfUZduBlvBVUmKqMuiG1dSwT6gjWUynbRDJ5MwM1FK6H+4caGIW//FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmtx+pVCwS93oSUy/EQ8ECRrA20kMl7YVYjwjm6HZa6dtlp+rMgJaJm5My5Gj07a/eICJJSIUmHCvVdZ1YeymWmhFOp6VeomiMyRgPaddQgUOqvHSWeopOjDJAQSTNExrN1N8bKQ6VmoS+mcwyqkUvE//zuokOLr2UiTjRVJD5oSDhSEcoqwANmKRE84khmEhmsiIywhITbYoqmRLcxS8vk1at6p5Xz+5q5fpVXkcRjuAYTsGFC6jDDTSgCQQkPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gCd/ZHx</latexit>
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<latexit sha1_base64="Zpl+66uyLJRN5rcYqe09PMXRUSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4r2FpIQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRV8tUEdohkkvVC7GmnAnaMcxw2ksUxXHI6WM4uZ35j09UaSbFg5kmNIjxSLCIEWys5NezfohVluR5fVCtuQ13DrRKvILUoEB7UP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3vLLq6TbbHiXjYv7Zq11U8RRhhM4hXPw4ApacAdt6AABCc/wCm+OcV6cd+dj0Vpyiplj+APn8wcfQZEo</latexit>
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<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>
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<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]
<latexit sha1_base64="cJbadfn4GL+n/X4jaxI0DE0LGxQ=">AAAB9XicbVDLSsNAFL2pr1pfUZduBlvBVUmKqMuiG1dSwT6gjWUynbRDJ5MwM1FK6H+4caGIW//FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmtx+pVCwS93oSUy/EQ8ECRrA20kMl7YVYjwjm6HZa6dtlp+rMgJaJm5My5Gj07a/eICJJSIUmHCvVdZ1YeymWmhFOp6VeomiMyRgPaddQgUOqvHSWeopOjDJAQSTNExrN1N8bKQ6VmoS+mcwyqkUvE//zuokOLr2UiTjRVJD5oSDhSEcoqwANmKRE84khmEhmsiIywhITbYoqmRLcxS8vk1at6p5Xz+5q5fpVXkcRjuAYTsGFC6jDDTSgCQQkPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gCd/ZHx</latexit>
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<latexit sha1_base64="Zpl+66uyLJRN5rcYqe09PMXRUSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4r2FpIQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRV8tUEdohkkvVC7GmnAnaMcxw2ksUxXHI6WM4uZ35j09UaSbFg5kmNIjxSLCIEWys5NezfohVluR5fVCtuQ13DrRKvILUoEB7UP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3vLLq6TbbHiXjYv7Zq11U8RRhhM4hXPw4ApacAdt6AABCc/wCm+OcV6cd+dj0Vpyiplj+APn8wcfQZEo</latexit>

p̄



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !
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to

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
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onto
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Data

at 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="kTNyW1ZsJi7xQmUAZbkd9iEtZz0=">AAAB7XicbVBNTwIxEO3iF+IX6tFLI5jghewSox6JXjxi4gIJbEi3dKHSbTftrAkh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YSK4Adf9dnJr6xubW/ntws7u3v5B8fCoaVSqKfOpEkq3Q2KY4JL5wEGwdqIZiUPBWuHodua3npg2XMkHGCcsiMlA8ohTAlZqlv0KnJd7xZJbdefAq8TLSAllaPSKX92+omnMJFBBjOl4bgLBhGjgVLBpoZsalhA6IgPWsVSSmJlgMr92is+s0seR0rYk4Ln6e2JCYmPGcWg7YwJDs+zNxP+8TgrRdTDhMkmBSbpYFKUCg8Kz13Gfa0ZBjC0hVHN7K6ZDogkFG1DBhuAtv7xKmrWqd1m9uK+V6jdZHHl0gk5RBXnoCtXRHWogH1H0iJ7RK3pzlPPivDsfi9ack80coz9wPn8AB3WOHw==</latexit>

U(t)

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]
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<latexit sha1_base64="Zpl+66uyLJRN5rcYqe09PMXRUSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4r2FpIQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRV8tUEdohkkvVC7GmnAnaMcxw2ksUxXHI6WM4uZ35j09UaSbFg5kmNIjxSLCIEWys5NezfohVluR5fVCtuQ13DrRKvILUoEB7UP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3vLLq6TbbHiXjYv7Zq11U8RRhhM4hXPw4ApacAdt6AABCc/wCm+OcV6cd+dj0Vpyiplj+APn8wcfQZEo</latexit>

p̄



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !
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Operator
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<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]

Linearized operator at a
FIXED constant state 

<latexit sha1_base64="Zpl+66uyLJRN5rcYqe09PMXRUSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4r2FpIQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRV8tUEdohkkvVC7GmnAnaMcxw2ksUxXHI6WM4uZ35j09UaSbFg5kmNIjxSLCIEWys5NezfohVluR5fVCtuQ13DrRKvILUoEB7UP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3vLLq6TbbHiXjYv7Zq11U8RRhhM4hXPw4ApacAdt6AABCc/wCm+OcV6cd+dj0Vpyiplj+APn8wcfQZEo</latexit>

p̄



We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

Invertible 
Nonlinear
Operator

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]

Linearized operator at a
FIXED constant state 

<latexit sha1_base64="xtyZWk8WrgYFk1IGKEDVL8CiAf4=">AAACEXicbZDLSsNAFIYnXmu9RV26GWyFLqQkRdSNUFTEhYsK9gJNCJPptB06mYSZiVBCXsGNr+LGhSJu3bnzbZw2WWjrDwMf/zmHM+f3I0alsqxvY2FxaXlltbBWXN/Y3No2d3ZbMowFJk0cslB0fCQJo5w0FVWMdCJBUOAz0vZHl5N6+4EISUN+r8YRcQM04LRPMVLa8sxKOXEwYrCROkcZ3abnVxldp17i+EgkUZqWPbNkVa2p4DzYOZRAroZnfjm9EMcB4QozJGXXtiLlJkgoihlJi04sSYTwCA1IVyNHAZFuMr0ohYfa6cF+KPTjCk7d3xMJCqQcB77uDJAaytnaxPyv1o1V/8xNKI9iRTjOFvVjBlUIJ/HAHhUEKzbWgLCg+q8QD5FAWOkQizoEe/bkeWjVqvZJ9fiuVqpf5HEUwD44ABVgg1NQBzegAZoAg0fwDF7Bm/FkvBjvxkfWumDkM3vgj4zPH0NSnLE=</latexit>

P L = DFp̄

<latexit sha1_base64="Zpl+66uyLJRN5rcYqe09PMXRUSk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4r2FpIQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRV8tUEdohkkvVC7GmnAnaMcxw2ksUxXHI6WM4uZ35j09UaSbFg5kmNIjxSLCIEWys5NezfohVluR5fVCtuQ13DrRKvILUoEB7UP3qDyVJYyoM4Vhr33MTE2RYGUY4zSv9VNMEkwkeUd9SgWOqg2x+co7OrDJEkVS2hEFz9fdEhmOtp3FoO2NsxnrZm4n/eX5qousgYyJJDRVksShKOTISzf5HQ6YoMXxqCSaK2VsRGWOFibEpVWwI3vLLq6TbbHiXjYv7Zq11U8RRhhM4hXPw4ApacAdt6AABCc/wCm+OcV6cd+dj0Vpyiplj+APn8wcfQZEo</latexit>

p̄



BREAKTHROUGH IN A SNAPSHOT

Essentially: (invertible)

(bounded invertible)

We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

Invertible 
Nonlinear
Operator

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]

Linearized operator at a
FIXED constant state!

<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="axPhMQfLw/Xt4t8IYxHujzQu04U="></latexit>

P L = Diag {�1,�2, ...} , �i ! 0



Theorem:   Solutions of exist by the 

BREAKTHROUGH IN A SNAPSHOT

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces (Lyapunov-Schmidt). 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

Essentially: (invertible)

(bounded invertible)

We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

Invertible 
Nonlinear
Operator

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]

Linearized operator at a
FIXED constant state!

<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="axPhMQfLw/Xt4t8IYxHujzQu04U="></latexit>

P L = Diag {�1,�2, ...} , �i ! 0



We do not need Nash-Moser, and we do not need to expunge!

BREAKTHROUGH IN A SNAPSHOT

Theorem:   Solutions of exist by the 
<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces (Lyapunov-Schmidt). 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

Essentially: (invertible)

(bounded invertible)

We prove:   When formulated in terms of a projection,
uniform small divisors factor out !

Invertible 
Nonlinear
Operator

<latexit sha1_base64="6iy9IvYX37fIOBKdd40vaU8d/74=">AAACX3icfZHNSwJBGMZntw9NzbY6RZchDTqU7EpUl0CKokOEQavCusnsOKuDsx/MzAqy+E92C7r0nzS6HsykFwZ+PM/7zsczXsyokKb5qekbm1vbufxOoVjaLe8Z+wctESUcExtHLOIdDwnCaEhsSSUjnZgTFHiMtL3R/cxvjwkXNArf5CQmboAGIfUpRlJJPWNcTbsYMfg4dWz3NuPmtHue0YOidfrzEr2nF9bSwP/tL9mG1Z5RMWvmvOBfsBZQAYtq9oyPbj/CSUBCiRkSwrHMWLop4pJiRqaFbiJIjPAIDYijMEQBEW46z2cKT5XSh37E1QolnKvLEykKhJgEnuoMkByKVW8mrvOcRPo3bkrDOJEkxNlBfsKgjOAsbNinnGDJJgoQ5lTdFeIh4ghL9SUFFYK1+uS/0KrXrKva5Wu90rhbxJEHx+AEnAELXIMGeAJNYAMMvjRdK2ol7VvP6WXdyFp1bTFzCH6VfvQDlQmy1g==</latexit>

F [U ] = P E [U ] = P LL�1 E [U ] = P LN [U ]

Linearized operator at a
FIXED constant state!

<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="axPhMQfLw/Xt4t8IYxHujzQu04U="></latexit>

P L = Diag {�1,�2, ...} , �i ! 0



THE RESULT IN A NUTSHELL



Assume given entropy profile                                        
<latexit sha1_base64="42y53qL0jO/A0v69S8eQK6bJJZg=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIpi4alpi1CXRjUtMBExoQ6bDLUyYPpyZGkjDr7hxoTFu/RF3/o1T6ELBk9ybk3Puzdw5fsKZVLb9bZTW1jc2t8rblZ3dvf0D87DakXEqKLRpzGPx4BMJnEXQVkxxeEgEkNDn0PXHN7nffQIhWRzdq2kCXkiGEQsYJUpLfbNat10Oj3iSdxc4t+p9s2Zb9hx4lTgFqaECrb755Q5imoYQKcqJlD3HTpSXEaEY5TCruKmEhNAxGUJP04iEIL1sfvsMn2plgINY6IoUnqu/NzISSjkNfT0ZEjWSy14u/uf1UhVceRmLklRBRBcPBSnHKsZ5EHjABFDFp5oQKpi+FdMREYQqHVdFh+Asf3mVdBqWc2Gd3zVqzesijjI6RifoDDnoEjXRLWqhNqJogp7RK3ozZsaL8W58LEZLRrFzhP7A+PwBh0mTeQ==</latexit>

0  x  `.
<latexit sha1_base64="GQtDQjo16/n1vvonMnOIGk3+jWs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFuhgpSZIupGKLpxWcE+oB1LJs20oZnMkGTUMvQ/3LhQxK3/4s6/MW1noa0HLvdwzr3k5ngRZ0rb9reVWVpeWV3Lruc2Nre2d/K7ew0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPrid98oFKxUNzpUUTdAPcF8xnB2kj3RVV6Or5UXdu0k2I3X7DL9hRokTgpKUCKWjf/1emFJA6o0IRjpdqOHWk3wVIzwuk414kVjTAZ4j5tGypwQJWbTK8eoyOj9JAfSlNCo6n6eyPBgVKjwDOTAdYDNe9NxP+8dqz9CzdhIoo1FWT2kB9zpEM0iQD1mKRE85EhmEhmbkVkgCUm2gSVMyE4819eJI1K2Tkrn95WCtWrNI4sHMAhlMCBc6jCDdSgDgQkPMMrvFmP1ov1bn3MRjNWurMPf2B9/gDP7pDF</latexit>

s(x) = s0(x),

THE RESULT IN A NUTSHELL



Consider the problem of evolving solutions from                                   

Assume given entropy profile                                        

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

<latexit sha1_base64="42y53qL0jO/A0v69S8eQK6bJJZg=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIpi4alpi1CXRjUtMBExoQ6bDLUyYPpyZGkjDr7hxoTFu/RF3/o1T6ELBk9ybk3Puzdw5fsKZVLb9bZTW1jc2t8rblZ3dvf0D87DakXEqKLRpzGPx4BMJnEXQVkxxeEgEkNDn0PXHN7nffQIhWRzdq2kCXkiGEQsYJUpLfbNat10Oj3iSdxc4t+p9s2Zb9hx4lTgFqaECrb755Q5imoYQKcqJlD3HTpSXEaEY5TCruKmEhNAxGUJP04iEIL1sfvsMn2plgINY6IoUnqu/NzISSjkNfT0ZEjWSy14u/uf1UhVceRmLklRBRBcPBSnHKsZ5EHjABFDFp5oQKpi+FdMREYQqHVdFh+Asf3mVdBqWc2Gd3zVqzesijjI6RifoDDnoEjXRLWqhNqJogp7RK3ozZsaL8W58LEZLRrFzhP7A+PwBh0mTeQ==</latexit>

0  x  `.
<latexit sha1_base64="GQtDQjo16/n1vvonMnOIGk3+jWs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFuhgpSZIupGKLpxWcE+oB1LJs20oZnMkGTUMvQ/3LhQxK3/4s6/MW1noa0HLvdwzr3k5ngRZ0rb9reVWVpeWV3Lruc2Nre2d/K7ew0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPrid98oFKxUNzpUUTdAPcF8xnB2kj3RVV6Or5UXdu0k2I3X7DL9hRokTgpKUCKWjf/1emFJA6o0IRjpdqOHWk3wVIzwuk414kVjTAZ4j5tGypwQJWbTK8eoyOj9JAfSlNCo6n6eyPBgVKjwDOTAdYDNe9NxP+8dqz9CzdhIoo1FWT2kB9zpEM0iQD1mKRE85EhmEhmbkVkgCUm2gSVMyE4819eJI1K2Tkrn95WCtWrNI4sHMAhlMCBc6jCDdSgDgQkPMMrvFmP1ov1bn3MRjNWurMPf2B9/gDP7pDF</latexit>

s(x) = s0(x),

from to

THE RESULT IN A NUTSHELL



Consider the problem of evolving solutions from                                   

Assume given entropy profile                                        

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

starting from    -periodic initial data

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

<latexit sha1_base64="42y53qL0jO/A0v69S8eQK6bJJZg=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIpi4alpi1CXRjUtMBExoQ6bDLUyYPpyZGkjDr7hxoTFu/RF3/o1T6ELBk9ybk3Puzdw5fsKZVLb9bZTW1jc2t8rblZ3dvf0D87DakXEqKLRpzGPx4BMJnEXQVkxxeEgEkNDn0PXHN7nffQIhWRzdq2kCXkiGEQsYJUpLfbNat10Oj3iSdxc4t+p9s2Zb9hx4lTgFqaECrb755Q5imoYQKcqJlD3HTpSXEaEY5TCruKmEhNAxGUJP04iEIL1sfvsMn2plgINY6IoUnqu/NzISSjkNfT0ZEjWSy14u/uf1UhVceRmLklRBRBcPBSnHKsZ5EHjABFDFp5oQKpi+FdMREYQqHVdFh+Asf3mVdBqWc2Gd3zVqzesijjI6RifoDDnoEjXRLWqhNqJogp7RK3ozZsaL8W58LEZLRrFzhP7A+PwBh0mTeQ==</latexit>

0  x  `.
<latexit sha1_base64="GQtDQjo16/n1vvonMnOIGk3+jWs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFuhgpSZIupGKLpxWcE+oB1LJs20oZnMkGTUMvQ/3LhQxK3/4s6/MW1noa0HLvdwzr3k5ngRZ0rb9reVWVpeWV3Lruc2Nre2d/K7ew0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPrid98oFKxUNzpUUTdAPcF8xnB2kj3RVV6Or5UXdu0k2I3X7DL9hRokTgpKUCKWjf/1emFJA6o0IRjpdqOHWk3wVIzwuk414kVjTAZ4j5tGypwQJWbTK8eoyOj9JAfSlNCo6n6eyPBgVKjwDOTAdYDNe9NxP+8dqz9CzdhIoo1FWT2kB9zpEM0iQD1mKRE85EhmEhmbkVkgCUm2gSVMyE4819eJI1K2Tkrn95WCtWrNI4sHMAhlMCBc6jCDdSgDgQkPMMrvFmP1ov1bn3MRjNWurMPf2B9/gDP7pDF</latexit>

s(x) = s0(x),

from to

<latexit sha1_base64="RHsgyYB/HWCcyjNQfV6efCuaMu0=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTEREpCwG0S9CEEvHiOYByTLMjuZTYbMPpjpEeKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7vITziTY9reRW1vf2NzKbxd2dvf2i+bBYVvGShDaIjGPRdfHknIW0RYw4LSbCIpDn9OOP76d+Z1HKiSLoweYJNQN8TBiASMYtOSZxbKq2GdQvVaeXYFq2TNLds2ew1olTkZKKEPTM7/6g5iokEZAOJay59gJuCkWwAin00JfSZpgMsZD2tM0wiGVbjo/fGqdamVgBbHQFYE1V39PpDiUchL6ujPEMJLL3kz8z+spCK7clEWJAhqRxaJAcQtia5aCNWCCEuATTTARTN9qkREWmIDOqqBDcJZfXiXtes25qJ3f10uNmyyOPDpGJ6iCHHSJGugONVELEaTQM3pFb8aT8WK8Gx+L1pyRzRyhPzA+fwCxDJEs</latexit>

u(0, t) = u0(t)
<latexit sha1_base64="Mgy2SbeYQgueTmu1SLALVP0c6PE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BFuhhVKSIupFKHrxWMF+QBvCZrtpl26SZXdSKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzPMFZwps+9vIbWxube/kdwt7+weHR+bxSVvFiSS0RWIey66PFeUsoi1gwGlXSIpDn9OOP76f+50JlYrF0RNMBXVDPIxYwAgGLXmmWRJluwqVW+HZZahUS55ZtGv2AtY6cTJSRBmanvnVH8QkCWkEhGOleo4twE2xBEY4nRX6iaICkzEe0p6mEQ6pctPF5TPrQisDK4ilrgishfp7IsWhUtPQ150hhpFa9ebif14vgeDGTVkkEqARWS4KEm5BbM1jsAZMUgJ8qgkmkulbLTLCEhPQYRV0CM7qy+ukXa85V7XLx3qxcZfFkUdn6ByVkYOuUQM9oCZqIYIm6Bm9ojcjNV6Md+Nj2ZozsplT9AfG5w8NRZFY</latexit>

p(0, t) = p0(t),

<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

THE RESULT IN A NUTSHELL



Consider the problem of evolving solutions from                                   

Assume given entropy profile                                        

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

starting from    -periodic initial data

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

<latexit sha1_base64="42y53qL0jO/A0v69S8eQK6bJJZg=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIpi4alpi1CXRjUtMBExoQ6bDLUyYPpyZGkjDr7hxoTFu/RF3/o1T6ELBk9ybk3Puzdw5fsKZVLb9bZTW1jc2t8rblZ3dvf0D87DakXEqKLRpzGPx4BMJnEXQVkxxeEgEkNDn0PXHN7nffQIhWRzdq2kCXkiGEQsYJUpLfbNat10Oj3iSdxc4t+p9s2Zb9hx4lTgFqaECrb755Q5imoYQKcqJlD3HTpSXEaEY5TCruKmEhNAxGUJP04iEIL1sfvsMn2plgINY6IoUnqu/NzISSjkNfT0ZEjWSy14u/uf1UhVceRmLklRBRBcPBSnHKsZ5EHjABFDFp5oQKpi+FdMREYQqHVdFh+Asf3mVdBqWc2Gd3zVqzesijjI6RifoDDnoEjXRLWqhNqJogp7RK3ozZsaL8W58LEZLRrFzhP7A+PwBh0mTeQ==</latexit>

0  x  `.
<latexit sha1_base64="GQtDQjo16/n1vvonMnOIGk3+jWs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFuhgpSZIupGKLpxWcE+oB1LJs20oZnMkGTUMvQ/3LhQxK3/4s6/MW1noa0HLvdwzr3k5ngRZ0rb9reVWVpeWV3Lruc2Nre2d/K7ew0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPrid98oFKxUNzpUUTdAPcF8xnB2kj3RVV6Or5UXdu0k2I3X7DL9hRokTgpKUCKWjf/1emFJA6o0IRjpdqOHWk3wVIzwuk414kVjTAZ4j5tGypwQJWbTK8eoyOj9JAfSlNCo6n6eyPBgVKjwDOTAdYDNe9NxP+8dqz9CzdhIoo1FWT2kB9zpEM0iQD1mKRE85EhmEhmbkVkgCUm2gSVMyE4819eJI1K2Tkrn95WCtWrNI4sHMAhlMCBc6jCDdSgDgQkPMMrvFmP1ov1bn3MRjNWurMPf2B9/gDP7pDF</latexit>

s(x) = s0(x),

from to

<latexit sha1_base64="RHsgyYB/HWCcyjNQfV6efCuaMu0=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTEREpCwG0S9CEEvHiOYByTLMjuZTYbMPpjpEeKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7vITziTY9reRW1vf2NzKbxd2dvf2i+bBYVvGShDaIjGPRdfHknIW0RYw4LSbCIpDn9OOP76d+Z1HKiSLoweYJNQN8TBiASMYtOSZxbKq2GdQvVaeXYFq2TNLds2ew1olTkZKKEPTM7/6g5iokEZAOJay59gJuCkWwAin00JfSZpgMsZD2tM0wiGVbjo/fGqdamVgBbHQFYE1V39PpDiUchL6ujPEMJLL3kz8z+spCK7clEWJAhqRxaJAcQtia5aCNWCCEuATTTARTN9qkREWmIDOqqBDcJZfXiXtes25qJ3f10uNmyyOPDpGJ6iCHHSJGugONVELEaTQM3pFb8aT8WK8Gx+L1pyRzRyhPzA+fwCxDJEs</latexit>

u(0, t) = u0(t)
<latexit sha1_base64="Mgy2SbeYQgueTmu1SLALVP0c6PE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BFuhhVKSIupFKHrxWMF+QBvCZrtpl26SZXdSKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzPMFZwps+9vIbWxube/kdwt7+weHR+bxSVvFiSS0RWIey66PFeUsoi1gwGlXSIpDn9OOP76f+50JlYrF0RNMBXVDPIxYwAgGLXmmWRJluwqVW+HZZahUS55ZtGv2AtY6cTJSRBmanvnVH8QkCWkEhGOleo4twE2xBEY4nRX6iaICkzEe0p6mEQ6pctPF5TPrQisDK4ilrgishfp7IsWhUtPQ150hhpFa9ebif14vgeDGTVkkEqARWS4KEm5BbM1jsAZMUgJ8qgkmkulbLTLCEhPQYRV0CM7qy+ukXa85V7XLx3qxcZfFkUdn6ByVkYOuUQM9oCZqIYIm6Bm9ojcjNV6Md+Nj2ZozsplT9AfG5w8NRZFY</latexit>

p(0, t) = p0(t),

<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)

THE RESULT IN A NUTSHELL



THE RESULT IN A NUTSHELL

Observation 1:  Evolution in       preserves the symmetries                                       
<latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)



THE RESULT IN A NUTSHELL

Observation 1:  Evolution in       preserves the symmetries                                       
<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t) even in                                        
<latexit sha1_base64="CHv9IqDZBQwSbiEV/Ede2BXIZTk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wVZoQUtSRN0IRTcuK9gHtKFMppN26GQSZm6KJfRP3LhQxK1/4s6/cdJmodUDl3s4517mzvEizhTY9peRW1ldW9/Ibxa2tnd298z9g5YKY0lok4Q8lB0PK8qZoE1gwGknkhQHHqdtb3yb+u0JlYqF4gGmEXUDPBTMZwSDlvqmWYrKj6dnULlOO1RKfbNoV+05rL/EyUgRZWj0zc/eICRxQAUQjpXqOnYEboIlMMLprNCLFY0wGeMh7WoqcECVm8wvn1knWhlYfih1CbDm6s+NBAdKTQNPTwYYRmrZS8X/vG4M/pWbMBHFQAVZPOTH3ILQSmOwBkxSAnyqCSaS6VstMsISE9BhFXQIzvKX/5JWrepcVM/va8X6TRZHHh2hY1RGDrpEdXSHGqiJCJqgJ/SCXo3EeDbejPfFaM7Idg7RLxgf354ukbY=</latexit>

p(x,�t) = p(x, t)
<latexit sha1_base64="pg51LNc9Tmqieh+KyJVSDTKxt6Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Us94olt+LOQVaJl5ESZKj3il/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+6pScWaVPwljbUkjm6u+JCY2MGUeB7YwoDs2yNxP/8zophtf+RKgkRa7YYlGYSoIxmf1N+kJzhnJsCWVa2FsJG1JNGdp0CjYEb/nlVdKsVrzLysV9tVS7yeLIwwmcwjl4cAU1uIM6NIDBAJ7hFd4c6bw4787HojXnZDPH8AfO5w+aLI1b</latexit>

t

<latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)



THE RESULT IN A NUTSHELL

Observation 1:  Evolution in       preserves the symmetries                                       
<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)

even in                                        
<latexit sha1_base64="CHv9IqDZBQwSbiEV/Ede2BXIZTk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wVZoQUtSRN0IRTcuK9gHtKFMppN26GQSZm6KJfRP3LhQxK1/4s6/cdJmodUDl3s4517mzvEizhTY9peRW1ldW9/Ibxa2tnd298z9g5YKY0lok4Q8lB0PK8qZoE1gwGknkhQHHqdtb3yb+u0JlYqF4gGmEXUDPBTMZwSDlvqmWYrKj6dnULlOO1RKfbNoV+05rL/EyUgRZWj0zc/eICRxQAUQjpXqOnYEboIlMMLprNCLFY0wGeMh7WoqcECVm8wvn1knWhlYfih1CbDm6s+NBAdKTQNPTwYYRmrZS8X/vG4M/pWbMBHFQAVZPOTH3ILQSmOwBkxSAnyqCSaS6VstMsISE9BhFXQIzvKX/5JWrepcVM/va8X6TRZHHh2hY1RGDrpEdXSHGqiJCJqgJ/SCXo3EeDbejPfFaM7Idg7RLxgf354ukbY=</latexit>

p(x,�t) = p(x, t)
<latexit sha1_base64="bhIZ3ZKh2l+YAZaH71OABuEJVCA=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm2ArtGBLUkTdCEU3LivYC7ShTKaTdujkwsyJWmIfxY0LRdz6JO58GydtFtr6w8DHf87hnPmdkDMJpvmtZVZW19Y3spu5re2d3T09v9+SQSQIbZKAB6LjYEk582kTGHDaCQXFnsNp2xlfJ/X2PRWSBf4dTEJqe3joM5cRDMrq6/liVHo8qUD5spIAlIt9vWBWzZmMZbBSKKBUjb7+1RsEJPKoD4RjKbuWGYIdYwGMcDrN9SJJQ0zGeEi7Cn3sUWnHs9OnxrFyBoYbCPV8MGbu74kYe1JOPEd1ehhGcrGWmP/VuhG4F3bM/DAC6pP5IjfiBgRGkoMxYIIS4BMFmAimbjXICAtMQKWVUyFYi19ehlatap1VT29rhfpVGkcWHaIjVEIWOkd1dIMaqIkIekDP6BW9aU/ai/aufcxbM1o6c4D+SPv8ARrFkfc=</latexit>

u(x,�t) = �u(x, t)

<latexit sha1_base64="pg51LNc9Tmqieh+KyJVSDTKxt6Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Us94olt+LOQVaJl5ESZKj3il/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+6pScWaVPwljbUkjm6u+JCY2MGUeB7YwoDs2yNxP/8zophtf+RKgkRa7YYlGYSoIxmf1N+kJzhnJsCWVa2FsJG1JNGdp0CjYEb/nlVdKsVrzLysV9tVS7yeLIwwmcwjl4cAU1uIM6NIDBAJ7hFd4c6bw4787HojXnZDPH8AfO5w+aLI1b</latexit>

t

odd  in                                        
<latexit sha1_base64="pg51LNc9Tmqieh+KyJVSDTKxt6Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Us94olt+LOQVaJl5ESZKj3il/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+6pScWaVPwljbUkjm6u+JCY2MGUeB7YwoDs2yNxP/8zophtf+RKgkRa7YYlGYSoIxmf1N+kJzhnJsCWVa2FsJG1JNGdp0CjYEb/nlVdKsVrzLysV9tVS7yeLIwwmcwjl4cAU1uIM6NIDBAJ7hFd4c6bw4787HojXnZDPH8AfO5w+aLI1b</latexit>

t

<latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)



THE RESULT IN A NUTSHELL

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)

Observation 2:  Solutions respect     -reflection symmetries                                       <latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x



THE RESULT IN A NUTSHELL

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)

Observation 2:  Solutions respect     -reflection symmetries                                       

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x



THE RESULT IN A NUTSHELL

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="kjfBMo0Mhv3wUY8rKgqCZLrdKt0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpx367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AFc5jt0=</latexit>

p0(t)
<latexit sha1_base64="tfkHpbzd22vEZElQ/NKqt/f4kd4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIpjghewSox6JXjxiIo8ENmR2mIUJsw9nek3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2d++4krLaLwAScxdwM6DIUvGEUjdcpJ367geblfLNlVew6ySpyMlCBDo1/86g0ilgQ8RCap1l3HjtFNqULBJJ8WeonmMWVjOuRdQ0MacO2m83un5MwoA+JHylSIZK7+nkhpoPUk8ExnQHGkl72Z+J/XTdC/dlMRxgnykC0W+YkkGJHZ82QgFGcoJ4ZQpoS5lbARVZShiahgQnCWX14lrVrVuaxe3NdK9ZssjjycwClUwIErqMMdNKAJDCQ8wyu8WY/Wi/VufSxac1Y2cwx/YH3+AF7rjuI=</latexit>

u0(t)

<latexit sha1_base64="2C1g7aWItpSExF3wCv7IgQSMilA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CpGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd3Jo7y</latexit>

p(x, t)
<latexit sha1_base64="SSjzjUGmDjtwnsbPXzedMMUcdsc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHosevFYwX5AG8pmu22XbjZxdyKW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+ZHgGh3n28qsrK6tb2Q3c1vbO7t7+f2Dhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDP1m49MaR7KexxHzAvIQPI+pwSN1CrGpaczPC128wWn7MxgLxM3JQVIUevmvzq9kMYBk0gF0brtOhF6CVHIqWCTXCfWLCJ0RAasbagkAdNeMrt3Yp8YpWf3Q2VKoj1Tf08kJNB6HPimMyA41IveVPzPa8fYv/ISLqMYmaTzRf1Y2Bja0+ftHleMohgbQqji5labDokiFE1EOROCu/jyMmlUyu5F+fyuUqhep3Fk4QiOoQQuXEIVbqEGdaAg4Ble4c16sF6sd+tj3pqx0plD+APr8wd+2I73</latexit>

u(x, t)
<latexit sha1_base64="QVhVK4kL4/GofWI04HzH1n8lQ+Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmtdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHrOeQNg==</latexit>

u(`, t)

<latexit sha1_base64="g//YwhWy20MODiLGBg3kUpryaR0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFuhgpTdIuqx6MVjBfsB26Vk02wbmk2WZFYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3c389hPThiv5COOEBTEZSB5xSsBKfjmpdJkQF3Be7hVLbtWdA68SLyMllKHRK351+4qmMZNABTHG99wEggnRwKlg00I3NSwhdEQGzLdUkpiZYDI/eYrPrNLHkdK2JOC5+ntiQmJjxnFoO2MCQ7PszcT/PD+F6CaYcJmkwCRdLIpSgUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pYEPwll9eJa1a1buqXj7USvXbLI48OkGnqII8dI3q6B41UBNRpNAzekVvDjgvzrvzsWjNOdnMMfoD5/MHpSaQMQ==</latexit>

p(`, t)

Observation 2:  Solutions respect     -reflection symmetries                                       

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :

(2)  The reflection symmetry at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="vMLkbRE4BE4y6bSiltn0djuuI/Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhpbbOFFE3QtGNywp9QTuUTJq2oZnMkGTEMnTnxl9x40IRt/6CO//GtJ2Fth4InHvOvdzc4waMSmVZ30ZiaXlldS25ntrY3NreMXf36tIPBSY17DNfNF0kCaOc1BRVjDQDQZDnMtJwhzcTv3FPhKQ+r6pRQBwP9TntUYyUljrmYSbMtglj+YcTlbsqzIqCLvLV01Iu0zHTVtGaAi4SOyZpEKPSMb/aXR+HHuEKMyRly7YC5URIKIoZGafaoSQBwkPUJy1NOfKIdKLpHWN4rJUu7PlCP67gVP09ESFPypHn6k4PqYGc9ybif14rVL1LJ6I8CBXheLaoFzKofDgJBXapIFixkSYIC6r/CvEACYSVji6lQ7DnT14k9VLRPi+e3ZXS5es4jiQ4AEcgC2xwAcrgFlRADWDwCJ7BK3gznowX4934mLUmjHhmH/yB8fkDzOKWtg==</latexit>

u(`+ x, t) = �u(`� x, t+ T/2)

<latexit sha1_base64="PnphKgwteepvUnAy6kc1KhvEdk4=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFWaGmtM0XUjVB047JCb9AOJZOmbWgmMyQZsQzdufFV3LhQxK2v4M63MW1noa0/BD7+cw4n53cDRqWyrG8jsbS8srqWXE9tbG5t75i7e3XphwKTGvaZL5oukoRRTmqKKkaagSDIcxlpuMObSb1xT4SkPq+qUUAcD/U57VGMlLY65mEmyLYJY/mHgspdzfhEc756WsoVMh0zbRWtqeAi2DGkQaxKx/xqd30ceoQrzJCULdsKlBMhoShmZJxqh5IECA9Rn7Q0cuQR6UTTO8bwWDtd2POFflzBqft7IkKelCPP1Z0eUgM5X5uY/9VaoepdOhHlQagIx7NFvZBB5cNJKLBLBcGKjTQgLKj+K8QDJBBWOrqUDsGeP3kR6qWifV48uyuly9dxHElwAI5AFtjgApTBLaiAGsDgETyDV/BmPBkvxrvxMWtNGPHMPvgj4/MHvTqWqw==</latexit>

p(`+ x, t) = p(`� x, t+ T/2),

<latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x



THE RESULT IN A NUTSHELL

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :

(2)  The reflection symmetry at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="vMLkbRE4BE4y6bSiltn0djuuI/Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhpbbOFFE3QtGNywp9QTuUTJq2oZnMkGTEMnTnxl9x40IRt/6CO//GtJ2Fth4InHvOvdzc4waMSmVZ30ZiaXlldS25ntrY3NreMXf36tIPBSY17DNfNF0kCaOc1BRVjDQDQZDnMtJwhzcTv3FPhKQ+r6pRQBwP9TntUYyUljrmYSbMtglj+YcTlbsqzIqCLvLV01Iu0zHTVtGaAi4SOyZpEKPSMb/aXR+HHuEKMyRly7YC5URIKIoZGafaoSQBwkPUJy1NOfKIdKLpHWN4rJUu7PlCP67gVP09ESFPypHn6k4PqYGc9ybif14rVL1LJ6I8CBXheLaoFzKofDgJBXapIFixkSYIC6r/CvEACYSVji6lQ7DnT14k9VLRPi+e3ZXS5es4jiQ4AEcgC2xwAcrgFlRADWDwCJ7BK3gznowX4934mLUmjHhmH/yB8fkDzOKWtg==</latexit>

u(`+ x, t) = �u(`� x, t+ T/2)

<latexit sha1_base64="PnphKgwteepvUnAy6kc1KhvEdk4=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFWaGmtM0XUjVB047JCb9AOJZOmbWgmMyQZsQzdufFV3LhQxK2v4M63MW1noa0/BD7+cw4n53cDRqWyrG8jsbS8srqWXE9tbG5t75i7e3XphwKTGvaZL5oukoRRTmqKKkaagSDIcxlpuMObSb1xT4SkPq+qUUAcD/U57VGMlLY65mEmyLYJY/mHgspdzfhEc756WsoVMh0zbRWtqeAi2DGkQaxKx/xqd30ceoQrzJCULdsKlBMhoShmZJxqh5IECA9Rn7Q0cuQR6UTTO8bwWDtd2POFflzBqft7IkKelCPP1Z0eUgM5X5uY/9VaoepdOhHlQagIx7NFvZBB5cNJKLBLBcGKjTQgLKj+K8QDJBBWOrqUDsGeP3kR6qWifV48uyuly9dxHElwAI5AFtjgApTBLaiAGsDgETyDV/BmPBkvxrvxMWtNGPHMPvgj4/MHvTqWqw==</latexit>

p(`+ x, t) = p(`� x, t+ T/2),

Condition (2) is analogous to (1) observing that even/odd 
periodic functions are also even/odd about the half period T/2. 

Observation 2:  Solutions respect     -reflection symmetries                                       <latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x



THE RESULT IN A NUTSHELL

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :

(2)  The reflection symmetry at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="vMLkbRE4BE4y6bSiltn0djuuI/Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhpbbOFFE3QtGNywp9QTuUTJq2oZnMkGTEMnTnxl9x40IRt/6CO//GtJ2Fth4InHvOvdzc4waMSmVZ30ZiaXlldS25ntrY3NreMXf36tIPBSY17DNfNF0kCaOc1BRVjDQDQZDnMtJwhzcTv3FPhKQ+r6pRQBwP9TntUYyUljrmYSbMtglj+YcTlbsqzIqCLvLV01Iu0zHTVtGaAi4SOyZpEKPSMb/aXR+HHuEKMyRly7YC5URIKIoZGafaoSQBwkPUJy1NOfKIdKLpHWN4rJUu7PlCP67gVP09ESFPypHn6k4PqYGc9ybif14rVL1LJ6I8CBXheLaoFzKofDgJBXapIFixkSYIC6r/CvEACYSVji6lQ7DnT14k9VLRPi+e3ZXS5es4jiQ4AEcgC2xwAcrgFlRADWDwCJ7BK3gznowX4934mLUmjHhmH/yB8fkDzOKWtg==</latexit>

u(`+ x, t) = �u(`� x, t+ T/2)

<latexit sha1_base64="PnphKgwteepvUnAy6kc1KhvEdk4=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFWaGmtM0XUjVB047JCb9AOJZOmbWgmMyQZsQzdufFV3LhQxK2v4M63MW1noa0/BD7+cw4n53cDRqWyrG8jsbS8srqWXE9tbG5t75i7e3XphwKTGvaZL5oukoRRTmqKKkaagSDIcxlpuMObSb1xT4SkPq+qUUAcD/U57VGMlLY65mEmyLYJY/mHgspdzfhEc756WsoVMh0zbRWtqeAi2DGkQaxKx/xqd30ceoQrzJCULdsKlBMhoShmZJxqh5IECA9Rn7Q0cuQR6UTTO8bwWDtd2POFflzBqft7IkKelCPP1Z0eUgM5X5uY/9VaoepdOhHlQagIx7NFvZBB5cNJKLBLBcGKjTQgLKj+K8QDJBBWOrqUDsGeP3kR6qWifV48uyuly9dxHElwAI5AFtjgApTBLaiAGsDgETyDV/BmPBkvxrvxMWtNGPHMPvgj4/MHvTqWqw==</latexit>

p(`+ x, t) = p(`� x, t+ T/2),

Condition (2) is analogous to (1) observing that even/odd 
periodic functions are also even/odd about the half period T/2. 

We now impose boundary conditions at               and           
which guarantee continuity at axes of reflection             

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0 and             
<latexit sha1_base64="4jZLWVbTsxoOk6QdFNNQR1WHGR4=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BFvB07JbRL0IRS8eK9gPaZeSTadtaJJdkqxYlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4w508bzvp3cyura+kZ+s7C1vbO7V9w/aOgoURTqNOKRaoVEA2cS6oYZDq1YAREhh2Y4upn6zUdQmkXy3oxjCAQZSNZnlBgrPZSfrjrAuVvuFkue682Al4mfkRLKUOsWvzq9iCYCpKGcaN32vdgEKVGGUQ6TQifREBM6IgNoWyqJAB2ks4Mn+MQqPdyPlC1p8Ez9PZESofVYhLZTEDPUi95U/M9rJ6Z/GaRMxokBSeeL+gnHJsLT73GPKaCGjy0hVDF7K6ZDogg1NqOCDcFffHmZNCquf+6e3VVK1essjjw6QsfoFPnoAlXRLaqhOqJIoGf0it4c5bw4787HvDXnZDOH6A+czx+W2o+f</latexit>

x = `.

Observation 2:  Solutions respect     -reflection symmetries                                       <latexit sha1_base64="t4oTIQOGZabXwZDx3ZEsAA+UD+4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AoECNXw==</latexit>x



The boundary condition which imposes continuity under 
reflection at             : 

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0



The boundary condition which imposes continuity under 
reflection at             : 

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0. (IC)

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0



The boundary condition which imposes continuity under 
reflection at             : 

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0. (IC)

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
The boundary condition which imposes continuity under 
reflection at             : 



The boundary condition which imposes continuity under 
reflection at             : 

<latexit sha1_base64="cE1ycRB9/0rNVZh9JiDr4+e2YFk=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckoZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3uCGjUlnWt5FaWl5ZXUuvZzY2t7Z3zN29hgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4c3Eb94TIWnAa2oUEsdHfU49ipHSUtc8yIX5DmGsqE5qp+XC1UPyKhRzXTNrlawp4CKxE5IFCapd86vTC3DkE64wQ1K2bStUToyEopiRcaYTSRIiPER90taUI59IJ57eMIbHWulBLxC6uIJT9fdEjHwpR76rO32kBnLem4j/ee1IeZdOTHkYKcLx7CMvYlAFcBII7FFBsGIjTRAWVO8K8QAJhJWOLaNDsOdPXiSNcsk+L53dlbOV6ySONDgERyAPbHABKuAWVEEdYPAInsEreDOejBfj3fiYtaaMZGYf/IHx+QManJVC</latexit>

p(`, t+ T/2) = w(`, t),
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0. (IC)

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
The boundary condition which imposes continuity under 
reflection at             : 



The boundary condition which imposes continuity under 
reflection at             : 

<latexit sha1_base64="cE1ycRB9/0rNVZh9JiDr4+e2YFk=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckoZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3uCGjUlnWt5FaWl5ZXUuvZzY2t7Z3zN29hgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4c3Eb94TIWnAa2oUEsdHfU49ipHSUtc8yIX5DmGsqE5qp+XC1UPyKhRzXTNrlawp4CKxE5IFCapd86vTC3DkE64wQ1K2bStUToyEopiRcaYTSRIiPER90taUI59IJ57eMIbHWulBLxC6uIJT9fdEjHwpR76rO32kBnLem4j/ee1IeZdOTHkYKcLx7CMvYlAFcBII7FFBsGIjTRAWVO8K8QAJhJWOLaNDsOdPXiSNcsk+L53dlbOV6ySONDgERyAPbHABKuAWVEEdYPAInsEreDOejBfj3fiYtaaMZGYf/IHx+QManJVC</latexit>

p(`, t+ T/2) = w(`, t),
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0. (IC)

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
The boundary condition which imposes continuity under 
reflection at             : 

These are self-adjoint boundary conditions!                 



The boundary condition which imposes continuity under 
reflection at             : 

<latexit sha1_base64="cE1ycRB9/0rNVZh9JiDr4+e2YFk=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckoZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3uCGjUlnWt5FaWl5ZXUuvZzY2t7Z3zN29hgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4c3Eb94TIWnAa2oUEsdHfU49ipHSUtc8yIX5DmGsqE5qp+XC1UPyKhRzXTNrlawp4CKxE5IFCapd86vTC3DkE64wQ1K2bStUToyEopiRcaYTSRIiPER90taUI59IJ57eMIbHWulBLxC6uIJT9fdEjHwpR76rO32kBnLem4j/ee1IeZdOTHkYKcLx7CMvYlAFcBII7FFBsGIjTRAWVO8K8QAJhJWOLaNDsOdPXiSNcsk+L53dlbOV6ySONDgERyAPbHABKuAWVEEdYPAInsEreDOejBfj3fiYtaaMZGYf/IHx+QManJVC</latexit>

p(`, t+ T/2) = w(`, t),
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0. (IC)

THE RESULT IN A NUTSHELL

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
The boundary condition which imposes continuity under 
reflection at             : 

These are self-adjoint boundary conditions!                 

<latexit sha1_base64="aeB1SQvP2QWy3mu46BtqJkYwBjg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiRdISoh6JXjxiIh8JNGS7HWDDdtvsbjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3MpvF3Z29/YP7OJhS0WJpNCkEY9kxycKOBPQ1Exz6MQSSOhzaPvjm5nffgCpWCTu9SQGLyRDwQaMEm2kvl3E5VoPOC+fxyBZFDDat0tOxZkDrxI3IyWUodG3v3pBRJMQhKacKNV1nVh7KZGaUQ7TQi9REBM6JkPoGipICMpL56dP8alRAjyIpCmh8Vz9PZGSUKlJ6JvOkOiRWvZm4n9eN9GDKy9lIk40CLpYNEg41hGe5YADJoFqPjGEUMnMrZiOiCRUm7QKJgR3+eVV0qpW3ItK7a5aql9nceTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj0VrzspmjtAfWJ8/wmGTDQ==</latexit>

4`-periodic  solution of compressible Euler.                 

Theorem:  Assume a smooth T-periodic nonlinear solution 
satisfies (IC) and (BC). Then the solution extends by reflection 
symmetries to a smooth  



THE RESULT IN A NUTSHELL

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T



THE RESULT IN A NUTSHELL

(Euler)

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="W8+ukwTODhvA2AzDXqfqZ6VOty0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBluhRSlJEXUjFN24rGAf0IYwmU7boZNJmJmUhlB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4vZFQqy/o2MmvrG5tb2e3czu7e/oF5eNSUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6m/mtMRGSBvxRxSFxfDTgtE8xUlpyzXwxctVZWBqfy9KkXHYnN1bRNQtWxZoDrhI7JQWQou6aX91egCOfcIUZkrJjW6FyEiQUxYxMc91IkhDhERqQjqYc+UQ6yfz4KTzVSg/2A6GLKzhXf08kyJcy9j3d6SM1lMveTPzP60Sqf+0klIeRIhwvFvUjBlUAZ0nAHhUEKxZrgrCg+laIh0ggrHReOR2CvfzyKmlWK/Zl5eKhWqjdpnFkwTE4ASVggytQA/egDhoAgxg8g1fwZjwZL8a78bFozRjpTB78gfH5A/3Qkw4=</latexit>

ut + p(v, s(x))x = 0

(IC)<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="vHMYCINyEhaYkRDvHP42y+DCHYo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfXTrGbLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwPfjzA=</latexit>

u(0, t) = 0

(BC)
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)

<latexit sha1_base64="6FwLi7jQWUrw8/7A3uVLeVQhzuk=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJtgKLUqdKaJuhKIblxX6gnYomTTThmYeJBmhDAU3/oobF4q49Sfc+TemD0GrBy6cnHMvufe4EWdSWdankVpYXFpeSa9m1tY3NrfM7Z26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiD67HfuKNCsjCoqmFEHR/3AuYxgpWWOuZeLsq3KefH6qh6Uipcfr8KOdQxs1bRmgD9JfaMZGGGSsf8aHdDEvs0UIRjKVu2FSknwUIxwuko044ljTAZ4B5taRpgn0onmdwwQoda6SIvFLoChSbqz4kE+1IOfVd3+lj15bw3Fv/zWrHyLpyEBVGsaECmH3kxRypE40BQlwlKFB9qgolgeldE+lhgonRsGR2CPX/yX1IvFe2z4ultKVu+msWRhn04gDzYcA5luIEK1IDAPTzCM7wYD8aT8Wq8TVtTxmxmF37BeP8C/XOVLw==</latexit>

p(`, t+ T/2) = p(`, t)



THE RESULT IN A NUTSHELL

(Euler)

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

…assuming 

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="W8+ukwTODhvA2AzDXqfqZ6VOty0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBluhRSlJEXUjFN24rGAf0IYwmU7boZNJmJmUhlB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4vZFQqy/o2MmvrG5tb2e3czu7e/oF5eNSUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6m/mtMRGSBvxRxSFxfDTgtE8xUlpyzXwxctVZWBqfy9KkXHYnN1bRNQtWxZoDrhI7JQWQou6aX91egCOfcIUZkrJjW6FyEiQUxYxMc91IkhDhERqQjqYc+UQ6yfz4KTzVSg/2A6GLKzhXf08kyJcy9j3d6SM1lMveTPzP60Sqf+0klIeRIhwvFvUjBlUAZ0nAHhUEKxZrgrCg+laIh0ggrHReOR2CvfzyKmlWK/Zl5eKhWqjdpnFkwTE4ASVggytQA/egDhoAgxg8g1fwZjwZL8a78bFozRjpTB78gfH5A/3Qkw4=</latexit>

ut + p(v, s(x))x = 0

(IC)<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="vHMYCINyEhaYkRDvHP42y+DCHYo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfXTrGbLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwPfjzA=</latexit>

u(0, t) = 0

<latexit sha1_base64="Xs7yRSvVPJvG/CZ/h9p2AV4thPg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTIYIcd0HURgjaWEYwUYgh7G0mccne3rE7FwghjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8y8IJbCoOd9O5mFxaXllexqbm19Y3Mrv71TN1GiOdR4JCN9HzADUiiooUAJ97EGFgYS7oLe1di/64M2IlK3OIihGbKuEh3BGVqpld8rxiXvGI8u4pZXwqMihT4o13Vb+YLnehPQeeKnpEBSVFv5r4d2xJMQFHLJjGn4XozNIdMouIRR7iExEDPeY11oWKpYCKY5nDwwoodWadNOpG0ppBP198SQhcYMwsB2hgwfzaw3Fv/zGgl2zptDoeIEQfHpok4iKUZ0nAZtCw0c5cASxrWwt1L+yDTjaDPL2RD82ZfnSb3s+qfuyU25ULlM48iSfXJASsQnZ6RCrkmV1AgnI/JMXsmb8+S8OO/Ox7Q146Qzu+QPnM8fgCSTyg==</latexit>

p(0, t) = p0(t) even...

(BC)
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)

<latexit sha1_base64="6FwLi7jQWUrw8/7A3uVLeVQhzuk=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJtgKLUqdKaJuhKIblxX6gnYomTTThmYeJBmhDAU3/oobF4q49Sfc+TemD0GrBy6cnHMvufe4EWdSWdankVpYXFpeSa9m1tY3NrfM7Z26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiD67HfuKNCsjCoqmFEHR/3AuYxgpWWOuZeLsq3KefH6qh6Uipcfr8KOdQxs1bRmgD9JfaMZGGGSsf8aHdDEvs0UIRjKVu2FSknwUIxwuko044ljTAZ4B5taRpgn0onmdwwQoda6SIvFLoChSbqz4kE+1IOfVd3+lj15bw3Fv/zWrHyLpyEBVGsaECmH3kxRypE40BQlwlKFB9qgolgeldE+lhgonRsGR2CPX/yX1IvFe2z4ultKVu+msWRhn04gDzYcA5luIEK1IDAPTzCM7wYD8aT8Wq8TVtTxmxmF37BeP8C/XOVLw==</latexit>

p(`, t+ T/2) = p(`, t)



THE RESULT IN A NUTSHELL

(Euler)

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

…assuming 

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="W8+ukwTODhvA2AzDXqfqZ6VOty0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBluhRSlJEXUjFN24rGAf0IYwmU7boZNJmJmUhlB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4vZFQqy/o2MmvrG5tb2e3czu7e/oF5eNSUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6m/mtMRGSBvxRxSFxfDTgtE8xUlpyzXwxctVZWBqfy9KkXHYnN1bRNQtWxZoDrhI7JQWQou6aX91egCOfcIUZkrJjW6FyEiQUxYxMc91IkhDhERqQjqYc+UQ6yfz4KTzVSg/2A6GLKzhXf08kyJcy9j3d6SM1lMveTPzP60Sqf+0klIeRIhwvFvUjBlUAZ0nAHhUEKxZrgrCg+laIh0ggrHReOR2CvfzyKmlWK/Zl5eKhWqjdpnFkwTE4ASVggytQA/egDhoAgxg8g1fwZjwZL8a78bFozRjpTB78gfH5A/3Qkw4=</latexit>

ut + p(v, s(x))x = 0

(IC)<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="vHMYCINyEhaYkRDvHP42y+DCHYo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfXTrGbLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwPfjzA=</latexit>

u(0, t) = 0

<latexit sha1_base64="Xs7yRSvVPJvG/CZ/h9p2AV4thPg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTIYIcd0HURgjaWEYwUYgh7G0mccne3rE7FwghjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8y8IJbCoOd9O5mFxaXllexqbm19Y3Mrv71TN1GiOdR4JCN9HzADUiiooUAJ97EGFgYS7oLe1di/64M2IlK3OIihGbKuEh3BGVqpld8rxiXvGI8u4pZXwqMihT4o13Vb+YLnehPQeeKnpEBSVFv5r4d2xJMQFHLJjGn4XozNIdMouIRR7iExEDPeY11oWKpYCKY5nDwwoodWadNOpG0ppBP198SQhcYMwsB2hgwfzaw3Fv/zGgl2zptDoeIEQfHpok4iKUZ0nAZtCw0c5cASxrWwt1L+yDTjaDPL2RD82ZfnSb3s+qfuyU25ULlM48iSfXJASsQnZ6RCrkmV1AgnI/JMXsmb8+S8OO/Ox7Q146Qzu+QPnM8fgCSTyg==</latexit>

p(0, t) = p0(t) even...
<latexit sha1_base64="hRUc3H5+3EZpK76VdvQWgwtiAAk=">AAACJnicbVDLSgMxFM34tr5GXboJdoQKUmaKqBtBdONSwT6gU0omc2tDM8mYZEpL6de48VfcuFBE3PkpprULbT1wL4dz7iW5J0o508b3P525+YXFpeWV1dza+sbmlru9U9EyUxTKVHKpahHRwJmAsmGGQy1VQJKIQzXqXI38aheUZlLcmX4KjYTcC9ZilBgrNd1zLbGXFnpHIY2lOfQwdEFgImLsZb9UGcdH2PNDDg+4N+ohcF70mm7eL/pj4FkSTEgeTXDTdF/DWNIsAWEoJ1rXAz81jQFRhlEOw1yYaUgJ7ZB7qFsqSAK6MRifOcQHVolxSypbwuCx+ntjQBKt+0lkJxNi2nraG4n/efXMtM4aAybSzICgPw+1Mo6NxKPMcMwUUMP7lhCqmP0rpm2iCDU22ZwNIZg+eZZUSsXgpHh8W8pfXE7iWEF7aB8VUIBO0QW6RjeojCh6RM/oFb05T86L8+58/IzOOZOdXfQHztc3CgOieA==</latexit>

so p(x, ·) even and u(x, ·) odd, 0  x  `.

(BC)
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)

<latexit sha1_base64="6FwLi7jQWUrw8/7A3uVLeVQhzuk=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJtgKLUqdKaJuhKIblxX6gnYomTTThmYeJBmhDAU3/oobF4q49Sfc+TemD0GrBy6cnHMvufe4EWdSWdankVpYXFpeSa9m1tY3NrfM7Z26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiD67HfuKNCsjCoqmFEHR/3AuYxgpWWOuZeLsq3KefH6qh6Uipcfr8KOdQxs1bRmgD9JfaMZGGGSsf8aHdDEvs0UIRjKVu2FSknwUIxwuko044ljTAZ4B5taRpgn0onmdwwQoda6SIvFLoChSbqz4kE+1IOfVd3+lj15bw3Fv/zWrHyLpyEBVGsaECmH3kxRypE40BQlwlKFB9qgolgeldE+lhgonRsGR2CPX/yX1IvFe2z4ultKVu+msWRhn04gDzYcA5luIEK1IDAPTzCM7wYD8aT8Wq8TVtTxmxmF37BeP8C/XOVLw==</latexit>

p(`, t+ T/2) = p(`, t)



THE RESULT IN A NUTSHELL

(Euler)

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

We prove existence of nonlinear solutions by perturbing off 
of linearized solutions.               

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="W8+ukwTODhvA2AzDXqfqZ6VOty0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBluhRSlJEXUjFN24rGAf0IYwmU7boZNJmJmUhlB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4vZFQqy/o2MmvrG5tb2e3czu7e/oF5eNSUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6m/mtMRGSBvxRxSFxfDTgtE8xUlpyzXwxctVZWBqfy9KkXHYnN1bRNQtWxZoDrhI7JQWQou6aX91egCOfcIUZkrJjW6FyEiQUxYxMc91IkhDhERqQjqYc+UQ6yfz4KTzVSg/2A6GLKzhXf08kyJcy9j3d6SM1lMveTPzP60Sqf+0klIeRIhwvFvUjBlUAZ0nAHhUEKxZrgrCg+laIh0ggrHReOR2CvfzyKmlWK/Zl5eKhWqjdpnFkwTE4ASVggytQA/egDhoAgxg8g1fwZjwZL8a78bFozRjpTB78gfH5A/3Qkw4=</latexit>

ut + p(v, s(x))x = 0

(IC)<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="vHMYCINyEhaYkRDvHP42y+DCHYo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfXTrGbLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwPfjzA=</latexit>

u(0, t) = 0

(BC)
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)

<latexit sha1_base64="6FwLi7jQWUrw8/7A3uVLeVQhzuk=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJtgKLUqdKaJuhKIblxX6gnYomTTThmYeJBmhDAU3/oobF4q49Sfc+TemD0GrBy6cnHMvufe4EWdSWdankVpYXFpeSa9m1tY3NrfM7Z26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiD67HfuKNCsjCoqmFEHR/3AuYxgpWWOuZeLsq3KefH6qh6Uipcfr8KOdQxs1bRmgD9JfaMZGGGSsf8aHdDEvs0UIRjKVu2FSknwUIxwuko044ljTAZ4B5taRpgn0onmdwwQoda6SIvFLoChSbqz4kE+1IOfVd3+lj15bw3Fv/zWrHyLpyEBVGsaECmH3kxRypE40BQlwlKFB9qgolgeldE+lhgonRsGR2CPX/yX1IvFe2z4ultKVu+msWRhn04gDzYcA5luIEK1IDAPTzCM7wYD8aT8Wq8TVtTxmxmF37BeP8C/XOVLw==</latexit>

p(`, t+ T/2) = p(`, t)



(IC)

Linear solutions can be constructed by Sturm-Liouville 
Theory because the boundary conditions are self-adjoint!               

THE RESULT IN A NUTSHELL

(Euler)

Conclude:  To construct    -time and     -space periodic
solutions of compressible Euler, it suffices to prove 
existence of solutions to the boundary value problem:                

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`
<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T

We prove existence of nonlinear solutions by perturbing off 
of linearized solutions.               

<latexit sha1_base64="1EvE2BbkTvQmnYIsfgWNUcd1aUY=">AAAB8HicbVDLSgNBEJz1GeMrKnjxshgEL4ZdEfUihHjxmIB5SLIss5PZZMjM7DLTGwxLvsKLB0W8Cv6FX+DNi9/i5HHQxIKGoqqb7q4g5kyD43xZC4tLyyurmbXs+sbm1nZuZ7emo0QRWiURj1QjwJpyJmkVGHDaiBXFIuC0HvSuR369T5VmkbyFQUw9gTuShYxgMNJd34eTxL+/cvxc3ik4Y9jzxJ2SfHG/8s3eSx9lP/fZakckEVQC4VjrpuvE4KVYASOcDrOtRNMYkx7u0KahEguqvXR88NA+MkrbDiNlSoI9Vn9PpFhoPRCB6RQYunrWG4n/ec0EwksvZTJOgEoyWRQm3IbIHn1vt5miBPjAEEwUM7fapIsVJmAyypoQ3NmX50nttOCeF84qJo0SmiCDDtAhOkYuukBFdIPKqIoIEugBPaFnS1mP1ov1OmldsKYze+gPrLcfGt2TqQ==</latexit>

vt � ux = 0
<latexit sha1_base64="W8+ukwTODhvA2AzDXqfqZ6VOty0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBluhRSlJEXUjFN24rGAf0IYwmU7boZNJmJmUhlB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4vZFQqy/o2MmvrG5tb2e3czu7e/oF5eNSUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6m/mtMRGSBvxRxSFxfDTgtE8xUlpyzXwxctVZWBqfy9KkXHYnN1bRNQtWxZoDrhI7JQWQou6aX91egCOfcIUZkrJjW6FyEiQUxYxMc91IkhDhERqQjqYc+UQ6yfz4KTzVSg/2A6GLKzhXf08kyJcy9j3d6SM1lMveTPzP60Sqf+0klIeRIhwvFvUjBlUAZ0nAHhUEKxZrgrCg+laIh0ggrHReOR2CvfzyKmlWK/Zl5eKhWqjdpnFkwTE4ASVggytQA/egDhoAgxg8g1fwZjwZL8a78bFozRjpTB78gfH5A/3Qkw4=</latexit>

ut + p(v, s(x))x = 0

(IC)<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="vHMYCINyEhaYkRDvHP42y+DCHYo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfXTrGbLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwPfjzA=</latexit>

u(0, t) = 0

(BC)
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)

<latexit sha1_base64="6FwLi7jQWUrw8/7A3uVLeVQhzuk=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJtgKLUqdKaJuhKIblxX6gnYomTTThmYeJBmhDAU3/oobF4q49Sfc+TemD0GrBy6cnHMvufe4EWdSWdankVpYXFpeSa9m1tY3NrfM7Z26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiD67HfuKNCsjCoqmFEHR/3AuYxgpWWOuZeLsq3KefH6qh6Uipcfr8KOdQxs1bRmgD9JfaMZGGGSsf8aHdDEvs0UIRjKVu2FSknwUIxwuko044ljTAZ4B5taRpgn0onmdwwQoda6SIvFLoChSbqz4kE+1IOfVd3+lj15bw3Fv/zWrHyLpyEBVGsaECmH3kxRypE40BQlwlKFB9qgolgeldE+lhgonRsGR2CPX/yX1IvFe2z4ultKVu+msWRhn04gDzYcA5luIEK1IDAPTzCM7wYD8aT8Wq8TVtTxmxmF37BeP8C/XOVLw==</latexit>

p(`, t+ T/2) = p(`, t)
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STATEMENT OF THEOREMS

We can now state our results precisely: 



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation.

We can now state our results precisely: 



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation

(L) 

We can now state our results precisely: 

<latexit sha1_base64="9gnoRmsHllKIshPu+qoY/vLAVDc=">AAACCXicbVDLSgNBEJyNrxhfqx69DCZCBA27QdSLEPTiMYJ5QDaG2ckkDpl9MNMrCctevfgrXjwo4tU/8ObfOEn2oIkFDUVVN91dbii4Asv6NjILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXI39xgOTigf+LYxC1vZI3+c9TgloqWPiQtiJAZJjR/G+R+7KxeGhc6S14TC5sEoF3DHzVsmaAM8TOyV5lKLaMb+cbkAjj/lABVGqZVshtGMigVPBkpwTKRYSOiB91tLUJx5T7XjySYIPtNLFvUDq8gFP1N8TMfGUGnmu7vQI3KtZbyz+57Ui6J23Y+6HETCfThf1IoEhwONYcJdLRkGMNCFUcn0rpvdEEgo6vJwOwZ59eZ7UyyX7tHRyU85XLtM4smgP7aMistEZqqBrVEU1RNEjekav6M14Ml6Md+Nj2pox0pld9AfG5w9fCpjW</latexit>

ptt � �2(x) pxx = 0.



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation

<latexit sha1_base64="kb9ScNMOSLyFqCzYtTW1HbAUQ00=">AAAB/nicbVDLSsNAFJ34rPUVFVduBluhhVqSIupGKLpxWcE+oA1hMp20QyeTMDMpLaHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv997jRYxKZVnfxsrq2vrGZmYru72zu7dvHhw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkN7qZ+c0iEpCF/VOOIOAHqcepTjJSWXPM4PyxEJVkYFYuuOo/d0Y1VykPXzFllawa4TOyU5ECKmmt+dbohjgPCFWZIyrZtRcpJkFAUMzLJdmJJIoQHqEfamnIUEOkks/Mn8EwrXeiHQhdXcKb+nkhQIOU48HRngFRfLnpT8T+vHSv/2kkoj2JFOJ4v8mMGVQinWcAuFQQrNtYEYUH1rRD3kUBY6cSyOgR78eVl0qiU7cvyxUMlV71N48iAE3AKCsAGV6AK7kEN1AEGCXgGr+DNeDJejHfjY966YqQzR+APjM8fxwOTcA==</latexit>

v(p, s(x))t � ux = 0,
<latexit sha1_base64="Gkn1xWtnOZZc+17lGxoVQ+6fb0o=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhNBEMJuEPUiBL14jGAekCzL7GQ2GTI7u8z0iGHJb3jxoIhXf8abf+PkcdDEgoaiqpvurjAVXIPrfju5ldW19Y38ZmFre2d3r7h/0NSJUZQ1aCIS1Q6JZoJL1gAOgrVTxUgcCtYKh7cTv/XIlOaJfIBRyvyY9CWPOCVgpW7ZBHCWBk/XbhkHxZJbcafAy8SbkxKaox4Uv7q9hJqYSaCCaN3x3BT8jCjgVLBxoWs0Swkdkj7rWCpJzLSfTW8e4xOr9HCUKFsS8FT9PZGRWOtRHNrOmMBAL3oT8T+vYyC68jMuUwNM0tmiyAgMCZ4EgHtcMQpiZAmhittbMR0QRSjYmAo2BG/x5WXSrFa8i8r5fbVUu5nHkUdH6BidIg9dohq6Q3XUQBSl6Bm9ojfHOC/Ou/Mxa80585lD9AfO5w9D3pCI</latexit>

ut + px = 0 (Euler) 

(L) 

I.e., linearize

We can now state our results precisely: 

<latexit sha1_base64="9gnoRmsHllKIshPu+qoY/vLAVDc=">AAACCXicbVDLSgNBEJyNrxhfqx69DCZCBA27QdSLEPTiMYJ5QDaG2ckkDpl9MNMrCctevfgrXjwo4tU/8ObfOEn2oIkFDUVVN91dbii4Asv6NjILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXI39xgOTigf+LYxC1vZI3+c9TgloqWPiQtiJAZJjR/G+R+7KxeGhc6S14TC5sEoF3DHzVsmaAM8TOyV5lKLaMb+cbkAjj/lABVGqZVshtGMigVPBkpwTKRYSOiB91tLUJx5T7XjySYIPtNLFvUDq8gFP1N8TMfGUGnmu7vQI3KtZbyz+57Ui6J23Y+6HETCfThf1IoEhwONYcJdLRkGMNCFUcn0rpvdEEgo6vJwOwZ59eZ7UyyX7tHRyU85XLtM4smgP7aMistEZqqBrVEU1RNEjekav6M14Ml6Md+Nj2pox0pld9AfG5w9fCpjW</latexit>

ptt � �2(x) pxx = 0.



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation

<latexit sha1_base64="e6gI8bh2xNRQJli+EmfNSXJJ5VY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGhNBUMJMEPUiBL14jGAWSIahp9OTNOlZ6K5Rwzif4sWDIl79Em/+jZ3loIkPCh7vVVFVz4sFV2BZ30ZuaXlldS2/XtjY3NreMYu7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW84fXYb90zqXgU3sEoZk5A+iH3OSWgJdcslmM3fcyOEzeF7NI6KWPXLFkVawK8SOwZKaEZ6q751e1FNAlYCFQQpTq2FYOTEgmcCpYVuoliMaFD0mcdTUMSMOWkk9MzfKiVHvYjqSsEPFF/T6QkUGoUeLozIDBQ895Y/M/rJOBfOCkP4wRYSKeL/ERgiPA4B9zjklEQI00IlVzfiumASEJBp1XQIdjzLy+SZrVin1VOb6ul2tUsjjzaRwfoCNnoHNXQDaqjBqLoAT2jV/RmPBkvxrvxMW3NGbOZPfQHxucPxCSTBw==</latexit>

px + ut = 0,
<latexit sha1_base64="l+l6HgWd9F0p7qc7cZPub4O6DE0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBluhYilJEXUjFN24rGAf0MQwmU7aoZMHMxNpCdm58VfcuFDErb/gzr9x2mah1QMXDufcy733uBGjQhrGl5ZbWFxaXsmvFtbWNza39O2dlghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w6uJ374nXNAwuJXjiNg+6gfUoxhJJTn6fil2klF6bAna99FdrTw6siqRk8j0wqiUoKMXjaoxBfxLzIwUQYaGo39avRDHPgkkZkiIrmlE0k4QlxQzkhasWJAI4SHqk66iAfKJsJPpHyk8VEoPeiFXFUg4VX9OJMgXYuy7qtNHciDmvYn4n9eNpXduJzSIYkkCPFvkxQzKEE5CgT3KCZZsrAjCnKpbIR4gjrBU0RVUCOb8y39Jq1Y1T6snN7Vi/TKLIw/2wAEoAxOcgTq4Bg3QBBg8gCfwAl61R+1Ze9PeZ605LZvZBb+gfXwDl9SX1w==</latexit>

ux + �2(x) pt = 0,

<latexit sha1_base64="kb9ScNMOSLyFqCzYtTW1HbAUQ00=">AAAB/nicbVDLSsNAFJ34rPUVFVduBluhhVqSIupGKLpxWcE+oA1hMp20QyeTMDMpLaHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv997jRYxKZVnfxsrq2vrGZmYru72zu7dvHhw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkN7qZ+c0iEpCF/VOOIOAHqcepTjJSWXPM4PyxEJVkYFYuuOo/d0Y1VykPXzFllawa4TOyU5ECKmmt+dbohjgPCFWZIyrZtRcpJkFAUMzLJdmJJIoQHqEfamnIUEOkks/Mn8EwrXeiHQhdXcKb+nkhQIOU48HRngFRfLnpT8T+vHSv/2kkoj2JFOJ4v8mMGVQinWcAuFQQrNtYEYUH1rRD3kUBY6cSyOgR78eVl0qiU7cvyxUMlV71N48iAE3AKCsAGV6AK7kEN1AEGCXgGr+DNeDJejHfjY966YqQzR+APjM8fxwOTcA==</latexit>

v(p, s(x))t � ux = 0,
<latexit sha1_base64="Gkn1xWtnOZZc+17lGxoVQ+6fb0o=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhNBEMJuEPUiBL14jGAekCzL7GQ2GTI7u8z0iGHJb3jxoIhXf8abf+PkcdDEgoaiqpvurjAVXIPrfju5ldW19Y38ZmFre2d3r7h/0NSJUZQ1aCIS1Q6JZoJL1gAOgrVTxUgcCtYKh7cTv/XIlOaJfIBRyvyY9CWPOCVgpW7ZBHCWBk/XbhkHxZJbcafAy8SbkxKaox4Uv7q9hJqYSaCCaN3x3BT8jCjgVLBxoWs0Swkdkj7rWCpJzLSfTW8e4xOr9HCUKFsS8FT9PZGRWOtRHNrOmMBAL3oT8T+vYyC68jMuUwNM0tmiyAgMCZ4EgHtcMQpiZAmhittbMR0QRSjYmAo2BG/x5WXSrFa8i8r5fbVUu5nHkUdH6BidIg9dohq6Q3XUQBSl6Bm9ojfHOC/Ou/Mxa80585lD9AfO5w9D3pCI</latexit>

ut + px = 0 (Euler) 

(L) 

I.e., linearize

to get

which is equivalent to (L). 

We can now state our results precisely: 

<latexit sha1_base64="9gnoRmsHllKIshPu+qoY/vLAVDc=">AAACCXicbVDLSgNBEJyNrxhfqx69DCZCBA27QdSLEPTiMYJ5QDaG2ckkDpl9MNMrCctevfgrXjwo4tU/8ObfOEn2oIkFDUVVN91dbii4Asv6NjILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXI39xgOTigf+LYxC1vZI3+c9TgloqWPiQtiJAZJjR/G+R+7KxeGhc6S14TC5sEoF3DHzVsmaAM8TOyV5lKLaMb+cbkAjj/lABVGqZVshtGMigVPBkpwTKRYSOiB91tLUJx5T7XjySYIPtNLFvUDq8gFP1N8TMfGUGnmu7vQI3KtZbyz+57Ui6J23Y+6HETCfThf1IoEhwONYcJdLRkGMNCFUcn0rpvdEEgo6vJwOwZ59eZ7UyyX7tHRyU85XLtM4smgP7aMistEZqqBrVEU1RNEjekav6M14Ml6Md+Nj2pox0pld9AfG5w9fCpjW</latexit>

ptt � �2(x) pxx = 0.



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation.

(L) 

We can now state our results precisely: 

<latexit sha1_base64="9gnoRmsHllKIshPu+qoY/vLAVDc=">AAACCXicbVDLSgNBEJyNrxhfqx69DCZCBA27QdSLEPTiMYJ5QDaG2ckkDpl9MNMrCctevfgrXjwo4tU/8ObfOEn2oIkFDUVVN91dbii4Asv6NjILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXI39xgOTigf+LYxC1vZI3+c9TgloqWPiQtiJAZJjR/G+R+7KxeGhc6S14TC5sEoF3DHzVsmaAM8TOyV5lKLaMb+cbkAjj/lABVGqZVshtGMigVPBkpwTKRYSOiB91tLUJx5T7XjySYIPtNLFvUDq8gFP1N8TMfGUGnmu7vQI3KtZbyz+57Ui6J23Y+6HETCfThf1IoEhwONYcJdLRkGMNCFUcn0rpvdEEgo6vJwOwZ59eZ7UyyX7tHRyU85XLtM4smgP7aMistEZqqBrVEU1RNEjekav6M14Ml6Md+Nj2pox0pld9AfG5w9fCpjW</latexit>

ptt � �2(x) pxx = 0.



STATEMENT OF THEOREMS

Linearizing (Euler) about “quiet” state                                       
<latexit sha1_base64="4FHlYQzBWyceYjVfgQ970WOEqHU=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFCqXMFFE3haIblxXsA9qhZNJMG5rJhCQjlqFu/BU3LhRx61+4829M21lo64ELh3Pu5d57fMGo0o7zbS0tr6yurWc2sptb2zu79t5+Q0WxxKSOIxbJlo8UYZSTuqaakZaQBIU+I01/eD3xm/dEKhrxOz0SxAtRn9OAYqSN1LUP86LS8ZFMxLgI44pThKqiCg+n+a6dc0rOFHCRuCnJgRS1rv3V6UU4DgnXmCGl2q4jtJcgqSlmZJztxIoIhIeoT9qGchQS5SXTD8bwxCg9GETSFNdwqv6eSFCo1Cj0TWeI9EDNexPxP68d6+DSSygXsSYczxYFMYM6gpM4YI9KgjUbGYKwpOZWiAdIIqxNaFkTgjv/8iJplEvueenstpyrXqVxZMAROAYF4IILUAU3oAbqAINH8AxewZv1ZL1Y79bHrHXJSmcOwB9Ynz90PJT2</latexit>

p = p̄, u = 0, s = s(x)

determines the linear wave equation.

(L) 
<latexit sha1_base64="9gnoRmsHllKIshPu+qoY/vLAVDc=">AAACCXicbVDLSgNBEJyNrxhfqx69DCZCBA27QdSLEPTiMYJ5QDaG2ckkDpl9MNMrCctevfgrXjwo4tU/8ObfOEn2oIkFDUVVN91dbii4Asv6NjILi0vLK9nV3Nr6xuaWub1TV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXI39xgOTigf+LYxC1vZI3+c9TgloqWPiQtiJAZJjR/G+R+7KxeGhc6S14TC5sEoF3DHzVsmaAM8TOyV5lKLaMb+cbkAjj/lABVGqZVshtGMigVPBkpwTKRYSOiB91tLUJx5T7XjySYIPtNLFvUDq8gFP1N8TMfGUGnmu7vQI3KtZbyz+57Ui6J23Y+6HETCfThf1IoEhwONYcJdLRkGMNCFUcn0rpvdEEgo6vJwOwZ59eZ7UyyX7tHRyU85XLtM4smgP7aMistEZqqBrVEU1RNEjekav6M14Ml6Md+Nj2pox0pld9AfG5w9fCpjW</latexit>

ptt � �2(x) pxx = 0.

We can now state our results precisely: 

The BVP:  (L),(IC),(BC) is solvable by separation of variables…



STATEMENT OF THEOREMS
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where �k and  k are the eigenfunctions of the Sturm-
Liouville problem, k = 1, 2, 3, ....
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Theorem [TY 2023]: Linearizing (Euler) around a quiet
state p = p̄, u = 0, s(x), Sturm-Liouville theory deter-
mines a sequence of pure-tone solutions of the linear
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`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

nonlinear k-mode
period 

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

STATEMENT OF THEOREMS

As a corollary we obtain an infinite family of pure tone solutions
satisfying the acoustic boundary condition 

<latexit sha1_base64="emKeCNBkj0oT02hA+/w8fu6XSaU=">AAAB73icbVBNS8NAEJ3Urxq/qh69LLaCp5CUol6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRuogu5Jeu06lXyq7jjsHWiVeTsqQo9EvffUGMUkjKjThWKmu5ybaz7DUjHA6tXupogkmYzykXUMFjqjys/m9U3RmlAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif1011eOVnTCSppoIsFoUpRzpGs+fRgElKNJ8Ygolk5lZERlhiok1EtgnBW355lbSqjnfh1O6r5fpNHkcRTuAUzsGDS6jDHTSgCQQ4PMMrvFmP1ov1bn0sWgtWPnMMf2B9/gCDK45T</latexit>

u = 0.

<latexit sha1_base64="6sAEv+NmGT7jJ2aFGRv38vBM+QY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4mJIAkQsrfMwYa9vXN3j4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjPPjwXXxnW/ndza+sbmVn67sLO7t39QPDxq6ihRDBssEpFq+VSj4BIbhhuBrVghDX2Bj/7oduY/jlFpHskHM4mxG9KB5AFn1FipVR6VCY5R9oolt+LOQVaJl5ESZKj3il+dfsSSEKVhgmrd9tzYdFOqDGcCp4VOojGmbEQH2LZU0hB1N53fOyVnVumTIFK2pCFz9fdESkOtJ6FvO0NqhnrZm4n/ee3EBNfdlMs4MSjZYlGQCGIiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGAp7hFd6cJ+fFeXc+Fq05J5s5hj9wPn8ACA6PUg==</latexit>

k even



<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

nonlinear k-mode
period 

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

STATEMENT OF THEOREMS

As a corollary we obtain an infinite family of pure tone solutions
satisfying the acoustic boundary condition 

<latexit sha1_base64="emKeCNBkj0oT02hA+/w8fu6XSaU=">AAAB73icbVBNS8NAEJ3Urxq/qh69LLaCp5CUol6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRuogu5Jeu06lXyq7jjsHWiVeTsqQo9EvffUGMUkjKjThWKmu5ybaz7DUjHA6tXupogkmYzykXUMFjqjys/m9U3RmlAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif1011eOVnTCSppoIsFoUpRzpGs+fRgElKNJ8Ygolk5lZERlhiok1EtgnBW355lbSqjnfh1O6r5fpNHkcRTuAUzsGDS6jDHTSgCQQ4PMMrvFmP1ov1bn0sWgtWPnMMf2B9/gCDK45T</latexit>

u = 0.

<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0
<latexit sha1_base64="6sAEv+NmGT7jJ2aFGRv38vBM+QY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4mJIAkQsrfMwYa9vXN3j4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjPPjwXXxnW/ndza+sbmVn67sLO7t39QPDxq6ihRDBssEpFq+VSj4BIbhhuBrVghDX2Bj/7oduY/jlFpHskHM4mxG9KB5AFn1FipVR6VCY5R9oolt+LOQVaJl5ESZKj3il+dfsSSEKVhgmrd9tzYdFOqDGcCp4VOojGmbEQH2LZU0hB1N53fOyVnVumTIFK2pCFz9fdESkOtJ6FvO0NqhnrZm4n/ee3EBNfdlMs4MSjZYlGQCGIiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGAp7hFd6cJ+fFeXc+Fq05J5s5hj9wPn8ACA6PUg==</latexit>

k even



<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

Applies to any PW-smooth non-resonant entropy profile         .     .

STATEMENT OF THEOREMS

<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

As a corollary we obtain an infinite family of pure tone solutions
satisfying the acoustic boundary condition 

<latexit sha1_base64="emKeCNBkj0oT02hA+/w8fu6XSaU=">AAAB73icbVBNS8NAEJ3Urxq/qh69LLaCp5CUol6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRuogu5Jeu06lXyq7jjsHWiVeTsqQo9EvffUGMUkjKjThWKmu5ybaz7DUjHA6tXupogkmYzykXUMFjqjys/m9U3RmlAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif1011eOVnTCSppoIsFoUpRzpGs+fRgElKNJ8Ygolk5lZERlhiok1EtgnBW355lbSqjnfh1O6r5fpNHkcRTuAUzsGDS6jDHTSgCQQ4PMMrvFmP1ov1bn0sWgtWPnMMf2B9/gCDK45T</latexit>

u = 0.

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

nonlinear k-mode
period 

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0
<latexit sha1_base64="6sAEv+NmGT7jJ2aFGRv38vBM+QY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4mJIAkQsrfMwYa9vXN3j4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjPPjwXXxnW/ndza+sbmVn67sLO7t39QPDxq6ihRDBssEpFq+VSj4BIbhhuBrVghDX2Bj/7oduY/jlFpHskHM4mxG9KB5AFn1FipVR6VCY5R9oolt+LOQVaJl5ESZKj3il+dfsSSEKVhgmrd9tzYdFOqDGcCp4VOojGmbEQH2LZU0hB1N53fOyVnVumTIFK2pCFz9fdESkOtJ6FvO0NqhnrZm4n/ee3EBNfdlMs4MSjZYlGQCGIiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGAp7hFd6cJ+fFeXc+Fq05J5s5hj9wPn8ACA6PUg==</latexit>

k even



<latexit sha1_base64="TIveLKYLyFWfJ+wGySROD/x9plU=">AAAB73icbVBNSwMxEJ31s9avqkcvwVbwYtktoh6LXjxWsB/QLiWbzbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbCmnAnaNMxw2kkUxXHAaTsY3U799hNVmknxYMYJ9WM8ECxiBBsrdSqjynksQ9ovld2qOwNaJl5OypCj0S999UJJ0pgKQzjWuuu5ifEzrAwjnE6KvVTTBJMRHtCupQLHVPvZ7N4JOrVKiCKpbAmDZurviQzHWo/jwHbG2Az1ojcV//O6qYmu/YyJJDVUkPmiKOXISDR9HoVMUWL42BJMFLO3IjLEChNjIyraELzFl5dJq1b1LqsX97Vy/SaPowDHcAJn4MEV1OEOGtAEAhye4RXenEfnxXl3PuatK04+cwR/4Hz+AA5bj1Y=</latexit>

k-modeEach linearized                perturbs to nonlinear.             

STATEMENT OF THEOREMS

Applies to any PW-smooth non-resonant entropy profile         .     .
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

As a corollary we obtain an infinite family of pure tone solutions
satisfying the acoustic boundary condition 

<latexit sha1_base64="emKeCNBkj0oT02hA+/w8fu6XSaU=">AAAB73icbVBNS8NAEJ3Urxq/qh69LLaCp5CUol6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRuogu5Jeu06lXyq7jjsHWiVeTsqQo9EvffUGMUkjKjThWKmu5ybaz7DUjHA6tXupogkmYzykXUMFjqjys/m9U3RmlAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif1011eOVnTCSppoIsFoUpRzpGs+fRgElKNJ8Ygolk5lZERlhiok1EtgnBW355lbSqjnfh1O6r5fpNHkcRTuAUzsGDS6jDHTSgCQQ4PMMrvFmP1ov1bn0sWgtWPnMMf2B9/gCDK45T</latexit>

u = 0.

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

nonlinear k-mode
period 

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0
<latexit sha1_base64="6sAEv+NmGT7jJ2aFGRv38vBM+QY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4mJIAkQsrfMwYa9vXN3j4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjPPjwXXxnW/ndza+sbmVn67sLO7t39QPDxq6ihRDBssEpFq+VSj4BIbhhuBrVghDX2Bj/7oduY/jlFpHskHM4mxG9KB5AFn1FipVR6VCY5R9oolt+LOQVaJl5ESZKj3il+dfsSSEKVhgmrd9tzYdFOqDGcCp4VOojGmbEQH2LZU0hB1N53fOyVnVumTIFK2pCFz9fdESkOtJ6FvO0NqhnrZm4n/ee3EBNfdlMs4MSjZYlGQCGIiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGAp7hFd6cJ+fFeXc+Fq05J5s5hj9wPn8ACA6PUg==</latexit>

k even



STATEMENT OF THEOREMS

A Symmetry Reflection Principle extends solutions on
to solutions with                                                            . 

<latexit sha1_base64="pXY7mIQUcWESvI7Cd6c6py1S4Ls=">AAACFXicbVBNS8NAEN3Ur1q/oh69LLaCBylJKeqx6MVjhbYW2lA2m2m7dLMJuxuhhP4JL/4VLx4U8Sp489+4bQNq64OBx3szzMzzY86UdpwvK7eyura+kd8sbG3v7O7Z+wctFSWSQpNGPJJtnyjgTEBTM82hHUsgoc/hzh9dT/27e5CKRaKhxzF4IRkI1meUaCP17DNc0CwEHINkUYBLjd6ohIkIsIoJ/ZGrXeC81LOLTtmZAS8TNyNFlKHesz+7QUSTEISmnCjVcZ1YeymRmlEOk0I3UWD2jMgAOoYKEoLy0tlXE3xilAD3I2lKaDxTf0+kJFRqHPqmMyR6qBa9qfif10l0/9JLmYgTDYLOF/UTjnWEpxHhgEmgmo8NIVQycyumQyIJ1SbIggnBXXx5mbQqZfe8XL2tFGtXWRx5dISO0Sly0QWqoRtUR01E0QN6Qi/o1Xq0nq03633emrOymUP0B9bHN9lSnMM=</latexit>

time period Tk and space period 4`

<latexit sha1_base64="mZ9IhzA1eepwZsioaJpZhtJAIdw=">AAAB83icbVBNS8NAEN3Urxq/qh69LLaCBylJEfVY9OKxgv2AJJTNdtIu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXetnd29/YPKodHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuO72Z+9wmkYol41JMUgpgMBYsYJdpIPrZrnnPhA+dBrV+pOnVnDrxK3IJUUYFWv/LlDxKaxSA05UQpz3VSHeREakY5TG0/U5ASOiZD8AwVJAYV5PObp/jMKAMcJdKU0Hiu/p7ISazUJA5NZ0z0SC17M/E/z8t0dBPkTKSZBkEXi6KMY53gWQB4wCRQzSeGECqZuRXTEZGEahOTbUJwl19eJZ1G3b2qXz40qs3bIo4yOkGn6By56Bo10T1qoTaiKEXP6BW9WZn1Yr1bH4vWklXMHKM/sD5/AJJIkBg=</latexit>

[0, `]

Applies to any PW-smooth non-resonant entropy profile         .     .
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)
<latexit sha1_base64="TIveLKYLyFWfJ+wGySROD/x9plU=">AAAB73icbVBNSwMxEJ31s9avqkcvwVbwYtktoh6LXjxWsB/QLiWbzbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbCmnAnaNMxw2kkUxXHAaTsY3U799hNVmknxYMYJ9WM8ECxiBBsrdSqjynksQ9ovld2qOwNaJl5OypCj0S999UJJ0pgKQzjWuuu5ifEzrAwjnE6KvVTTBJMRHtCupQLHVPvZ7N4JOrVKiCKpbAmDZurviQzHWo/jwHbG2Az1ojcV//O6qYmu/YyJJDVUkPmiKOXISDR9HoVMUWL42BJMFLO3IjLEChNjIyraELzFl5dJq1b1LqsX97Vy/SaPowDHcAJn4MEV1OEOGtAEAhye4RXenEfnxXl3PuatK04+cwR/4Hz+AA5bj1Y=</latexit>

k-modeEach linearized                perturbs to nonlinear.             

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`
<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

nonlinear k-mode
period 

<latexit sha1_base64="/T8hRBN+cKLZRgMlUk+IxJnVGso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZ6bPTH/XLFrbpzkFXi5aQCOer98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1VLx8uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAvro2/</latexit>

Tk

<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0
<latexit sha1_base64="6sAEv+NmGT7jJ2aFGRv38vBM+QY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4mJIAkQsrfMwYa9vXN3j4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjPPjwXXxnW/ndza+sbmVn67sLO7t39QPDxq6ihRDBssEpFq+VSj4BIbhhuBrVghDX2Bj/7oduY/jlFpHskHM4mxG9KB5AFn1FipVR6VCY5R9oolt+LOQVaJl5ESZKj3il+dfsSSEKVhgmrd9tzYdFOqDGcCp4VOojGmbEQH2LZU0hB1N53fOyVnVumTIFK2pCFz9fdESkOtJ6FvO0NqhnrZm4n/ee3EBNfdlMs4MSjZYlGQCGIiMnue9LlCZsTEEsoUt7cSNqSKMmMjKtgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGAp7hFd6cJ+fFeXc+Fq05J5s5hj9wPn8ACA6PUg==</latexit>

k even

As a corollary we obtain an infinite family of pure tone solutions
satisfying the acoustic boundary condition 

<latexit sha1_base64="emKeCNBkj0oT02hA+/w8fu6XSaU=">AAAB73icbVBNS8NAEJ3Urxq/qh69LLaCp5CUol6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/O/PYTlYrF4kFPEupHeChYyAjWRuogu5Jeu06lXyq7jjsHWiVeTsqQo9EvffUGMUkjKjThWKmu5ybaz7DUjHA6tXupogkmYzykXUMFjqjys/m9U3RmlAEKY2lKaDRXf09kOFJqEgWmM8J6pJa9mfif1011eOVnTCSppoIsFoUpRzpGs+fRgElKNJ8Ygolk5lZERlhiok1EtgnBW355lbSqjnfh1O6r5fpNHkcRTuAUzsGDS6jDHTSgCQQ4PMMrvFmP1ov1bn0sWgtWPnMMf2B9/gCDK45T</latexit>

u = 0.



THE REFLECTION SYMMETRY PRINCIPLE



THE REFLECTION SYMMETRY PRINCIPLE

Assume given entropy profile          .        
<latexit sha1_base64="Rvev5yMbB2umOR/15jjBw/Q2HzM=">AAAB73icbVBNT8JAEJ3iF9Yv1KOXjWCCF9ISox6JXjxiIh8JNGS7bGHDdlt2t0bS8Ce8eNAYr/4db/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3Mpv2zu7e/sHhcOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Mbz1SqVgkHvQkpl6IB4IFjGBtpDayS6r8dF7qFYpOxZkDrRI3I0XIUO8Vvrr9iCQhFZpwrFTHdWLtpVhqRjid2t1E0RiTER7QjqECh1R56fzeKTozSh8FkTQlNJqrvydSHCo1CX3TGWI9VMveTPzP6yQ6uPZSJuJEU0EWi4KEIx2h2fOozyQlmk8MwUQycysiQywx0SYi24TgLr+8SprVintZubivFms3WRx5OIFTKIMLV1CDO6hDAwhweIZXeLPG1ov1bn0sWnNWNnMMf2B9/gDGH45/</latexit>

s(x)



THE REFLECTION SYMMETRY PRINCIPLE

Restrict to solutions

Assume given entropy profile          .        
<latexit sha1_base64="Rvev5yMbB2umOR/15jjBw/Q2HzM=">AAAB73icbVBNT8JAEJ3iF9Yv1KOXjWCCF9ISox6JXjxiIh8JNGS7bGHDdlt2t0bS8Ce8eNAYr/4db/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3Mpv2zu7e/sHhcOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Mbz1SqVgkHvQkpl6IB4IFjGBtpDayS6r8dF7qFYpOxZkDrRI3I0XIUO8Vvrr9iCQhFZpwrFTHdWLtpVhqRjid2t1E0RiTER7QjqECh1R56fzeKTozSh8FkTQlNJqrvydSHCo1CX3TGWI9VMveTPzP6yQ6uPZSJuJEU0EWi4KEIx2h2fOozyQlmk8MwUQycysiQywx0SYi24TgLr+8SprVintZubivFms3WRx5OIFTKIMLV1CDO6hDAwhweIZXeLPG1ov1bn0sWnNWNnMMf2B9/gDGH45/</latexit>

s(x)
<latexit sha1_base64="o4j/s2U5NCq7Er2HLREQ5Xh3jVY=">AAACA3icbZDLSsNAFIYn9VbrLepON4Ot4EJKUkRdFt24rGAv0IYymZy0QyeTMDMplFJw46u4caGIW1/CnW/jNO1CW38Y+PjPOZw5v59wprTjfFu5ldW19Y38ZmFre2d3z94/aKg4lRTqNOaxbPlEAWcC6pppDq1EAol8Dk1/cDutN4cgFYvFgx4l4EWkJ1jIKNHG6tpHuABDEJgJXEpK5zgOgozTUrlrF52ykwkvgzuHIpqr1rW/OkFM0wiEppwo1XadRHtjIjWjHCaFTqogIXRAetA2KEgEyhtnN0zwqXECHMbSPKFx5v6eGJNIqVHkm86I6L5arE3N/2rtVIfX3piJJNUg6GxRmHKsYzwNBAdMAtV8ZIBQycxfMe0TSag2sRVMCO7iycvQqJTdy/LFfaVYvZnHkUfH6ASdIRddoSq6QzVURxQ9omf0it6sJ+vFerc+Zq05az5ziP7I+vwBgwaU4g==</latexit>

even in p, odd in u.



THE REFLECTION SYMMETRY PRINCIPLE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Impose self-adjoint boundary conditions at                            .  
<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

(IC)

Restrict to solutions

Assume given entropy profile          .        
<latexit sha1_base64="Rvev5yMbB2umOR/15jjBw/Q2HzM=">AAAB73icbVBNT8JAEJ3iF9Yv1KOXjWCCF9ISox6JXjxiIh8JNGS7bGHDdlt2t0bS8Ce8eNAYr/4db/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3Mpv2zu7e/sHhcOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Mbz1SqVgkHvQkpl6IB4IFjGBtpDayS6r8dF7qFYpOxZkDrRI3I0XIUO8Vvrr9iCQhFZpwrFTHdWLtpVhqRjid2t1E0RiTER7QjqECh1R56fzeKTozSh8FkTQlNJqrvydSHCo1CX3TGWI9VMveTPzP6yQ6uPZSJuJEU0EWi4KEIx2h2fOozyQlmk8MwUQycysiQywx0SYi24TgLr+8SprVintZubivFms3WRx5OIFTKIMLV1CDO6hDAwhweIZXeLPG1ov1bn0sWnNWNnMMf2B9/gDGH45/</latexit>

s(x)
<latexit sha1_base64="o4j/s2U5NCq7Er2HLREQ5Xh3jVY=">AAACA3icbZDLSsNAFIYn9VbrLepON4Ot4EJKUkRdFt24rGAv0IYymZy0QyeTMDMplFJw46u4caGIW1/CnW/jNO1CW38Y+PjPOZw5v59wprTjfFu5ldW19Y38ZmFre2d3z94/aKg4lRTqNOaxbPlEAWcC6pppDq1EAol8Dk1/cDutN4cgFYvFgx4l4EWkJ1jIKNHG6tpHuABDEJgJXEpK5zgOgozTUrlrF52ykwkvgzuHIpqr1rW/OkFM0wiEppwo1XadRHtjIjWjHCaFTqogIXRAetA2KEgEyhtnN0zwqXECHMbSPKFx5v6eGJNIqVHkm86I6L5arE3N/2rtVIfX3piJJNUg6GxRmHKsYzwNBAdMAtV8ZIBQycxfMe0TSag2sRVMCO7iycvQqJTdy/LFfaVYvZnHkUfH6ASdIRddoSq6QzVURxQ9omf0it6sJ+vFerc+Zq05az5ziP7I+vwBgwaU4g==</latexit>

even in p, odd in u.

<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)
<latexit sha1_base64="VBZdL6QT7uk1Ps6BoIS3Lw+7NKQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckIZSi48VfcuFDErT/hzr8xbUfQ1gMXTs65l9x73JBRqSzry0gtLa+srqXXMxubW9s75u5eQwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru8GbiN++JkDTgNTUKieOjPqcexUhpqWse5MJ8hzBWVCe103Lh6udVKOa6ZtYqWVPARWInJAsSVLvmZ6cX4MgnXGGGpGzbVqicGAlFMSPjTCeSJER4iPqkrSlHPpFOPL1hDI+10oNeIHRxBafq74kY+VKOfFd3+kgN5Lw3Ef/z2pHyLp2Y8jBShOPZR17EoArgJBDYo4JgxUaaICyo3hXiARIIKx1bRodgz5+8SBrlkn1eOrsrZyvXSRxpcAiOQB7Y4AJUwC2ogjrA4AE8gRfwajwaz8ab8T5rTRnJzD74A+PjGw+6lTs=</latexit>

p(`, t+ T/2) = p(`, t),



THE REFLECTION SYMMETRY PRINCIPLE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Impose self-adjoint boundary conditions at                            .  
<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)

(IC)

and evolves to satisfy (BC) at                
<latexit sha1_base64="sK+qAX6R1+8Q8OPQKEGXZ8Rq2JM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHoRil48VrC1sF1KNs22odlkSbJiKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpRypo3nfTuFldW19Y3iZmlre2d3r7x/0NIyU4Q2ieRStSOsKWeCNg0znLZTRXEScfoQDW+m/sMjVZpJcW9GKQ0T3BcsZgQbKwWo+nTVoZxXXdQtVzzXmwEtEz8nFcjR6Ja/Oj1JsoQKQzjWOvC91IRjrAwjnE5KnUzTFJMh7tPAUoETqsPx7OQJOrFKD8VS2RIGzdTfE2OcaD1KItuZYDPQi95U/M8LMhNfhmMm0sxQQeaL4owjI9H0f9RjihLDR5Zgopi9FZEBVpgYm1LJhuAvvrxMWjXXP3fP7mqV+nUeRxGO4BhOwYcLqMMtNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRc2P8w==</latexit>

x = `.

<latexit sha1_base64="AhFASQCUdpwZicugyNzrnoex/XY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFuhQim7RdSLUPTisYL9gHYp2TTbhmazSzIRSunf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JEcA2u++1k1tY3Nrey27md3b39g/zhUVPHRlHWoLGIVTsgmgkuWQM4CNZOFCNRIFgrGN3N/NYTU5rH8hHGCfMjMpA85JSAlbq4aEpuGc5v3HKxly+4FXcOvEq8lBRQinov/9Xtx9RETAIVROuO5ybgT4gCTgWb5rpGs4TQERmwjqWSREz7k/nNU3xmlT4OY2VLAp6rvycmJNJ6HAW2MyIw1MveTPzP6xgIr/0Jl4kBJuliUWgEhhjPAsB9rhgFMbaEUMXtrZgOiSIUbEw5G4K3/PIqaVYr3mXl4qFaqN2mcWTRCTpFJeShK1RD96iOGoiiBD2jV/TmGOfFeXc+Fq0ZJ505Rn/gfP4AxLCPkA==</latexit>

u(0, t) = 0,

<latexit sha1_base64="QYKVcmxFfDkVn6AYyx/qgtLW+UM=">AAAB+nicbVBdSwJBFJ21L7OvtR57GdLAQGRXonoJpF56NMgP0EVmx6sOzs4uM7OGmD+llx6K6LVf0lv/plH3obQDFw7n3Mu99/gRZ0o7zreVWlvf2NxKb2d2dvf2D+zsYV2FsaRQoyEPZdMnCjgTUNNMc2hGEkjgc2j4w9uZ3xiBVCwUD3ocgReQvmA9Rok2UsfO4nxUcIr67NrJYxiBKHbsnFNy5sCrxE1IDiWoduyvdjekcQBCU06UarlOpL0JkZpRDtNMO1YQETokfWgZKkgAypvMT5/iU6N0cS+UpoTGc/X3xIQESo0D33QGRA/UsjcT//Nase5deRMmoliDoItFvZhjHeJZDrjLJFDNx4YQKpm5FdMBkYRqk1bGhOAuv7xK6uWSe1E6vy/nKjdJHGl0jE5QAbnoElXQHaqiGqLoET2jV/RmPVkv1rv1sWhNWcnMEfoD6/MHuxCRvA==</latexit>

p(0, t) = 0 even,

(acoustic)

Theorem:  Assume a smooth solution starts from T-periodic 
initial data at x=0 satisfying

Restrict to solutions

Assume given entropy profile          .        
<latexit sha1_base64="Rvev5yMbB2umOR/15jjBw/Q2HzM=">AAAB73icbVBNT8JAEJ3iF9Yv1KOXjWCCF9ISox6JXjxiIh8JNGS7bGHDdlt2t0bS8Ce8eNAYr/4db/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3Mpv2zu7e/sHhcOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Mbz1SqVgkHvQkpl6IB4IFjGBtpDayS6r8dF7qFYpOxZkDrRI3I0XIUO8Vvrr9iCQhFZpwrFTHdWLtpVhqRjid2t1E0RiTER7QjqECh1R56fzeKTozSh8FkTQlNJqrvydSHCo1CX3TGWI9VMveTPzP6yQ6uPZSJuJEU0EWi4KEIx2h2fOozyQlmk8MwUQycysiQywx0SYi24TgLr+8SprVintZubivFms3WRx5OIFTKIMLV1CDO6hDAwhweIZXeLPG1ov1bn0sWnNWNnMMf2B9/gDGH45/</latexit>

s(x)
<latexit sha1_base64="o4j/s2U5NCq7Er2HLREQ5Xh3jVY=">AAACA3icbZDLSsNAFIYn9VbrLepON4Ot4EJKUkRdFt24rGAv0IYymZy0QyeTMDMplFJw46u4caGIW1/CnW/jNO1CW38Y+PjPOZw5v59wprTjfFu5ldW19Y38ZmFre2d3z94/aKg4lRTqNOaxbPlEAWcC6pppDq1EAol8Dk1/cDutN4cgFYvFgx4l4EWkJ1jIKNHG6tpHuABDEJgJXEpK5zgOgozTUrlrF52ykwkvgzuHIpqr1rW/OkFM0wiEppwo1XadRHtjIjWjHCaFTqogIXRAetA2KEgEyhtnN0zwqXECHMbSPKFx5v6eGJNIqVHkm86I6L5arE3N/2rtVIfX3piJJNUg6GxRmHKsYzwNBAdMAtV8ZIBQycxfMe0TSag2sRVMCO7iycvQqJTdy/LFfaVYvZnHkUfH6ASdIRddoSq6QzVURxQ9omf0it6sJ+vFerc+Zq05az5ziP7I+vwBgwaU4g==</latexit>

even in p, odd in u.

<latexit sha1_base64="VBZdL6QT7uk1Ps6BoIS3Lw+7NKQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckIZSi48VfcuFDErT/hzr8xbUfQ1gMXTs65l9x73JBRqSzry0gtLa+srqXXMxubW9s75u5eQwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru8GbiN++JkDTgNTUKieOjPqcexUhpqWse5MJ8hzBWVCe103Lh6udVKOa6ZtYqWVPARWInJAsSVLvmZ6cX4MgnXGGGpGzbVqicGAlFMSPjTCeSJER4iPqkrSlHPpFOPL1hDI+10oNeIHRxBafq74kY+VKOfFd3+kgN5Lw3Ef/z2pHyLp2Y8jBShOPZR17EoArgJBDYo4JgxUaaICyo3hXiARIIKx1bRodgz5+8SBrlkn1eOrsrZyvXSRxpcAiOQB7Y4AJUwC2ogjrA4AE8gRfwajwaz8ab8T5rTRnJzD74A+PjGw+6lTs=</latexit>

p(`, t+ T/2) = p(`, t),



THE REFLECTION SYMMETRY PRINCIPLE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Impose self-adjoint boundary conditions at                            .  
<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

(IC)

and evolves to satisfy (BC) at                
<latexit sha1_base64="sK+qAX6R1+8Q8OPQKEGXZ8Rq2JM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHoRil48VrC1sF1KNs22odlkSbJiKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpRypo3nfTuFldW19Y3iZmlre2d3r7x/0NIyU4Q2ieRStSOsKWeCNg0znLZTRXEScfoQDW+m/sMjVZpJcW9GKQ0T3BcsZgQbKwWo+nTVoZxXXdQtVzzXmwEtEz8nFcjR6Ja/Oj1JsoQKQzjWOvC91IRjrAwjnE5KnUzTFJMh7tPAUoETqsPx7OQJOrFKD8VS2RIGzdTfE2OcaD1KItuZYDPQi95U/M8LMhNfhmMm0sxQQeaL4owjI9H0f9RjihLDR5Zgopi9FZEBVpgYm1LJhuAvvrxMWjXXP3fP7mqV+nUeRxGO4BhOwYcLqMMtNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRc2P8w==</latexit>

x = `.

 Then the solution extends by reflection to a                   
<latexit sha1_base64="aeB1SQvP2QWy3mu46BtqJkYwBjg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiRdISoh6JXjxiIh8JNGS7HWDDdtvsbjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3MpvF3Z29/YP7OJhS0WJpNCkEY9kxycKOBPQ1Exz6MQSSOhzaPvjm5nffgCpWCTu9SQGLyRDwQaMEm2kvl3E5VoPOC+fxyBZFDDat0tOxZkDrxI3IyWUodG3v3pBRJMQhKacKNV1nVh7KZGaUQ7TQi9REBM6JkPoGipICMpL56dP8alRAjyIpCmh8Vz9PZGSUKlJ6JvOkOiRWvZm4n9eN9GDKy9lIk40CLpYNEg41hGe5YADJoFqPjGEUMnMrZiOiCRUm7QKJgR3+eVV0qpW3ItK7a5aql9nceTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj0VrzspmjtAfWJ8/wmGTDQ==</latexit>

4`-periodic
 solution of compressible Euler.                 

<latexit sha1_base64="AhFASQCUdpwZicugyNzrnoex/XY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFuhQim7RdSLUPTisYL9gHYp2TTbhmazSzIRSunf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JEcA2u++1k1tY3Nrey27md3b39g/zhUVPHRlHWoLGIVTsgmgkuWQM4CNZOFCNRIFgrGN3N/NYTU5rH8hHGCfMjMpA85JSAlbq4aEpuGc5v3HKxly+4FXcOvEq8lBRQinov/9Xtx9RETAIVROuO5ybgT4gCTgWb5rpGs4TQERmwjqWSREz7k/nNU3xmlT4OY2VLAp6rvycmJNJ6HAW2MyIw1MveTPzP6xgIr/0Jl4kBJuliUWgEhhjPAsB9rhgFMbaEUMXtrZgOiSIUbEw5G4K3/PIqaVYr3mXl4qFaqN2mcWTRCTpFJeShK1RD96iOGoiiBD2jV/TmGOfFeXc+Fq0ZJ505Rn/gfP4AxLCPkA==</latexit>

u(0, t) = 0,

<latexit sha1_base64="QYKVcmxFfDkVn6AYyx/qgtLW+UM=">AAAB+nicbVBdSwJBFJ21L7OvtR57GdLAQGRXonoJpF56NMgP0EVmx6sOzs4uM7OGmD+llx6K6LVf0lv/plH3obQDFw7n3Mu99/gRZ0o7zreVWlvf2NxKb2d2dvf2D+zsYV2FsaRQoyEPZdMnCjgTUNNMc2hGEkjgc2j4w9uZ3xiBVCwUD3ocgReQvmA9Rok2UsfO4nxUcIr67NrJYxiBKHbsnFNy5sCrxE1IDiWoduyvdjekcQBCU06UarlOpL0JkZpRDtNMO1YQETokfWgZKkgAypvMT5/iU6N0cS+UpoTGc/X3xIQESo0D33QGRA/UsjcT//Nase5deRMmoliDoItFvZhjHeJZDrjLJFDNx4YQKpm5FdMBkYRqk1bGhOAuv7xK6uWSe1E6vy/nKjdJHGl0jE5QAbnoElXQHaqiGqLoET2jV/RmPVkv1rv1sWhNWcnMEfoD6/MHuxCRvA==</latexit>

p(0, t) = 0 even,

(acoustic)

Theorem:  Assume a smooth solution starts from T-periodic 
initial data at x=0 satisfying

Restrict to solutions

Assume given entropy profile          .        
<latexit sha1_base64="Rvev5yMbB2umOR/15jjBw/Q2HzM=">AAAB73icbVBNT8JAEJ3iF9Yv1KOXjWCCF9ISox6JXjxiIh8JNGS7bGHDdlt2t0bS8Ce8eNAYr/4db/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3Mpv2zu7e/sHhcOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80e3Mbz1SqVgkHvQkpl6IB4IFjGBtpDayS6r8dF7qFYpOxZkDrRI3I0XIUO8Vvrr9iCQhFZpwrFTHdWLtpVhqRjid2t1E0RiTER7QjqECh1R56fzeKTozSh8FkTQlNJqrvydSHCo1CX3TGWI9VMveTPzP6yQ6uPZSJuJEU0EWi4KEIx2h2fOozyQlmk8MwUQycysiQywx0SYi24TgLr+8SprVintZubivFms3WRx5OIFTKIMLV1CDO6hDAwhweIZXeLPG1ov1bn0sWnNWNnMMf2B9/gDGH45/</latexit>

s(x)
<latexit sha1_base64="o4j/s2U5NCq7Er2HLREQ5Xh3jVY=">AAACA3icbZDLSsNAFIYn9VbrLepON4Ot4EJKUkRdFt24rGAv0IYymZy0QyeTMDMplFJw46u4caGIW1/CnW/jNO1CW38Y+PjPOZw5v59wprTjfFu5ldW19Y38ZmFre2d3z94/aKg4lRTqNOaxbPlEAWcC6pppDq1EAol8Dk1/cDutN4cgFYvFgx4l4EWkJ1jIKNHG6tpHuABDEJgJXEpK5zgOgozTUrlrF52ykwkvgzuHIpqr1rW/OkFM0wiEppwo1XadRHtjIjWjHCaFTqogIXRAetA2KEgEyhtnN0zwqXECHMbSPKFx5v6eGJNIqVHkm86I6L5arE3N/2rtVIfX3piJJNUg6GxRmHKsYzwNBAdMAtV8ZIBQycxfMe0TSag2sRVMCO7iycvQqJTdy/LFfaVYvZnHkUfH6ASdIRddoSq6QzVURxQ9omf0it6sJ+vFerc+Zq05az5ziP7I+vwBgwaU4g==</latexit>

even in p, odd in u.

<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)
<latexit sha1_base64="VBZdL6QT7uk1Ps6BoIS3Lw+7NKQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi6XOFFE3QtGNywp9QTuUTJppQzOZIckIZSi48VfcuFDErT/hzr8xbUfQ1gMXTs65l9x73JBRqSzry0gtLa+srqXXMxubW9s75u5eQwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru8GbiN++JkDTgNTUKieOjPqcexUhpqWse5MJ8hzBWVCe103Lh6udVKOa6ZtYqWVPARWInJAsSVLvmZ6cX4MgnXGGGpGzbVqicGAlFMSPjTCeSJER4iPqkrSlHPpFOPL1hDI+10oNeIHRxBafq74kY+VKOfFd3+kgN5Lw3Ef/z2pHyLp2Y8jBShOPZR17EoArgJBDYo4JgxUaaICyo3hXiARIIKx1bRodgz5+8SBrlkn1eOrsrZyvXSRxpcAiOQB7Y4AJUwC2ogjrA4AE8gRfwajwaz8ab8T5rTRnJzD74A+PjGw+6lTs=</latexit>

p(`, t+ T/2) = p(`, t),



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0
<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t

THE  PERIODIC  TILE

<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

solution          
<latexit sha1_base64="ptJ18vYVVO7lKwwl7dSgDWQ9Ywg=">AAAB+XicbVC7TsMwFHXKq5RXeGwsFhUSU5UgBIwVLAwMRaIPKYkqx71prTpOsJ2KKuqfsDCAECt/wCew8Te4jwFajnSvjs65V74+YcqZ0o7zbRWWlldW14rrpY3Nre0de3evoZJMUqjThCeyFRIFnAmoa6Y5tFIJJA45NMP+9dhvDkAqloh7PUwhiElXsIhRoo3Utm3H5/CAHyfdB87bdtmpOBPgReLOSLl6cPtZk0Wv1ra//E5CsxiEppwo5blOqoOcSM0oh1HJzxSkhPZJFzxDBYlBBfnk8hE+NkoHR4k0JTSeqL83chIrNYxDMxkT3VPz3lj8z/MyHV0GORNppkHQ6UNRxrFO8DgG3GESqOZDQwiVzNyKaY9IQrUJq2RCcOe/vEgapxX3vHJ2Z9K4QlMU0SE6QifIRReoim5QDdURRQP0hF7Qq5Vbz9ab9T4dLViznX30B9bHDxddlZQ=</latexit>

0  x  `
<latexit sha1_base64="9K5i6sL15Ku3b7hMwoG1PAxN7fM=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwYtktoh6LXjxW6Be0S8lms21odhOSrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvkJxp47rfztr6xubWdmGnuLu3f3BYOjpua5EqQltEcKG6AdaUs4S2DDOcdqWiOA447QTj+5nfeaJKM5E0zURSP8bDhEWMYGOlfqVZuZRUMREyMiiV3ao7B1olXk7KkKMxKH31Q0HSmCaGcKx1z3Ol8TOsDCOcTov9VFOJyRgPac/SBMdU+9n85ik6t0qIIqFsJQbN1d8TGY61nsSB7YyxGellbyb+5/VSE936GUtkamhCFouilCMj0CwAFDJFieETSzBRzN6KyAgrTIyNqWhD8JZfXiXtWtW7rl491sr1uzyOApzCGVyABzdQhwdoQAsISHiGV3hzUufFeXc+Fq1rTj5zAn/gfP4AEQOREQ==</latexit>

T -periodic



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0
<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t

THE  PERIODIC  TILE

<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

solution          
<latexit sha1_base64="ptJ18vYVVO7lKwwl7dSgDWQ9Ywg=">AAAB+XicbVC7TsMwFHXKq5RXeGwsFhUSU5UgBIwVLAwMRaIPKYkqx71prTpOsJ2KKuqfsDCAECt/wCew8Te4jwFajnSvjs65V74+YcqZ0o7zbRWWlldW14rrpY3Nre0de3evoZJMUqjThCeyFRIFnAmoa6Y5tFIJJA45NMP+9dhvDkAqloh7PUwhiElXsIhRoo3Utm3H5/CAHyfdB87bdtmpOBPgReLOSLl6cPtZk0Wv1ra//E5CsxiEppwo5blOqoOcSM0oh1HJzxSkhPZJFzxDBYlBBfnk8hE+NkoHR4k0JTSeqL83chIrNYxDMxkT3VPz3lj8z/MyHV0GORNppkHQ6UNRxrFO8DgG3GESqOZDQwiVzNyKaY9IQrUJq2RCcOe/vEgapxX3vHJ2Z9K4QlMU0SE6QifIRReoim5QDdURRQP0hF7Qq5Vbz9ab9T4dLViznX30B9bHDxddlZQ=</latexit>

0  x  `
<latexit sha1_base64="9K5i6sL15Ku3b7hMwoG1PAxN7fM=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwYtktoh6LXjxW6Be0S8lms21odhOSrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvkJxp47rfztr6xubWdmGnuLu3f3BYOjpua5EqQltEcKG6AdaUs4S2DDOcdqWiOA447QTj+5nfeaJKM5E0zURSP8bDhEWMYGOlfqVZuZRUMREyMiiV3ao7B1olXk7KkKMxKH31Q0HSmCaGcKx1z3Ol8TOsDCOcTov9VFOJyRgPac/SBMdU+9n85ik6t0qIIqFsJQbN1d8TGY61nsSB7YyxGellbyb+5/VSE936GUtkamhCFouilCMj0CwAFDJFieETSzBRzN6KyAgrTIyNqWhD8JZfXiXtWtW7rl491sr1uzyOApzCGVyABzdQhwdoQAsISHiGV3hzUufFeXc+Fq1rTj5zAn/gfP4AEQOREQ==</latexit>

T -periodic

Condition (1) reflect                         
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0
<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t

THE  PERIODIC  TILE

<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

solution          
<latexit sha1_base64="ptJ18vYVVO7lKwwl7dSgDWQ9Ywg=">AAAB+XicbVC7TsMwFHXKq5RXeGwsFhUSU5UgBIwVLAwMRaIPKYkqx71prTpOsJ2KKuqfsDCAECt/wCew8Te4jwFajnSvjs65V74+YcqZ0o7zbRWWlldW14rrpY3Nre0de3evoZJMUqjThCeyFRIFnAmoa6Y5tFIJJA45NMP+9dhvDkAqloh7PUwhiElXsIhRoo3Utm3H5/CAHyfdB87bdtmpOBPgReLOSLl6cPtZk0Wv1ra//E5CsxiEppwo5blOqoOcSM0oh1HJzxSkhPZJFzxDBYlBBfnk8hE+NkoHR4k0JTSeqL83chIrNYxDMxkT3VPz3lj8z/MyHV0GORNppkHQ6UNRxrFO8DgG3GESqOZDQwiVzNyKaY9IQrUJq2RCcOe/vEgapxX3vHJ2Z9K4QlMU0SE6QifIRReoim5QDdURRQP0hF7Qq5Vbz9ab9T4dLViznX30B9bHDxddlZQ=</latexit>

0  x  `
<latexit sha1_base64="9K5i6sL15Ku3b7hMwoG1PAxN7fM=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwYtktoh6LXjxW6Be0S8lms21odhOSrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvkJxp47rfztr6xubWdmGnuLu3f3BYOjpua5EqQltEcKG6AdaUs4S2DDOcdqWiOA447QTj+5nfeaJKM5E0zURSP8bDhEWMYGOlfqVZuZRUMREyMiiV3ao7B1olXk7KkKMxKH31Q0HSmCaGcKx1z3Ol8TOsDCOcTov9VFOJyRgPac/SBMdU+9n85ik6t0qIIqFsJQbN1d8TGY61nsSB7YyxGellbyb+5/VSE936GUtkamhCFouilCMj0CwAFDJFieETSzBRzN6KyAgrTIyNqWhD8JZfXiXtWtW7rl491sr1uzyOApzCGVyABzdQhwdoQAsISHiGV3hzUufFeXc+Fq1rTj5zAn/gfP4AEQOREQ==</latexit>

T -periodic

Condition (2) reflect                         
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
Condition (1) reflect                         

<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0
<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t

THE  PERIODIC  TILE

<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0(IC) gives continuity at



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0
<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t

THE  PERIODIC  TILE

<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0(IC) gives continuity at
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `(BC) gives continuity at



THE  PERIODIC  TILE

<latexit sha1_base64="7AvtiOUUC0YD8LNVdonZmaoHqE0=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEeiF4+YyCOBDZkdemHC7OxmZtaEED7CiweN8er3ePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSu1zroRDlfrHkVtwFyDrxMlKCDI1+8as3iFkaoTRMUK27npsYf0qV4UzgrNBLNSaUjekQu5ZKGqH2p4tzZ+TCKgMSxsqWNGSh/p6Y0kjrSRTYzoiakV715uJ/Xjc14Y0/5TJJDUq2XBSmgpiYzH8nA66QGTGxhDLF7a2EjaiizNiECjYEb/XlddKqVryrSu2hWqrfZnHk4QzO4RI8uIY63EMDmsBgDM/wCm9O4rw4787HsjXnZDOn8AfO5w897I7c</latexit>

4`

<latexit sha1_base64="uA3klkq5lbr1nLaTJ3k+8YePzHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4kRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGtzO/9cS1EbFq4DjhfkQHSoSCUbTSQ7lR7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq+SxWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9pjI07</latexit>

T



<latexit sha1_base64="C6IcMon8UZhdogJQpt6l+DZq2qw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2W33CuW3Io7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF77E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz8y2I0X</latexit>

0
<latexit sha1_base64="7loI7qPeSrHWL49n5hDi04lk9qQ=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemFkdmczM2tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqWWqGDaYFFK1A6pR8BgbhhuB7UQhjQKBrWB0O/NbT6g0l/GDGSfoR3QQ85AzaqzULHdRiHKvWHIr7hxklXgZKUGGeq/41e1LlkYYGyao1h3PTYw/ocpwJnBa6KYaE8pGdIAdS2MaofYn82un5MwqfRJKZSs2ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hcZIajNliUZgKYiSZvU76XCEzYmwJZYrbWwkbUkWZsQEVbAje8surpFmteJeVi/tqqXaTxZGHEziFc/DgCmpwB3VoAINHeIZXeHOk8+K8Ox+L1pyTzRzDHzifP8j3jp4=</latexit>

`

Characteristics in nonlinear solution—one entropy jump

THE  PERIODIC  TILE



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t
<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0

THE  PERIODIC  TILE

Turns Out:  Even modes meet acoustic boundary condition



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t
<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

<latexit sha1_base64="gBTk5xbip7Jz52JwyA++BjAskrs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK7htoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlfxqeuNW++WKW3PnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKq17zL2sVDvdK4zeMowgmcwjl4cAUNuIcm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AGMoo3d</latexit>

u = 0
<latexit sha1_base64="gBTk5xbip7Jz52JwyA++BjAskrs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK7htoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlfxqeuNW++WKW3PnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKq17zL2sVDvdK4zeMowgmcwjl4cAUNuIcm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AGMoo3d</latexit>

u = 0

<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0

THE  PERIODIC  TILE

Turns Out:  Even modes meet acoustic boundary condition



<latexit sha1_base64="0TCI2+K6DkFE94vXsAyM8nIfo98=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEi9kEI=</latexit>x<latexit sha1_base64="44+bKajgWC0T+88FebgsJX2XHpo=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzIjom7EohuXFewF2qFk0jNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRaFGYx6rZkg0cCahZpjh0EwUEBFyaISD6zxv3IPSLJZ3ZphAIEhPsohRYnKrDZx3iiWv7I2F58GfQunyw71I3r7caqf42e7GNBUgDeVE65bvJSbIiDKMchi57VRDQuiA9KBlURIBOsjGs47woXW6OIqVfdLgsfu7IyNC66EIbaUgpq9ns9z8L2ulJjoPMiaT1ICkk4+ilGMT43xx3GUKqOFDC4QqZmfFtE8Uocaex7VH8GdXnof6cdk/LZ/ceqXKFZqogPbRATpCPjpDFXSDqqiGKOqjB/SEnh3hPDovzuukdMGZ9uyhP3LefwBv25GB</latexit>

`

<latexit sha1_base64="cW9GZ56c2ER0lpfhh0ug84VDDnE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYncwmY2YvzJwVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccP5FCo+N8WbmFxaXllfyqvba+sblV2N6p6zhVjNdYLGPV9KnmUkS8hgIlbyaK09CXvOEPrsZ5444rLeLoBocJ90Lai0QgGEVjVbFTKDolZyIyD+4PFC/e7fPk7dOudAof7W7M0pBHyCTVuuU6CXoZVSiY5CO7nWqeUDagPd4yGNGQay+bDDoiB8bpkiBW5kVIJu7vjoyGWg9D31SGFPt6Nhub/2WtFIMzLxNRkiKP2PSjIJUEYzLemnSF4gzl0ABlSphZCetTRRma29jmCO7syvNQPyq5J6XjqlMsX8JUediDfTgEF06hDNdQgRow4HAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3Qq2QPg==</latexit>

t
<latexit sha1_base64="evsffRDJdC17CiQTfa80WcygjPI=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZSdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEi2QHg==</latexit>

T

<latexit sha1_base64="gBTk5xbip7Jz52JwyA++BjAskrs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK7htoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlfxqeuNW++WKW3PnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKq17zL2sVDvdK4zeMowgmcwjl4cAUNuIcm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AGMoo3d</latexit>

u = 0
<latexit sha1_base64="gBTk5xbip7Jz52JwyA++BjAskrs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK7htoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlfxqeuNW++WKW3PnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKq17zL2sVDvdK4zeMowgmcwjl4cAUNuIcm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AGMoo3d</latexit>

u = 0

<latexit sha1_base64="lecNTi+9wx4jd3XX0YU833GTfvI=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmFXRG3EoI1lBHOBZAmzk7PJmNnZZWZWCCFPYGOh2Ao+jL2N+DZOLoUm/jDw8f/nMOecMBVcG8/7dnJLyyura/l1d2Nza3un4O7WdJIphlWWiEQ1QqpRcIlVw43ARqqQxqHAeti/Huf1B1SaJ/LODFIMYtqVPOKMGmvdeu1C0St5E5FF8GdQvPxwL9L3L7fSLny2OgnLYpSGCap10/dSEwypMpwJHLmtTGNKWZ92sWlR0hh1MJwMOiKH1umQKFH2SUMm7u+OIY21HsShrYyp6en5bGz+lzUzE50HQy7TzKBk04+iTBCTkPHWpMMVMiMGFihT3M5KWI8qyoy9jWuP4M+vvAi145J/Wjoplq9gqjzswwEcgQ9nUIYbqEAVGCA8wjO8OPfOk/M6Lcw5s449+CPn7QdlYI7U</latexit>

0

Turns Out:  Even modes meet acoustic boundary condition

Arbitrary entropy profile
<latexit sha1_base64="xnA7YC5/RwZB89Kmb5xoR3rS0IE=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCBSkzRdRl0Y3LCvYBnWHIpLdtaOZhkpGWUnDjr7hxoYhbf8Kdf2Om7UJbD9zL4Zx7Se7xY86ksqxvI7O0vLK6ll3PbWxube+Yu3t1GSWCQo1GPBJNn0jgLISaYopDMxZAAp9Dw+9fp37jAYRkUXinhjG4AemGrMMoUVryzIOC9Kzi4OTUwZbD4R4P0u4A5wXPzFslawK8SOwZyaMZqp755bQjmgQQKsqJlC3bipU7IkIxymGccxIJMaF90oWWpiEJQLqjyQ1jfKyVNu5EQleo8ET9vTEigZTDwNeTAVE9Oe+l4n9eK1GdS3fEwjhRENLpQ52EYxXhNBDcZgKo4kNNCBVM/xXTHhGEKh1bTodgz5+8SOrlkn1eOrst5ytXsziy6BAdoSKy0QWqoBtURTVE0SN6Rq/ozXgyXox342M6mjFmO/voD4zPH081lg4=</latexit>

s0(x), 0  x  `

<latexit sha1_base64="Ddfhi8CUFrni5srWpOWkVMOrgBQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkq4+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y1r9vl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDgyiN5w==</latexit>

s(x)

<latexit sha1_base64="mekGRLWsJpcxsx+Ed8zFG5T81QQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdEfUY9OIxgnlAsoTZyWwyZnZmmZkVw5J/8KAHRbz6P97yN04eB00saCiquunuCmLOtHHdsZNZWV1b38hu5ra2d3b38vsHdS0TRWiNSC5VM8CaciZozTDDaTNWFEcBp41gcDPxG49UaSbFvRnG1I9wT7CQEWysVNcdt/R00skX3bI7BVom3pwUK4X26cu4Mqx28t/triRJRIUhHGvd8tzY+ClWhhFOR7l2ommMyQD3aMtSgSOq/XR67QgdW6WLQqlsCYOm6u+JFEdaD6PAdkbY9PWiNxH/81qJCa/8lIk4MVSQ2aIw4chINHkddZmixPChJZgoZm9FpI8VJsYGlLMheIsvL5P6Wdm7KJ/f2TSuYYYsHEEBSuDBJVTgFqpQAwIP8Axv8O5I59X5cD5nrRlnPnMIf+B8/QDDZJGV</latexit>

s0(x)

THE  PERIODIC  TILE



THE  EXISTENCE THEOREM



THE  EXISTENCE THEOREM

The Reflection Principle reduces the problem of existence of 
periodic solutions of compressible Euler to the following 
boundary value problem (BVP):             



THE  EXISTENCE THEOREM

The Reflection Principle reduces the problem of existence of 
periodic solutions of compressible Euler to the following 
boundary value problem (BVP):             

Compressible Euler:       
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.
<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
<latexit sha1_base64="i2KGjCAjaMYGsN4aaH481827kqw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWArtKAlKaJuhKIblxXsA9oQJtNJO3SSDDOT0hLqxl9x40IRt/6FO//GaZuFVg9cOJxzL/fe43FGpbKsLyOztLyyupZdz21sbm3vmLt7DRnFApM6jlgkWh6ShNGQ1BVVjLS4ICjwGGl6g5up3xwSIWkU3qsxJ06AeiH1KUZKS655UIjd0enQ5UV+Il2rOCqVuKuurIJr5q2yNQP8S+yU5EGKmmt+droRjgMSKsyQlG3b4spJkFAUMzLJdWJJOMID1CNtTUMUEOkksw8m8FgrXehHQleo4Ez9OZGgQMpx4OnOAKm+XPSm4n9eO1b+pZPQkMeKhHi+yI8ZVBGcxgG7VBCs2FgThAXVt0LcRwJhpUPL6RDsxZf/kkalbJ+Xz+4q+ep1GkcWHIIjUAQ2uABVcAtqoA4weABP4AW8Go/Gs/FmvM9bM0Y6sw9+wfj4BpvllRA=</latexit>

ux � vp(p, s0(x))pt = 0
(Euler)



THE  EXISTENCE THEOREM

The Reflection Principle reduces the problem of existence of 
periodic solutions of compressible Euler to the following 
boundary value problem (BVP):             

Compressible Euler:       
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.

Boundary Conditions:        
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

(IC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
(Euler)

<latexit sha1_base64="YmtZiY41fcEp8mfnZLJaC6XKxJU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAVWtCSFFE3QtGNywr2AW0Ik+mkHTqZDDOT0hK78FfcuFDErb/hzr9x2mah1QMXDufcy733+JwSqWz7y8gsLa+srmXXcxubW9s75u5eQ0axQLiOIhqJlg8lpoThuiKK4hYXGIY+xU1/cDP1m0MsJInYvRpz7Iawx0hAEFRa8syDQuyNToceL/ITWRyVStxTV3bBM/N22Z7B+kuclORBippnfna6EYpDzBSiUMq2Y3PlJlAogiie5DqxxByiAezhtqYMhli6yez+iXWsla4VREIXU9ZM/TmRwFDKcejrzhCqvlz0puJ/XjtWwaWbEMZjhRmaLwpiaqnImoZhdYnASNGxJhAJom+1UB8KiJSOLKdDcBZf/ksalbJzXj67q+Sr12kcWXAIjkAROOACVMEtqIE6QOABPIEX8Go8Gs/Gm/E+b80Y6cw++AXj4xtql5Rt</latexit>

ux � vp(p, s(x))pt = 0



THE  EXISTENCE THEOREM

Nonlinear solutions of (Euler),(IC),(BC) solve:             
<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

Start with
i-data U(t)

meeting (IC)

Nonlinear solutions of (Euler),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

Start with
i-data U(t)

meeting (IC)

evolve to
<latexit sha1_base64="Gv5lATjEuEePMPtd7UTFdOBQzeo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRJmJ51kzOzOMjMrhiX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNLRMFMM6k0KqVkA1Ch5h3XAjsBUrpGEgsBmMbqZ+8xGV5jK6N+MY/ZAOIt7njBorNZ6uOihEt1hyy+4MZJl4GSlBhlq3+NXpSZaEGBkmqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqURDVH76ezaCTmxSo/0pbIVGTJTf0+kNNR6HAa2M6RmqBe9qfif105M/9JPeRQnBiM2X9RPBDGSTF8nPa6QGTG2hDLF7a2EDamizNiACjYEb/HlZdI4K3vn5cpdpVS9zuLIwxEcwyl4cAFVuIUa1IHBAzzDK7w50nlx3p2PeWvOyWYO4Q+czx9v2Y8N</latexit>

x = `

Nonlinear solutions of (Euler),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

Start with
i-data U(t)

meeting (IC)

evolve toimposes
(BC) at

<latexit sha1_base64="Gv5lATjEuEePMPtd7UTFdOBQzeo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRJmJ51kzOzOMjMrhiX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNLRMFMM6k0KqVkA1Ch5h3XAjsBUrpGEgsBmMbqZ+8xGV5jK6N+MY/ZAOIt7njBorNZ6uOihEt1hyy+4MZJl4GSlBhlq3+NXpSZaEGBkmqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqURDVH76ezaCTmxSo/0pbIVGTJTf0+kNNR6HAa2M6RmqBe9qfif105M/9JPeRQnBiM2X9RPBDGSTF8nPa6QGTG2hDLF7a2EDamizNiACjYEb/HlZdI4K3vn5cpdpVS9zuLIwxEcwyl4cAFVuIUa1IHBAzzDK7w50nlx3p2PeWvOyWYO4Q+czx9v2Y8N</latexit>

x = `

<latexit sha1_base64="Gv5lATjEuEePMPtd7UTFdOBQzeo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRJmJ51kzOzOMjMrhiX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNLRMFMM6k0KqVkA1Ch5h3XAjsBUrpGEgsBmMbqZ+8xGV5jK6N+MY/ZAOIt7njBorNZ6uOihEt1hyy+4MZJl4GSlBhlq3+NXpSZaEGBkmqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqURDVH76ezaCTmxSo/0pbIVGTJTf0+kNNR6HAa2M6RmqBe9qfif105M/9JPeRQnBiM2X9RPBDGSTF8nPa6QGTG2hDLF7a2EDamizNiACjYEb/HlZdI4K3vn5cpdpVS9zuLIwxEcwyl4cAFVuIUa1IHBAzzDK7w50nlx3p2PeWvOyWYO4Q+czx9v2Y8N</latexit>

x = `

Nonlinear solutions of (Euler),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

Linear solutions of (L),(IC),(BC) solve:             

<latexit sha1_base64="8DDmTqsi+kvs3FWUX/o1nSCb2NA="></latexit>

I�R
2 · ST/4 · L [U ] = 0

Nonlinear solutions of (Euler),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

The linearized operator factors out!            

<latexit sha1_base64="8DDmTqsi+kvs3FWUX/o1nSCb2NA="></latexit>

I�R
2 · ST/4 · L [U ] = 0

<latexit sha1_base64="/WQ8Am+/Dk1tF9a1UUDTEK843TU="></latexit>

F [U ] = I�R
2 · ST/4 · L · L�1 · E [U ] = 0

Nonlinear solutions of (Euler),(IC),(BC) solve:             

Linear solutions of (L),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

The linearized operator factors out!            

<latexit sha1_base64="8DDmTqsi+kvs3FWUX/o1nSCb2NA="></latexit>

I�R
2 · ST/4 · L [U ] = 0

Invertible 
Nonlinear
Operator

<latexit sha1_base64="/WQ8Am+/Dk1tF9a1UUDTEK843TU="></latexit>

F [U ] = I�R
2 · ST/4 · L · L�1 · E [U ] = 0

<latexit sha1_base64="PslNbBQ8/eOapc+ppX8CLsHUXvY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtB1GPQiyeJYB6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SRVmdRiJSrQA1E1yyuuFGsFasGIaBYM1gdDP1m09MaR7JBzOOmR/iQPI+p2is9FhKOxQFuZuUuoWiW3ZnIMvEy0gRMtS6ha9OL6JJyKShArVue25s/BSV4VSwSb6TaBYjHeGAtS2VGDLtp7OLJ+TUKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/8pPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakvA3BW3x5mTQqZe+ifH5fKVavszhycAwncAYeXEIVbqEGdaAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AFyNZAf</latexit>

N

Nonlinear solutions of (Euler),(IC),(BC) solve:             

Linear solutions of (L),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

The linearized operator factors out!            

<latexit sha1_base64="8DDmTqsi+kvs3FWUX/o1nSCb2NA="></latexit>

I�R
2 · ST/4 · L [U ] = 0

Invertible 
Nonlinear
Operator

Linearized operator with
small divisors at a
FIXED constant state    !

<latexit sha1_base64="/WQ8Am+/Dk1tF9a1UUDTEK843TU="></latexit>

F [U ] = I�R
2 · ST/4 · L · L�1 · E [U ] = 0

<latexit sha1_base64="WzyzHJyokecvekWO3sbh1Smwg3A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzfzWE2rDE/loJwrDmA4lH3BGrZNa3YjqTE175Ypf9ecgqyTISQVy1Hvlr24/YWmM0jJBjekEvrJhRrXlTOC01E0NKsrGdIgdRyWN0YTZ/NwpOXNKnwwS7UpaMld/T2Q0NmYSR64zpnZklr2Z+J/XSe3gJsy4VKlFyRaLBqkgNiGz30mfa2RWTByhTHN3K2EjqimzLqGSCyFYfnmVNC+qwVX18uGyUrvN4yjCCZzCOQRwDTW4hzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD5q+j8I=</latexit>

p̄

<latexit sha1_base64="yBIQzBRqxl6/FSo1t4yL/pZhVO8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUmKqMuiIi4r2Ac0IUymk3boZBJmJkIZAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPWHKqFSO820tLa+srq2XNsqbW9s7u/beflsmmcCkhROWiG6IJGGUk5aiipFuKgiKQ0Y64eh64nceiZA04Q9qnBI/RgNOI4qRMlJgH1ZvtIcRg7d5oL0QCZ3meTWwK07NmQIuErcgFVCgGdhfXj/BWUy4wgxJ2XOdVPkaCUUxI3nZyyRJER6hAekZylFMpK+n5+fwxCh9GCXCFFdwqv6e0CiWchyHpjNGaijnvYn4n9fLVHTpa8rTTBGOZ4uijEGVwEkWsE8FwYqNDUFYUHMrxEMkEFYmsbIJwZ1/eZG06zX3vHZ2X680roo4SuAIHINT4IIL0AB3oAlaAAMNnsEreLOerBfr3fqYtS5ZxcwB+APr8weg0ZVK</latexit>

DFp̄
<latexit sha1_base64="PslNbBQ8/eOapc+ppX8CLsHUXvY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtB1GPQiyeJYB6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SRVmdRiJSrQA1E1yyuuFGsFasGIaBYM1gdDP1m09MaR7JBzOOmR/iQPI+p2is9FhKOxQFuZuUuoWiW3ZnIMvEy0gRMtS6ha9OL6JJyKShArVue25s/BSV4VSwSb6TaBYjHeGAtS2VGDLtp7OLJ+TUKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/8pPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakvA3BW3x5mTQqZe+ifH5fKVavszhycAwncAYeXEIVbqEGdaAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AFyNZAf</latexit>

N

Nonlinear solutions of (Euler),(IC),(BC) solve:             

Linear solutions of (L),(IC),(BC) solve:             



THE  EXISTENCE THEOREM

<latexit sha1_base64="OydMHcNvQT42En8GcHpBx8RcZCo="></latexit>

F [U ] = I�R
2 · ST/4 · E [U ] = 0

The linearized operator factors out!            

<latexit sha1_base64="8DDmTqsi+kvs3FWUX/o1nSCb2NA="></latexit>

I�R
2 · ST/4 · L [U ] = 0

Invertible 
Nonlinear
Operator

We can change constant
state to            while 
keeping      FIXED at
constant state    !

<latexit sha1_base64="/WQ8Am+/Dk1tF9a1UUDTEK843TU="></latexit>

F [U ] = I�R
2 · ST/4 · L · L�1 · E [U ] = 0

<latexit sha1_base64="WzyzHJyokecvekWO3sbh1Smwg3A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzfzWE2rDE/loJwrDmA4lH3BGrZNa3YjqTE175Ypf9ecgqyTISQVy1Hvlr24/YWmM0jJBjekEvrJhRrXlTOC01E0NKsrGdIgdRyWN0YTZ/NwpOXNKnwwS7UpaMld/T2Q0NmYSR64zpnZklr2Z+J/XSe3gJsy4VKlFyRaLBqkgNiGz30mfa2RWTByhTHN3K2EjqimzLqGSCyFYfnmVNC+qwVX18uGyUrvN4yjCCZzCOQRwDTW4hzo0gMEYnuEV3jzlvXjv3seiteDlM8fwB97nD5q+j8I=</latexit>

p̄

<latexit sha1_base64="yBIQzBRqxl6/FSo1t4yL/pZhVO8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUmKqMuiIi4r2Ac0IUymk3boZBJmJkIZAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPWHKqFSO820tLa+srq2XNsqbW9s7u/beflsmmcCkhROWiG6IJGGUk5aiipFuKgiKQ0Y64eh64nceiZA04Q9qnBI/RgNOI4qRMlJgH1ZvtIcRg7d5oL0QCZ3meTWwK07NmQIuErcgFVCgGdhfXj/BWUy4wgxJ2XOdVPkaCUUxI3nZyyRJER6hAekZylFMpK+n5+fwxCh9GCXCFFdwqv6e0CiWchyHpjNGaijnvYn4n9fLVHTpa8rTTBGOZ4uijEGVwEkWsE8FwYqNDUFYUHMrxEMkEFYmsbIJwZ1/eZG06zX3vHZ2X680roo4SuAIHINT4IIL0AB3oAlaAAMNnsEreLOerBfr3fqYtS5ZxcwB+APr8weg0ZVK</latexit>

DFp̄
<latexit sha1_base64="PslNbBQ8/eOapc+ppX8CLsHUXvY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtB1GPQiyeJYB6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SRVmdRiJSrQA1E1yyuuFGsFasGIaBYM1gdDP1m09MaR7JBzOOmR/iQPI+p2is9FhKOxQFuZuUuoWiW3ZnIMvEy0gRMtS6ha9OL6JJyKShArVue25s/BSV4VSwSb6TaBYjHeGAtS2VGDLtp7OLJ+TUKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/8pPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakvA3BW3x5mTQqZe+ifH5fKVavszhycAwncAYeXEIVbqEGdaAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AFyNZAf</latexit>

N

Nonlinear solutions of (Euler),(IC),(BC) solve:             

Linear solutions of (L),(IC),(BC) solve:             

<latexit sha1_base64="tCO5EWc3NwD3X4TCqxo/zEenP1M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9OKxgv2QdinZNNuGJtklyQp12V/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk780kpr7AQ8lCRrCx0kMvwCqNs7OnfrniVt0Z0DLxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMJpVuolmsaYjPGQdi2VWFDtp7ODM3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KI3Ff/zuokJr/yUyTgxVJL5ojDhyERo+j0aMEWJ4RNLMFHM3orICCtMjM2oZEPwFl9eJq3zqndRrd3VKvXrPI4iHMExnIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP+TgkHs=</latexit>

p̄+ z
<latexit sha1_base64="mc1pBeIo42uhrzDFanY9RhX2POo=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIigvmA5Ahzm71kyd7esbsnhCM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/O/PYTU5rH8tFMEuZHOJQ85BSNldo9iiK7n/bLFbfqzkFWiZeTCuRo9MtfvUFM04hJQwVq3fXcxPgZKsOpYNNSL9UsQTrGIetaKjFi2s/m507JmVUGJIyVLWnIXP09kWGk9SQKbGeEZqSXvZn4n9dNTXjtZ1wmqWGSLhaFqSAmJrPfyYArRo2YWIJUcXsroSNUSI1NqGRD8JZfXiWti6p3Wa091Cr1mzyOIpzAKZyDB1dQhztoQBMojOEZXuHNSZwX5935WLQWnHzmGP7A+fwBXGmPmQ==</latexit>

L



THE  EXISTENCE THEOREM

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0



Invertible 
Nonlinear
Operator

THE  EXISTENCE THEOREM

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0



Invertible 
Nonlinear
Operator

Linearized operator at a
FIXED constant state   

THE  EXISTENCE THEOREM

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0



Invertible 
Nonlinear
Operator

THE  EXISTENCE THEOREM

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

<latexit sha1_base64="fYaeT2ABAT1pmIcbkMXIE6KgwDw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwUUJSRV1IxTduKzQF7QhTKbTdshkEmYmQgnd+CtuXCji1s9w5984bbPQ1nO5cDjnXmbuCRJGpXKcb6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkH4d3Ubz8SIWnMG2qcEC9CQ04HFCOlJd88shp+WLFgT5cV3riVauXctm3LN8uO7cwAl4mbkzLIUffNr14/xmlEuMIMSdl1nUR5GRKKYkYmpV4qSYJwiIakqylHEZFeNjtgAk+10oeDWOjmCs7U3xsZiqQcR4GejJAayUVvKv7ndVM1uPYyypNUEY7nDw1SBlUMp2nAPhUEKzbWBGFB9V8hHiGBsNKZlXQI7uLJy6RVtd1L++KhWq7d5nEUwTE4AWfABVegBu5BHTQBBhPwDF7Bm/FkvBjvxsd8tGDkO4fgD4zPH8VPkqo=</latexit>

Tk, k = 1, 2, 3...

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

By Sturm-Liouville, modes in kernel            have periods
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0



Invertible 
Nonlinear
Operator

THE  EXISTENCE THEOREM

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

<latexit sha1_base64="fYaeT2ABAT1pmIcbkMXIE6KgwDw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwUUJSRV1IxTduKzQF7QhTKbTdshkEmYmQgnd+CtuXCji1s9w5984bbPQ1nO5cDjnXmbuCRJGpXKcb6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkH4d3Ubz8SIWnMG2qcEC9CQ04HFCOlJd88shp+WLFgT5cV3riVauXctm3LN8uO7cwAl4mbkzLIUffNr14/xmlEuMIMSdl1nUR5GRKKYkYmpV4qSYJwiIakqylHEZFeNjtgAk+10oeDWOjmCs7U3xsZiqQcR4GejJAayUVvKv7ndVM1uPYyypNUEY7nDw1SBlUMp2nAPhUEKzbWBGFB9V8hHiGBsNKZlXQI7uLJy6RVtd1L++KhWq7d5nEUwTE4AWfABVegBu5BHTQBBhPwDF7Bm/FkvBjvxsd8tGDkO4fgD4zPH8VPkqo=</latexit>

Tk, k = 1, 2, 3...

in kernel and assume non-resonance…Choose
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

By Sturm-Liouville, modes in kernel            have periods
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>
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<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

<latexit sha1_base64="fYaeT2ABAT1pmIcbkMXIE6KgwDw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwUUJSRV1IxTduKzQF7QhTKbTdshkEmYmQgnd+CtuXCji1s9w5984bbPQ1nO5cDjnXmbuCRJGpXKcb6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkH4d3Ubz8SIWnMG2qcEC9CQ04HFCOlJd88shp+WLFgT5cV3riVauXctm3LN8uO7cwAl4mbkzLIUffNr14/xmlEuMIMSdl1nUR5GRKKYkYmpV4qSYJwiIakqylHEZFeNjtgAk+10oeDWOjmCs7U3xsZiqQcR4GejJAayUVvKv7ndVM1uPYyypNUEY7nDw1SBlUMp2nAPhUEKzbWBGFB9V8hHiGBsNKZlXQI7uLJy6RVtd1L++KhWq7d5nEUwTE4AWfABVegBu5BHTQBBhPwDF7Bm/FkvBjvxsd8tGDkO4fgD4zPH8VPkqo=</latexit>

Tk, k = 1, 2, 3...

in kernel and assume non-resonance…Choose
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

Now expand solutions with Fourier modes of fixed period       .
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

By Sturm-Liouville, modes in kernel            have periods
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>
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<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

By Sturm-Liouville, modes in kernel            have periods
<latexit sha1_base64="fYaeT2ABAT1pmIcbkMXIE6KgwDw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwUUJSRV1IxTduKzQF7QhTKbTdshkEmYmQgnd+CtuXCji1s9w5984bbPQ1nO5cDjnXmbuCRJGpXKcb6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkH4d3Ubz8SIWnMG2qcEC9CQ04HFCOlJd88shp+WLFgT5cV3riVauXctm3LN8uO7cwAl4mbkzLIUffNr14/xmlEuMIMSdl1nUR5GRKKYkYmpV4qSYJwiIakqylHEZFeNjtgAk+10oeDWOjmCs7U3xsZiqQcR4GejJAayUVvKv7ndVM1uPYyypNUEY7nDw1SBlUMp2nAPhUEKzbWBGFB9V8hHiGBsNKZlXQI7uLJy6RVtd1L++KhWq7d5nEUwTE4AWfABVegBu5BHTQBBhPwDF7Bm/FkvBjvxsd8tGDkO4fgD4zPH8VPkqo=</latexit>

Tk, k = 1, 2, 3...

in kernel and assume non-resonance…Choose
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

Now expand solutions with Fourier modes of fixed period       .
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

The resulting linearized operator        is diagonal. 
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0
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<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

<latexit sha1_base64="fYaeT2ABAT1pmIcbkMXIE6KgwDw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwUUJSRV1IxTduKzQF7QhTKbTdshkEmYmQgnd+CtuXCji1s9w5984bbPQ1nO5cDjnXmbuCRJGpXKcb6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkH4d3Ubz8SIWnMG2qcEC9CQ04HFCOlJd88shp+WLFgT5cV3riVauXctm3LN8uO7cwAl4mbkzLIUffNr14/xmlEuMIMSdl1nUR5GRKKYkYmpV4qSYJwiIakqylHEZFeNjtgAk+10oeDWOjmCs7U3xsZiqQcR4GejJAayUVvKv7ndVM1uPYyypNUEY7nDw1SBlUMp2nAPhUEKzbWBGFB9V8hHiGBsNKZlXQI7uLJy6RVtd1L++KhWq7d5nEUwTE4AWfABVegBu5BHTQBBhPwDF7Bm/FkvBjvxsd8tGDkO4fgD4zPH8VPkqo=</latexit>

Tk, k = 1, 2, 3...

in kernel and assume non-resonance…Choose
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

Now expand solutions with Fourier modes of fixed period       .
<latexit sha1_base64="4oaXybDw87YPkqSkugV5aQBsU1s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldrk5mJTRoFhyK+4CaJ14GSlBhsag+NUfSpJEVBjCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iwVOKLaTxfXztCFVYYolMqWMGih/p5IcaT1NApsZ4TNWK96c/E/r5eY8MZPmYgTQwVZLgoTjoxE89fRkClKDJ9agoli9lZExlhhYmxABRuCt/ryOmlXK95VpfZQLdVvszjycAbncAkeXEMd7qEBLSDwCM/wCm+OdF6cd+dj2ZpzsplT+APn8wc+j45D</latexit>

Tk

The resulting linearized operator        is diagonal. 
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0

By construction, only the k-mode is in the kernel of 
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0

<latexit sha1_base64="SeQrEdwsUIwMScGaWbAkIcpWss0=">AAAB63icbVBNSwMxEJ2tX7V+VT16ibaCp7JbRD0WvXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSeqNIvko5nG1Bd4JFnICDaZVD2tokG54tbcOdAq8XJSgRzNQfmrP4xIIqg0hGOte54bGz/FyjDC6azUTzSNMZngEe1ZKrGg2k/nt87QuVWGKIyULWnQXP09kWKh9VQEtlNgM9bLXib+5/USE974KZNxYqgki0VhwpGJUPY4GjJFieFTSzBRzN6KyBgrTIyNp2RD8JZfXiXtes27ql0+1CuN2zyOIpzAGVyAB9fQgHtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4Acd6NMg==</latexit>

!

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0

By Sturm-Liouville, modes in kernel            have periods
<latexit sha1_base64="U63O5lLvMx3m+EnPSnGzPQ6U5Ao=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCq5IUUZdFQVxWsA9oQ5hMJu3QyYOZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nkpr6xubW+Xtys7u3v6BeVjtyjgVhHZIzGPR97CknEW0o5jitJ8IikOP0543uZn5vUcqJIujBzVNqBPiUcQCRrDSkmtW6342JJij29zNEtfK68g1a1bDmgOtErsgNSjQds2voR+TNKSRIhxLObCtRDkZFooRTvPKMJU0wWSCR3SgaYRDKp1sfnuOTrXioyAWuiKF5urviQyHUk5DT3eGWI3lsjcT//MGqQqunIxFSapoRBaLgpQjFaNZEMhnghLFp5pgIpi+FZExFpgoHVdFh2Avv7xKus2GfdE4v2/WWtdFHGU4hhM4AxsuoQV30IYOEHiCZ3iFNyM3Xox342PRWjKKmSP4A+PzB39ck3I=</latexit>

dFp0
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Nonlinear
Operator

THE  EXISTENCE THEOREM

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

Conclude:

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0
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Conclude: (invertible)

(bounded invertible)

THE  EXISTENCE THEOREM

<latexit sha1_base64="r5h7dZiIKEGCTFsIyfVgQSgxvtI="></latexit>

DFp̄ = Diag {�1,�2, ...} , �i ! 0
<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0



Invertible 
Nonlinear
Operator

Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces. 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

Essentially: (invertible)

(bounded invertible)

Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

THE  EXISTENCE THEOREM

<latexit sha1_base64="r5h7dZiIKEGCTFsIyfVgQSgxvtI="></latexit>

DFp̄ = Diag {�1,�2, ...} , �i ! 0
<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

Linearized operator at a
FIXED constant state   

<latexit sha1_base64="jLHVz1ks64PYl8MVaV0XAPdk/hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfjXtudVeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uMuN+g==</latexit>p0



Invertible 
Nonlinear
Operator

Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces. 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

Essentially: (invertible)

(bounded invertible)

Theorem:   Solutions of exist by the 

Implicit Function Theorem in Banach Spaces 

<latexit sha1_base64="WIsgbzDxuakEX7DReP1h6Q0bcEg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqBuhKIjLCqYtpKFMppN26OTBzEQpsZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z4yecSWVZ30ZpZXVtfaO8Wdna3tndM6v7bRmnglCHxDwWXR9LyllEHcUUp91EUBz6nHb88XXudx6okCyO7tUkoV6IhxELGMFKS32zmvVCrEYEc3QzdR3v0uqbNatuzYCWiV2QGhRo9c2v3iAmaUgjRTiW0rWtRHkZFooRTqeVXippgskYD6mraYRDKr1sFn2KjrUyQEEs9IsUmqm/NzIcSjkJfT2Z55SLXi7+57mpCi68jEVJqmhE5oeClCMVo7wHNGCCEsUnmmAimM6KyAgLTJRuq6JLsBe/vEzap3X7rN64a9SaV0UdZTiEIzgBG86hCbfQAgcIPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPXTOTbA==</latexit>

F [U ] = 0

THE  EXISTENCE THEOREM

(Auxiliary and Bifurcation equations of Lyapunov-Schmidt).

<latexit sha1_base64="r5h7dZiIKEGCTFsIyfVgQSgxvtI="></latexit>

DFp̄ = Diag {�1,�2, ...} , �i ! 0
<latexit sha1_base64="OcXEw2Ndt43tv/TnEQgYeaqBU6E=">AAACBnicbZDLSgMxFIYzXmu9VV2KEGyFilBmiqgboehGN1rBXqAdypk004ZmMkOSEcrQlRtfxY0LRdz6DO58G9PLQlt/CHz85xxOzu9FnClt29/W3PzC4tJyaiW9ura+sZnZ2q6qMJaEVkjIQ1n3QFHOBK1opjmtR5JC4HFa83qXw3rtgUrFQnGv+xF1A+gI5jMC2litzF4uaRLg+GZwPobrwdFtvgk86sJhrpXJ2gV7JDwLzgSyaKJyK/PVbIckDqjQhINSDceOtJuA1IxwOkg3Y0UjID3o0IZBAQFVbjI6Y4APjNPGfijNExqP3N8TCQRK9QPPdAagu2q6NjT/qzVi7Z+5CRNRrKkg40V+zLEO8TAT3GaSEs37BoBIZv6KSRckEG2SS5sQnOmTZ6FaLDgnheO7YrZ0MYkjhXbRPsojB52iErpCZVRBBD2iZ/SK3qwn68V6tz7GrXPWZGYH/ZH1+QPCbpdl</latexit>

N = I +O(↵)

<latexit sha1_base64="qqYphMl3rYakdE+SvDNb1qUbD/U=">AAACHHicbVDNS8MwHE3n15xfVY9egpvgabRT1IswVMSTTLBz0JaSZtkWln6QpMIo/UO8+K948aCIFw+C/41ZV0E3HwRe3ns/kt/zY0aFNIwvrTQ3v7C4VF6urKyurW/om1ttESUcEwtHLOIdHwnCaEgsSSUjnZgTFPiM3PnD87F/d0+4oFF4K0cxcQPUD2mPYiSV5OkHtdTBiMHLzLbc0wsvdXzE0zjLfmQHU44nl+s8Y9Q8vWrUjRxwlpgFqYICLU//cLoRTgISSsyQELZpxNJNEZcUM5JVnESQGOEh6hNb0RAFRLhpvlwG95TShb2IqxNKmKu/J1IUCDEKfJUMkByIaW8s/ufZieyduCkN40SSEE8e6iUMygiOm4JdygmWbKQIwpyqv0I8QBxhqfqsqBLM6ZVnSbtRN4/qhzeNavOsqKMMdsAu2AcmOAZNcAVawAIYPIAn8AJetUftWXvT3ifRklbMbIM/0D6/AaAuoRM=</latexit>

F [U ] = Dp̄F �N [U ] = 0

Linearized operator at a
FIXED constant state   
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Our new proof arose from ideas in the 
completion of  Steps 1 and 2.

 
Review 

of 
Prior Results.



In prior work:   YoTe proposed a simplest possible 
wave pattern for periodic propagation…

PRIOR WORK



In prior work:   YoTe proposed a simplest possible 
wave pattern for periodic propagation…

The pattern formally balanced compression and 
rarefaction along every characteristic:

PRIOR WORK



In prior work:   YoTe proposed a simplest possible 
wave pattern for periodic propagation…

The Mechanism requires at least three coupled 
equations…

The pattern formally balanced compression and 
rarefaction along every characteristic:

PRIOR WORK



SIMPLEST PERIODIC PATTERN

We looked to construct the simplest solution of

We perturb off  “quiet state” solutions:
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u = 0,
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s = s(x)

(L)
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vt � ux = 0
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st = 0
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ut + p(v, s(x))x = 0

such that Rarefaction and Compression is in balance along 
every characteristic… 

Simplest case:          jumps between two constant states.
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s(x)



---Our Proposal—
The simplest global periodic structure in the xt-plane



Our answerOur Proposal



RAREFACTION

COMPRESSION
and



Assume given entropy profile:     

Compressible Euler Equations:
Lagrangian Coordinates:

(L)
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px + ut = 0,
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ux � vp(p, s0(x))pt = 0
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�1 = �c �2 = 0 �3 = c

1-waves 2-waves 3-waves

Compressible Euler Equations:
Lagrangian Coordinates:

The system supports three wave families:



• 3 characteristic families associated with          : 

1-waves
(back)

2-waves
3-waves

(forward)
dx

dt
= �1 = �c

dx

dt
= �3 = c

dx

dt
= �2 = 0

1-waves2-waves3-waves

Linearly
Degenerate

Genuinely
Nonlinear

Genuinely
Nonlinear

⇥R2
�2 � 0�R1

�1 > 0 �R3
�3 > 0

(�i, Ri)



�1 = �c �2 = 0 �3 = c

3-waves

• Three eigen-families of        ...dF

R1 =

�

⇤
1
c
0

⇥

⌅ R3 =

�

⇤
1
�c
0

⇥

⌅R2 =

�

⇤
�pS/p�

0
1

⇥

⌅

2-waves1-waves

Conclude:  

S is constant through 1,3-waves

u, p are constant through 2-waves



• The 2-field             is Linearly Degenerate: 

2-contact discontinuity

(�2, R2)

⇥R2
�2 � 0

2-waves can be rescaled into time-reversible 
contact discontinuities

SL SR

Conclude:   time-periodic solutions allow for
discontinuities in entropy S

dx

dt
= �2 = 0



Compressive and Rarefactive Waves 
(R/C)

Consider 1,3-waves at constant entropy S:

Definition: The R/C character of a wave in a general
smooth solution is defined (pointwise) by:

Forward R i� st � 0,

Forward C i� st ⇥ 0,

Backward R i� rt ⇥ 0,

Backward C i� rt � 0.

3-wave � “forward”-wave

1-wave � “backward”-wave



Theorem:   R/C character is preserved along 
backward and forward characteristics

Forward-R
 Wave

Backward-C 
Wave

x

t

When the ENTROPY is CONSTANT...



The R/C character of a wave 
CAN CHANGE

 at an entropy jump...

For Example:

x

t 3-wave (+)1-wave (-)
2-wave



The R/C character of a wave 
CAN CHANGE

 at an entropy jump...

For Example:

x

t
R�out

C+
in R�in

R+
out

mL mR



The R/C character of a wave 
CAN CHANGE

 at an entropy jump...

For Example:

x

t
R�out

C+
in R�in

R+
out

(zR(t), uR(t))
(zL(t), uL(t))

mL mR



For Example:

x

t

R�out

C+
in R�in

R+
out

(zR(t), uR(t))
(zL(t), uL(t))

The Rankine-Hugoniot jump conditions characterize 
how R/C changes at an entropy jump...

qR
L =

�
mR

mL

⇥ 1
�



Example:

x

t

R�out

C+
in R�in

R+
out

(zR(t), uR(t))
(zL(t), uL(t))

mL < mR mL > mR



CONCLUDE: we can determine the R/C changes
across the entropy jump from inequalities on the
time derivative of the solution at the left hand side
of the entropy jump alone. Doing this in all cases
yields the following theorem.

Tangent space showing all possible R/C wave structures when

mL < mR



Tangent space showing all possible R/C wave structures when

mL > mR



• Note:  All 16 possible interaction squares 
appear EXCEPT ones where R/C value 
of both waves change simultaneously:

R R

CC

R

R C

C

R

R

C

C

RR

C CNot possible:

• CONCLUDE:  A wave in one family can 
change its R/C value only in the presence 
of a wave of the opposite family that 
transmits its R/C value



The simpest consistent R/C pattern

“Extend periodically”

m m mm

m > m



Each number above is consistent with the 
numbered interaction below

m mm m

m = mL > mR = mm = mL < mR = m

m > m



Each 1,3-characteristic traverses 8-C’s and 
8-R’s before returning 



Each 1,3-characteristic traverses 8-C’s and 
8-R’s before returning 

The lettered interactions at constant 
entropy jump transmit R/C 

1,3-characteristics traverse 4-C’s and 4-R’s before
returning 

Identifying these



The simplest possible periodic structure
m > m

m m mmmm m m m m



Labeling the states by numbers and letters
m m m m

m > m

x

t



Ellipses showing periodicity in (z,u)-plane



Edit

The global nonlinear periodic structure



The speed of the wave crests is like an 
effective 

“Group-Velocity”

The characteristic=sound speed like a 
“Phase-Velocity”



{
Space period

Time 
period{

(1)  Simplest structure is space-periodic

t

x



t

t

x

(1)  Simplest structure is space-periodic



Inspection of the periodic structure indicates:

m > m

m = m

m = m

m = m(1)         Nonlinear evolution at             

(2)          Jump from                to

(3)          Nonlinear evolution at

(4)          Jump from                 to

(5)         Half period shift 

m = m

m = m

J :

J�1 :

S :

E :

E :

m = m

• Solution jumps between two entropy levels                  

• Starting with time-periodic “initial data” U(t) at 
x=0,  solution evolves through five operations 
before periodic return:



N
NJ J�1

{U(t)
U(t){

J J�1

S

IMPOSING PERIODICITY BY
PERIODIC RETURN 

EE

S · J 1 · E · J · E [U(·)] = U(·)



N
NJ J�1

{U(t)
U(t){

J J�1

S

EE

IMPOSING PERIODICITY BY
PERIODIC RETURN 

<latexit sha1_base64="4YFKtJgj3vI1soWDHM9GD6HIrdM="></latexit>

F [U ] =
�
S · J�1 · Ē · J · E � I

�
[U ·] = 0



Linearized 1-mode exists with this pattern.



Linear solutions should perturb to exact 
solutions of the nonlinear problem

Linearized 1-mode exists with this pattern.



Linearized 1-mode exists with this pattern.

“We were never able to control the small 
divisors in a Nash-Moser Newton Method”



• Edit

Numerical Plot of First 50 Eigenvalues–Case � �= �



It remains to prove that the linearized 

AUXILIARY EQUATION: P · F�[X · Z + WX(�)] = 0

FROM A PRIOR TALK

�
WX(�) ⌅ K�

⇥
⇧�⇤ P · F�[X · Z + WX(�)] ⌅ R

The eigenvalues are not bounded away 
from zero, which leads to issues of small-
divisors analogous to KAM theory.

We have solved the Bifurcation Equation:

It remains to solve the Auxiliary Equation:



We have solved the Bifurcation Equation:

AUXILIARY EQUATION: P · F�[X · Z + WX(�)] = 0
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�
WX(�) ⌅ K�

⇥
⇧�⇤ P · F�[X · Z + WX(�)] ⌅ R

The eigenvalues are not bounded away 
from zero, which leads to issues of small-
divisors analogous to KAM theory.

It remains to solve the Auxiliary Equation:



We have solved the Bifurcation Equation:

It remains to solve the Auxiliary Equation:

AUXILIARY EQUATION: P · F�[X · Z + WX(�)] = 0

FROM A PRIOR TALK

�
WX(�) ⌅ K�

⇥
⇧�⇤ P · F�[X · Z + WX(�)] ⌅ R

The eigenvalues are not bounded away 
from zero, which leads to issues of small-
divisors analogous to KAM theory.



A COMPLETE PROOF OF EXISTENCE 
OF SPACE AND TIME PERIODIC 

SOLUTIONS OF COMPRESSIBLE EULER

• Step 1:  Identify the mechanism by which time-
periodic/shock-free solutions are possible. 

• Step 2:  Find the simplest possible time periodic  
structure and realize solutions at the linearized level.  

• Step 3:  Give a complete mathematical proof that 
linearized solutions perturb to nonlinear solutions.

with
R.Young, 2023

The Details



Compressible Euler equations in Lagrangian Coordinates:
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⇢x + ut = 0,
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ux � v(p, s)t = 0
<latexit sha1_base64="oR5b33GKz/l/1spo5CxnYVQTohY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g63gopSkiLopFN24rGAf0IQymU7aoZNMmJkUSshPuPFX3LhQxK3gzr9x0mahrQcGDuecy517vIhRqSzr2yisrW9sbhW3Szu7e/sH5uFRR/JYYNLGnHHR85AkjIakrahipBcJggKPka43uc387pQISXn4oGYRcQM0CqlPMVJaGpjVytSpVhoVp+r4AuHEThNHjHmqhYZTlRHBWRhOOYsDMjDLVs2aA64SOydlkKM1ML+cIcd6MlSYISn7thUpN0FCUcxIWnJiSSKEJ2hE+pqGKCDSTeZXpfBMK0Poc6FfqOBc/T2RoEDKWeDpZIDUWC57mfif14+Vf+0mNIxiRUK8WOTHDCoOs4rgkAqCFZtpgrCg+q8Qj5FuR+kiS7oEe/nkVdKp1+zL2sV9vdy8yesoghNwCs6BDa5AE9yBFmgDDB7BM3gFb8aT8WK8Gx+LaMHIZ47BHxifP2YUncY=</latexit>

v= 1
⇢ =specific volume

<latexit sha1_base64="APGxGgr0xKxZMoMw2XZggDYCFwk=">AAACAXicbVDLSgMxFM34rPU16kZwE2wFF6XMFFE3QtGNywr2AZ2hZNJMG5qZhCQjlKFu/BU3LhRx61+482/MtLPQ1gOBwzn3cHNPIBhV2nG+raXlldW19cJGcXNre2fX3ttvKZ5ITJqYMy47AVKE0Zg0NdWMdIQkKAoYaQejm8xvPxCpKI/v9VgQP0KDmIYUI22knn1YVmWvcuVVlCA40yGJteRi3LNLTtWZAi4SNyclkKPRs7+8PsdJZPKYIaW6riO0nyKpKWZkUvQSRQTCIzQgXUNjFBHlp9MLJvDEKH0YcmlerOFU/Z1IUaTUOArMZIT0UM17mfif1010eOmnNBaJJjGeLQoTBjWHWR2wTyXBmo0NQVhS81eIh0girE1pRVOCO3/yImnVqu559eyuVqpf53UUwBE4BqfABRegDm5BAzQBBo/gGbyCN+vJerHerY/Z6JKVZw7AH1ifPzbSliE=</latexit>

s=specific entropy

THE  PERIODIC  TILE



Compressible Euler equations in Lagrangian Coordinates:

Assume general constitutive law:     
<latexit sha1_base64="UHZjDAiIb4q/AGa/IWTsQi+fpBQ=">AAAB8HicbVDLSgMxFM3UVx1fVZduQotQUcqMiLoRim5cVrAPaYeSSTNtaJIJSaZQhn6FLlwo4tbPcde/MX0stPXAhcM593LvPaFkVBvPGzuZldW19Y3spru1vbO7l9s/qOk4UZhUccxi1QiRJowKUjXUMNKQiiAeMlIP+3cTvz4gStNYPJqhJAFHXUEjipGx0pMrb2RxcKZP2rmCV/KmgMvEn5NCOd86fRmXh5V27rvViXHCiTCYIa2bvidNkCJlKGZk5LYSTSTCfdQlTUsF4kQH6fTgETy2SgdGsbIlDJyqvydSxLUe8tB2cmR6etGbiP95zcRE10FKhUwMEXi2KEoYNDGcfA87VBFs2NAShBW1t0LcQwphYzNybQj+4svLpHZe8i9LFw82jVswQxYcgTwoAh9cgTK4BxVQBRhw8AzewLujnFfnw/mctWac+cwh+APn6wddEpJ1</latexit>

p = p(v, s)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
<latexit sha1_base64="8puGrV8HayYmFqkgkCFZGlvzC4o=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAlCRA27IupFCHrxGME8IFmW2ckkDpl9MNMbXJb8hUcvHhTx6p94y984m+SgiQUNRVU33V1eJLgCyxobuaXlldW1/HphY3Nre8fc3WuoMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q1uM785ZFLxMHiAJGKOT/oB73FKQEuuacbu0+mwHJ2oIxeuLVxwzZJVsSbAi8SekVK12Dl+HleTmmt+d7ohjX0WABVEqbZtReCkRAKngo0KnVixiNAB6bO2pgHxmXLSyeUjfKiVLu6FUlcAeKL+nkiJr1Tie7rTJ/Co5r1M/M9rx9C7clIeRDGwgE4X9WKBIcRZDLjLJaMgEk0IlVzfiukjkYSCDisLwZ5/eZE0zir2ReX8Xqdxg6bIowNURGVko0tURXeohuqIoiF6QW/o3UiNV+PD+Jy25ozZzD76A+PrB0IclRg=</latexit>

ux � v(p, s)t = 0
<latexit sha1_base64="oR5b33GKz/l/1spo5CxnYVQTohY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g63gopSkiLopFN24rGAf0IQymU7aoZNMmJkUSshPuPFX3LhQxK3gzr9x0mahrQcGDuecy517vIhRqSzr2yisrW9sbhW3Szu7e/sH5uFRR/JYYNLGnHHR85AkjIakrahipBcJggKPka43uc387pQISXn4oGYRcQM0CqlPMVJaGpjVytSpVhoVp+r4AuHEThNHjHmqhYZTlRHBWRhOOYsDMjDLVs2aA64SOydlkKM1ML+cIcd6MlSYISn7thUpN0FCUcxIWnJiSSKEJ2hE+pqGKCDSTeZXpfBMK0Poc6FfqOBc/T2RoEDKWeDpZIDUWC57mfif14+Vf+0mNIxiRUK8WOTHDCoOs4rgkAqCFZtpgrCg+q8Qj5FuR+kiS7oEe/nkVdKp1+zL2sV9vdy8yesoghNwCs6BDa5AE9yBFmgDDB7BM3gFb8aT8WK8Gx+LaMHIZ47BHxifP2YUncY=</latexit>

v= 1
⇢ =specific volume

<latexit sha1_base64="APGxGgr0xKxZMoMw2XZggDYCFwk=">AAACAXicbVDLSgMxFM34rPU16kZwE2wFF6XMFFE3QtGNywr2AZ2hZNJMG5qZhCQjlKFu/BU3LhRx61+482/MtLPQ1gOBwzn3cHNPIBhV2nG+raXlldW19cJGcXNre2fX3ttvKZ5ITJqYMy47AVKE0Zg0NdWMdIQkKAoYaQejm8xvPxCpKI/v9VgQP0KDmIYUI22knn1YVmWvcuVVlCA40yGJteRi3LNLTtWZAi4SNyclkKPRs7+8PsdJZPKYIaW6riO0nyKpKWZkUvQSRQTCIzQgXUNjFBHlp9MLJvDEKH0YcmlerOFU/Z1IUaTUOArMZIT0UM17mfif1010eOmnNBaJJjGeLQoTBjWHWR2wTyXBmo0NQVhS81eIh0girE1pRVOCO3/yImnVqu559eyuVqpf53UUwBE4BqfABRegDm5BAzQBBo/gGbyCN+vJerHerY/Z6JKVZw7AH1ifPzbSliE=</latexit>

s=specific entropy

THE  PERIODIC  TILE



Compressible Euler equations in Lagrangian Coordinates:

Assume general constitutive law:     
<latexit sha1_base64="UHZjDAiIb4q/AGa/IWTsQi+fpBQ=">AAAB8HicbVDLSgMxFM3UVx1fVZduQotQUcqMiLoRim5cVrAPaYeSSTNtaJIJSaZQhn6FLlwo4tbPcde/MX0stPXAhcM593LvPaFkVBvPGzuZldW19Y3spru1vbO7l9s/qOk4UZhUccxi1QiRJowKUjXUMNKQiiAeMlIP+3cTvz4gStNYPJqhJAFHXUEjipGx0pMrb2RxcKZP2rmCV/KmgMvEn5NCOd86fRmXh5V27rvViXHCiTCYIa2bvidNkCJlKGZk5LYSTSTCfdQlTUsF4kQH6fTgETy2SgdGsbIlDJyqvydSxLUe8tB2cmR6etGbiP95zcRE10FKhUwMEXi2KEoYNDGcfA87VBFs2NAShBW1t0LcQwphYzNybQj+4svLpHZe8i9LFw82jVswQxYcgTwoAh9cgTK4BxVQBRhw8AzewLujnFfnw/mctWac+cwh+APn6wddEpJ1</latexit>

p = p(v, s)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
<latexit sha1_base64="8puGrV8HayYmFqkgkCFZGlvzC4o=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAlCRA27IupFCHrxGME8IFmW2ckkDpl9MNMbXJb8hUcvHhTx6p94y984m+SgiQUNRVU33V1eJLgCyxobuaXlldW1/HphY3Nre8fc3WuoMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q1uM785ZFLxMHiAJGKOT/oB73FKQEuuacbu0+mwHJ2oIxeuLVxwzZJVsSbAi8SekVK12Dl+HleTmmt+d7ohjX0WABVEqbZtReCkRAKngo0KnVixiNAB6bO2pgHxmXLSyeUjfKiVLu6FUlcAeKL+nkiJr1Tie7rTJ/Co5r1M/M9rx9C7clIeRDGwgE4X9WKBIcRZDLjLJaMgEk0IlVzfiukjkYSCDisLwZ5/eZE0zir2ReX8Xqdxg6bIowNURGVko0tURXeohuqIoiF6QW/o3UiNV+PD+Jy25ozZzD76A+PrB0IclRg=</latexit>

ux � v(p, s)t = 0

Assume given entropy profile:     
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.

<latexit sha1_base64="oR5b33GKz/l/1spo5CxnYVQTohY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g63gopSkiLopFN24rGAf0IQymU7aoZNMmJkUSshPuPFX3LhQxK3gzr9x0mahrQcGDuecy517vIhRqSzr2yisrW9sbhW3Szu7e/sH5uFRR/JYYNLGnHHR85AkjIakrahipBcJggKPka43uc387pQISXn4oGYRcQM0CqlPMVJaGpjVytSpVhoVp+r4AuHEThNHjHmqhYZTlRHBWRhOOYsDMjDLVs2aA64SOydlkKM1ML+cIcd6MlSYISn7thUpN0FCUcxIWnJiSSKEJ2hE+pqGKCDSTeZXpfBMK0Poc6FfqOBc/T2RoEDKWeDpZIDUWC57mfif14+Vf+0mNIxiRUK8WOTHDCoOs4rgkAqCFZtpgrCg+q8Qj5FuR+kiS7oEe/nkVdKp1+zL2sV9vdy8yesoghNwCs6BDa5AE9yBFmgDDB7BM3gFb8aT8WK8Gx+LaMHIZ47BHxifP2YUncY=</latexit>

v= 1
⇢ =specific volume

<latexit sha1_base64="APGxGgr0xKxZMoMw2XZggDYCFwk=">AAACAXicbVDLSgMxFM34rPU16kZwE2wFF6XMFFE3QtGNywr2AZ2hZNJMG5qZhCQjlKFu/BU3LhRx61+482/MtLPQ1gOBwzn3cHNPIBhV2nG+raXlldW19cJGcXNre2fX3ttvKZ5ITJqYMy47AVKE0Zg0NdWMdIQkKAoYaQejm8xvPxCpKI/v9VgQP0KDmIYUI22knn1YVmWvcuVVlCA40yGJteRi3LNLTtWZAi4SNyclkKPRs7+8PsdJZPKYIaW6riO0nyKpKWZkUvQSRQTCIzQgXUNjFBHlp9MLJvDEKH0YcmlerOFU/Z1IUaTUOArMZIT0UM17mfif1010eOmnNBaJJjGeLQoTBjWHWR2wTyXBmo0NQVhS81eIh0girE1pRVOCO3/yImnVqu559eyuVqpf53UUwBE4BqfABRegDm5BAzQBBo/gGbyCN+vJerHerY/Z6JKVZw7AH1ifPzbSliE=</latexit>

s=specific entropy

THE  PERIODIC  TILE



Compressible Euler equations in Lagrangian Coordinates:

Assume general constitutive law:     
<latexit sha1_base64="UHZjDAiIb4q/AGa/IWTsQi+fpBQ=">AAAB8HicbVDLSgMxFM3UVx1fVZduQotQUcqMiLoRim5cVrAPaYeSSTNtaJIJSaZQhn6FLlwo4tbPcde/MX0stPXAhcM593LvPaFkVBvPGzuZldW19Y3spru1vbO7l9s/qOk4UZhUccxi1QiRJowKUjXUMNKQiiAeMlIP+3cTvz4gStNYPJqhJAFHXUEjipGx0pMrb2RxcKZP2rmCV/KmgMvEn5NCOd86fRmXh5V27rvViXHCiTCYIa2bvidNkCJlKGZk5LYSTSTCfdQlTUsF4kQH6fTgETy2SgdGsbIlDJyqvydSxLUe8tB2cmR6etGbiP95zcRE10FKhUwMEXi2KEoYNDGcfA87VBFs2NAShBW1t0LcQwphYzNybQj+4svLpHZe8i9LFw82jVswQxYcgTwoAh9cgTK4BxVQBRhw8AzewLujnFfnw/mctWac+cwh+APn6wddEpJ1</latexit>

p = p(v, s)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
<latexit sha1_base64="8puGrV8HayYmFqkgkCFZGlvzC4o=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAlCRA27IupFCHrxGME8IFmW2ckkDpl9MNMbXJb8hUcvHhTx6p94y984m+SgiQUNRVU33V1eJLgCyxobuaXlldW1/HphY3Nre8fc3WuoMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q1uM785ZFLxMHiAJGKOT/oB73FKQEuuacbu0+mwHJ2oIxeuLVxwzZJVsSbAi8SekVK12Dl+HleTmmt+d7ohjX0WABVEqbZtReCkRAKngo0KnVixiNAB6bO2pgHxmXLSyeUjfKiVLu6FUlcAeKL+nkiJr1Tie7rTJ/Co5r1M/M9rx9C7clIeRDGwgE4X9WKBIcRZDLjLJaMgEk0IlVzfiukjkYSCDisLwZ5/eZE0zir2ReX8Xqdxg6bIowNURGVko0tURXeohuqIoiF6QW/o3UiNV+PD+Jy25ozZzD76A+PrB0IclRg=</latexit>

ux � v(p, s)t = 0

Assume given entropy profile:     
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.

<latexit sha1_base64="MuFcGD+BuIsVo0aAQ5zxplUayQo=">AAAB+HicbVDLSsNAFJ3UV42PRl0qMlgEQSmJiLoRim5ctmAf0IYwmU7q0MmDeYg1dOlXuHGhiFtX/Q53foM/4aTtQlsPXDiccy/33uMnjApp219Gbm5+YXEpv2yurK6tF6yNzbqIFcekhmMW86aPBGE0IjVJJSPNhBMU+ow0/N5V5jfuCBc0jm5kPyFuiLoRDShGUkueVTAT7/5QefLCPoKmaXpW0S7ZI8BZ4kxIsbwzrH4/7g4rnvXZ7sRYhSSSmCEhWo6dSDdFXFLMyMBsK0EShHuoS1qaRigkwk1Hhw/gvlY6MIi5rkjCkfp7IkWhEP3Q150hkrdi2svE/7yWksG5m9IoUZJEeLwoUAzKGGYpwA7lBEvW1wRhTvWtEN8ijrDUWWUhONMvz5L6cck5LZ1UdRqXYIw82AZ74AA44AyUwTWogBrAQIEn8AJejQfj2Xgz3setOWMyswX+wPj4ATPglIw=</latexit>

px + ut = 0,

Lagrangian Equations:          

<latexit sha1_base64="oR5b33GKz/l/1spo5CxnYVQTohY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g63gopSkiLopFN24rGAf0IQymU7aoZNMmJkUSshPuPFX3LhQxK3gzr9x0mahrQcGDuecy517vIhRqSzr2yisrW9sbhW3Szu7e/sH5uFRR/JYYNLGnHHR85AkjIakrahipBcJggKPka43uc387pQISXn4oGYRcQM0CqlPMVJaGpjVytSpVhoVp+r4AuHEThNHjHmqhYZTlRHBWRhOOYsDMjDLVs2aA64SOydlkKM1ML+cIcd6MlSYISn7thUpN0FCUcxIWnJiSSKEJ2hE+pqGKCDSTeZXpfBMK0Poc6FfqOBc/T2RoEDKWeDpZIDUWC57mfif14+Vf+0mNIxiRUK8WOTHDCoOs4rgkAqCFZtpgrCg+q8Qj5FuR+kiS7oEe/nkVdKp1+zL2sV9vdy8yesoghNwCs6BDa5AE9yBFmgDDB7BM3gFb8aT8WK8Gx+LaMHIZ47BHxifP2YUncY=</latexit>

v= 1
⇢ =specific volume

<latexit sha1_base64="APGxGgr0xKxZMoMw2XZggDYCFwk=">AAACAXicbVDLSgMxFM34rPU16kZwE2wFF6XMFFE3QtGNywr2AZ2hZNJMG5qZhCQjlKFu/BU3LhRx61+482/MtLPQ1gOBwzn3cHNPIBhV2nG+raXlldW19cJGcXNre2fX3ttvKZ5ITJqYMy47AVKE0Zg0NdWMdIQkKAoYaQejm8xvPxCpKI/v9VgQP0KDmIYUI22knn1YVmWvcuVVlCA40yGJteRi3LNLTtWZAi4SNyclkKPRs7+8PsdJZPKYIaW6riO0nyKpKWZkUvQSRQTCIzQgXUNjFBHlp9MLJvDEKH0YcmlerOFU/Z1IUaTUOArMZIT0UM17mfif1010eOmnNBaJJjGeLQoTBjWHWR2wTyXBmo0NQVhS81eIh0girE1pRVOCO3/yImnVqu559eyuVqpf53UUwBE4BqfABRegDm5BAzQBBo/gGbyCN+vJerHerY/Z6JKVZw7AH1ifPzbSliE=</latexit>

s=specific entropy

THE  PERIODIC  TILE

<latexit sha1_base64="i2KGjCAjaMYGsN4aaH481827kqw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWArtKAlKaJuhKIblxXsA9oQJtNJO3SSDDOT0hLqxl9x40IRt/6FO//GaZuFVg9cOJxzL/fe43FGpbKsLyOztLyyupZdz21sbm3vmLt7DRnFApM6jlgkWh6ShNGQ1BVVjLS4ICjwGGl6g5up3xwSIWkU3qsxJ06AeiH1KUZKS655UIjd0enQ5UV+Il2rOCqVuKuurIJr5q2yNQP8S+yU5EGKmmt+droRjgMSKsyQlG3b4spJkFAUMzLJdWJJOMID1CNtTUMUEOkksw8m8FgrXehHQleo4Ez9OZGgQMpx4OnOAKm+XPSm4n9eO1b+pZPQkMeKhHi+yI8ZVBGcxgG7VBCs2FgThAXVt0LcRwJhpUPL6RDsxZf/kkalbJ+Xz+4q+ep1GkcWHIIjUAQ2uABVcAtqoA4weABP4AW8Go/Gs/FmvM9bM0Y6sw9+wfj4BpvllRA=</latexit>

ux � vp(p, s0(x))pt = 0



Compressible Euler equations in Lagrangian Coordinates:

Assume general constitutive law:     
<latexit sha1_base64="UHZjDAiIb4q/AGa/IWTsQi+fpBQ=">AAAB8HicbVDLSgMxFM3UVx1fVZduQotQUcqMiLoRim5cVrAPaYeSSTNtaJIJSaZQhn6FLlwo4tbPcde/MX0stPXAhcM593LvPaFkVBvPGzuZldW19Y3spru1vbO7l9s/qOk4UZhUccxi1QiRJowKUjXUMNKQiiAeMlIP+3cTvz4gStNYPJqhJAFHXUEjipGx0pMrb2RxcKZP2rmCV/KmgMvEn5NCOd86fRmXh5V27rvViXHCiTCYIa2bvidNkCJlKGZk5LYSTSTCfdQlTUsF4kQH6fTgETy2SgdGsbIlDJyqvydSxLUe8tB2cmR6etGbiP95zcRE10FKhUwMEXi2KEoYNDGcfA87VBFs2NAShBW1t0LcQwphYzNybQj+4svLpHZe8i9LFw82jVswQxYcgTwoAh9cgTK4BxVQBRhw8AzewLujnFfnw/mctWac+cwh+APn6wddEpJ1</latexit>

p = p(v, s)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
<latexit sha1_base64="8puGrV8HayYmFqkgkCFZGlvzC4o=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAlCRA27IupFCHrxGME8IFmW2ckkDpl9MNMbXJb8hUcvHhTx6p94y984m+SgiQUNRVU33V1eJLgCyxobuaXlldW1/HphY3Nre8fc3WuoMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q1uM785ZFLxMHiAJGKOT/oB73FKQEuuacbu0+mwHJ2oIxeuLVxwzZJVsSbAi8SekVK12Dl+HleTmmt+d7ohjX0WABVEqbZtReCkRAKngo0KnVixiNAB6bO2pgHxmXLSyeUjfKiVLu6FUlcAeKL+nkiJr1Tie7rTJ/Co5r1M/M9rx9C7clIeRDGwgE4X9WKBIcRZDLjLJaMgEk0IlVzfiukjkYSCDisLwZ5/eZE0zir2ReX8Xqdxg6bIowNURGVko0tURXeohuqIoiF6QW/o3UiNV+PD+Jy25ozZzD76A+PrB0IclRg=</latexit>

ux � v(p, s)t = 0

<latexit sha1_base64="1tEk+6e5+4sIE7a7yclIFBU/4DQ=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVXJWZIupGKIrgsoK9QFtKJj3ThmaSIckUS+kbuPFV3LhQxK1bd76NmbYLbf0h8PGfczg5vx9xpo3rfjuppeWV1bX0emZjc2t7J7u7V9UyVhQqVHKp6j7RwJmAimGGQz1SQEKfQ83vXyf12gCUZlLcm2EErZB0BQsYJcZa7ezxzUDyAWAmcP4hjwMlQwuXbh4bmUATOM8XcDubcwvuRHgRvBnk0Ezldvar2ZE0DkEYyonWDc+NTGtElGGUwzjTjDVEhPZJFxoWBQlBt0aTe8b4yDodHEhlnzB44v6eGJFQ62Ho286QmJ6eryXmf7VGbIKL1oiJKDYg6HRREPPk1iQc3GEKqOFDC4QqZv+KaY8oQo2NMGND8OZPXoRqseCdFU7virnS1SyONDpAh+gEeegcldAtKqMKougRPaNX9OY8OS/Ou/MxbU05s5l99EfO5w8+YZme</latexit>

Evolve in x from x = 0 to x = `.

Assume given entropy profile:     
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.

<latexit sha1_base64="MuFcGD+BuIsVo0aAQ5zxplUayQo=">AAAB+HicbVDLSsNAFJ3UV42PRl0qMlgEQSmJiLoRim5ctmAf0IYwmU7q0MmDeYg1dOlXuHGhiFtX/Q53foM/4aTtQlsPXDiccy/33uMnjApp219Gbm5+YXEpv2yurK6tF6yNzbqIFcekhmMW86aPBGE0IjVJJSPNhBMU+ow0/N5V5jfuCBc0jm5kPyFuiLoRDShGUkueVTAT7/5QefLCPoKmaXpW0S7ZI8BZ4kxIsbwzrH4/7g4rnvXZ7sRYhSSSmCEhWo6dSDdFXFLMyMBsK0EShHuoS1qaRigkwk1Hhw/gvlY6MIi5rkjCkfp7IkWhEP3Q150hkrdi2svE/7yWksG5m9IoUZJEeLwoUAzKGGYpwA7lBEvW1wRhTvWtEN8ijrDUWWUhONMvz5L6cck5LZ1UdRqXYIw82AZ74AA44AyUwTWogBrAQIEn8AJejQfj2Xgz3setOWMyswX+wPj4ATPglIw=</latexit>

px + ut = 0,

Lagrangian Equations:          

<latexit sha1_base64="oR5b33GKz/l/1spo5CxnYVQTohY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g63gopSkiLopFN24rGAf0IQymU7aoZNMmJkUSshPuPFX3LhQxK3gzr9x0mahrQcGDuecy517vIhRqSzr2yisrW9sbhW3Szu7e/sH5uFRR/JYYNLGnHHR85AkjIakrahipBcJggKPka43uc387pQISXn4oGYRcQM0CqlPMVJaGpjVytSpVhoVp+r4AuHEThNHjHmqhYZTlRHBWRhOOYsDMjDLVs2aA64SOydlkKM1ML+cIcd6MlSYISn7thUpN0FCUcxIWnJiSSKEJ2hE+pqGKCDSTeZXpfBMK0Poc6FfqOBc/T2RoEDKWeDpZIDUWC57mfif14+Vf+0mNIxiRUK8WOTHDCoOs4rgkAqCFZtpgrCg+q8Qj5FuR+kiS7oEe/nkVdKp1+zL2sV9vdy8yesoghNwCs6BDa5AE9yBFmgDDB7BM3gFb8aT8WK8Gx+LaMHIZ47BHxifP2YUncY=</latexit>

v= 1
⇢ =specific volume

<latexit sha1_base64="APGxGgr0xKxZMoMw2XZggDYCFwk=">AAACAXicbVDLSgMxFM34rPU16kZwE2wFF6XMFFE3QtGNywr2AZ2hZNJMG5qZhCQjlKFu/BU3LhRx61+482/MtLPQ1gOBwzn3cHNPIBhV2nG+raXlldW19cJGcXNre2fX3ttvKZ5ITJqYMy47AVKE0Zg0NdWMdIQkKAoYaQejm8xvPxCpKI/v9VgQP0KDmIYUI22knn1YVmWvcuVVlCA40yGJteRi3LNLTtWZAi4SNyclkKPRs7+8PsdJZPKYIaW6riO0nyKpKWZkUvQSRQTCIzQgXUNjFBHlp9MLJvDEKH0YcmlerOFU/Z1IUaTUOArMZIT0UM17mfif1010eOmnNBaJJjGeLQoTBjWHWR2wTyXBmo0NQVhS81eIh0girE1pRVOCO3/yImnVqu559eyuVqpf53UUwBE4BqfABRegDm5BAzQBBo/gGbyCN+vJerHerY/Z6JKVZw7AH1ifPzbSliE=</latexit>

s=specific entropy

<latexit sha1_base64="O4TjPnv7CyzcW2zlw7IGYYN8ivE="></latexit>

Theorem: p(x, t) even in t and u(x, t) odd in t
is preserved under evolution in x.

THE  PERIODIC  TILE

<latexit sha1_base64="hctiCy9tCLjL99YIUBx1zpCKfYg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWArtKAhKaJuhKIblxXsA9oQJtNpO3SSDDOT0hLqxl9x40IRt/6FO//GaZuFVg9cOJxzL/fe43NGpbLtLyOztLyyupZdz21sbm3vmLt7dRnFApMajlgkmj6ShNGQ1BRVjDS5ICjwGWn4g5up3xgSIWkU3qsxJ26AeiHtUoyUljzzoBB7o9Ohx4v8RBZHpRL31JVtFaBn5m3LngH+JU5K8iBF1TM/250IxwEJFWZIypZjc+UmSCiKGZnk2rEkHOEB6pGWpiEKiHST2QcTeKyVDuxGQleo4Ez9OZGgQMpx4OvOAKm+XPSm4n9eK1bdSzehIY8VCfF8UTdmUEVwGgfsUEGwYmNNEBZU3wpxHwmElQ4tp0NwFl/+S+plyzm3zu7K+cp1GkcWHIIjUAQOuAAVcAuqoAYweABP4AW8Go/Gs/FmvM9bM0Y6sw9+wfj4BjkwlM8=</latexit>

ux � vp(p, s(x))pt = 0.



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries

To keep solutions within this symmetry class it suffices to 
impose them on initial data at 

<latexit sha1_base64="QPZnx+6n9mA9HO4/yamDSoG7+d4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK9gPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpWb56cotV3rFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzitnd9VS7TqLIw9HcAyn4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AP0Ijhg=</latexit>

x = 0.



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries

To keep solutions within this symmetry class it suffices to 
impose them on initial data at 

<latexit sha1_base64="QPZnx+6n9mA9HO4/yamDSoG7+d4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK9gPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpWb56cotV3rFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzitnd9VS7TqLIw9HcAyn4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AP0Ijhg=</latexit>

x = 0.
The Main Idea is to employ spacetime reflection symmetries 
sufficient to extend a solution in                    across the 
boundaries at                  :

<latexit sha1_base64="OHtr2+R4NfRyOcIIba6agY6tSZg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYCt4kJIUUS9C0YvHCvYD21A220m7dLMJuxuxhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tnt7C331BRIinWacQj2fKJQs4E1jXTHFuxRBL6HJv+8GbiNx9RKhaJez2K0QtJX7CAUaKN9FB6unJOO8h5qVsoOmVnCnuRuBkpQoZat/DV6UU0CVFoyolSbdeJtZcSqRnlOM53EoUxoUPSx7ahgoSovHR68dg+NkrPDiJpSmh7qv6eSEmo1Cj0TWdI9EDNexPxP6+d6ODSS5mIE42CzhYFCbd1ZE/et3tMItV8ZAihkplbbTogklBtQsqbENz5lxdJo1J2z8tnd5Vi9TqLIweHcAQn4MIFVOEWalAHCgKe4RXeLGW9WO/Wx6x1ycpmDuAPrM8fAqOP1w==</latexit>

x = 0, `

<latexit sha1_base64="bP0oKtcEGH8MlMzBNyPzRjogOBQ=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjWDiibTEqEeiF4+YCJjQhmyXATZst3V3ayANf8WLB43x6h/x5r9xKT0o+JKZvLw3k519QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+7DcVlEiKbRoxCP5EBAFnAloaaY5PMQSSBhw6ATjm7nfeQKpWCTu9TQGPyRDwQaMEm2knl2uOh6HRzzJugecV3t2xak5GfAqcXNSQTmaPfvL60c0CUFoyolSXdeJtZ8SqRnlMCt5iYKY0DEZQtdQQUJQfprdPsOnRunjQSRNCY0z9fdGSkKlpmFgJkOiR2rZm4v/ed1ED678lIk40SDo4qFBwrGO8DwI3GcSqOZTQwiVzNyK6YhIQrWJq2RCcJe/vEra9Zp7UTu/q1ca13kcRXSMTtAZctElaqBb1EQtRNEEPaNX9GbNrBfr3fpYjBasfOcI/YH1+QNw6pNr</latexit>

0  x  `



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries

To keep solutions within this symmetry class it suffices to 
impose them on initial data at 

<latexit sha1_base64="QPZnx+6n9mA9HO4/yamDSoG7+d4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK9gPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpWb56cotV3rFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzitnd9VS7TqLIw9HcAyn4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AP0Ijhg=</latexit>

x = 0.
The Main Idea is to employ spacetime reflection symmetries 
sufficient to extend a solution in                    across the 
boundaries at                  :

<latexit sha1_base64="OHtr2+R4NfRyOcIIba6agY6tSZg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYCt4kJIUUS9C0YvHCvYD21A220m7dLMJuxuxhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tnt7C331BRIinWacQj2fKJQs4E1jXTHFuxRBL6HJv+8GbiNx9RKhaJez2K0QtJX7CAUaKN9FB6unJOO8h5qVsoOmVnCnuRuBkpQoZat/DV6UU0CVFoyolSbdeJtZcSqRnlOM53EoUxoUPSx7ahgoSovHR68dg+NkrPDiJpSmh7qv6eSEmo1Cj0TWdI9EDNexPxP6+d6ODSS5mIE42CzhYFCbd1ZE/et3tMItV8ZAihkplbbTogklBtQsqbENz5lxdJo1J2z8tnd5Vi9TqLIweHcAQn4MIFVOEWalAHCgKe4RXeLGW9WO/Wx6x1ycpmDuAPrM8fAqOP1w==</latexit>

x = 0, `

<latexit sha1_base64="bP0oKtcEGH8MlMzBNyPzRjogOBQ=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjWDiibTEqEeiF4+YCJjQhmyXATZst3V3ayANf8WLB43x6h/x5r9xKT0o+JKZvLw3k519QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+7DcVlEiKbRoxCP5EBAFnAloaaY5PMQSSBhw6ATjm7nfeQKpWCTu9TQGPyRDwQaMEm2knl2uOh6HRzzJugecV3t2xak5GfAqcXNSQTmaPfvL60c0CUFoyolSXdeJtZ8SqRnlMCt5iYKY0DEZQtdQQUJQfprdPsOnRunjQSRNCY0z9fdGSkKlpmFgJkOiR2rZm4v/ed1ED678lIk40SDo4qFBwrGO8DwI3GcSqOZTQwiVzNyK6YhIQrWJq2RCcJe/vEra9Zp7UTu/q1ca13kcRXSMTtAZctElaqBb1EQtRNEEPaNX9GbNrBfr3fpYjBasfOcI/YH1+QNw6pNr</latexit>

0  x  `

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries

To keep solutions within this symmetry class it suffices to 
impose them on initial data at 

<latexit sha1_base64="QPZnx+6n9mA9HO4/yamDSoG7+d4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK9gPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpWb56cotV3rFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzitnd9VS7TqLIw9HcAyn4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AP0Ijhg=</latexit>

x = 0.
The Main Idea is to employ spacetime reflection symmetries 
sufficient to extend a solution in                    across the 
boundaries at                  :

<latexit sha1_base64="OHtr2+R4NfRyOcIIba6agY6tSZg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYCt4kJIUUS9C0YvHCvYD21A220m7dLMJuxuxhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tnt7C331BRIinWacQj2fKJQs4E1jXTHFuxRBL6HJv+8GbiNx9RKhaJez2K0QtJX7CAUaKN9FB6unJOO8h5qVsoOmVnCnuRuBkpQoZat/DV6UU0CVFoyolSbdeJtZcSqRnlOM53EoUxoUPSx7ahgoSovHR68dg+NkrPDiJpSmh7qv6eSEmo1Cj0TWdI9EDNexPxP6+d6ODSS5mIE42CzhYFCbd1ZE/et3tMItV8ZAihkplbbTogklBtQsqbENz5lxdJo1J2z8tnd5Vi9TqLIweHcAQn4MIFVOEWalAHCgKe4RXeLGW9WO/Wx6x1ycpmDuAPrM8fAqOP1w==</latexit>

x = 0, `

<latexit sha1_base64="bP0oKtcEGH8MlMzBNyPzRjogOBQ=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjWDiibTEqEeiF4+YCJjQhmyXATZst3V3ayANf8WLB43x6h/x5r9xKT0o+JKZvLw3k519QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+7DcVlEiKbRoxCP5EBAFnAloaaY5PMQSSBhw6ATjm7nfeQKpWCTu9TQGPyRDwQaMEm2knl2uOh6HRzzJugecV3t2xak5GfAqcXNSQTmaPfvL60c0CUFoyolSXdeJtZ8SqRnlMCt5iYKY0DEZQtdQQUJQfprdPsOnRunjQSRNCY0z9fdGSkKlpmFgJkOiR2rZm4v/ed1ED678lIk40SDo4qFBwrGO8DwI3GcSqOZTQwiVzNyK6YhIQrWJq2RCcJe/vEra9Zp7UTu/q1ca13kcRXSMTtAZctElaqBb1EQtRNEEPaNX9GbNrBfr3fpYjBasfOcI/YH1+QNw6pNr</latexit>

0  x  `

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :

(2)  The reflection symmetry at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="vMLkbRE4BE4y6bSiltn0djuuI/Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhpbbOFFE3QtGNywp9QTuUTJq2oZnMkGTEMnTnxl9x40IRt/6CO//GtJ2Fth4InHvOvdzc4waMSmVZ30ZiaXlldS25ntrY3NreMXf36tIPBSY17DNfNF0kCaOc1BRVjDQDQZDnMtJwhzcTv3FPhKQ+r6pRQBwP9TntUYyUljrmYSbMtglj+YcTlbsqzIqCLvLV01Iu0zHTVtGaAi4SOyZpEKPSMb/aXR+HHuEKMyRly7YC5URIKIoZGafaoSQBwkPUJy1NOfKIdKLpHWN4rJUu7PlCP67gVP09ESFPypHn6k4PqYGc9ybif14rVL1LJ6I8CBXheLaoFzKofDgJBXapIFixkSYIC6r/CvEACYSVji6lQ7DnT14k9VLRPi+e3ZXS5es4jiQ4AEcgC2xwAcrgFlRADWDwCJ7BK3gznowX4934mLUmjHhmH/yB8fkDzOKWtg==</latexit>

u(`+ x, t) = �u(`� x, t+ T/2)

<latexit sha1_base64="PnphKgwteepvUnAy6kc1KhvEdk4=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFWaGmtM0XUjVB047JCb9AOJZOmbWgmMyQZsQzdufFV3LhQxK2v4M63MW1noa0/BD7+cw4n53cDRqWyrG8jsbS8srqWXE9tbG5t75i7e3XphwKTGvaZL5oukoRRTmqKKkaagSDIcxlpuMObSb1xT4SkPq+qUUAcD/U57VGMlLY65mEmyLYJY/mHgspdzfhEc756WsoVMh0zbRWtqeAi2DGkQaxKx/xqd30ceoQrzJCULdsKlBMhoShmZJxqh5IECA9Rn7Q0cuQR6UTTO8bwWDtd2POFflzBqft7IkKelCPP1Z0eUgM5X5uY/9VaoepdOhHlQagIx7NFvZBB5cNJKLBLBcGKjTQgLKj+K8QDJBBWOrqUDsGeP3kR6qWifV48uyuly9dxHElwAI5AFtjgApTBLaiAGsDgETyDV/BmPBkvxrvxMWtNGPHMPvgj4/MHvTqWqw==</latexit>

p(`+ x, t) = p(`� x, t+ T/2),



<latexit sha1_base64="M10vneAfYqzp+qQT2ZcDBBOF654=">AAACD3icbVDJSgNBEO1xjXEb9eilMVEiSJgJooKXoBePEcwCmRB6eiqxSU/30N0TDCF/4MVf8eJBEa9evfk3dpaD24OCx3tVVNULE8608bxPZ25+YXFpObOSXV1b39h0t7ZrWqaKQpVKLlUjJBo4E1A1zHBoJApIHHKoh73LsV/vg9JMihszSKAVk65gHUaJsVLbPcgnhbujgEbSHOYx9EGcBzjA+fSbKqOo7ea8ojcB/kv8GcmhGSpt9yOIJE1jEIZyonXT9xLTGhJlGOUwygaphoTQHulC01JBYtCt4eSfEd63SoQ7UtkSBk/U7xNDEms9iEPbGRNzq397Y/E/r5mazllryESSGhB0uqiTcmwkHoeDI6aAGj6whFDF7K2Y3hJFqLERZm0I/u+X/5JaqeifFI+vS7nyxSyODNpFe6iAfHSKyugKVVAVUXSPHtEzenEenCfn1Xmbts45s5kd9APO+xe0b5nx</latexit>

p(x, ·) even; u(x, ·) odd

THE  PERIODIC  TILE

We restrict to nonlinear evolution from              to              for 
T-periodic solutions with    

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="tbw34kZHIO7lS53J5ReEY79E4hg=">AAAB9XicbVDLSsNAFJ3UV62vqks3wVZwY0mKqMuiG5cV7APaWCbTm3boZBJmbpQS+h9uXCji1n9x5984bbPQ1gMDh3Pu5Z45fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90M/Vbj6A0j+Q9jmPwQjqQPOCMopEeylg+0+MwBFQcdK9YcirODPYycTNSIhnqveJXtx+xJASJTFCtO64To5dShZwJmBS6iYaYshEdQMdQSUPQXjpLPbFPjNK3g0iZJ9Geqb83Uhpqk803kyHFoV70puJ/XifB4MpLuYwTBMnmh4JE2BjZ0wrsPlfAUIwNoUxxk9VmQ6ooQ1NUwZTgLn55mTSrFfeicn5XLdWuszry5Igck1PikktSI7ekThqEEUWeySt5s56sF+vd+piP5qxs55D8gfX5Ax8dkkg=</latexit>

t-symmetries

To keep solutions within this symmetry class it suffices to 
impose them on initial data at 

<latexit sha1_base64="QPZnx+6n9mA9HO4/yamDSoG7+d4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRL0IRS8eK9gPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpWb56cotV3rFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzitnd9VS7TqLIw9HcAyn4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AP0Ijhg=</latexit>

x = 0.
The Main Idea is to employ spacetime reflection symmetries 
sufficient to extend a solution in                    across the 
boundaries at                  :

<latexit sha1_base64="OHtr2+R4NfRyOcIIba6agY6tSZg=">AAAB8XicbVBNS8NAEJ34WetX1aOXYCt4kJIUUS9C0YvHCvYD21A220m7dLMJuxuxhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tnt7C331BRIinWacQj2fKJQs4E1jXTHFuxRBL6HJv+8GbiNx9RKhaJez2K0QtJX7CAUaKN9FB6unJOO8h5qVsoOmVnCnuRuBkpQoZat/DV6UU0CVFoyolSbdeJtZcSqRnlOM53EoUxoUPSx7ahgoSovHR68dg+NkrPDiJpSmh7qv6eSEmo1Cj0TWdI9EDNexPxP6+d6ODSS5mIE42CzhYFCbd1ZE/et3tMItV8ZAihkplbbTogklBtQsqbENz5lxdJo1J2z8tnd5Vi9TqLIweHcAQn4MIFVOEWalAHCgKe4RXeLGW9WO/Wx6x1ycpmDuAPrM8fAqOP1w==</latexit>

x = 0, `

<latexit sha1_base64="bP0oKtcEGH8MlMzBNyPzRjogOBQ=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjWDiibTEqEeiF4+YCJjQhmyXATZst3V3ayANf8WLB43x6h/x5r9xKT0o+JKZvLw3k519QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+7DcVlEiKbRoxCP5EBAFnAloaaY5PMQSSBhw6ATjm7nfeQKpWCTu9TQGPyRDwQaMEm2knl2uOh6HRzzJugecV3t2xak5GfAqcXNSQTmaPfvL60c0CUFoyolSXdeJtZ8SqRnlMCt5iYKY0DEZQtdQQUJQfprdPsOnRunjQSRNCY0z9fdGSkKlpmFgJkOiR2rZm4v/ed1ED678lIk40SDo4qFBwrGO8DwI3GcSqOZTQwiVzNyK6YhIQrWJq2RCcJe/vEra9Zp7UTu/q1ca13kcRXSMTtAZctElaqBb1EQtRNEEPaNX9GbNrBfr3fpYjBasfOcI/YH1+QNw6pNr</latexit>

0  x  `

(1)  The reflection symmetry at              
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :

(2)  The reflection symmetry at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="WBv7cSgT5MElTD9GCLt9PQgCZcc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhQi0zRdSNUHTjsoJ9QDuUTJppQzOZkGTUUvspblwo4tYvceffmGlnodUDl3s4515yc3zBqNKO82VllpZXVtey67mNza3tHTu/21RRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH10lfuuOSEUjfqvHgnghGnAaUIy0kXp2vihKxw9lfXQhSkkrlnt2wak4M8C/xE1JAaSo9+zPbj/CcUi4xgwp1XEdob0JkppiRqa5bqyIQHiEBqRjKEchUd5kdvoUHhqlD4NImuIaztSfGxMUKjUOfTMZIj1Ui14i/ud1Yh2cexPKRawJx/OHgphBHcEkB9inkmDNxoYgLKm5FeIhkghrk1bOhOAufvkvaVYr7mnl5KZaqF2mcWTBPjgAJeCCM1AD16AOGgCDe/AEXsCr9Wg9W2/W+3w0Y6U7e+AXrI9vCiiR7A==</latexit>

p(�x, t) = p(x, t),
<latexit sha1_base64="RmKwdiv6HXFdA3mPME61DtXnWlk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBFuhgi0zRdSNUHTjsoJ9QDuUTJppQzOZIQ+1jP0UNy4UceuXuPNvzLRdaPXA5R7OuZfcHD9mVCrH+bIyS8srq2vZ9dzG5tb2jp3fbcpIC0waOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj65Sv3VHhKQRv1XjmHghGnAaUIyUkXp2vqhL5YdjdXRR1qW0F3t2wak4U8C/xJ2TApij3rM/u/0I65BwhRmSsuM6sfISJBTFjExyXS1JjPAIDUjHUI5CIr1kevoEHhqlD4NImOIKTtWfGwkKpRyHvpkMkRrKRS8V//M6WgXnXkJ5rBXhePZQoBlUEUxzgH0qCFZsbAjCgppbIR4igbAyaeVMCO7il/+SZrXinlZObqqF2uU8jizYBwegBFxwBmrgGtRBA2BwD57AC3i1Hq1n6816n41mrPnOHvgF6+MbGnuR9w==</latexit>

u(�x, t) = �u(x, t)

<latexit sha1_base64="vMLkbRE4BE4y6bSiltn0djuuI/Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhpbbOFFE3QtGNywp9QTuUTJq2oZnMkGTEMnTnxl9x40IRt/6CO//GtJ2Fth4InHvOvdzc4waMSmVZ30ZiaXlldS25ntrY3NreMXf36tIPBSY17DNfNF0kCaOc1BRVjDQDQZDnMtJwhzcTv3FPhKQ+r6pRQBwP9TntUYyUljrmYSbMtglj+YcTlbsqzIqCLvLV01Iu0zHTVtGaAi4SOyZpEKPSMb/aXR+HHuEKMyRly7YC5URIKIoZGafaoSQBwkPUJy1NOfKIdKLpHWN4rJUu7PlCP67gVP09ESFPypHn6k4PqYGc9ybif14rVL1LJ6I8CBXheLaoFzKofDgJBXapIFixkSYIC6r/CvEACYSVji6lQ7DnT14k9VLRPi+e3ZXS5es4jiQ4AEcgC2xwAcrgFlRADWDwCJ7BK3gznowX4934mLUmjHhmH/yB8fkDzOKWtg==</latexit>

u(`+ x, t) = �u(`� x, t+ T/2)

<latexit sha1_base64="PnphKgwteepvUnAy6kc1KhvEdk4=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFWaGmtM0XUjVB047JCb9AOJZOmbWgmMyQZsQzdufFV3LhQxK2v4M63MW1noa0/BD7+cw4n53cDRqWyrG8jsbS8srqWXE9tbG5t75i7e3XphwKTGvaZL5oukoRRTmqKKkaagSDIcxlpuMObSb1xT4SkPq+qUUAcD/U57VGMlLY65mEmyLYJY/mHgspdzfhEc756WsoVMh0zbRWtqeAi2DGkQaxKx/xqd30ceoQrzJCULdsKlBMhoShmZJxqh5IECA9Rn7Q0cuQR6UTTO8bwWDtd2POFflzBqft7IkKelCPP1Z0eUgM5X5uY/9VaoepdOhHlQagIx7NFvZBB5cNJKLBLBcGKjTQgLKj+K8QDJBBWOrqUDsGeP3kR6qWifV48uyuly9dxHElwAI5AFtjgApTBLaiAGsDgETyDV/BmPBkvxrvxMWtNGPHMPvgj4/MHvTqWqw==</latexit>

p(`+ x, t) = p(`� x, t+ T/2),

Condition (2) is analogous to (1) observing that even/odd 
periodic functions are also even/odd about the half period T/2. 



THE  PERIODIC  TILE

Condition (1) extends solutions by reflection across 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
Condition (2) extends solutions by reflection across 

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `



THE  PERIODIC  TILE

Condition (1) extends solutions by reflection across 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
Condition (2) extends solutions by reflection across 

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Two further conditions are required to ensure continuity
at the axis of reflection                           .  

<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `



Theorem:  Condition (1) extends solutions ``even in p, 
odd in u’’ by reflection, but continuity at             requires

THE  PERIODIC  TILE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Condition (1) extends solutions by reflection across 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
Condition (2) extends solutions by reflection across 

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Two further conditions are required to ensure continuity
at the axis of reflection                           .  

<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

(IC)



Theorem:  Condition (1) extends solutions ``even in p, 
odd in u’’ by reflection, but continuity at             requires

THE  PERIODIC  TILE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Condition (1) extends solutions by reflection across 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
Condition (2) extends solutions by reflection across 

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Two further conditions are required to ensure continuity
at the axis of reflection                           .  

<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

Theorem:  Condition (2) extends solutions ``even in p, 
odd in u’’ by reflection, but continuity at              requires

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)

(IC)

<latexit sha1_base64="ST+TjKwB1OyoWOcsjMNPgEj/stY=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhxVJniqgboejGZYW+oB1KJs20oZnMkGSEMnThxl9x40IRt36EO//GtB1BWw9cODnnXnLvcUNGpbKsLyO1srq2vpHezGxt7+zumfsHTRlEApMGDlgg2i6ShFFOGooqRtqhIMh3GWm5o5up37onQtKA19U4JI6PBpx6FCOlpZ6ZzYeFLmGspE7qp5Xi1c+rWMrDnpmzytYMcJnYCcmBBLWe+dntBzjyCVeYISk7thUqJ0ZCUczIJNONJAkRHqEB6WjKkU+kE8+OmMBjrfShFwhdXMGZ+nsiRr6UY9/VnT5SQ7noTcX/vE6kvEsnpjyMFOF4/pEXMagCOE0E9qkgWLGxJggLqneFeIgEwkrnltEh2IsnL5NmpWyfl8/uKrnqdRJHGmTBESgAG1yAKrgFNdAAGDyAJ/ACXo1H49l4M97nrSkjmTkEf2B8fANs9JVl</latexit>

p(`, t+ T/2) = p(`, t),



Theorem:  Condition (1) extends solutions ``even in p, 
odd in u’’ by reflection, but continuity at             requires

THE  PERIODIC  TILE

<latexit sha1_base64="uZMkJZMoMM7VNhWz5gLPDwzkYtk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgoSkiHoRil48VrAfkIay2W7apZvdsDsRSujP8OJBEa/+Gm/+G7dtDlp9MPB4b4aZeWHCmQbX/bIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbQEDTruJojgOOe2E49uZ33mkSjMpHmCS0CDGQ8EiRjAYya+mNfcMTq9dp9ovV1zHncP+S7ycVFCOZr/82RtIksZUAOFYa99zEwgyrIARTqelXqppgskYD6lvqMAx1UE2P3lqnxhlYEdSmRJgz9WfExmOtZ7EoemMMYz0sjcT//P8FKKrIGMiSYEKslgUpdwGac/+twdMUQJ8YggmiplbbTLCChMwKZVMCN7yy39Ju+54F875fb3SuMnjKKIjdIxqyEOXqIHuUBO1EEESPaEX9GqB9Wy9We+L1oKVzxyiX7A+vgFw4o9o</latexit>

u(0, t) = 0.

Condition (1) extends solutions by reflection across 
<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0
Condition (2) extends solutions by reflection across 

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

Two further conditions are required to ensure continuity
at the axis of reflection                           .  

<latexit sha1_base64="qFF+mX4nbpOrJIwyQWPvdW6Ktaw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4kJIUUTeFohuXFewDmlAm00k7dDIJM5PSEvonblwo4tY/ceffOH0stPXAhcM593LvPUHCmdKO822trW9sbm3ndvK7e/sHh/bRcUPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweB+6jeHVCoWiyc9Tqgf4Z5gISNYG6lj28VRxbn0kIdGFY9yXuzYBafkzIBWibsgBVig1rG/vG5M0ogKTThWqu06ifYzLDUjnE7yXqpogskA92jbUIEjqvxsdvkEnRuli8JYmhIazdTfExmOlBpHgemMsO6rZW8q/ue1Ux3e+hkTSaqpIPNFYcqRjtE0BtRlkhLNx4ZgIpm5FZE+lphoE1behOAuv7xKGuWSe126eiwXqneLOHJwCmdwAS7cQBUeoAZ1IDCEZ3iFNyuzXqx362PeumYtZk7gD6zPH/ZxkfE=</latexit>

x = 0, x = `

Theorem:  Condition (2) extends solutions ``even in p, 
odd in u’’ by reflection, but continuity at              requires

<latexit sha1_base64="ta8va9XSSTS8vk+tgAnDJL1lbCM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktol6EohePFdxaaJeSTbNtaDa7JFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOk4VZR5NBaxagdEM8El8ww3grUTxUgUCPYQjG6m/sMjU5rH8t6ME+ZHZCB5yCkxVvKqT1dOtVeuODVnBrxM3JxUIEezV/7q9mOaRkwaKojWHddJjJ8RZTgVbFLqppolhI7IgHUslSRi2s9mx07wiVX6OIyVLWnwTP09kZFI63EU2M6ImKFe9Kbif14nNeGln3GZpIZJOl8UpgKbGE8/x32uGDVibAmhittbMR0SRaix+ZRsCO7iy8ukVa+557Wzu3qlcZ3HUYQjOIZTcOECGnALTfCAAodneIU3JNELekcf89YCymcO4Q/Q5w+RN43g</latexit>

x = 0

<latexit sha1_base64="qADVlIn7PvsjPbXs1Vy2XhFmKFI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BFvBU0mKqBeh6MVjBfsBbSib7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZuZXVtfSO/Wdja3tndK+4fNFWUSIoNGvFItn2ikDOBDc00x3YskYQ+x5Y/upn6rUeUikXiXo9j9EIyECxglGgjtctPV13kvNwrlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46u3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw6aVMxIlGQeeLgoTbOrKnz9t9JpFqPjaEUMnMrTYdEkmoNhEVTAju4svLpFmtuOeVs7tqqXadxZGHIziGU3DhAmpwC3VoAAUOz/AKb9aD9WK9Wx/z1pyVzRzCH1ifPymQj2c=</latexit>

x = `

(Turns out: (BC) gives periodicity by “Projection”…
…instead of having to impose “Periodic Return”!)              

(IC)

<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t) (BC)
<latexit sha1_base64="ST+TjKwB1OyoWOcsjMNPgEj/stY=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhxVJniqgboejGZYW+oB1KJs20oZnMkGSEMnThxl9x40IRt36EO//GtB1BWw9cODnnXnLvcUNGpbKsLyO1srq2vpHezGxt7+zumfsHTRlEApMGDlgg2i6ShFFOGooqRtqhIMh3GWm5o5up37onQtKA19U4JI6PBpx6FCOlpZ6ZzYeFLmGspE7qp5Xi1c+rWMrDnpmzytYMcJnYCcmBBLWe+dntBzjyCVeYISk7thUqJ0ZCUczIJNONJAkRHqEB6WjKkU+kE8+OmMBjrfShFwhdXMGZ+nsiRr6UY9/VnT5SQ7noTcX/vE6kvEsnpjyMFOF4/pEXMagCOE0E9qkgWLGxJggLqneFeIgEwkrnltEh2IsnL5NmpWyfl8/uKrnqdRJHGmTBESgAG1yAKrgFNdAAGDyAJ/ACXo1H49l4M97nrSkjmTkEf2B8fANs9JVl</latexit>

p(`, t+ T/2) = p(`, t),



and evolves to satisfy (BC) at                
<latexit sha1_base64="sK+qAX6R1+8Q8OPQKEGXZ8Rq2JM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHoRil48VrC1sF1KNs22odlkSbJiKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpRypo3nfTuFldW19Y3iZmlre2d3r7x/0NIyU4Q2ieRStSOsKWeCNg0znLZTRXEScfoQDW+m/sMjVZpJcW9GKQ0T3BcsZgQbKwWo+nTVoZxXXdQtVzzXmwEtEz8nFcjR6Ja/Oj1JsoQKQzjWOvC91IRjrAwjnE5KnUzTFJMh7tPAUoETqsPx7OQJOrFKD8VS2RIGzdTfE2OcaD1KItuZYDPQi95U/M8LMhNfhmMm0sxQQeaL4owjI9H0f9RjihLDR5Zgopi9FZEBVpgYm1LJhuAvvrxMWjXXP3fP7mqV+nUeRxGO4BhOwYcLqMMtNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRc2P8w==</latexit>

x = `.

 Then the solution extends by reflection to a                   
<latexit sha1_base64="aeB1SQvP2QWy3mu46BtqJkYwBjg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiRdISoh6JXjxiIh8JNGS7HWDDdtvsbjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3MpvF3Z29/YP7OJhS0WJpNCkEY9kxycKOBPQ1Exz6MQSSOhzaPvjm5nffgCpWCTu9SQGLyRDwQaMEm2kvl3E5VoPOC+fxyBZFDDat0tOxZkDrxI3IyWUodG3v3pBRJMQhKacKNV1nVh7KZGaUQ7TQi9REBM6JkPoGipICMpL56dP8alRAjyIpCmh8Vz9PZGSUKlJ6JvOkOiRWvZm4n9eN9GDKy9lIk40CLpYNEg41hGe5YADJoFqPjGEUMnMrZiOiCRUm7QKJgR3+eVV0qpW3ItK7a5aql9nceTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj0VrzspmjtAfWJ8/wmGTDQ==</latexit>

4`-periodic
 solution of compressible Euler.                 

<latexit sha1_base64="AhFASQCUdpwZicugyNzrnoex/XY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFuhQim7RdSLUPTisYL9gHYp2TTbhmazSzIRSunf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JEcA2u++1k1tY3Nrey27md3b39g/zhUVPHRlHWoLGIVTsgmgkuWQM4CNZOFCNRIFgrGN3N/NYTU5rH8hHGCfMjMpA85JSAlbq4aEpuGc5v3HKxly+4FXcOvEq8lBRQinov/9Xtx9RETAIVROuO5ybgT4gCTgWb5rpGs4TQERmwjqWSREz7k/nNU3xmlT4OY2VLAp6rvycmJNJ6HAW2MyIw1MveTPzP6xgIr/0Jl4kBJuliUWgEhhjPAsB9rhgFMbaEUMXtrZgOiSIUbEw5G4K3/PIqaVYr3mXl4qFaqN2mcWTRCTpFJeShK1RD96iOGoiiBD2jV/TmGOfFeXc+Fq0ZJ505Rn/gfP4AxLCPkA==</latexit>

u(0, t) = 0,

<latexit sha1_base64="QYKVcmxFfDkVn6AYyx/qgtLW+UM=">AAAB+nicbVBdSwJBFJ21L7OvtR57GdLAQGRXonoJpF56NMgP0EVmx6sOzs4uM7OGmD+llx6K6LVf0lv/plH3obQDFw7n3Mu99/gRZ0o7zreVWlvf2NxKb2d2dvf2D+zsYV2FsaRQoyEPZdMnCjgTUNNMc2hGEkjgc2j4w9uZ3xiBVCwUD3ocgReQvmA9Rok2UsfO4nxUcIr67NrJYxiBKHbsnFNy5sCrxE1IDiWoduyvdjekcQBCU06UarlOpL0JkZpRDtNMO1YQETokfWgZKkgAypvMT5/iU6N0cS+UpoTGc/X3xIQESo0D33QGRA/UsjcT//Nase5deRMmoliDoItFvZhjHeJZDrjLJFDNx4YQKpm5FdMBkYRqk1bGhOAuv7xK6uWSe1E6vy/nKjdJHGl0jE5QAbnoElXQHaqiGqLoET2jV/RmPVkv1rv1sWhNWcnMEfoD6/MHuxCRvA==</latexit>

p(0, t) = 0 even,

(acoustic)

THE  PERIODIC  TILE

Theorem:  Assume a smooth solution starts from T-periodic 
initial data satisfying



and evolves to satisfy (BC) at                
<latexit sha1_base64="sK+qAX6R1+8Q8OPQKEGXZ8Rq2JM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHoRil48VrC1sF1KNs22odlkSbJiKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpRypo3nfTuFldW19Y3iZmlre2d3r7x/0NIyU4Q2ieRStSOsKWeCNg0znLZTRXEScfoQDW+m/sMjVZpJcW9GKQ0T3BcsZgQbKwWo+nTVoZxXXdQtVzzXmwEtEz8nFcjR6Ja/Oj1JsoQKQzjWOvC91IRjrAwjnE5KnUzTFJMh7tPAUoETqsPx7OQJOrFKD8VS2RIGzdTfE2OcaD1KItuZYDPQi95U/M8LMhNfhmMm0sxQQeaL4owjI9H0f9RjihLDR5Zgopi9FZEBVpgYm1LJhuAvvrxMWjXXP3fP7mqV+nUeRxGO4BhOwYcLqMMtNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fRc2P8w==</latexit>

x = `.

 Then the solution extends by reflection to a                   
<latexit sha1_base64="aeB1SQvP2QWy3mu46BtqJkYwBjg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiRdISoh6JXjxiIh8JNGS7HWDDdtvsbjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3MpvF3Z29/YP7OJhS0WJpNCkEY9kxycKOBPQ1Exz6MQSSOhzaPvjm5nffgCpWCTu9SQGLyRDwQaMEm2kvl3E5VoPOC+fxyBZFDDat0tOxZkDrxI3IyWUodG3v3pBRJMQhKacKNV1nVh7KZGaUQ7TQi9REBM6JkPoGipICMpL56dP8alRAjyIpCmh8Vz9PZGSUKlJ6JvOkOiRWvZm4n9eN9GDKy9lIk40CLpYNEg41hGe5YADJoFqPjGEUMnMrZiOiCRUm7QKJgR3+eVV0qpW3ItK7a5aql9nceTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj0VrzspmjtAfWJ8/wmGTDQ==</latexit>

4`-periodic
 solution of compressible Euler.                 

<latexit sha1_base64="AhFASQCUdpwZicugyNzrnoex/XY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFuhQim7RdSLUPTisYL9gHYp2TTbhmazSzIRSunf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JEcA2u++1k1tY3Nrey27md3b39g/zhUVPHRlHWoLGIVTsgmgkuWQM4CNZOFCNRIFgrGN3N/NYTU5rH8hHGCfMjMpA85JSAlbq4aEpuGc5v3HKxly+4FXcOvEq8lBRQinov/9Xtx9RETAIVROuO5ybgT4gCTgWb5rpGs4TQERmwjqWSREz7k/nNU3xmlT4OY2VLAp6rvycmJNJ6HAW2MyIw1MveTPzP6xgIr/0Jl4kBJuliUWgEhhjPAsB9rhgFMbaEUMXtrZgOiSIUbEw5G4K3/PIqaVYr3mXl4qFaqN2mcWTRCTpFJeShK1RD96iOGoiiBD2jV/TmGOfFeXc+Fq0ZJ505Rn/gfP4AxLCPkA==</latexit>

u(0, t) = 0,

<latexit sha1_base64="QYKVcmxFfDkVn6AYyx/qgtLW+UM=">AAAB+nicbVBdSwJBFJ21L7OvtR57GdLAQGRXonoJpF56NMgP0EVmx6sOzs4uM7OGmD+llx6K6LVf0lv/plH3obQDFw7n3Mu99/gRZ0o7zreVWlvf2NxKb2d2dvf2D+zsYV2FsaRQoyEPZdMnCjgTUNNMc2hGEkjgc2j4w9uZ3xiBVCwUD3ocgReQvmA9Rok2UsfO4nxUcIr67NrJYxiBKHbsnFNy5sCrxE1IDiWoduyvdjekcQBCU06UarlOpL0JkZpRDtNMO1YQETokfWgZKkgAypvMT5/iU6N0cS+UpoTGc/X3xIQESo0D33QGRA/UsjcT//Nase5deRMmoliDoItFvZhjHeJZDrjLJFDNx4YQKpm5FdMBkYRqk1bGhOAuv7xK6uWSe1E6vy/nKjdJHGl0jE5QAbnoElXQHaqiGqLoET2jV/RmPVkv1rv1sWhNWcnMEfoD6/MHuxCRvA==</latexit>

p(0, t) = 0 even,

(acoustic)

 The resulting solution is:             
<latexit sha1_base64="KfclIbDc6RJ6AzF/s+K59TP2+p4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwFN5akiLosunFZoS9oQ5lMbtqhk0yYmQi1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj/hTGnH+bZyK6tr6xv5zcLW9s7unr1/0FQilRQaVHAh2z5RwFkMDc00h3YigUQ+h5Y/vJ36rQeQiom4rkcJeBHpxyxklGgj9eyjUr10noBkImAUM4U1i6BnF52yMwNeJm5GiihDrWd/dQNB0whiTTlRquM6ifbGRGpGOUwK3VRBQuiQ9KFjaEwiUN54dv0EnxolwKGQpmKNZ+rviTGJlBpFvumMiB6oRW8q/ud1Uh1ee2MWJ6mGmM4XhSnHWuBpFDhgEqjmI0MIlczciumASEK1CaxgQnAXX14mzUrZvSxf3FeK1Zssjjw6RifoDLnoClXRHaqhBqLoET2jV/RmPVkv1rv1MW/NWdnMIfoD6/MHFtGUXQ==</latexit>

T -periodic is time
<latexit sha1_base64="CtkIJTAwuUDQ2GTjNOxbvnvjgeY=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKbiwzpajLohuXFewD2qFkMnfa0ExmSDJCKcWNv+LGhSJu/Qp3/o1pOwttPXDhcM69yb3HTzhT2nG+rdzK6tr6Rn6zsLW9s7tn7x80VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8mfqtB5CKxeJejxLwItIXLGSUaCP17KNStQucl84TkCwOGMVMYJUQCj276JSdGfAycTNSRBnqPfurG8Q0jUBoyolSHddJtDcmUjPKYVLopgrMw0PSh46hgkSgvPHshAk+NUqAw1iaEhrP1N8TYxIpNYp80xkRPVCL3lT8z+ukOrzyxkwkqQZB5x+FKcc6xtM8cMAkUM1HhhAqmdkV0wGRhGqTWsGE4C6evEyalbJ7Ua7eVYq16yyOPDpGJ+gMuegS1dAtqqMGougRPaNX9GY9WS/Wu/Uxb81Z2cwh+gPr8we4BJZg</latexit>

4`-periodic in space

THE  PERIODIC  TILE

Theorem:  Assume a smooth solution starts from T-periodic 
initial data satisfying



THE  EXISTENCE THEOREM

The Reflection Principle reduces the problem of existence of 
periodic solutions of compressible Euler to the following 
boundary value problem (BVP):             

Compressible Euler:       
<latexit sha1_base64="WwYviE49X0/+SJabnnUeoPOu0S0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdEbURgjaWEcwDskuYndwkQ2YfzsxKlpDCxi/wH2wsFLH1I+zyN04ehSYeuJfDOfcyc48XcSaVZY2M1NLyyupaej2zsbm1vWPu7lVlGAsKFRryUNQ9IoGzACqKKQ71SADxPQ41r3c99msPICQLgzuVROD6pBOwNqNEaalpZuWlLPQPjx3sYMvhcI/74+4A58WmmbeK1gR4kdgzki/lnKPnUSkpN81vpxXS2IdAUU6kbNhWpNwBEYpRDsOME0uICO2RDjQ0DYgP0h1MjhjiA620cDsUugKFJ+rvjQHxpUx8T0/6RHXlvDcW//MasWpfuAMWRLGCgE4fasccqxCPE8EtJoAqnmhCqGD6r5h2iSBU6dwyOgR7/uRFUj0p2mfF01udxhWaIo2yKIcKyEbnqIRuUBlVEEWP6AW9oXfjyXg1PozP6WjKmO3soz8wvn4AYsKZqA==</latexit>

s = s(x), 0  x  `.

Boundary Conditions:        
<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

(IC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

<latexit sha1_base64="YoY7qt19aYzBPSSHn4gxCLiJvBo=">AAAB+HicbVDLSsNAFJ34rPXRqEtFBosgKCURUTdC0Y3LFuwD2hAm02k7dJIJ8xBr6NKvcONCEbeu+h3u/AZ/wknbhbYeuHA4517uvSeIGZXKcb6sufmFxaXlzEp2dW19I2dvblUl1wKTCuaMi3qAJGE0IhVFFSP1WBAUBozUgt516tfuiJCUR7eqHxMvRJ2ItilGyki+nWuKLvfvj7SvLp1jmPXtvFNwRoCzxJ2QfHF3WP5+3BuWfPuz2eJYhyRSmCEpG64TKy9BQlHMyCDb1JLECPdQhzQMjVBIpJeMDh/AA6O0YJsLU5GCI/X3RIJCKfthYDpDpLpy2kvF/7yGVu0LL6FRrBWJ8HhRWzOoOExTgC0qCFasbwjCgppbIe4igbAyWaUhuNMvz5LqScE9K5yWTRpXYIwM2AH74BC44BwUwQ0ogQrAQIMn8AJerQfr2Xqz3setc9ZkZhv8gfXxA+LilaM=</latexit>

⇢x + ut = 0,
(Euler)

<latexit sha1_base64="hctiCy9tCLjL99YIUBx1zpCKfYg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWArtKAhKaJuhKIblxXsA9oQJtNpO3SSDDOT0hLqxl9x40IRt/6FO//GaZuFVg9cOJxzL/fe43NGpbLtLyOztLyyupZdz21sbm3vmLt7dRnFApMajlgkmj6ShNGQ1BRVjDS5ICjwGWn4g5up3xgSIWkU3qsxJ26AeiHtUoyUljzzoBB7o9Ohx4v8RBZHpRL31JVtFaBn5m3LngH+JU5K8iBF1TM/250IxwEJFWZIypZjc+UmSCiKGZnk2rEkHOEB6pGWpiEKiHST2QcTeKyVDuxGQleo4Ez9OZGgQMpx4OvOAKm+XPSm4n9eK1bdSzehIY8VCfF8UTdmUEVwGgfsUEGwYmNNEBZU3wpxHwmElQ4tp0NwFl/+S+plyzm3zu7K+cp1GkcWHIIjUAQOuAAVcAuqoAYweABP4AW8Go/Gs/FmvM9bM0Y6sw9+wfj4BjkwlM8=</latexit>

ux � vp(p, s(x))pt = 0.



Linearizing (CL) determines a linear wave equation.
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Separating variables yields a Sturm-Liouville system in 
<latexit sha1_base64="HTswstOOFm5vgpqHYVhPb/XUEMc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5Rsmm1Dk+ySZMVS+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv57UeqNIvlg5kkNBB4KFnECDaZVH1yq/1yxXO9OdAq8XNSgRyNfvmrN4hJKqg0hGOtu76XmGCKlWGE01mpl2qaYDLGQ9q1VGJBdTCd3zpDZ1YZoChWtqRBc/X3xBQLrScitJ0Cm5Fe9jLxP6+bmug6mDKZpIZKslgUpRyZGGWPowFTlBg+sQQTxeytiIywwsTYeEo2BH/55VXSqrn+pXtxX6vUb/I4inACp3AOPlxBHe6gAU0gMIJneIU3RzgvzrvzsWgtOPnMMfyB8/kDC7mNlw==</latexit>x.

THE  OUTLINE



Linearizing (CL) determines a linear wave equation.

The eigen-frequencies                    , square roots of the Sturm-
Liouville eigenvalues, give the frequencies of pure-tone 
solutions of (BVP) for the linearized equations. 

<latexit sha1_base64="ec4FlZZJYL6bsoEcLWjLdiVY8TA=">AAACBHicbVA7T8MwGHTKq5RXgLGLRYvEVCUVAhakChbGItGH1ESR47itVccOtoNURR1Y+CssDCDEyo9g49/gthmg5SRL57vvZH8XJowq7TjfVmFldW19o7hZ2tre2d2z9w/aSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHoeup3HohUVPA7PU6IH6MBp32KkTZSYJernojJAAWjS0/dS515zIQjc59UA7vi1JwZ4DJxc1IBOZqB/eVFAqcx4RozpFTPdRLtZ0hqihmZlLxUkQThERqQnqEcxUT52WyJCTw2SgT7QprDNZypvxMZipUax6GZjJEeqkVvKv7n9VLdv/AzypNUE47nD/VTBrWA00ZgRCXBmo0NQVhS81eIh0girE1vJVOCu7jyMmnXa+5Z7fS2Xmlc5XUUQRkcgRPggnPQADegCVoAg0fwDF7Bm/VkvVjv1sd8tGDlmUPwB9bnD6KHmBk=</latexit>
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<latexit sha1_base64="HTswstOOFm5vgpqHYVhPb/XUEMc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5Rsmm1Dk+ySZMVS+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv57UeqNIvlg5kkNBB4KFnECDaZVH1yq/1yxXO9OdAq8XNSgRyNfvmrN4hJKqg0hGOtu76XmGCKlWGE01mpl2qaYDLGQ9q1VGJBdTCd3zpDZ1YZoChWtqRBc/X3xBQLrScitJ0Cm5Fe9jLxP6+bmug6mDKZpIZKslgUpRyZGGWPowFTlBg+sQQTxeytiIywwsTYeEo2BH/55VXSqrn+pXtxX6vUb/I4inACp3AOPlxBHe6gAU0gMIJneIU3RzgvzrvzsWgtOPnMMfyB8/kDC7mNlw==</latexit>x.



Linearizing (CL) determines a linear wave equation.

The eigen-frequencies                    , square roots of the Sturm-
Liouville eigenvalues, give the frequencies of pure-tone 
solutions of (BVP) for the linearized equations. 

<latexit sha1_base64="ec4FlZZJYL6bsoEcLWjLdiVY8TA=">AAACBHicbVA7T8MwGHTKq5RXgLGLRYvEVCUVAhakChbGItGH1ESR47itVccOtoNURR1Y+CssDCDEyo9g49/gthmg5SRL57vvZH8XJowq7TjfVmFldW19o7hZ2tre2d2z9w/aSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHoeup3HohUVPA7PU6IH6MBp32KkTZSYJernojJAAWjS0/dS515zIQjc59UA7vi1JwZ4DJxc1IBOZqB/eVFAqcx4RozpFTPdRLtZ0hqihmZlLxUkQThERqQnqEcxUT52WyJCTw2SgT7QprDNZypvxMZipUax6GZjJEeqkVvKv7n9VLdv/AzypNUE47nD/VTBrWA00ZgRCXBmo0NQVhS81eIh0girE1vJVOCu7jyMmnXa+5Z7fS2Xmlc5XUUQRkcgRPggnPQADegCVoAg0fwDF7Bm/VkvVjv1sd8tGDlmUPwB9bnD6KHmBk=</latexit>

!k =
p
�k

Sturm-Liouville theory implies          are isolated, and grow 
linearly with wave number    .    

<latexit sha1_base64="9JfL6SRV+HDdZ/ft/CuyF+b7u8c=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBhPBU9gNoh6DXjxGMA9MljA76U2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63l1tb39jcym8Xdnb39g+Kh0dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh25reeQBum5IMdJxAKMpAsZpRYJz2Wu0rAgPRG5V6x5Ff8OfAqCTJSQhnqveJXt69oKkBayokxncBPbDgh2jLKYVropgYSQkdkAB1HJRFgwsn84ik+c0ofx0q7khbP1d8TEyKMGYvIdQpih2bZm4n/eZ3UxtfhhMkktSDpYlGccmwVnr2P+0wDtXzsCKGauVsxHRJNqHUhFVwIwfLLq6RZrQSXlYv7aql2k8WRRyfoFJ2jAF2hGrpDddRAFEn0jF7Rm2e8F+/d+1i05rxs5hj9gff5A89FkFw=</latexit>!k
<latexit sha1_base64="mojReNy+UmnSpcB0xb9qQU2Gdns=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+VRuVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjH+NUg==</latexit>

k

THE  OUTLINE

Separating variables yields a Sturm-Liouville system in 
<latexit sha1_base64="HTswstOOFm5vgpqHYVhPb/XUEMc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5Rsmm1Dk+ySZMVS+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv57UeqNIvlg5kkNBB4KFnECDaZVH1yq/1yxXO9OdAq8XNSgRyNfvmrN4hJKqg0hGOtu76XmGCKlWGE01mpl2qaYDLGQ9q1VGJBdTCd3zpDZ1YZoChWtqRBc/X3xBQLrScitJ0Cm5Fe9jLxP6+bmug6mDKZpIZKslgUpRyZGGWPowFTlBg+sQQTxeytiIywwsTYeEo2BH/55VXSqrn+pXtxX6vUb/I4inACp3AOPlxBHe6gAU0gMIJneIU3RzgvzrvzsWgtOPnMMfyB8/kDC7mNlw==</latexit>x.



Linearizing (CL) determines a linear wave equation.

The eigen-frequencies                    , square roots of the Sturm-
Liouville eigenvalues, give the frequencies of pure-tone 
solutions of (BVP) for the linearized equations. 

<latexit sha1_base64="ec4FlZZJYL6bsoEcLWjLdiVY8TA=">AAACBHicbVA7T8MwGHTKq5RXgLGLRYvEVCUVAhakChbGItGH1ESR47itVccOtoNURR1Y+CssDCDEyo9g49/gthmg5SRL57vvZH8XJowq7TjfVmFldW19o7hZ2tre2d2z9w/aSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHoeup3HohUVPA7PU6IH6MBp32KkTZSYJernojJAAWjS0/dS515zIQjc59UA7vi1JwZ4DJxc1IBOZqB/eVFAqcx4RozpFTPdRLtZ0hqihmZlLxUkQThERqQnqEcxUT52WyJCTw2SgT7QprDNZypvxMZipUax6GZjJEeqkVvKv7n9VLdv/AzypNUE47nD/VTBrWA00ZgRCXBmo0NQVhS81eIh0girE1vJVOCu7jyMmnXa+5Z7fS2Xmlc5XUUQRkcgRPggnPQADegCVoAg0fwDF7Bm/VkvVjv1sd8tGDlmUPwB9bnD6KHmBk=</latexit>
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THE  OUTLINE

Separating variables yields a Sturm-Liouville system in 
<latexit sha1_base64="HTswstOOFm5vgpqHYVhPb/XUEMc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5Rsmm1Dk+ySZMVS+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv57UeqNIvlg5kkNBB4KFnECDaZVH1yq/1yxXO9OdAq8XNSgRyNfvmrN4hJKqg0hGOtu76XmGCKlWGE01mpl2qaYDLGQ9q1VGJBdTCd3zpDZ1YZoChWtqRBc/X3xBQLrScitJ0Cm5Fe9jLxP6+bmug6mDKZpIZKslgUpRyZGGWPowFTlBg+sQQTxeytiIywwsTYeEo2BH/55VXSqrn+pXtxX6vUb/I4inACp3AOPlxBHe6gAU0gMIJneIU3RzgvzrvzsWgtOPnMMfyB8/kDC7mNlw==</latexit>x.

Sturm-Liouville theory implies          are isolated, and grow 
linearly with wave number    .    

<latexit sha1_base64="9JfL6SRV+HDdZ/ft/CuyF+b7u8c=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBhPBU9gNoh6DXjxGMA9MljA76U2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63l1tb39jcym8Xdnb39g+Kh0dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh25reeQBum5IMdJxAKMpAsZpRYJz2Wu0rAgPRG5V6x5Ff8OfAqCTJSQhnqveJXt69oKkBayokxncBPbDgh2jLKYVropgYSQkdkAB1HJRFgwsn84ik+c0ofx0q7khbP1d8TEyKMGYvIdQpih2bZm4n/eZ3UxtfhhMkktSDpYlGccmwVnr2P+0wDtXzsCKGauVsxHRJNqHUhFVwIwfLLq6RZrQSXlYv7aql2k8WRRyfoFJ2jAF2hGrpDddRAFEn0jF7Rm2e8F+/d+1i05rxs5hj9gff5A89FkFw=</latexit>!k
<latexit sha1_base64="mojReNy+UmnSpcB0xb9qQU2Gdns=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+VRuVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjH+NUg==</latexit>

k

<latexit sha1_base64="o7A7sGVg47HYufxaWu3bDneVTvc="></latexit>

Theorem [TY 2023]: Each non-resonant linear pure-
tone solution perturbes to a 1-parameter family of non-
linear pure-tone solutions of (BVP) with the same time
period T.
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Sturm-Liouville Theory provides classical linearized solutions 
of (BVP) for every entropy profile:
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<latexit sha1_base64="0QHUh8tPjQzoNoH0WTBRIzdXMIg=">AAACGHicbVBNS8NAEN3U7/hV9ehlsRVSlJoUUS+C6MWjgtVCE8Jmu22XbrLL7kRaQn+GF/+KFw+KePXmvzGtPaj1wcDjvRlm5kVKcAOu+2kVZmbn5hcWl+zlldW19eLG5q2RqaasTqWQuhERwwRPWB04CNZQmpE4Euwu6l2M/Lt7pg2XyQ0MFAti0kl4m1MCuRQWD7BdVk5/HyqnfkR0poZ7vurysOf0Kz6VJnN8GbMOCXtQGZZtOyyW3Ko7Bp4m3oSU0ARXYfHDb0maxiwBKogxTc9VEGREA6eCDW0/NUwR2iMd1sxpQmJmgmz82BDv5koLt6XOKwE8Vn9OZCQ2ZhBHeWdMoGv+eiPxP6+ZQvskyHiiUmAJ/V7UTgUGiUcp4RbXjIIY5IRQzfNbMe0STSjkWY5C8P6+PE1ua1XvqHp4XSudnU/iWETbaAc5yEPH6AxdoitURxQ9oCf0gl6tR+vZerPev1sL1mRmC/2C9fEFMR6eBQ==</latexit>

p(x, t) = p̄+ �k(x) cos (!kt)
<latexit sha1_base64="vq3m0lCZZf21fKd0NZm7jxDSsbI=">AAACEHicbVDLSsNAFJ3UV42vqks3g63YgpSkiLoRim5cVrAPaEqYTKd1yGQSZm6kJfQT3Pgrblwo4talO//G9LHQ1gMXDufcy733eJHgGizr28gsLa+srmXXzY3Nre2d3O5eQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKbnX4/95gNTmofyDoYR6wSkL3mPUwKp5OaOsVmIi4MTKF06keauXxyUHM1lUnTCgPWJ60NpVDBNN5e3ytYEeJHYM5JHM9Tc3JfTDWkcMAlUEK3bthVBJyEKOBVsZDqxZhGhPumzdkolCZjuJJOHRvgoVbq4F6q0JOCJ+nsiIYHWw8BLOwMC93reG4v/ee0YehedhMsoBibpdFEvFhhCPE4Hd7liFMQwJYQqnt6K6T1RhEKa4TgEe/7lRdKolO2z8ultJV+9msWRRQfoEBWRjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1owxm9lHf2B8/gDsAZqm</latexit>

u(x, t) =  k(x) sin (!kt)

<latexit sha1_base64="8uVPBZ8JHxAkuyQDnb/VY7V2yUg="></latexit>

Theorem [TY 2023]: Linearizing CE around a quiet
state p = p̄, u = 0, s0(x), Sturm-Liouville theory de-
termines a sequence of pure-tone solutions of the linear
(BVP):

<latexit sha1_base64="cVjfs9WDLy+/MdaGFEL1KvnyY4o="></latexit>

where �k and  k are the eigenfunctions of the Sturm-
Liouville problem, k = 1, 2, 3, ....



THE  EXISTENCE THEOREM

Sturm-Liouville Theory provides classical linearized solutions 
of (BVP) for every entropy profile:

Our Main Theorem establishes that each non-resonant 
linearized pure-tone solution perturbs to a one parameter 
family of pure-tone solutions of the nonlinear compressible 
Euler equations, with the same frequency and time period 

<latexit sha1_base64="0GfSW6ydCRp+ClHldMccdsTa9Gw=">AAACBXicbVDLSsNAFJ3UV62vqEtdBFvBVUiKqBuh6MZlhb6gCWEynbRDJzNhZiKUkI0bf8WNC0Xc+g/u/BunbRbaeuDC4Zx7ufeeMKFEKsf5Nkorq2vrG+XNytb2zu6euX/QkTwVCLcRp1z0QigxJQy3FVEU9xKBYRxS3A3Ht1O/+4CFJJy11CTBfgyHjEQEQaWlwDyutYLxtRcJiLK6l5A883iMhzAY53YtMKuO7cxgLRO3IFVQoBmYX96AozTGTCEKpey7TqL8DApFEMV5xUslTiAawyHua8pgjKWfzb7IrVOtDKyIC11MWTP190QGYykncag7Y6hGctGbiv95/VRFV35GWJIqzNB8UZRSS3FrGok1IAIjRSeaQCSIvtVCI6gTUTq4ig7BXXx5mXTqtnthn9/Xq42bIo4yOAIn4Ay44BI0wB1ogjZA4BE8g1fwZjwZL8a78TFvLRnFzCH4A+PzB709mBk=</latexit>

Tk = 2⇡
!k

.

<latexit sha1_base64="0QHUh8tPjQzoNoH0WTBRIzdXMIg=">AAACGHicbVBNS8NAEN3U7/hV9ehlsRVSlJoUUS+C6MWjgtVCE8Jmu22XbrLL7kRaQn+GF/+KFw+KePXmvzGtPaj1wcDjvRlm5kVKcAOu+2kVZmbn5hcWl+zlldW19eLG5q2RqaasTqWQuhERwwRPWB04CNZQmpE4Euwu6l2M/Lt7pg2XyQ0MFAti0kl4m1MCuRQWD7BdVk5/HyqnfkR0poZ7vurysOf0Kz6VJnN8GbMOCXtQGZZtOyyW3Ko7Bp4m3oSU0ARXYfHDb0maxiwBKogxTc9VEGREA6eCDW0/NUwR2iMd1sxpQmJmgmz82BDv5koLt6XOKwE8Vn9OZCQ2ZhBHeWdMoGv+eiPxP6+ZQvskyHiiUmAJ/V7UTgUGiUcp4RbXjIIY5IRQzfNbMe0STSjkWY5C8P6+PE1ua1XvqHp4XSudnU/iWETbaAc5yEPH6AxdoitURxQ9oCf0gl6tR+vZerPev1sL1mRmC/2C9fEFMR6eBQ==</latexit>

p(x, t) = p̄+ �k(x) cos (!kt)
<latexit sha1_base64="vq3m0lCZZf21fKd0NZm7jxDSsbI=">AAACEHicbVDLSsNAFJ3UV42vqks3g63YgpSkiLoRim5cVrAPaEqYTKd1yGQSZm6kJfQT3Pgrblwo4talO//G9LHQ1gMXDufcy733eJHgGizr28gsLa+srmXXzY3Nre2d3O5eQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKbnX4/95gNTmofyDoYR6wSkL3mPUwKp5OaOsVmIi4MTKF06keauXxyUHM1lUnTCgPWJ60NpVDBNN5e3ytYEeJHYM5JHM9Tc3JfTDWkcMAlUEK3bthVBJyEKOBVsZDqxZhGhPumzdkolCZjuJJOHRvgoVbq4F6q0JOCJ+nsiIYHWw8BLOwMC93reG4v/ee0YehedhMsoBibpdFEvFhhCPE4Hd7liFMQwJYQqnt6K6T1RhEKa4TgEe/7lRdKolO2z8ultJV+9msWRRQfoEBWRjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1owxm9lHf2B8/gDsAZqm</latexit>

u(x, t) =  k(x) sin (!kt)

<latexit sha1_base64="8uVPBZ8JHxAkuyQDnb/VY7V2yUg="></latexit>

Theorem [TY 2023]: Linearizing CE around a quiet
state p = p̄, u = 0, s0(x), Sturm-Liouville theory de-
termines a sequence of pure-tone solutions of the linear
(BVP):

<latexit sha1_base64="cVjfs9WDLy+/MdaGFEL1KvnyY4o="></latexit>

where �k and  k are the eigenfunctions of the Sturm-
Liouville problem, k = 1, 2, 3, ....



DEFN:  A                 is non-resonant if         is not a rational 
multiple of any other eigen-frequency,

<latexit sha1_base64="B54LXr6KDE5XHzUbwaPwfm+WOEo=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V6SsCQ9Mf9csWv+nPgVRLkpIJyNPrlr95A0VSAtJQTY7qBn9gwI9oyymFa6qUGEkLHZAhdRyURYMJsfu8UnzllgGOlXUmL5+rviYwIYyYicp2C2JFZ9mbif143tfF1mDGZpBYkXSyKU46twrPn8YBpoJZPHCFUM3crpiOiCbUuopILIVh+eZW0LqrBZbV2X6vUb/I4iugEnaJzFKArVEd3qIGaiCKOntErevMevRfv3ftYtBa8fOYY/YH3+QMUbJAC</latexit>!k
<latexit sha1_base64="W204rLGMqowA73YwOqzID5Q/WiY=">AAACB3icbVDLSgMxFM3UVx1foy4FCbaCG8tMEXVZdOPCRQX7gLaUTOa2Dc0kQ5IRSunOjb/ixoUibv0Fd/6N6WOhrQcCh3Puvbn3hAln2vj+t5NZWl5ZXcuuuxubW9s73u5eVctUUahQyaWqh0QDZwIqhhkO9UQBiUMOtbB/PfZrD6A0k+LeDBJoxaQrWIdRYqzU9g5dF+PmLVFdaArJRATCYOzm+/nTWEbQ9nJ+wZ8AL5JgRnJohnLb+2pGkqaxHUM50boR+IlpDYkyjHIYuc1UQ0Jon3ShYakgMejWcHLHCB9bJcIdqeyza0zU3x1DEms9iENbGRPT0/PeWPzPa6Smc9kaMpGkBgSdftRJOTYSj0PBEVNADR9YQqhidldMe0QRamx0rg0hmD95kVSLheC8cHZXzJWuZnFk0QE6QicoQBeohG5QGVUQRY/oGb2iN+fJeXHenY9pacaZ9eyjP3A+fwA3+5cD</latexit>

k-mode

<latexit sha1_base64="WaJwzwNF30GmLt6z7ewkrkMeZvk="></latexit>!j

!k
/2 Q for all j 6= k

THE  EXISTENCE THEOREM

<latexit sha1_base64="LceJFFA0uqivQS9YQkyRYpgC+nY="></latexit>

p(x, t) = p+ ↵ cos (!k t)'k(x) +O(↵2)
<latexit sha1_base64="iZt+S2iNiaQfoZmaHSFGvw4o98U="></latexit>

u(x, t) = ↵ sin (!k t) k(x) +O(↵2),

<latexit sha1_base64="N+ZsQ+ptvCo5VTJ//gW+wlhfqSw="></latexit>

B ⌘
n
s = s(x) 2 L1[0, `]

��� � 2 L1, log � 2 BV
o
,

Restrict to entropy profiles within the set

.

<latexit sha1_base64="nO5tZdzGMEov+yUFnXyqM+fQN6o="></latexit>

Theorem [TY2023]: For s(·) 2 B, every non-resonant
linearized k-mode perturbes to a 1-parameter family of
pure-tone solutions of (BVP) for the nonlinear compress-
ible Euler of the form



THE NONLINEAR FUNCTIONAL

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F



THE NONLINEAR FUNCTIONAL

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

For this we re-write the boundary condition (BC) as a projection:



We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)



THE NONLINEAR FUNCTIONAL

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

is equivalent to (take                     )
<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)



THE NONLINEAR FUNCTIONAL

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

is equivalent to (take                     )

<latexit sha1_base64="GjYClylcKKoXSLK4fkpvw+oMWZQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CC1CpbbOSFE3QtGNywp9QWcomTRtQzMPkowwDN248Qf8CDcuFHHrP7jr35hpK2jrgcC559zLzT1OwKiQhjHWUkvLK6tr6fXMxubW9o6+u9cQfsgxqWOf+bzlIEEY9UhdUslIK+AEuQ4jTWd4k/jNe8IF9b2ajAJiu6jv0R7FSCqpox+GeYswdiILtdPy8VXxpywmZUfPGSVjArhIzBnJVbJW4Wlciaod/cvq+jh0iScxQ0K0TSOQdoy4pJiRUcYKBQkQHqI+aSvqIZcIO55cMYJHSunCns/V8yScqL8nYuQKEbmO6nSRHIh5LxH/89qh7F3aMfWCUBIPTxf1QgalD5NIYJdygiWLFEGYU/VXiAeIIyxVcBkVgjl/8iJpnJXM81L5TqVxDaZIgwOQBXlgggtQAbegCuoAgwfwDF7Bm/aovWjv2se0NaXNZvbBH2if34j1mQU=</latexit>

u(`, t+ T/4) = �u(`, t� T/4)

<latexit sha1_base64="vjoHKEzWgpTrAyOzSBgpdq595fY=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDglCJDHuSlAbIWhjGSEvyC5hdjJJhsw+mLkrhJDSxtq/sLFQxNZPsMvfOHkUGj0wcO4593LnHi8SXIFljY3E0vLK6lpyPbWxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+jcTv37PpOJhUIFBxFyfdAPe4ZSAllrmYZR1mBB5yFVOi8dX8wrDyaTMY9wyM1bBmgL/JfacZEppJ/c0Lg3KLfPLaYc09lkAVBClmrYVgTskEjgVbJRyYsUiQvuky5qaBsRnyh1ODxnhI620cSeU+gWAp+rPiSHxlRr4nu70CfTUojcR//OaMXQu3SEPohhYQGeLOrHAEOJJKrjNJaMgBpoQKrn+K6Y9IgkFnV1Kh2AvnvyX1M4K9nmheKfTuEYzJNEBSqMsstEFKqFbVEZVRNEDekav6M14NF6Md+Nj1pow5jP76BeMz2+SV5l4</latexit>

p(`, t+ T/4) = p(`, t� T/4),

<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)

(BC)



THE NONLINEAR FUNCTIONAL

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

Define shift                              and reflection                         so  
<latexit sha1_base64="Beje77jEj9fhdyfH59kDMgrapO4=">AAACC3icbVDLSgMxFM3UV62vqks3oUVoKZYZEXUjFN24rGgf0Kklk2ba0MyD5I5Qhu7duPM73LhQxK0/4K5/Y9rpQlsPJJyccy839zih4ApMc2yklpZXVtfS65mNza3tnezuXl0FkaSsRgMRyKZDFBPcZzXgIFgzlIx4jmANZ3A18RsPTCoe+HcwDFnbIz2fu5wS0FInm4ttSgS+Hd3HRzb0GZCRW4Dihb5KybvYyebNsjkFXiTWjOQrObv0PK4Mq53st90NaOQxH6ggSrUsM4R2TCRwKtgoY0eKhYQOSI+1NPWJx1Q7nu4ywoda6WI3kPr4gKfq746YeEoNPUdXegT6at6biP95rQjc83bM/TAC5tNkkBsJDAGeBIO7XDIKYqgJoZLrv2LaJ5JQ0PFldAjW/MqLpH5ctk7LJzc6jUuUII0OUA4VkIXOUAVdoyqqIYoe0Qt6Q+/Gk/FqfBifSWnKmPXsoz8wvn4AtradLw==</latexit>

S�✓f(t) = f(t+ ✓)
<latexit sha1_base64="BGafXLn+2e8IWLLVzd3/6VqEq6k=">AAAB+3icbVDJSgNBEO2JW4zbGI9emgQhQQwzIupFCHrxGMUskAmhp9OTNOlZ6K4RwzB/4dmLB0W8+iPe8jd2loMmPih4vFdFVT03ElyBZY2NzMrq2vpGdjO3tb2zu2fu5xsqjCVldRqKULZcopjgAasDB8FakWTEdwVrusObid98ZFLxMHiAUcQ6PukH3OOUgJa6Zj5xKBH4PvVKUL7ySidQ7ppFq2JNgZeJPSfFasE5fh5XR7Wu+e30Qhr7LAAqiFJt24qgkxAJnAqW5pxYsYjQIemztqYB8ZnqJNPbU3yklR72QqkrADxVf08kxFdq5Lu60ycwUIveRPzPa8fgXXYSHkQxsIDOFnmxwBDiSRC4xyWjIEaaECq5vhXTAZGEgo4rp0OwF19eJo3Tin1eObvTaVyjGbLoEBVQCdnoAlXRLaqhOqLoCb2gN/RupMar8WF8zlozxnzmAP2B8fUDGDOWKQ==</latexit>

Rf(t) = f(�t)

is equivalent to (take                     )

<latexit sha1_base64="GjYClylcKKoXSLK4fkpvw+oMWZQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CC1CpbbOSFE3QtGNywp9QWcomTRtQzMPkowwDN248Qf8CDcuFHHrP7jr35hpK2jrgcC559zLzT1OwKiQhjHWUkvLK6tr6fXMxubW9o6+u9cQfsgxqWOf+bzlIEEY9UhdUslIK+AEuQ4jTWd4k/jNe8IF9b2ajAJiu6jv0R7FSCqpox+GeYswdiILtdPy8VXxpywmZUfPGSVjArhIzBnJVbJW4Wlciaod/cvq+jh0iScxQ0K0TSOQdoy4pJiRUcYKBQkQHqI+aSvqIZcIO55cMYJHSunCns/V8yScqL8nYuQKEbmO6nSRHIh5LxH/89qh7F3aMfWCUBIPTxf1QgalD5NIYJdygiWLFEGYU/VXiAeIIyxVcBkVgjl/8iJpnJXM81L5TqVxDaZIgwOQBXlgggtQAbegCuoAgwfwDF7Bm/aovWjv2se0NaXNZvbBH2if34j1mQU=</latexit>

u(`, t+ T/4) = �u(`, t� T/4)

<latexit sha1_base64="vjoHKEzWgpTrAyOzSBgpdq595fY=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDglCJDHuSlAbIWhjGSEvyC5hdjJJhsw+mLkrhJDSxtq/sLFQxNZPsMvfOHkUGj0wcO4593LnHi8SXIFljY3E0vLK6lpyPbWxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+jcTv37PpOJhUIFBxFyfdAPe4ZSAllrmYZR1mBB5yFVOi8dX8wrDyaTMY9wyM1bBmgL/JfacZEppJ/c0Lg3KLfPLaYc09lkAVBClmrYVgTskEjgVbJRyYsUiQvuky5qaBsRnyh1ODxnhI620cSeU+gWAp+rPiSHxlRr4nu70CfTUojcR//OaMXQu3SEPohhYQGeLOrHAEOJJKrjNJaMgBpoQKrn+K6Y9IgkFnV1Kh2AvnvyX1M4K9nmheKfTuEYzJNEBSqMsstEFKqFbVEZVRNEDekav6M14NF6Md+Nj1pow5jP76BeMz2+SV5l4</latexit>

p(`, t+ T/4) = p(`, t� T/4),

<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="snwVilfiKd2CVlrdhPDr1/rhNNw="></latexit>

S�T/4u(`, t) = �u(`, t� T/4) = u(`,�t+ T/4) = RS�T/4u(`, t)

<latexit sha1_base64="1ndi23y7oNQUz5r7d9+W5H87yh4="></latexit>

S�T/4p(`, t) = p(`, t� T/4) = p(`,�t+ T/4) = RS�T/4p(`, t)

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

Define shift                              and reflection                         so  
<latexit sha1_base64="Beje77jEj9fhdyfH59kDMgrapO4=">AAACC3icbVDLSgMxFM3UV62vqks3oUVoKZYZEXUjFN24rGgf0Kklk2ba0MyD5I5Qhu7duPM73LhQxK0/4K5/Y9rpQlsPJJyccy839zih4ApMc2yklpZXVtfS65mNza3tnezuXl0FkaSsRgMRyKZDFBPcZzXgIFgzlIx4jmANZ3A18RsPTCoe+HcwDFnbIz2fu5wS0FInm4ttSgS+Hd3HRzb0GZCRW4Dihb5KybvYyebNsjkFXiTWjOQrObv0PK4Mq53st90NaOQxH6ggSrUsM4R2TCRwKtgoY0eKhYQOSI+1NPWJx1Q7nu4ywoda6WI3kPr4gKfq746YeEoNPUdXegT6at6biP95rQjc83bM/TAC5tNkkBsJDAGeBIO7XDIKYqgJoZLrv2LaJ5JQ0PFldAjW/MqLpH5ctk7LJzc6jUuUII0OUA4VkIXOUAVdoyqqIYoe0Qt6Q+/Gk/FqfBifSWnKmPXsoz8wvn4AtradLw==</latexit>

S�✓f(t) = f(t+ ✓)
<latexit sha1_base64="BGafXLn+2e8IWLLVzd3/6VqEq6k=">AAAB+3icbVDJSgNBEO2JW4zbGI9emgQhQQwzIupFCHrxGMUskAmhp9OTNOlZ6K4RwzB/4dmLB0W8+iPe8jd2loMmPih4vFdFVT03ElyBZY2NzMrq2vpGdjO3tb2zu2fu5xsqjCVldRqKULZcopjgAasDB8FakWTEdwVrusObid98ZFLxMHiAUcQ6PukH3OOUgJa6Zj5xKBH4PvVKUL7ySidQ7ppFq2JNgZeJPSfFasE5fh5XR7Wu+e30Qhr7LAAqiFJt24qgkxAJnAqW5pxYsYjQIemztqYB8ZnqJNPbU3yklR72QqkrADxVf08kxFdq5Lu60ycwUIveRPzPa8fgXXYSHkQxsIDOFnmxwBDiSRC4xyWjIEaaECq5vhXTAZGEgo4rp0OwF19eJo3Tin1eObvTaVyjGbLoEBVQCdnoAlXRLaqhOqLoCb2gN/RupMar8WF8zlozxnzmAP2B8fUDGDOWKQ==</latexit>

Rf(t) = f(�t)

is equivalent to (take                     )

<latexit sha1_base64="GjYClylcKKoXSLK4fkpvw+oMWZQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CC1CpbbOSFE3QtGNywp9QWcomTRtQzMPkowwDN248Qf8CDcuFHHrP7jr35hpK2jrgcC559zLzT1OwKiQhjHWUkvLK6tr6fXMxubW9o6+u9cQfsgxqWOf+bzlIEEY9UhdUslIK+AEuQ4jTWd4k/jNe8IF9b2ajAJiu6jv0R7FSCqpox+GeYswdiILtdPy8VXxpywmZUfPGSVjArhIzBnJVbJW4Wlciaod/cvq+jh0iScxQ0K0TSOQdoy4pJiRUcYKBQkQHqI+aSvqIZcIO55cMYJHSunCns/V8yScqL8nYuQKEbmO6nSRHIh5LxH/89qh7F3aMfWCUBIPTxf1QgalD5NIYJdygiWLFEGYU/VXiAeIIyxVcBkVgjl/8iJpnJXM81L5TqVxDaZIgwOQBXlgggtQAbegCuoAgwfwDF7Bm/aovWjv2se0NaXNZvbBH2if34j1mQU=</latexit>

u(`, t+ T/4) = �u(`, t� T/4)

<latexit sha1_base64="vjoHKEzWgpTrAyOzSBgpdq595fY=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDglCJDHuSlAbIWhjGSEvyC5hdjJJhsw+mLkrhJDSxtq/sLFQxNZPsMvfOHkUGj0wcO4593LnHi8SXIFljY3E0vLK6lpyPbWxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+jcTv37PpOJhUIFBxFyfdAPe4ZSAllrmYZR1mBB5yFVOi8dX8wrDyaTMY9wyM1bBmgL/JfacZEppJ/c0Lg3KLfPLaYc09lkAVBClmrYVgTskEjgVbJRyYsUiQvuky5qaBsRnyh1ODxnhI620cSeU+gWAp+rPiSHxlRr4nu70CfTUojcR//OaMXQu3SEPohhYQGeLOrHAEOJJKrjNJaMgBpoQKrn+K6Y9IgkFnV1Kh2AvnvyX1M4K9nmheKfTuEYzJNEBSqMsstEFKqFbVEZVRNEDekav6M14NF6Md+Nj1pow5jP76BeMz2+SV5l4</latexit>

p(`, t+ T/4) = p(`, t� T/4),

<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)

(BC)

(BC)
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Conclude (BC) is equivalent to…  

<latexit sha1_base64="snwVilfiKd2CVlrdhPDr1/rhNNw="></latexit>

S�T/4u(`, t) = �u(`, t� T/4) = u(`,�t+ T/4) = RS�T/4u(`, t)

<latexit sha1_base64="1ndi23y7oNQUz5r7d9+W5H87yh4="></latexit>

S�T/4p(`, t) = p(`, t� T/4) = p(`,�t+ T/4) = RS�T/4p(`, t)

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

Define shift                              and reflection                         so  
<latexit sha1_base64="Beje77jEj9fhdyfH59kDMgrapO4=">AAACC3icbVDLSgMxFM3UV62vqks3oUVoKZYZEXUjFN24rGgf0Kklk2ba0MyD5I5Qhu7duPM73LhQxK0/4K5/Y9rpQlsPJJyccy839zih4ApMc2yklpZXVtfS65mNza3tnezuXl0FkaSsRgMRyKZDFBPcZzXgIFgzlIx4jmANZ3A18RsPTCoe+HcwDFnbIz2fu5wS0FInm4ttSgS+Hd3HRzb0GZCRW4Dihb5KybvYyebNsjkFXiTWjOQrObv0PK4Mq53st90NaOQxH6ggSrUsM4R2TCRwKtgoY0eKhYQOSI+1NPWJx1Q7nu4ywoda6WI3kPr4gKfq746YeEoNPUdXegT6at6biP95rQjc83bM/TAC5tNkkBsJDAGeBIO7XDIKYqgJoZLrv2LaJ5JQ0PFldAjW/MqLpH5ctk7LJzc6jUuUII0OUA4VkIXOUAVdoyqqIYoe0Qt6Q+/Gk/FqfBifSWnKmPXsoz8wvn4AtradLw==</latexit>

S�✓f(t) = f(t+ ✓)
<latexit sha1_base64="BGafXLn+2e8IWLLVzd3/6VqEq6k=">AAAB+3icbVDJSgNBEO2JW4zbGI9emgQhQQwzIupFCHrxGMUskAmhp9OTNOlZ6K4RwzB/4dmLB0W8+iPe8jd2loMmPih4vFdFVT03ElyBZY2NzMrq2vpGdjO3tb2zu2fu5xsqjCVldRqKULZcopjgAasDB8FakWTEdwVrusObid98ZFLxMHiAUcQ6PukH3OOUgJa6Zj5xKBH4PvVKUL7ySidQ7ppFq2JNgZeJPSfFasE5fh5XR7Wu+e30Qhr7LAAqiFJt24qgkxAJnAqW5pxYsYjQIemztqYB8ZnqJNPbU3yklR72QqkrADxVf08kxFdq5Lu60ycwUIveRPzPa8fgXXYSHkQxsIDOFnmxwBDiSRC4xyWjIEaaECq5vhXTAZGEgo4rp0OwF19eJo3Tin1eObvTaVyjGbLoEBVQCdnoAlXRLaqhOqLoCb2gN/RupMar8WF8zlozxnzmAP2B8fUDGDOWKQ==</latexit>

Rf(t) = f(�t)

is equivalent to (take                     )

<latexit sha1_base64="GjYClylcKKoXSLK4fkpvw+oMWZQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CC1CpbbOSFE3QtGNywp9QWcomTRtQzMPkowwDN248Qf8CDcuFHHrP7jr35hpK2jrgcC559zLzT1OwKiQhjHWUkvLK6tr6fXMxubW9o6+u9cQfsgxqWOf+bzlIEEY9UhdUslIK+AEuQ4jTWd4k/jNe8IF9b2ajAJiu6jv0R7FSCqpox+GeYswdiILtdPy8VXxpywmZUfPGSVjArhIzBnJVbJW4Wlciaod/cvq+jh0iScxQ0K0TSOQdoy4pJiRUcYKBQkQHqI+aSvqIZcIO55cMYJHSunCns/V8yScqL8nYuQKEbmO6nSRHIh5LxH/89qh7F3aMfWCUBIPTxf1QgalD5NIYJdygiWLFEGYU/VXiAeIIyxVcBkVgjl/8iJpnJXM81L5TqVxDaZIgwOQBXlgggtQAbegCuoAgwfwDF7Bm/aovWjv2se0NaXNZvbBH2if34j1mQU=</latexit>

u(`, t+ T/4) = �u(`, t� T/4)

<latexit sha1_base64="vjoHKEzWgpTrAyOzSBgpdq595fY=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDglCJDHuSlAbIWhjGSEvyC5hdjJJhsw+mLkrhJDSxtq/sLFQxNZPsMvfOHkUGj0wcO4593LnHi8SXIFljY3E0vLK6lpyPbWxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+jcTv37PpOJhUIFBxFyfdAPe4ZSAllrmYZR1mBB5yFVOi8dX8wrDyaTMY9wyM1bBmgL/JfacZEppJ/c0Lg3KLfPLaYc09lkAVBClmrYVgTskEjgVbJRyYsUiQvuky5qaBsRnyh1ODxnhI620cSeU+gWAp+rPiSHxlRr4nu70CfTUojcR//OaMXQu3SEPohhYQGeLOrHAEOJJKrjNJaMgBpoQKrn+K6Y9IgkFnV1Kh2AvnvyX1M4K9nmheKfTuEYzJNEBSqMsstEFKqFbVEZVRNEDekav6M14NF6Md+Nj1pow5jP76BeMz2+SV5l4</latexit>

p(`, t+ T/4) = p(`, t� T/4),

<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)

(BC)

(BC)
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<latexit sha1_base64="+OK63E3ELFG8Ta8a0HzbUoQDagQ="></latexit>

I �R
2

S�T/4U(`, ·) = 0

<latexit sha1_base64="Zh75T3oyGYo9iX6/EG5UDpgOmh8="></latexit>

U =

✓
p
u

◆
,

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

<latexit sha1_base64="snwVilfiKd2CVlrdhPDr1/rhNNw="></latexit>

S�T/4u(`, t) = �u(`, t� T/4) = u(`,�t+ T/4) = RS�T/4u(`, t)

<latexit sha1_base64="1ndi23y7oNQUz5r7d9+W5H87yh4="></latexit>

S�T/4p(`, t) = p(`, t� T/4) = p(`,�t+ T/4) = RS�T/4p(`, t)

We now define the nonlinear functional      which imposes 
periodicity by projection instead of periodic return…

<latexit sha1_base64="qIeEHHItkCBIYyZzdrPwhAOnJ2I=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi4K4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCviS+g==</latexit>

F

Define shift                              and reflection                         so  
<latexit sha1_base64="Beje77jEj9fhdyfH59kDMgrapO4=">AAACC3icbVDLSgMxFM3UV62vqks3oUVoKZYZEXUjFN24rGgf0Kklk2ba0MyD5I5Qhu7duPM73LhQxK0/4K5/Y9rpQlsPJJyccy839zih4ApMc2yklpZXVtfS65mNza3tnezuXl0FkaSsRgMRyKZDFBPcZzXgIFgzlIx4jmANZ3A18RsPTCoe+HcwDFnbIz2fu5wS0FInm4ttSgS+Hd3HRzb0GZCRW4Dihb5KybvYyebNsjkFXiTWjOQrObv0PK4Mq53st90NaOQxH6ggSrUsM4R2TCRwKtgoY0eKhYQOSI+1NPWJx1Q7nu4ywoda6WI3kPr4gKfq746YeEoNPUdXegT6at6biP95rQjc83bM/TAC5tNkkBsJDAGeBIO7XDIKYqgJoZLrv2LaJ5JQ0PFldAjW/MqLpH5ctk7LJzc6jUuUII0OUA4VkIXOUAVdoyqqIYoe0Qt6Q+/Gk/FqfBifSWnKmPXsoz8wvn4AtradLw==</latexit>

S�✓f(t) = f(t+ ✓)
<latexit sha1_base64="BGafXLn+2e8IWLLVzd3/6VqEq6k=">AAAB+3icbVDJSgNBEO2JW4zbGI9emgQhQQwzIupFCHrxGMUskAmhp9OTNOlZ6K4RwzB/4dmLB0W8+iPe8jd2loMmPih4vFdFVT03ElyBZY2NzMrq2vpGdjO3tb2zu2fu5xsqjCVldRqKULZcopjgAasDB8FakWTEdwVrusObid98ZFLxMHiAUcQ6PukH3OOUgJa6Zj5xKBH4PvVKUL7ySidQ7ppFq2JNgZeJPSfFasE5fh5XR7Wu+e30Qhr7LAAqiFJt24qgkxAJnAqW5pxYsYjQIemztqYB8ZnqJNPbU3yklR72QqkrADxVf08kxFdq5Lu60ycwUIveRPzPa8fgXXYSHkQxsIDOFnmxwBDiSRC4xyWjIEaaECq5vhXTAZGEgo4rp0OwF19eJo3Tin1eObvTaVyjGbLoEBVQCdnoAlXRLaqhOqLoCb2gN/RupMar8WF8zlozxnzmAP2B8fUDGDOWKQ==</latexit>

Rf(t) = f(�t)

is equivalent to (take                     )

<latexit sha1_base64="GjYClylcKKoXSLK4fkpvw+oMWZQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CC1CpbbOSFE3QtGNywp9QWcomTRtQzMPkowwDN248Qf8CDcuFHHrP7jr35hpK2jrgcC559zLzT1OwKiQhjHWUkvLK6tr6fXMxubW9o6+u9cQfsgxqWOf+bzlIEEY9UhdUslIK+AEuQ4jTWd4k/jNe8IF9b2ajAJiu6jv0R7FSCqpox+GeYswdiILtdPy8VXxpywmZUfPGSVjArhIzBnJVbJW4Wlciaod/cvq+jh0iScxQ0K0TSOQdoy4pJiRUcYKBQkQHqI+aSvqIZcIO55cMYJHSunCns/V8yScqL8nYuQKEbmO6nSRHIh5LxH/89qh7F3aMfWCUBIPTxf1QgalD5NIYJdygiWLFEGYU/VXiAeIIyxVcBkVgjl/8iJpnJXM81L5TqVxDaZIgwOQBXlgggtQAbegCuoAgwfwDF7Bm/aovWjv2se0NaXNZvbBH2if34j1mQU=</latexit>

u(`, t+ T/4) = �u(`, t� T/4)

<latexit sha1_base64="vjoHKEzWgpTrAyOzSBgpdq595fY=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDglCJDHuSlAbIWhjGSEvyC5hdjJJhsw+mLkrhJDSxtq/sLFQxNZPsMvfOHkUGj0wcO4593LnHi8SXIFljY3E0vLK6lpyPbWxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+jcTv37PpOJhUIFBxFyfdAPe4ZSAllrmYZR1mBB5yFVOi8dX8wrDyaTMY9wyM1bBmgL/JfacZEppJ/c0Lg3KLfPLaYc09lkAVBClmrYVgTskEjgVbJRyYsUiQvuky5qaBsRnyh1ODxnhI620cSeU+gWAp+rPiSHxlRr4nu70CfTUojcR//OaMXQu3SEPohhYQGeLOrHAEOJJKrjNJaMgBpoQKrn+K6Y9IgkFnV1Kh2AvnvyX1M4K9nmheKfTuEYzJNEBSqMsstEFKqFbVEZVRNEDekav6M14NF6Md+Nj1pow5jP76BeMz2+SV5l4</latexit>

p(`, t+ T/4) = p(`, t� T/4),

<latexit sha1_base64="p1vxCn5ybxmrIMclbeIoffL+0kE=">AAAB8XicbVDLSgNBEJyNrxhfUY9ehgRBEOOuBPUiBL14jJAXZpcwO5lNhszOLjO9QljyF7l4UMSrf+Mtf+PkcdDEgoaiqpvuLj8WXINtT6zM2vrG5lZ2O7ezu7d/kD88augoUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0Bw9Tv/nClOaRrMEwZl5IepIHnBIw0rMLJLmDi9pluZMv2iV7BrxKnAUpVgru+XhSGVY7+W+3G9EkZBKoIFq3HTsGLyUKOBVslHMTzWJCB6TH2oZKEjLtpbOLR/jUKF0cRMqUBDxTf0+kJNR6GPqmMyTQ18veVPzPaycQ3Hopl3ECTNL5oiARGCI8fR93uWIUxNAQQhU3t2LaJ4pQMCHlTAjO8surpHFVcq5L5SeTxj2aI4tOUAGdIQfdoAp6RFVURxRJNEZv6N3S1qv1YX3OWzPWYuYY/YH19QOQopMt</latexit>

⌧ = t� T/4

For this we re-write the boundary condition (BC) as a projection:
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :
<latexit sha1_base64="AWCZy62jydDirpPv6gJm/Bl79Hc=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZCi1pniqgboejGZYW+oB1KJs20oZnMkGSEMhTc+CtuXCji1p9w59+YtiNo64ELJ+fcS+49bsioVJb1ZaQWFpeWV9KrmbX1jc0tc3unLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13cDP2G/dESBrwqhqGxPFRj1OPYqS01DH3clG+TRg7VkfV01Lh6uTnWch1zKxVtCaA88ROSBYkqHTMz3Y3wJFPuMIMSdmyrVA5MRKKYkZGmXYkSYjwAPVIS1OOfCKdeHLDCB5qpQu9QOjiCk7U3xMx8qUc+q7u9JHqy1lvLP7ntSLlXTox5WGkCMfTj7yIQRXAcSCwSwXBig01QVhQvSvEfSQQVjq2jA7Bnj15ntRLRfu8eHZXypavkzjSYB8cgDywwQUog1tQATWAwQN4Ai/g1Xg0no03433amjKSmV3wB8bHNx+nlUY=</latexit>

u(`, t+ T/2) = �u(`, t)
(BC)

<latexit sha1_base64="5ZGRBv631/lDEemFDfDI9UtT0W4=">AAACAHicbVDLSgMxFM3UV62vURcu3IQWoaVSZ4qoG6HoxmWFvqAzlEyatqGZzJBkhGHoxm/wD9y4UMStn+Guf2P6ELT1wIWTc+4l9x4vZFQqyxobqZXVtfWN9GZma3tnd8/cP2jIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xveTvzmAxGSBrym4pC4Pupz2qMYKS11zKMw7xDGTlWxdlYuXP+8Ch0zZ5WsKeAyseckV8k6xadxJa52zC+nG+DIJ1xhhqRs21ao3AQJRTEjo4wTSRIiPER90taUI59IN5keMIInWunCXiB0cQWn6u+JBPlSxr6nO32kBnLRm4j/ee1I9a7chPIwUoTj2Ue9iEEVwEkasEsFwYrFmiAsqN4V4gESCCudWUaHYC+evEwa5ZJ9UTq/12ncgBnS4BhkQR7Y4BJUwB2ogjrAYASewSt4Mx6NF+Pd+Ji1poz5zCH4A+PzG/mwl7Y=</latexit>

p(`, t+ T/2) = p(`, t)

(BC)

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0 (BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0 (BC)

solution at  
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

solution at  
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0 (BC)

quarter period shift  



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :

quarter period shift  

projection onto even  

The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

solution at  
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

Let                            be initial data satisfying (IC)
<latexit sha1_base64="LJWgQCokUFChBQbuWcumL+5wEdk="></latexit>

U(t) =

✓
p(t)
u(t)

◆

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

Let                            be initial data satisfying (IC)
<latexit sha1_base64="LJWgQCokUFChBQbuWcumL+5wEdk="></latexit>

U(t) =

✓
p(t)
u(t)

◆

<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0
(IC)

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

Let                            be initial data satisfying (IC)
<latexit sha1_base64="LJWgQCokUFChBQbuWcumL+5wEdk="></latexit>

U(t) =

✓
p(t)
u(t)

◆

<latexit sha1_base64="sp1yztXIA1xKj+fX+6jv5QHkaOw="></latexit>

F [U ] ⌘ I�R
2 S�T/4 E U(·).

<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0
(IC)

Define 

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

Let                            be initial data satisfying (IC)
<latexit sha1_base64="LJWgQCokUFChBQbuWcumL+5wEdk="></latexit>

U(t) =

✓
p(t)
u(t)

◆

<latexit sha1_base64="sp1yztXIA1xKj+fX+6jv5QHkaOw="></latexit>

F [U ] ⌘ I�R
2 S�T/4 E U(·).

<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0
(IC)

Define 

Nonlinear evolution 
from          to   <latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :The boundary condition at

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Let       denote nonlinear evolution starting from 
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

Let                            be initial data satisfying (IC)
<latexit sha1_base64="LJWgQCokUFChBQbuWcumL+5wEdk="></latexit>

U(t) =

✓
p(t)
u(t)

◆

<latexit sha1_base64="sp1yztXIA1xKj+fX+6jv5QHkaOw="></latexit>

F [U ] ⌘ I�R
2 S�T/4 E U(·).

<latexit sha1_base64="z352n0YPTFfPgLcZSL5nlaYvX08=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLqAhC0YvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4c3Ebz5SpZkU92YUUz/CfcFCRrCxUqP0dOVelrqFolt2p0CLxMtIETLUuoWvTk+SJKLCEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcAR1X46vXaMjq3SQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjA8rbELz5lxdJo1L2zsqnd5Vi9TqLIweHcAQn4ME5VOEWalAHAg/wDK/w5kjnxXl3PmatS042cwB/4Hz+AA9djiQ=</latexit>

x = 0 :
<latexit sha1_base64="6MMnmEiXRcWcSzctc3aagZZNEjc=">AAACFHicbVBNSwMxFMz6WetX1aOXYFdQ1LJbRL0IRS8eFawt1FKy6dsamk2W5K1Qij/Ci3/FiwdFvHrw5r8xrT2odSAwzMzj5U2USmExCD69icmp6ZnZ3Fx+fmFxabmwsnpldWY4VLmW2tQjZkEKBVUUKKGeGmBJJKEWdU8Hfu0WjBVaXWIvhWbCOkrEgjN0Uquw46dbwS5u+8cUbkFR/9LfS8EI3RacxpnigxjVMfXRbxWKQSkYgo6TcESKZITzVuHjuq15loBCLpm1jTBIsdlnBgWXcJe/ziykjHdZBxqOKpaAbfaHR93RTae0aayNewrpUP050WeJtb0kcsmE4Y396w3E/7xGhvFRsy9UmiEo/r0oziRFTQcN0bYwwFH2HGHcCPdXym+YYRxdj3lXQvj35HFyVS6FB6X9i3KxcjKqI0fWyQbZIiE5JBVyRs5JlXByTx7JM3nxHrwn79V7+45OeKOZNfIL3vsXMBCb0w==</latexit>

p(0, t)= even T -periodic function of t
<latexit sha1_base64="S5bwU8AAJgA0/tSUQXKHFHqEPv4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFuhgpSkiHoRil48VrAf2Iay2W7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4kuEbH+bYyK6tr6xvZzdzW9s7uXn7/oKHDWFFWp6EIVcsnmgkuWR05CtaKFCOBL1jTH91O/eYTU5qH8gHHEfMCMpC8zylBIz0W45JzhqfFa6ebLzhlZwZ7mbgpKUCKWjf/1emFNA6YRCqI1m3XidBLiEJOBZvkOrFmEaEjMmBtQyUJmPaS2cUT+8QoPbsfKlMS7Zn6eyIhgdbjwDedAcGhXvSm4n9eO8b+lZdwGcXIJJ0v6sfCxtCevm/3uGIUxdgQQhU3t9p0SBShaELKmRDcxZeXSaNSdi/K5/eVQvUmjSMLR3AMJXDhEqpwBzWoAwUJz/AKb5a2Xqx362PemrHSmUP4A+vzBwO6jzA=</latexit>

u(0, t)=0
(IC)

Define 

Nonlinear evolution 
from          to   <latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `
Imposes        at             by  
      

<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `
<latexit sha1_base64="QBB+grGm0INP697hc1MDhkm8Pmo=">AAAB9XicbVDLSsNAFL2pr1pfVZduhhZBEEIiom6EoiAuK5i2kMQymU7aoZMHMxOlhP6FCzcuFHHrv7jr3zh9LLT1wIXDOfdy7z1ByplUljUyCkvLK6trxfXSxubW9k55d68hk0wQ6pCEJ6IVYEk5i6mjmOK0lQqKo4DTZtC/HvvNRyokS+J7NUipH+FuzEJGsNLSQ+4RzNHN0HX8S8tsl6uWaU2AFok9I9VaxTt+HtUG9Xb52+skJItorAjHUrq2lSo/x0Ixwumw5GWSppj0cZe6msY4otLPJ1cP0aFWOihMhK5YoYn6eyLHkZSDKNCdEVY9Oe+Nxf88N1PhhZ+zOM0Ujcl0UZhxpBI0jgB1mKBE8YEmmAimb0WkhwUmSgdV0iHY8y8vksaJaZ+Zp3c6jSuYoggHUIEjsOEcanALdXCAgIAXeIN348l4NT6Mz2lrwZjN7MMfGF8/PQmUrA==</latexit>

F [U ] = 0.

(BC)

(BC)



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0 (BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0 (BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Simpler
Condition: (A)

<latexit sha1_base64="Jp3b53Q9Ly24pe7HkXKI6CFOLzY="></latexit>

I �R
2

U(`, ·) = 0

(BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

projection onto even  

<latexit sha1_base64="Jp3b53Q9Ly24pe7HkXKI6CFOLzY="></latexit>

I �R
2

U(`, ·) = 0
Simpler
Condition: (A)

(BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

“Kills odd u and leaves even p unchanged’’ 

projection onto even  

<latexit sha1_base64="Jp3b53Q9Ly24pe7HkXKI6CFOLzY="></latexit>

I �R
2

U(`, ·) = 0
Simpler
Condition: (A)

(BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="Jp3b53Q9Ly24pe7HkXKI6CFOLzY="></latexit>

I �R
2

U(`, ·) = 0
Simpler
Condition: 

Thus (A) implies u=0 and (BC) at             , so is special case.   
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `

(A)

(BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

Thus define: 
<latexit sha1_base64="2wJAYFpU1BTwNWia6FMQ530/Aso="></latexit>

FA[U ] ⌘ I�R
2 E [U(·)].

(BC)

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

Thus define: 

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="2wJAYFpU1BTwNWia6FMQ530/Aso="></latexit>

FA[U ] ⌘ I�R
2 E [U(·)].

(BC)

                     implies            and (BC) at             .             
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `
<latexit sha1_base64="2s961HLZDQC2t4yDSrLLQajmWkE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GVoEQSiJiLoRioK4rGDaQhLCZDpph04mYWYixNC/cOfGhSJu/RR3/Runj4W2HrhwOOde7r0nTBmVyrLGRmlldW19o7xZ2dre2a2ae/ttmWQCEwcnLBHdEEnCKCeOooqRbioIikNGOuHwZuJ3HomQNOEPKk+JH6M+pxHFSGkpMKuFhxGDt6MAuY5/ZQVm3WpYU8BlYs9JvVnzTp7HzbwVmN9eL8FZTLjCDEnp2laq/AIJRTEjo4qXSZIiPER94mrKUUykX0wPH8EjrfRglAhdXMGp+nuiQLGUeRzqzhipgVz0JuJ/npup6NIvKE8zRTieLYoyBlUCJynAHhUEK5ZrgrCg+laIB0ggrHRWFR2CvfjyMmmfNuzzxtm9TuMazFAGh6AGjoENLkAT3IEWcAAGGXgBb+DdeDJejQ/jc9ZaMuYzB+APjK8fvKKVeQ==</latexit>

Fa[U ] = 0
<latexit sha1_base64="TqXgTd4K09yIVMSHsbxnQ5pJAgw=">AAAB7nicbVDLSgNBEOyNr7i+oh69DCaCp7AbRL0IQS8eI5gHJEuYncwmQ2Znl3kIYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3hSlnSnvet1NYW9/Y3Cpuuzu7e/sHpcOjlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+G7mt5+oVCwRj3qS0iDGQ8EiRrC2Uhu5FXPjVfqlslf15kCrxM9JGXI0+qWv3iAhJqZCE46V6vpeqoMMS80Ip1O3ZxRNMRnjIe1aKnBMVZDNz52iM6sMUJRIW0Kjufp7IsOxUpM4tJ0x1iO17M3E/7yu0dF1kDGRGk0FWSyKDEc6QbPf0YBJSjSfWIKJZPZWREZYYqJtQq4NwV9+eZW0alX/snrxUCvXb/M4inACp3AOPlxBHe6hAU0gMIZneIU3J3VenHfnY9FacPKZY/gD5/MHFyWOGw==</latexit>

u = 0

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

Thus define: 

<latexit sha1_base64="OR4JL+MfyAfYn/VXjgmmmjVHHNY="></latexit>

Theorem [TY 2023]: Assume T -periodic data U(t)
satisfies (IC) and Fa[U ] = 0. Then U(t) evolves
to a T -periodic solution of the compressible Euler
equations satisfying u = 0 at both x = 0 and x = `.

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="2wJAYFpU1BTwNWia6FMQ530/Aso="></latexit>

FA[U ] ⌘ I�R
2 E [U(·)].

(BC)

                     implies            and (BC) at             .             
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `
<latexit sha1_base64="2s961HLZDQC2t4yDSrLLQajmWkE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GVoEQSiJiLoRioK4rGDaQhLCZDpph04mYWYixNC/cOfGhSJu/RR3/Runj4W2HrhwOOde7r0nTBmVyrLGRmlldW19o7xZ2dre2a2ae/ttmWQCEwcnLBHdEEnCKCeOooqRbioIikNGOuHwZuJ3HomQNOEPKk+JH6M+pxHFSGkpMKuFhxGDt6MAuY5/ZQVm3WpYU8BlYs9JvVnzTp7HzbwVmN9eL8FZTLjCDEnp2laq/AIJRTEjo4qXSZIiPER94mrKUUykX0wPH8EjrfRglAhdXMGp+nuiQLGUeRzqzhipgVz0JuJ/npup6NIvKE8zRTieLYoyBlUCJynAHhUEK5ZrgrCg+laIB0ggrHRWFR2CvfjyMmmfNuzzxtm9TuMazFAGh6AGjoENLkAT3IEWcAAGGXgBb+DdeDJejQ/jc9ZaMuYzB+APjK8fvKKVeQ==</latexit>

Fa[U ] = 0
<latexit sha1_base64="TqXgTd4K09yIVMSHsbxnQ5pJAgw=">AAAB7nicbVDLSgNBEOyNr7i+oh69DCaCp7AbRL0IQS8eI5gHJEuYncwmQ2Znl3kIYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3hSlnSnvet1NYW9/Y3Cpuuzu7e/sHpcOjlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+G7mt5+oVCwRj3qS0iDGQ8EiRrC2Uhu5FXPjVfqlslf15kCrxM9JGXI0+qWv3iAhJqZCE46V6vpeqoMMS80Ip1O3ZxRNMRnjIe1aKnBMVZDNz52iM6sMUJRIW0Kjufp7IsOxUpM4tJ0x1iO17M3E/7yu0dF1kDGRGk0FWSyKDEc6QbPf0YBJSjSfWIKJZPZWREZYYqJtQq4NwV9+eZW0alX/snrxUCvXb/M4inACp3AOPlxBHe6hAU0gMIZneIU3J3VenHfnY9FacPKZY/gD5/MHFyWOGw==</latexit>

u = 0

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



THE NONLINEAR FUNCTIONAL

Thus define: 

<latexit sha1_base64="OR4JL+MfyAfYn/VXjgmmmjVHHNY="></latexit>

Theorem [TY 2023]: Assume T -periodic data U(t)
satisfies (IC) and Fa[U ] = 0. Then U(t) evolves
to a T -periodic solution of the compressible Euler
equations satisfying u = 0 at both x = 0 and x = `.

These turn out to be the even mode solutions of        ! (   )

<latexit sha1_base64="Gi2vU7u1ATEjAoQMVWoV/vXuCiI="></latexit>

I �R
2

S�T/4 U(`, ·) = 0

<latexit sha1_base64="2wJAYFpU1BTwNWia6FMQ530/Aso="></latexit>

FA[U ] ⌘ I�R
2 E [U(·)].

(BC)

                     implies            and (BC) at             .             
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `
<latexit sha1_base64="2s961HLZDQC2t4yDSrLLQajmWkE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GVoEQSiJiLoRioK4rGDaQhLCZDpph04mYWYixNC/cOfGhSJu/RR3/Runj4W2HrhwOOde7r0nTBmVyrLGRmlldW19o7xZ2dre2a2ae/ttmWQCEwcnLBHdEEnCKCeOooqRbioIikNGOuHwZuJ3HomQNOEPKk+JH6M+pxHFSGkpMKuFhxGDt6MAuY5/ZQVm3WpYU8BlYs9JvVnzTp7HzbwVmN9eL8FZTLjCDEnp2laq/AIJRTEjo4qXSZIiPER94mrKUUykX0wPH8EjrfRglAhdXMGp+nuiQLGUeRzqzhipgVz0JuJ/npup6NIvKE8zRTieLYoyBlUCJynAHhUEK5ZrgrCg+laIB0ggrHRWFR2CvfjyMmmfNuzzxtm9TuMazFAGh6AGjoENLkAT3IEWcAAGGXgBb+DdeDJejQ/jc9ZaMuYzB+APjK8fvKKVeQ==</latexit>

Fa[U ] = 0
<latexit sha1_base64="TqXgTd4K09yIVMSHsbxnQ5pJAgw=">AAAB7nicbVDLSgNBEOyNr7i+oh69DCaCp7AbRL0IQS8eI5gHJEuYncwmQ2Znl3kIYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3hSlnSnvet1NYW9/Y3Cpuuzu7e/sHpcOjlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+G7mt5+oVCwRj3qS0iDGQ8EiRrC2Uhu5FXPjVfqlslf15kCrxM9JGXI0+qWv3iAhJqZCE46V6vpeqoMMS80Ip1O3ZxRNMRnjIe1aKnBMVZDNz52iM6sMUJRIW0Kjufp7IsOxUpM4tJ0x1iO17M3E/7yu0dF1kDGRGk0FWSyKDEc6QbPf0YBJSjSfWIKJZPZWREZYYqJtQq4NwV9+eZW0alX/snrxUCvXb/M4inACp3AOPlxBHe6hAU0gMIZneIU3J3VenHfnY9FacPKZY/gD5/MHFyWOGw==</latexit>

u = 0

<latexit sha1_base64="oRrJzZW2Z6oLJyLd+jVx8d5epyA=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2VXRL0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUtOtpNdepVcqe1VvBrRM/JyUIUe9V/rq9iVJYyoM4Vjrju8lJsiwMoxwOnG7qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbkGtD8BdfXibNs6p/UT2/PyvXbvI4inAEx3AKPlxCDe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHwOiN8Q==</latexit>

u = 0A special case solves              at 
<latexit sha1_base64="Hnqs8L2RfEgk3NXxmMEELbG/i/M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbREUQil48VrCt0i4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719RRoghtkIhH6j7AmnImacMww+l9rCgWAaetYHg98VuPVGkWyTsziqkvcF+ykBFsrPRQfrrsUM4vyt1iya24U6BF4mWkBBnq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpViveaeXktlqqXWVx5OEADuEYPDiDGtxAHRpAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBqRaPqw==</latexit>

x = ` :



PROOF OF EXISTENCE

The problem of existence of spacetime periodic solutions
of compressible Euler is now reduced to the problem of solving

starting from                     initial data         at              satisfying:  

We perturb about a “quiet” state (reversible solution of Euler)   

(IC)

<latexit sha1_base64="TLxI1sn4lKo4yV7G4xW0OnsXFac=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3iHosevFYoV/YLiWbzbah2WRJskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOM72Z+54kqzaRomklC/RgPBYsYwcZKj82LhComQ0YG5YpbdedAq8TLSQVyNAblr34oSRpTYQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1TgmGo/m188RWdWCVEklS1h0Fz9PZHhWOtJHNjOGJuRXvZm4n9eLzXRjZ8xkaSGCrJYFKUcGYlm76OQKUoMn1iCiWL2VkRGWGFibEglG4K3/PIqadeq3lX18qFWqd/mcRThBE7hHDy4hjrcQwNaQEDAM7zCm6OdF+fd+Vi0Fpx85hj+wPn8AVbCkLU=</latexit>

T-periodic
<latexit sha1_base64="FLXJqT72kwSfEAx1uL/PkZCC9oY="></latexit>

U(t) =

✓
p(t)
u(t)

◆
=

✓
even
0

◆
.

<latexit sha1_base64="sThIJ0p0/aKO4/5e8sJMr9fAHoc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBahIpRERD0WvXisYNpCE8pms22XbjZxdyKE0D8hggdFvPp3vPXfuP04aOuDgcd7M8zMCxLBNdj22CqsrK6tbxQ3S1vbO7t75f2Dpo5TRZlLYxGrdkA0E1wyFzgI1k4UI1EgWCsY3k781hNTmsfyAbKE+RHpS97jlICR2m7Vo2EMp91yxa7ZU+Bl4sxJpX7snb2M61mjW/72wpimEZNABdG649gJ+DlRwKlgo5KXapYQOiR91jFUkohpP5/eO8InRglxL1amJOCp+nsiJ5HWWRSYzojAQC96E/E/r5NC79rPuUxSYJLOFvVSgSHGk+dxyBWjIDJDCFXc3IrpgChCwURUMiE4iy8vk+Z5zbmsXdybNG7QDEV0hI5RFTnoCtXRHWogF1Ek0DN6Q+/Wo/VqfVifs9aCNZ85RH9gff0AZmqSig==</latexit>

U(·)
<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

<latexit sha1_base64="A4sK1bYBk83xYAb+Or763UqItZU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDDZCBSlJEXVTKLpxWcE+oA1lMp20QyfJMDMRS+jGjb/ixoUibv0Hd/6NkzYLbT1wuYdz7mXmHo8zKpVtfxu5peWV1bX8emFjc2t7x9zda8ooFpg0cMQi0faQJIyGpKGoYqTNBUGBx0jLG12nfuueCEmj8E6NOXEDNAipTzFSWuqZhxavdj0kEj6xTqEVV+20yaosPZxYPbNol+0p4CJxMlIEGeo986vbj3AckFBhhqTsODZXboKEopiRSaEbS8IRHqEB6WgaooBIN5leMYHHWulDPxK6QgWn6u+NBAVSjgNPTwZIDeW8l4r/eZ1Y+ZduQkMeKxLi2UN+zKCKYBoJ7FNBsGJjTRAWVP8V4iESCCsdXEGH4MyfvEialbJzXj67rRRrV1kceXAAjkAJOOAC1MANqIMGwOARPINX8GY8GS/Gu/ExG80Z2c4++APj8wf8N5Wu</latexit>

p = p̄, u = 0, s = s(x)

<latexit sha1_base64="IdbWG3HlwEaQwhRKVcdfNatZSFU="></latexit>

F [U ] ⌘ I�R
2 S�T/2 E [U(·)] = 0

Linearizing      about                                              yields
<latexit sha1_base64="5PX7pOGclFC7Sq6M7il4kts2xWI=">AAAB73icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRiyK4rGAv0A4lk2ba0EwmJhmhDH0JNy4UEVz5JO7diG9jello6w+Bj/8/h5xzQsmZNp737czNLywuLedW3NW19Y3N/NZ2VSepIrRCEp6oeog15UzQimGG07pUFMchp7WwdznMa/dUaZaIW9OXNIhxR7CIEWysVc+aBHN0NWjlC17RGwnNgj+BwvmHeybfvtxyK//ZbCckjakwhGOtG74nTZBhZRjhdOA2U00lJj3coQ2LAsdUB9lo3gHat04bRYmyTxg0cn93ZDjWuh+HtjLGpquns6H5X9ZITXQaZEzI1FBBxh9FKUcmQcPlUZspSgzvW8BEMTsrIl2sMDH2RK49gj+98ixUD4v+cfHoxiuULmCsHOzCHhyADydQgmsoQwUIcHiAJ3h27pxH58V5HZfOOZOeHfgj5/0HCXOS+Q==</latexit>

E
<latexit sha1_base64="A4sK1bYBk83xYAb+Or763UqItZU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDDZCBSlJEXVTKLpxWcE+oA1lMp20QyfJMDMRS+jGjb/ixoUibv0Hd/6NkzYLbT1wuYdz7mXmHo8zKpVtfxu5peWV1bX8emFjc2t7x9zda8ooFpg0cMQi0faQJIyGpKGoYqTNBUGBx0jLG12nfuueCEmj8E6NOXEDNAipTzFSWuqZhxavdj0kEj6xTqEVV+20yaosPZxYPbNol+0p4CJxMlIEGeo986vbj3AckFBhhqTsODZXboKEopiRSaEbS8IRHqEB6WgaooBIN5leMYHHWulDPxK6QgWn6u+NBAVSjgNPTwZIDeW8l4r/eZ1Y+ZduQkMeKxLi2UN+zKCKYBoJ7FNBsGJjTRAWVP8V4iESCCsdXEGH4MyfvEialbJzXj67rRRrV1kceXAAjkAJOOAC1MANqIMGwOARPINX8GY8GS/Gu/ExG80Z2c4++APj8wf8N5Wu</latexit>

p = p̄, u = 0, s = s(x)

which can be solved by separation of variables.

(L)
<latexit sha1_base64="NsPjduFpvJs1kVEuzGDazBIb0H8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGEyEeDDsBlEvQtCLxwjmAUkMs5NJMmRmd5nplYRlT178FS8eFPHqN3jzb5w8DhotaCiquunu8kLBNTjOl5VaWFxaXkmvZtbWNza37O2dqg4iRVmFBiJQdY9oJrjPKsBBsHqoGJGeYDVvcDX2a/dMaR74tzAKWUuSns+7nBIwUtvez4XtGCA5bmrek+SumB8eGWU4TC6cHG7bWafgTID/EndGsmiGctv+bHYCGknmAxVE64brhNCKiQJOBUsyzUizkNAB6bGGoT6RTLfiyRsJPjRKB3cDZcoHPFF/TsREaj2SnumUBPp63huL/3mNCLrnrZj7YQTMp9NF3UhgCPA4E9zhilEQI0MIVdzcimmfKELBJJcxIbjzL/8l1WLBPS2c3BSzpctZHGm0hw5QHrnoDJXQNSqjCqLoAT2hF/RqPVrP1pv1Pm1NWbOZXfQL1sc3vVeYAg==</latexit>

ptt � �2(x)pxx = 0



PROOF OF EXISTENCE

The linearize operator which goes with

is thus  

where             denotes linearized evolution by (L) from             

<latexit sha1_base64="of+dMYA0nFnLc0c/YBEY88K53OY="></latexit>

F [U ] = I�R
2 S�T/2 E [U(·)]

<latexit sha1_base64="tPjBATY/CNUrWWFG8naeAriZRBQ=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCqJiLopFt24rGgv0IYymU7aoZNJmJmIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnBAlnSrvut5VbWFxaXsmv2mvrG5tbzvZOTcWpJLRKYh7LRoAV5UzQqmaa00YiKY4CTutB/3KU1++oVCwWt3qQUD/CXcFCRrA21s19yW07BbfojoXmwZtC4fzDLiVvX3al7Xy2OjFJIyo04Vippucm2s+w1IxwOrRbqaIJJn3cpU2DAkdU+dl41CE6ME4HhbE0T2g0dn93ZDhSahAFpjLCuqdms5H5X9ZMdXjmZ0wkqaaCTD4KU450jEZ7ow6TlGg+MICJZGZWRHpYYqLNdWxzBG925XmoHRW9k+LxtVsoX8BEediDfTgED06hDFdQgSoQ6MIDPMGzxa1H68V6nZTmrGnPLvyR9f4DOPeQww==</latexit>

x = 0

<latexit sha1_base64="TOEqly2AdVNVXWDFWQbHnLY8Scc=">AAACMXicbZDLSgMxFIYz9V5vVZdugq1QwdaZIupGEBVRcFG1N5gZSybNtKGZC0lGKMO8khvfRNy4UMStL2F6AbX1h8CX/5xDcn4nZFRIXX/VUlPTM7Nz8wvpxaXlldXM2npNBBHHpIoDFvCGgwRh1CdVSSUjjZAT5DmM1J3uWb9efyBc0MCvyF5IbA+1fepSjKSympnL3HlsYcTgRWLW7GPL5QgPjavCbRKXEmt3eL1L7uNCZe/HuFZk1vIWbgVyx841M1m9qA8EJ8EYQRaMVG5mnq1WgCOP+BIzJIRp6KG0Y8QlxYwkaSsSJES4i9rEVOgjjwg7HmycwG3ltKAbcHV8CQfu74kYeUL0PEd1ekh2xHitb/5XMyPpHtkx9cNIEh8PH3IjBmUA+/HBFuUES9ZTgDC n6q8Qd5AKTaqQ0yoEY3zlSaiVisZBcf+mlD05HcUxDzbBFsgDAxyCE3AJyqAKMHgEL+ANvGtP2qv2oX0OW1PaaGYD/JH29Q103aft</latexit>

DF [V ] = I�R
2 S�T/2 L [V (·)]

<latexit sha1_base64="h7Kj5RjOlPFH2QwBW/5tzQgRCjw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWArVJCSFFGXRTcuXFSwD0hCmUwm7dBJJsxMhBK78FfcuFDErb/hzr9x2mahrQcuHM65l3vv8RNGpbKsb6OwtLyyulZcL21sbm3vmLt7bclTgUkLc8ZF10eSMBqTlqKKkW4iCIp8Rjr+8Hridx6IkJTH92qUEC9C/ZiGFCOlpZ55UMlcjBi8HbunTrvq4oCrE6/SM8tWzZoCLhI7J2WQo9kzv9yA4zQiscIMSenYVqK8DAlFMSPjkptKkiA8RH3iaBqjiEgvm94/hsdaCWDIha5Ywan6eyJDkZSjyNedEVIDOe9NxP88J1XhpZfROEkVifFsUZgyqDichAEDKghWbKQJwoLqWyEeIIGw0pGVdAj2/MuLpF2v2ee1s7t6uXGVx1EEh+AIVIENLkAD3IAmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/ANT4lLM=</latexit>

L [V (·)]

which can be solved by separation of variables and
Sturm-Liouville Theory: 

to               .
<latexit sha1_base64="ie4fh8I5dnXudscCp65OM77ddow=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNRNsejGZQV7gXYomTTTxmaSIcmIpfQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTuZhcWl5ZXsqru2vrG5ldveqWqZKkIrRHKp6iHWlDNBK4YZTuuJojgOOa2FvctRXrujSjMpbkw/oUGMO4JFjGBjrep9sUk5b+XyXsEbC82DP4X8+YdbTN6+3HIr99lsS5LGVBjCsdYN30tMMMDKMMLp0G2mmiaY9HCHNiwKHFMdDMbTDtGBddookso+YdDY/d0xwLHW/Ti0lTE2XT2bjcz/skZqorNgwESSGirI5KMo5chINFodtZmixPC+BUwUs7Mi0sUKE2MP5Noj+LMrz0P1qOCfFI6vvXzpAibKwh7swyH4cAoluIIyVIDALTzAEzw70nl0XpzXSWnGmfbswh857z/PYJJK</latexit>

x = `

<latexit sha1_base64="nSJt5IfQWUicaEELrme4FBrIVTk="></latexit>

DF [V ] = I�R
2 S�T/2 L [V (·)] = 0

Solutions of (L) with boundary conditions (IC),(BC) solve                               .



THE LINEARIZED PROBLEM

Square roots of the Sturm-Liouville eigenvalues give the eigen- 
frequencies          of pure tone linearized periodic solutions. 

<latexit sha1_base64="WKIRJxkGbOzZw3wmrWFqVCnac54=">AAAB73icbVC7SgNBFJ31GeMrKtjYDAbBKuyKqGWIjWUC5gHJEmYnN8mQeawzs0JY8hM2ForYWvgXfoGdjd/i5FFo4oELh3Pu5d57opgzY33/y1taXlldW89sZDe3tnd2c3v7NaMSTaFKFVe6EREDnEmoWmY5NGINREQc6tHgeuzX70EbpuStHcYQCtKTrMsosU5qtJSAHmkP2rm8X/AnwIskmJF88bDyzd5LH+V27rPVUTQRIC3lxJhm4Mc2TIm2jHIYZVuJgZjQAelB01FJBJgwndw7widO6eCu0q6kxRP190RKhDFDEblOQWzfzHtj8T+vmdjuVZgyGScWJJ0u6iYcW4XHz+MO00AtHzpCqGbuVkz7RBNqXURZF0Iw//IiqZ0VgovCecWlUUJTZNAROkanKECXqIhuUBlVEUUcPaAn9OzdeY/ei/c6bV3yZjMH6A+8tx/zBZOf</latexit>!k

Sturm-Liouville theory implies          are isolated and grow 
linearly with    

<latexit sha1_base64="WKIRJxkGbOzZw3wmrWFqVCnac54=">AAAB73icbVC7SgNBFJ31GeMrKtjYDAbBKuyKqGWIjWUC5gHJEmYnN8mQeawzs0JY8hM2ForYWvgXfoGdjd/i5FFo4oELh3Pu5d57opgzY33/y1taXlldW89sZDe3tnd2c3v7NaMSTaFKFVe6EREDnEmoWmY5NGINREQc6tHgeuzX70EbpuStHcYQCtKTrMsosU5qtJSAHmkP2rm8X/AnwIskmJF88bDyzd5LH+V27rPVUTQRIC3lxJhm4Mc2TIm2jHIYZVuJgZjQAelB01FJBJgwndw7widO6eCu0q6kxRP190RKhDFDEblOQWzfzHtj8T+vmdjuVZgyGScWJJ0u6iYcW4XHz+MO00AtHzpCqGbuVkz7RBNqXURZF0Iw//IiqZ0VgovCecWlUUJTZNAROkanKECXqIhuUBlVEUUcPaAn9OzdeY/ei/c6bV3yZjMH6A+8tx/zBZOf</latexit>!k
<latexit sha1_base64="Fp28kym8DSst0D8R2k5L3afqFtE=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIroYZEXUjFt24rGAv0A4lk6ZtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzooQzbXz/21lYXFpeWS2suesbm1vbxZ3dmo5TRWiVxDxWjQhrypmkVcMMp41EUSwiTuvR4DrP6/dUaRbLOzNMaChwT7IuI9jklosGXrtY8j1/LDQPwRRKlx/uRfL25Vbaxc9WJyapoNIQjrVuBn5iwgwrwwinI7eVappgMsA92rQosaA6zMazjtChdTqoGyv7pEFj93dHhoXWQxHZSoFNX89muflf1kxN9zzMmExSQyWZfNRNOTIxyhdHHaYoMXxoARPF7KyI9LHCxNjzuPYIwezK81A79oJT7+TWL5WvYKIC7MMBHEEAZ1CGG6hAFQj04QGe4NkRzqPz4rxOShecac8e/JHz/gMp85Cr</latexit>

k.

Separating variables in the linear wave equation yields a Sturm-
Liouville system in  <latexit sha1_base64="aEGFqbS14rMVyNju2jUxU7BaL2U=">AAAB7XicbZDLSgMxFIbPeK3xVnXpJlgEV8OMiLoRi25cVrAXaIeSSTNtbCYzJBmxlL6DGxeKuHHho7h3I76N6WWhrT8EPv7/HHLOCVPBtfG8b2dufmFxaTm3glbX1jc281vbFZ1kirIyTUSiaiHRTHDJyoYbwWqpYiQOBauG3cthXr1jSvNE3pheyoKYtCWPOCXGWhV07yKEm/mC53oj4VnwJ1A4/0Bn6dsXKjXzn41WQrOYSUMF0brue6kJ+kQZTgUboEamWUpol7RZ3aIkMdNBfzTtAO9bp4WjRNknDR65vzv6JNa6F4e2Miamo6ezoflfVs9MdBr0uUwzwyQdfxRlApsED1fHLa4YNaJngVDF7ayYdogi1NgDIXsEf3rlWagcuv6xe3TtFYoXMFYOdmEPDsCHEyjCFZSgDBRu4QGe4NlJnEfnxXkdl845k54d+CPn/QenvpDg</latexit>x.

<latexit sha1_base64="4XYhIZPzC6NGe76gfWFgshMGTOY="></latexit>

Theorem [TY 2023] Assume the s(x) 2 B where

<latexit sha1_base64="WyGxDmLBqDfXaBP4NR0qhZMSUF4="></latexit>

Then the linear boundary value problem (IC), admits
the following family of pure tone periodic solutions:

<latexit sha1_base64="u1WuH9Wqz60+OGeuQY6b1rOSsLo=">AAAB+nicbVDLSsNAFJ3UV42vVJeKDBbBRQlJFXUjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8Jp60JbD1w4nHMv997jx4xK5TifRmZhcWl5Jbtqrq1vbG5Zue2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+1div3xIhacRv1CAmXoi6nAYUI6WltpUzodm/cAvFwnHBtm0IYdvKO7YzAZwn7g/Jl/ZGla+H/VG5bX20OhFOQsIVZkjKpuvEykuRUBQzMjRbiSQxwn3UJU1NOQqJ9NLJ6UN4qJUODCKhiys4UX9PpCiUchD6ujNEqidnvbH4n9dMVHDupZTHiSIcTxcFCYMqguMcYIcKghUbaIKwoPpWiHtIIKx0WqYOwZ19eZ7UirZ7ap9UdBqXYIos2AUH4Ai44AyUwDUogyrA4A48gmfwYtwbT8ar8TZtzRg/MzvgD4z3b1qTk+U=</latexit>

k = 1, 2, 3, ...

<latexit sha1_base64="DgpSQCqYz7XrFdz/vFHG770eiFs="></latexit>

where �k and  k are the Sturm-Liouville eigenfunctions.

<latexit sha1_base64="PQi3uF2sOgs5tEV65dSgf26Pbdk="></latexit>

B ⌘
n
s 2 L1[0, `]

��� �(x) =
q

�vp(p̄, s(x)) 2 L1, log �(·) 2 BV
o
.

<latexit sha1_base64="beitsHzxSx8Pb8T993/fH3obotw="></latexit>

p(x, t) = p̄+ �k(x) cos (!kt)
<latexit sha1_base64="hQVvuC3N1PjFKqDgT23rQFIj0Zg=">AAACDXicbVBNS8NAEN34bfyqevSyWIUWpSQi6kUoevFYwVqhCWGz3bZLN5uwOxFD6B/w4sUf4sWDIl69e+u/cdt6UOuDgcd7M8zMCxPBNTjOwJqanpmdm19YtJeWV1bXCusb1zpOFWV1GotY3YREM8ElqwMHwW4SxUgUCtYIe+dDv3HLlOaxvIIsYX5EOpK3OSVgpKCwY2M7Ld3tQ/nUSzQPeqW7sqe5zEteHLEOCXpQ7geFolNxRsCTxP0mxeq2t/c4qGa1oPDptWKaRkwCFUTrpusk4OdEAaeC9W0v1SwhtEc6rGmoJBHTfj76po93jdLC7ViZkoBH6s+JnERaZ1FoOiMCXf3XG4r/ec0U2id+zmWSApN0vKidCgwxHkaDW1wxCiIzhFDFza2YdokiFEyAtgnB/fvyJLk+qLhHlcNLk8YZGmMBbaFtVEIuOkZVdIFqqI4oukdP6AW9Wg/Ws/VmvY9bp6zvmU30C9bHF/KunUM=</latexit>

u(x, t) =  k(x) sin (!kt)

<latexit sha1_base64="9uoEoTD5RrgRdf/5Kl07FOywUUI=">AAAB8nicbVBNS8NAEN3Urxq/qh69LBahBSlJEfVY2oveKtgPSEPZbDft0s0m7E6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCARXIPjfFu5jc2t7Z38rr23f3B4VDg+aes4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxo2533liSvNYPsIkYX5EhpKHnBIwkoft0n2jfFmqN8r9QtGpOAvgdeJmpIgyNPuFr94gpmnEJFBBtPZcJwF/ShRwKtjM7qWaJYSOyZB5hkoSMe1PFyfP8IVRBjiMlSkJeKH+npiSSOtJFJjOiMBIr3pz8T/PSyG89adcJikwSZeLwlRgiPH8fzzgilEQE0MIVdzciumIKELBpGSbENzVl9dJu1pxrytXD9VirZ7FkUdn6ByVkItuUA3doSZqIYpi9Ixe0ZsF1ov1bn0sW3NWNnOK/sD6/AHC8I74</latexit>

(IC),(BC)



THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

DEFN:  A                 is non-resonant if         is not a rational 
multiple of any other eigen-frequency,

<latexit sha1_base64="B54LXr6KDE5XHzUbwaPwfm+WOEo=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V6SsCQ9Mf9csWv+nPgVRLkpIJyNPrlr95A0VSAtJQTY7qBn9gwI9oyymFa6qUGEkLHZAhdRyURYMJsfu8UnzllgGOlXUmL5+rviYwIYyYicp2C2JFZ9mbif143tfF1mDGZpBYkXSyKU46twrPn8YBpoJZPHCFUM3crpiOiCbUuopILIVh+eZW0LqrBZbV2X6vUb/I4iugEnaJzFKArVEd3qIGaiCKOntErevMevRfv3ftYtBa8fOYY/YH3+QMUbJAC</latexit>!k
<latexit sha1_base64="W204rLGMqowA73YwOqzID5Q/WiY=">AAACB3icbVDLSgMxFM3UVx1foy4FCbaCG8tMEXVZdOPCRQX7gLaUTOa2Dc0kQ5IRSunOjb/ixoUibv0Fd/6N6WOhrQcCh3Puvbn3hAln2vj+t5NZWl5ZXcuuuxubW9s73u5eVctUUahQyaWqh0QDZwIqhhkO9UQBiUMOtbB/PfZrD6A0k+LeDBJoxaQrWIdRYqzU9g5dF+PmLVFdaArJRATCYOzm+/nTWEbQ9nJ+wZ8AL5JgRnJohnLb+2pGkqaxHUM50boR+IlpDYkyjHIYuc1UQ0Jon3ShYakgMejWcHLHCB9bJcIdqeyza0zU3x1DEms9iENbGRPT0/PeWPzPa6Smc9kaMpGkBgSdftRJOTYSj0PBEVNADR9YQqhidldMe0QRamx0rg0hmD95kVSLheC8cHZXzJWuZnFk0QE6QicoQBeohG5QGVUQRY/oGb2iN+fJeXHenY9pacaZ9eyjP3A+fwA3+5cD</latexit>

k-mode

<latexit sha1_base64="WaJwzwNF30GmLt6z7ewkrkMeZvk="></latexit>!j

!k
/2 Q for all j 6= k

<latexit sha1_base64="QWajyBR9jfuu2FEwMsQnZKNm5m0="></latexit>

Theorem:[TY 2023] All non-resonant linearized k-modes
perturb to periodic solutions of the nonlinear compress-
ible Euler equations with the same space/time periods.

<latexit sha1_base64="fngexXdRea5xAYUqx/10+gAZgDI=">AAACH3icbVBNSwMxEM3W7/pV9eglWARPZbdI9Sh6UfCgYLXQljKbTtvQbLIks0Ip/hMv/hUvHhQRb/4bs7UHvx4E3rw3w2RenCrpKAw/gsLM7Nz8wuJScXlldW29tLF57UxmBdaFUcY2YnCopMY6SVLYSC1CEiu8iYcnuX9zi9ZJo69olGI7gb6WPSmAvNQp1Ypnmp9D34LuS9BcGGO7UgOh4zRA7ozK8k5fwRAnUs/YpFMqh5VwAv6XRFNSZlNcdErvra4RWYKahALnmlGYUnsMlqRQeFdsZQ5TEEPoY9NTDQm69nhy3x3f9Uo33+ufJj5Rv0+MIXFulMS+MwEauN9eLv7nNTPqHbbHUqcZoRZfi3qZ4mR4HhbvSouC1MgTEFb6v3IxAAuCfKRFH0L0++S/5LpaiWqV/ctq+eh4Gsci22Y7bI9F7IAdsVN2wepMsHv2yJ7ZS/AQPAWvwdtXayGYzmyxHwg+PgGsEaLJ</latexit>

In Lagrangian coordinates the solutions take the form

<latexit sha1_base64="nT4R6jmssfMCtqkxGBFsUbgrk+4=">AAAB7nicbZC7SgNBFIbPeo3rLWppMxgEq7ArojZi0MYygrlAsoSzk0kyZHZ3mJkVwpKHsLFQxMLGN7G3Ed/GyaXQxB8GPv7/HOacE0rBtfG8b2dhcWl5ZTW35q5vbG5t53d2qzpJFWUVmohE1UPUTPCYVQw3gtWlYhiFgtXC/vUor90zpXkS35mBZEGE3Zh3OEVjrZrbRCF72MoXvKI3FpkHfwqFyw/3Qr59ueVW/rPZTmgasdhQgVo3fE+aIENlOBVs6DZTzSTSPnZZw2KMEdNBNh53SA6t0yadRNkXGzJ2f3dkGGk9iEJbGaHp6dlsZP6XNVLTOQ8yHsvUsJhOPuqkgpiEjHYnba4YNWJgAanidlZCe6iQGnsh1x7Bn115HqrHRf+0eHLrFUpXMFEO9uEAjsCHMyjBDZShAhT68ABP8OxI59F5cV4npQvOtGcP/sh5/wEiV5Jy</latexit>↵ = amplitude = perturbation parameter 

Proof:  It suffices to prove that linearized mode solutions of     
<latexit sha1_base64="QAsOGMiARsj/Ae9cWtIClDZR52k=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5IUUS9CURCPFUxbSEPZbLft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvDDhTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FRxKgn1SMxj2Q6xopwJ6mmmOW0nkuIo5LQVjm6mfuuRSsVi8aDHCQ0iPBCszwjWRurapUrWIZij24nvBVdOpWuXnaozA1ombk7KkKPRtb86vZikERWacKyU7zqJDjIsNSOcToqdVNEEkxEeUN9QgSOqgmx2+ASdGKWH+rE0JTSaqb8nMhwpNY5C0xlhPVSL3lT8z/NT3b8MMiaSVFNB5ov6KUc6RtMUUI9JSjQfG4KJZOZWRIZYYqJNVkUTgrv48jJp1qruefXsvlauX+dxFOAIjuEUXLiAOtxBAzwgkMIzvMKb9WS9WO/Wx7x1xcpnDuEPrM8f59OR9A==</latexit>

F [U ] = 0
<latexit sha1_base64="PhVFYljotjf7TCTt5TPlIRMw0KE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi6kUoKuKxgv2ANJTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyScKe0439bK6tr6xmZhq7i9s7u3bx8cNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDG+nfmtEpWKxeNLjhPoR7gsWMoK1kbq2Xb7LOgRzdD/xmv61U+7aJafizICWiZuTEuSod+2vTi8maUSFJhwr5blOov0MS80Ip5NiJ1U0wWSI+9QzVOCIKj+bXT5Bp0bpoTCWpoRGM/X3RIYjpcZRYDojrAdq0ZuK/3leqsMrP2MiSTUVZL4oTDnSMZrGgHpMUqL52BBMJDO3IjLAEhNtwiqaENzFl5dJs1pxLyrnj9VS7SaPowDHcAJn4MIl1OAB6tAAAiN4hld4szLrxXq3PuatK1Y+cwR/YH3+AHl1kkM=</latexit>

DF [V ] = 0 perturb to solutions of                   by IFT     

<latexit sha1_base64="FHajp7i7ztrGfi2ISYzApUT2yow="></latexit>

p(x, t) = p̄+ ↵�k(x) cos (!kt) +O(↵2),
<latexit sha1_base64="8PeRnBn72Co5L4wgkhPUjVhdfSI="></latexit>

u(x, t) = ↵ k(x) sin (!kt) +O(↵2).



The Bifurcation Problem



For ease of expression we introduce notation:

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

<latexit sha1_base64="zdS0aia6kS7y3MwjSgHb9pkHcLE=">AAACAHicbVDLSsNAFJ3UV42vqAsXboYWoVIpiYi6EYpuXFawD2hDmUwn7dDJJMxMxBC68Rv8AzcuFHHrZ7jr3zhNu9DWA8M9nHMvd+7xIkalsu2xkVtaXlldy6+bG5tb2zvW7l5DhrHApI5DFoqWhyRhlJO6ooqRViQICjxGmt7wZuI3H4iQNOT3KomIG6A+pz7FSGmpax2Y0ExKjyfq+CrKSjnOStcq2hU7A1wkzowUq4VO+XlcTWpd67vTC3EcEK4wQ1K2HTtSboqEopiRkdmJJYkQHqI+aWvKUUCkm2YHjOCRVnrQD4V+XMFM/T2RokDKJPB0Z4DUQM57E/E/rx0r/9JNKY9iRTieLvJjBlUIJ2nAHhUEK5ZogrCg+q8QD5BAWOnMTB2CM3/yImmcVpzzytmdTuMaTJEHh6AASsABF6AKbkEN1AEGI/AC3sC78WS8Gh/G57Q1Z8xm9sEfGF8/nBaW2g==</latexit>

y(x, t) = p(x, t) + u(x, t)

so the even part is      and the odd part is      :
<latexit sha1_base64="ayE4S6ao38q6kDSXuFyLc2VU+Do=">AAAB63icbVDLSgNBEOz1GddX1KMig0HwFHZF1GPQi8cEzAOSJcxOJsmQmdllZlYIS45evXhQxKv/kO/w5jf4E84mOWhiQUNR1U13Vxhzpo3nfTlLyyura+u5DXdza3tnN7+3X9NRogitkohHqhFiTTmTtGqY4bQRK4pFyGk9HNxmfv2BKs0ieW+GMQ0E7knWZQSbTHKRG7fzBa/oTYAWiT8jhdLRuPL9eDwut/OfrU5EEkGlIRxr3fS92AQpVoYRTkduK9E0xmSAe7RpqcSC6iCd3DpCp1bpoG6kbEmDJurviRQLrYcitJ0Cm76e9zLxP6+ZmO51kDIZJ4ZKMl3UTTgyEcoeRx2mKDF8aAkmitlbEeljhYmx8bg2BH/+5UVSOy/6l8WLik3jBqbIwSGcwBn4cAUluIMyVIFAH57gBV4d4Tw7b877tHXJmc0cwB84Hz+H/5D2</latexit>p <latexit sha1_base64="sGw+mUOuuCIkDm6odjJ2XQfuTBI=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrsqMiLoRi25cVrAXaIeSSTNtaJIZkoxQhr6CGxeKuBOfxb0b8W3MtF1o6w+Bj/8/h5xzwoQzbTzv21lYXFpeWS2suesbm1vbxZ3duo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4DrPG/dUaRbLOzNMaCBwT7KIEWxyy0Vu2imWvLI3FpoHfwqlyw/3Inn7cqud4me7G5NUUGkIx1q3fC8xQYaVYYTTkdtONU0wGeAebVmUWFAdZONZR+jQOl0Uxco+adDY/d2RYaH1UIS2UmDT17NZbv6XtVITnQcZk0lqqCSTj6KUIxOjfHHUZYoSw4cWMFHMzopIHytMjD2Pa4/gz648D/Xjsn9aPrn1SpUrmKgA+3AAR+DDGVTgBqpQAwJ9eIAneHaE8+i8OK+T0gVn2rMHf+S8/wACKpCR</latexit>u

<latexit sha1_base64="oF8CFAfkEuHqIBBD82HEPenCxsU=">AAACAHicbVDLSsNAFL2pr1pfURcu3Ay2ghtLUkTdCEU3uqtiH9CEMplO2qGTBzMToYRs/BU3LhRx62e482+ctllo9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Gritx+okCwK79U4pm6AByHzGcFKSz1zr5JcOL7AJHUI5ujm+C5La9m40jPLVtWaAv0ldk7KkKPRMz+dfkSSgIaKcCxl17Zi5aZYKEY4zUpOImmMyQgPaFfTEAdUuun0gQwdaqWP/EjoChWaqj8nUhxIOQ483RlgNZTz3kT8z+smyj93UxbGiaIhmS3yE45UhCZpoD4TlCg+1gQTwfStiAyxjkPpzEo6BHv+5b+kVavap9WT21q5fpnHUYR9OIAjsOEM6nANDWgCgQye4AVejUfj2Xgz3metBSOf2YVfMD6+AVN0lZk=</latexit>

u = I�R
2 y

<latexit sha1_base64="6lF+M97sZMPa5SXtRgBxngBaECE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWArCEpJiqgboehGd1XsA5pQJtOJHTqZhJmJEELc+CtuXCji1r9w5984bbPQ1gMXDufcy733eBGjUlnWt1GYm19YXCoul1ZW19Y3zM2tlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS94eXIbz8QIWnI71QSETdA95z6FCOlpZ65U4nOHV8gnDoYMXh9eJultSw5qvTMslW1xoCzxM5JGeRo9Mwvpx/iOCBcYYak7NpWpNwUCUUxI1nJiSWJEB6ie9LVlKOASDcdf5DBfa30oR8KXVzBsfp7IkWBlEng6c4AqYGc9kbif143Vv6Zm1IexYpwPFnkxwyqEI7igH0qCFYs0QRhQfWtEA+QzkPp0Eo6BHv65VnSqlXtk+rxTa1cv8jjKIJdsAcOgA1OQR1cgQZoAgwewTN4BW/Gk/FivBsfk9aCkc9sgz8wPn8AuEKVyA==</latexit>

p = I+R
2 y,

In terms of      the periodic tile problem is
<latexit sha1_base64="hW34wv7ZCHxLE2k8F7/y62VRVNE=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisaD+gXUo2zbah2WRJssKy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3M78zhNVmknxaNKY+hEeCRYygo2VHqppdVCuuDV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxs+wMoxwOi31E01jTCZ4RHuWChxR7WfzU6fozCpDFEplSxg0V39PZDjSOo0C2xlhM9bL3kz8z+slJrz2MybixFBBFovChCMj0exvNGSKEsNTSzBRzN6KyBgrTIxNp2RD8JZfXiXtes27rF3c1yuNmzyOIpzAKZyDB1fQgDtoQgsIjOAZXuHN4c6L8+58LFoLTj5zDH/gfP4AocWNYA==</latexit>y

and the acoustic boundary value problem is:
<latexit sha1_base64="EHPR5cm3S6vLWY/pLDDPDS1f74E="></latexit>

FA(y0) ⌘ I�R
2 E y0 = 0.

<latexit sha1_base64="ugIEi99WS+KIOo8HBc8kp4MQzx4="></latexit>

FP (y0) ⌘ I�R
2 S�T/4 E y0 = 0.



The Main Point:

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

The linearized operator factors out of the nonlinear operators!

<latexit sha1_base64="+9+26heHgy1QzjKbyrASAn95a6g="></latexit>

Theorem: [TY 2023] The nonlinear operators FP and
FA factor as:

<latexit sha1_base64="suJbR4GwenXmi+trVHlEOy8NIpo="></latexit>

FP ⌘ I�R
2 S�T/4 LN ,

<latexit sha1_base64="5ioSsJZWc6qgFC0+TOiZ0gVX5ww=">AAACInicbZDLSgMxFIYzXmu9jbp0E2wFF1pminjZVQVREKliL9ApJZNm2tDMxSRTKMM8ixtfxY0LRV0JPoxpZxBt/SHw5T/nkJzfDhgV0jA+tanpmdm5+cxCdnFpeWVVX1uvCj/kmFSwz3xet5EgjHqkIqlkpB5wglybkZrdOxvWa33CBfW9OzkISNNFHY86FCOprJZ+nI8sjBg8j1snFrkPad9yOMKJebl3G0fF2NpNrlc/dB0X8i09ZxSMkeAkmCnkQKpyS3+32j4OXeJJzJAQDdMIZDNCXFLMSJy1QkEChHuoQxoKPeQS0YxGK8ZwWzlt6PhcHU/Ckft7IkKuEAPXVp0ukl0xXhua/9UaoXSOmhH1glASDycPOSGD0ofDvGCbcoIlGyhAmFP1V4i7SEUkVapZFYI5vvIkVIsF86Cwf1PMlU7TODJgE2yBHWCCQ1ACF6AMKgCDB/AEXsCr9qg9a2/aR9I6paUzG+CPtK9vaGyi8g==</latexit>

FA ⌘ I�R
2 LN .

<latexit sha1_base64="B7NovtIMhyIWY6c4PcIfYvT+Vwg="></latexit>

where N = L�1E is bounded invertible.

Consider general case:
<latexit sha1_base64="c8j+mAdqwPPiOSdKoTegnodqCx0="></latexit>

F ⌘ FP = I�R
2 S�T/4LN

<latexit sha1_base64="TT/+UAUmmFv2+0YaAcXNrNpYKdA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gKdVOSIuqyqIjLCvYBTQiT6bQdOpmEmYlQQnDjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv994TxIxKZdvfRmFpeWV1rbhubmxube9Yu3stGSUCkyaOWCQ6AZKEUU6aiipGOrEgKAwYaQejq4nffiBC0ojfq3FMvBANOO1TjJSWfOvAhGb5OnUxYvAm8xsVN0AijbOTsm+V7Ko9BVwkTk5KIEfDt77cXoSTkHCFGZKy69ix8lIkFMWMZKabSBIjPEID0tWUo5BIL52+kMFjrfRgPxK6uIJT9fdEikIpx2GgO0OkhnLem4j/ed1E9S+8lPI4UYTj2aJ+wqCK4CQP2KOCYMXGmiAsqL4V4iESCCudmqlDcOZfXiStWtU5q57e1Ur1yzyOIjgER6ACHHAO6uAWNEATYPAInsEreDOejBfj3fiYtRaMfGYf/IHx+QMIypVP</latexit>

DFP (p̄)
<latexit sha1_base64="LhrKCXLqjmZDA4fqx3QeI16dCL4=">AAACAnicbVDLSsNAFJ34rPEVdSVuBluhbkpSRF3WB+Kygn1AE8JkOm2HTiZhZiKUENz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEMaNS2fa3sbC4tLyyWlgz1zc2t7atnd2mjBKBSQNHLBLtAEnCKCcNRRUj7VgQFAaMtILh1dhvPRAhacTv1SgmXoj6nPYoRkpLvrVvQrN0nboYMXiT+RdlN0AijbPjkm8V7Yo9AZwnTk6KIEfdt77cboSTkHCFGZKy49ix8lIkFMWMZKabSBIjPER90tGUo5BIL528kMEjrXRhLxK6uIIT9fdEikIpR2GgO0OkBnLWG4v/eZ1E9c69lPI4UYTj6aJewqCK4DgP2KWCYMVGmiAsqL4V4gESCCudmqlDcGZfnifNasU5rZzcVYu1yzyOAjgAh6AMHHAGauAW1EEDYPAInsEreDOejBfj3fiYti4Y+cwe+APj8wfxaZVA</latexit>

DFA(p̄)



Consider general case:
<latexit sha1_base64="c8j+mAdqwPPiOSdKoTegnodqCx0="></latexit>

F ⌘ FP = I�R
2 S�T/4LN

Fix a non-resonant k-mode solution of linearized operator:

Now express arbitrary i-data           as F-series using fixed period
<latexit sha1_base64="vx2IY+cLrN78QkE6+MYKUMzkdiQ=">AAAB7nicbVBNS8NAEJ3Urxq/qh69BFuhXkpSRD0WvXisYG2hDWWz3bRLN5uwOxFC6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwja77bRXW1jc2t4rb9s7u3v5B6fDoUcepoqxFYxGrTkA0E1yyFnIUrJMoRqJAsHYwvp357SemNI/lA2YJ8yMylDzklKCR2nYlq+J5pV8quzV3DmeVeDkpQ45mv/TVG8Q0jZhEKojWXc9N0J8QhZwKNrV7qWYJoWMyZF1DJYmY9ifzc6fOmVEGThgrUxKdufp7YkIirbMoMJ0RwZFe9mbif143xfDan3CZpMgkXSwKU+Fg7Mx+dwZcMYoiM4RQxc2tDh0RRSiahGwTgrf88ip5rNe8y9rFfb3cuMnjKMIJnEIVPLiCBtxBE1pAYQzP8ApvVmK9WO/Wx6K1YOUzx/AH1ucPcueOVw==</latexit>

y(t)

<latexit sha1_base64="dQhMG4uogWKZZy4iqAx7UUfRakQ=">AAAB8HicbVDLSsNAFL2prxpfVZduhhahopRERF0W3bisYB/ShjKZTtqhk0mYmQgh9Ct04UIRt36Ou/6N08dCWw9cOJxzL/fe48ecKe04Yyu3srq2vpHftLe2d3b3CvsHDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w9uJ33yiUrFIPOg0pl6I+4IFjGBtpEcb2XHZOdMn3ULJqThToGXizkmpWuycvoyraa1b+O70IpKEVGjCsVJt14m1l2GpGeF0ZHcSRWNMhrhP24YKHFLlZdODR+jYKD0URNKU0Giq/p7IcKhUGvqmM8R6oBa9ifif1050cO1lTMSJpoLMFgUJRzpCk+9Rj0lKNE8NwUQycysiAywx0SYj24TgLr68TBrnFfeycnFv0riBGfJwBEUogwtXUIU7qEEdCITwDG/wbknr1fqwPmetOWs+cwh/YH39ACmwka0=</latexit>

p(0, t)
<latexit sha1_base64="8RmX/rOFLOvAmaAo5g44zqsTevw=">AAAB8nicbVDLSsNAFJ3UV42vqks3Q4tQUUoiom6EohuXFewD0lAm00k7dDIJMzdCKP0L3bhQxK1f465/4/Sx0NYDFw7n3Mu99wSJ4BocZ2zlVlbX1jfym/bW9s7uXmH/oKHjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGNxN/OYTU5rH8hGyhPkR6UkeckrASJ6N7bTsnMHJjdMplJyKMwVeJu6clKrF9unzuJrVOoXvdjemacQkUEG09lwnAX9IFHAq2Mhup5olhA5Ij3mGShIx7Q+nJ4/wsVG6OIyVKQl4qv6eGJJI6ywKTGdEoK8XvYn4n+elEF77Qy6TFJiks0VhKjDEePI/7nLFKIjMEEIVN7di2ieKUDAp2SYEd/HlZdI4r7iXlYsHk8YtmiGPjlARlZGLrlAV3aMaqiOKYvSC3tC7Bdar9WF9zlpz1nzmEP2B9fUDJFuSMw==</latexit>

u(0, t) = 0

<latexit sha1_base64="/8hIYAOit3JKbe8qHsMIRjinhQM=">AAACD3icbVDLSsNAFJ34rPEVdelmaFFaCiURUTdC0Y3LCvYBTQiT6bQdOsmEmYlYQv7AjeCXuHGhiFu37vo3Th8LbT1w4XDOvdx7TxAzKpVtj4yl5ZXVtfXchrm5tb2za+3tNyRPBCZ1zBkXrQBJwmhE6ooqRlqxICgMGGkGg+ux37wnQlIe3alhTLwQ9SLapRgpLfnWsQnNSzdAIo2zshv3qT8oPpRczGVadHlIesgfqFLmWwW7Yk8AF4kzI4Vq3i0/j6rDmm99ux2Ok5BECjMkZduxY+WlSCiKGclMN5EkRniAeqStaYRCIr108k8Gj7TSgV0udEUKTtTfEykKpRyGge4MkerLeW8s/ue1E9W98FIaxYkiEZ4u6iYMKg7H4cAOFQQrNtQEYUH1rRD3kUBY6QhNHYIz//IiaZxUnLPK6a1O4wpMkQOHIA+KwAHnoApuQA3UAQaP4AW8gXfjyXg1PozPaeuSMZs5AH9gfP0AOauejQ==</latexit>

= p̄+ �k(x) cos (!kt)

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

<latexit sha1_base64="ZEUAFcocNlFToPkg7lUndgZGXA0=">AAACAHicbVDLSsNAFJ34rPEVdeHCzWAr1E1JiqjLoiIuK9gHNKHcTKft0MmDmYlQQjb+ihsXirj1M9z5N07bLLT1wIXDOfdy7z1+zJlUtv1tLC2vrK6tFzbMza3tnV1rb78po0QQ2iARj0TbB0k5C2lDMcVpOxYUAp/Tlj+6nvitRyoki8IHNY6pF8AgZH1GQGmpax2a2CzdpC4Bjm+zsuuDSOPstNS1inbFngIvEicnRZSj3rW+3F5EkoCGinCQsuPYsfJSEIoRTjPTTSSNgYxgQDuahhBQ6aXTBzJ8opUe7kdCV6jwVP09kUIg5TjwdWcAaijnvYn4n9dJVP/SS1kYJ4qGZLaon3CsIjxJA/eYoETxsSZABNO3YjIEAUTpzEwdgjP/8iJpVivOeeXsvlqsXeVxFNAROkZl5KALVEN3qI4aiKAMPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w+mz5SM</latexit>

DF(p̄)

<latexit sha1_base64="gI0SVYlb/pAaCKXncrKxenSo9jg=">AAACB3icbVDLSsNAFJ3UV42vqEtBBluhbkpSRN0IRUVcVrAPSUKYTKft0MmDmYlQQnZu/BU3LhRx6y+482+ctllo64ELh3Pu5d57/JhRIU3zWyssLC4trxRX9bX1jc0tY3unJaKEY9LEEYt4x0eCMBqSpqSSkU7MCQp8Rtr+8HLstx8IFzQK7+QoJm6A+iHtUYykkjxjX4d6+Sp1MGLwOqs4PuJpnB3Z997QPTfLnlEyq+YEcJ5YOSmBHA3P+HK6EU4CEkrMkBC2ZcbSTRGXFDOS6U4iSIzwEPWJrWiIAiLcdPJHBg+V0oW9iKsKJZyovydSFAgxCnzVGSA5ELPeWPzPsxPZO3NTGsaJJCGeLuolDMoIjkOBXcoJlmykCMKcqlshHiCOsFTR6SoEa/bledKqVa2T6vFtrVS/yOMogj1wACrAAqegDm5AAzQBBo/gGbyCN+1Je9HetY9pa0HLZ3bBH2ifP1o4lxo=</latexit>

DF(p̄)[Yk] = 0

<latexit sha1_base64="7iVQAXnJjAMnZcOqDVRe8JM6hcc="></latexit>

Yk(t) = p̄+ �k(0) cos (!kt) +  k(0) sin (!kt)

<latexit sha1_base64="/L2RfvNiEgrPXVSchLXeQVvvkqs=">AAACDXicbVDLSsNAFJ34Nj4adelmsAquSlLEx0IQ3bhUaG2hCWEyvWnHTh7OTAol9Afc+A3+gSAuFHHr3p1/4/Sx0NYDFw7n3Mu99wQpZ1LZ9rcxMzs3v7C4tGyurK6tF6yNzRuZZIJClSY8EfWASOAshqpiikM9FUCigEMt6FwM/FoXhGRJXFG9FLyItGIWMkqUlnxr18RmxYW7jHVxxe+cuqEgNC+7KevnbhJBi/idvm8V7ZI9BJ4mzpgUz+zbwqP3fHLlW19uM6FZBLGinEjZcOxUeTkRilEOfdPNJKSEdkgLGprGJALp5cNv+nhPK00cJkJXrPBQ/T2Rk0jKXhTozoiotpz0BuJ/XiNT4bGXszjNFMR0tCjMOFYJHkSDm0wAVbynCaGC6VsxbROdh9IBmjoEZ/LlaXJTLjmHpYNrncY5GmEJbaMdtI8cdITO0CW6QlVE0T16Qq/ozXgwXox342PUOmOMZ7bQHxifPxYenfI=</latexit>

T ⌘ Tk =
2⇡

!k



THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

<latexit sha1_base64="AHMCWhysMwPnMY5sOcf5seBqPTg="></latexit>

y(t) =
P1

j=0 cj cos (j
2⇡
T t)

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

<latexit sha1_base64="AHMCWhysMwPnMY5sOcf5seBqPTg="></latexit>

y(t) =
P1

j=0 cj cos (j
2⇡
T t)

<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄)

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

<latexit sha1_base64="AHMCWhysMwPnMY5sOcf5seBqPTg="></latexit>

y(t) =
P1

j=0 cj cos (j
2⇡
T t)

<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄)

<latexit sha1_base64="mojReNy+UmnSpcB0xb9qQU2Gdns=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+VRuVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjH+NUg==</latexit>

k
<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄) is invertible on complement of    -mode kernel with 
<latexit sha1_base64="RzDaEI0FYnUzS0j/TIR6xCAWfhs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbulDptpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKfhX3H6v9csWtuXOgVeLlpAI5mv3yV28gSRpTYQjHWnc9NzFBhpVhhNNpqZdqmmAyxkPatVTgmOogmx87RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8bmqi6yBjIkkNFWSxKEo5MhLNPkcDpigxfGIJJorZWxEZYYWJsfmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5A/oEjiU=</latexit>ajsmall divisors

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



<latexit sha1_base64="PslNbBQ8/eOapc+ppX8CLsHUXvY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtB1GPQiyeJYB6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SRVmdRiJSrQA1E1yyuuFGsFasGIaBYM1gdDP1m09MaR7JBzOOmR/iQPI+p2is9FhKOxQFuZuUuoWiW3ZnIMvEy0gRMtS6ha9OL6JJyKShArVue25s/BSV4VSwSb6TaBYjHeGAtS2VGDLtp7OLJ+TUKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/8pPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakvA3BW3x5mTQqZe+ifH5fKVavszhycAwncAYeXEIVbqEGdaAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AFyNZAf</latexit>

N is bounded invertible

Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

<latexit sha1_base64="AHMCWhysMwPnMY5sOcf5seBqPTg="></latexit>

y(t) =
P1

j=0 cj cos (j
2⇡
T t)

<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄)

<latexit sha1_base64="mojReNy+UmnSpcB0xb9qQU2Gdns=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+VRuVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjH+NUg==</latexit>

k
<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄) is invertible on complement of    -mode kernel with 
<latexit sha1_base64="RzDaEI0FYnUzS0j/TIR6xCAWfhs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbulDptpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKfhX3H6v9csWtuXOgVeLlpAI5mv3yV28gSRpTYQjHWnc9NzFBhpVhhNNpqZdqmmAyxkPatVTgmOogmx87RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8bmqi6yBjIkkNFWSxKEo5MhLNPkcDpigxfGIJJorZWxEZYYWJsfmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5A/oEjiU=</latexit>ajsmall divisors

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM
<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

<latexit sha1_base64="5Zy7u/r7Z6YX6LQRT2XFC3hH0jM="></latexit>

where �j(T ) = aj 6= 0 if Yk is non-resonant.



<latexit sha1_base64="WmpE+LSnIHNE5cPo7tQnKpRBoAA="></latexit>

Theorem: [TY 2023] The linearized operators respect
j-modes, and

<latexit sha1_base64="ZgR9i+aPhgVPj+k65jQvtLuUe8w="></latexit>

DF(p̄)[cos (j 2⇡
T t)] = �j(T ) sin (j

2⇡
T t)

<latexit sha1_base64="d6mQ31FgKGWtMY2EqkFe/dxDY+o="></latexit>

DF(p̄)[cos (k 2⇡
T t)] = 0

Conclude:
<latexit sha1_base64="0W+2YxeMHyZ89R38XsscAv+PyDU="></latexit>

F [y(·)] = I�R
2 ST/4 LN [y(·)]

<latexit sha1_base64="AHMCWhysMwPnMY5sOcf5seBqPTg="></latexit>

y(t) =
P1

j=0 cj cos (j
2⇡
T t)

<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄)

<latexit sha1_base64="mojReNy+UmnSpcB0xb9qQU2Gdns=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+VRuVcsuRV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjH+NUg==</latexit>

k
<latexit sha1_base64="u8xjgyv6+vrM8nzV3xBt1qyL8eg=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NCZCvISZIOoxqIjHCGaBzBB6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uhq4rceqJAsDO7VOKKujwcB6zOClZa65kHpOnEI5ugmLTseFkmUnpS6ZtGqWFOgRWJnpAgZ6l3zy+mFJPZpoAjHUnZsK1JugoVihNO04MSSRpiM8IB2NA2wT6WbTK9P0bFWeqgfCl2BQlP190SCfSnHvqc7fayGct6biP95nVj1L9yEBVGsaEBmi/oxRypEkyhQjwlKFB9rgolg+lZEhlhgonRgBR2CPf/yImlWK/ZZ5fSuWqxdZnHk4RCOoAw2nEMNbqEODSDwCM/wCm/Gk/FivBsfs9ackc3swx8Ynz/kK5Q6</latexit>

DF(p̄) is invertible on complement of    -mode kernel with 
small divisors                   . 

Precisely what’s needed to apply Implicit Function Theorem
and Liapunov-Schmidt.

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

<latexit sha1_base64="PQmhrTHLqlgii5qmriWp/GS9nQc=">AAACBXicbVC7SgNBFJ31GeNr1VKLwUSITdgNopZBG8sIeUF2WWYnd5Mxsw9nZgMhpLHxV2wsFLH1H+z8GycPQRMPXDhzzr3MvcdPOJPKsr6MpeWV1bX1zEZ2c2t7Z9fc26/LOBUUajTmsWj6RAJnEdQUUxyaiQAS+hwafu967Df6ICSLo6oaJOCGpBOxgFGitOSZR3mnDVwR786B+5T1f16F6mkee2bOKloT4EViz0gOzVDxzE+nHdM0hEhRTqRs2Vai3CERilEOo6yTSkgI7ZEOtDSNSAjSHU6uGOETrbRxEAtdkcIT9ffEkIRSDkJfd4ZEdeW8Nxb/81qpCi7dIYuSVEFEpx8FKccqxuNIcJsJoIoPNCFUML0rpl0iCFU6uKwOwZ4/eZHUS0X7vHh2W8qVr2ZxZNAhOkYFZKMLVEY3qIJqiKIH9IRe0KvxaDwbb8b7tHXJmM0coD8wPr4BNEeXuw==</latexit>

�j ⌘ �j(T )

<latexit sha1_base64="zzZ+T5wXPH+VVyr4LUaQvo93wNU="></latexit>

where �j(T ) 6= 0 if Yk = cos (j 2⇡
T t) is non-resonant.



Define:

So the Domain is

The Range is

with norm

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

(Here        are the Fourier coefficients)
<latexit sha1_base64="RzDaEI0FYnUzS0j/TIR6xCAWfhs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbulDptpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKfhX3H6v9csWtuXOgVeLlpAI5mv3yV28gSRpTYQjHWnc9NzFBhpVhhNNpqZdqmmAyxkPatVTgmOogmx87RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8bmqi6yBjIkkNFWSxKEo5MhLNPkcDpigxfGIJJorZWxEZYYWJsfmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5A/oEjiU=</latexit>aj



Define the Projection

which projects onto all but the k-mode.

The Liapunov-Schmidt Method:

Auxiliary Equation:

Bifurcation Equation:
Solve for

<latexit sha1_base64="XA3PoBsE5zZSsgQOICoLU/pdts4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LLZCBSlJEfUiFL14rGA/oI1lst20SzebsLtRauj/8OJBEa/+F2/+G7dtDtr6YODx3gwz87yIM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvYYKY0lonYQ8lC0PFOVM0LpmmtNWJCkEHqdNb3g98ZsPVCoWijs9iqgbQF8wnxHQRrov+qUO8GgAJ0/Hl8VuvmCX7SnwInFSUkApat38V6cXkjigQhMOSrUdO9JuAlIzwuk414kVjYAMoU/bhgoIqHKT6dVjfGSUHvZDaUpoPFV/TyQQKDUKPNMZgB6oeW8i/ue1Y+1fuAkTUaypILNFfsyxDvEkAtxjkhLNR4YAkczciskAJBBtgsqZEJz5lxdJo1J2zsqnt5VC9SqNI4sO0CEqIQedoyq6QTVURwRJ9Ixe0Zv1aL1Y79bHrDVjpTP76A+szx+nJpFR</latexit>

f(↵, z) =
<latexit sha1_base64="Hrl295HvWKd0GnZgfbyxgL1W7kM="></latexit>

=
⌦
sin (k 2⇡

T t),F(p̄+ z + ↵ cos (k 2⇡
T t) +W (↵, z))

↵
= 0

Both follow from the IFT.

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM

Solve for
<latexit sha1_base64="sm8hTM5q2yYJBnVtc3R1Jn125C0=">AAAB8nicbVDLSsNAFJ34rPVVdelmaBEqQklE1I1QdOOygn1AEspkOmmHTiZh5kZIS/9CNy4UcevXuOvfOH0stPXAhcM593LvPUEiuAbbHlsrq2vrG5u5rfz2zu7efuHgsKHjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6N9N/OYTU5rH8hGyhPkR6UoeckrASO7gZlD2iEh65LRdKNkVewq8TJw5KVWL3tnzuJrV2oVvrxPTNGISqCBau46dgD8kCjgVbJT3Us0SQvuky1xDJYmY9ofTk0f4xCgdHMbKlAQ8VX9PDEmkdRYFpjMi0NOL3kT8z3NTCK/9IZdJCkzS2aIwFRhiPPkfd7hiFERmCKGKm1sx7RFFKJiU8iYEZ/HlZdI4rziXlYsHk8YtmiGHjlERlZGDrlAV3aMaqiOKYvSC3tC7Bdar9WF9zlpXrPnMEfoD6+sHuTqT4A==</latexit>

z = z(↵)



Solution of the Auxiliary Equation follows directly from 
Implicit Function Theorem in Banach Spaces:

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM



Solution of the Bifurcation Equation follows classical IFT:
<latexit sha1_base64="XA3PoBsE5zZSsgQOICoLU/pdts4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LLZCBSlJEfUiFL14rGA/oI1lst20SzebsLtRauj/8OJBEa/+F2/+G7dtDtr6YODx3gwz87yIM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvYYKY0lonYQ8lC0PFOVM0LpmmtNWJCkEHqdNb3g98ZsPVCoWijs9iqgbQF8wnxHQRrov+qUO8GgAJ0/Hl8VuvmCX7SnwInFSUkApat38V6cXkjigQhMOSrUdO9JuAlIzwuk414kVjYAMoU/bhgoIqHKT6dVjfGSUHvZDaUpoPFV/TyQQKDUKPNMZgB6oeW8i/ue1Y+1fuAkTUaypILNFfsyxDvEkAtxjkhLNR4YAkczciskAJBBtgsqZEJz5lxdJo1J2zsqnt5VC9SqNI4sO0CEqIQedoyq6QTVURwRJ9Ixe0Zv1aL1Y79bHrDVjpTP76A+szx+nJpFR</latexit>

f(↵, z) =
<latexit sha1_base64="Hrl295HvWKd0GnZgfbyxgL1W7kM="></latexit>

=
⌦
sin (k 2⇡

T t),F(p̄+ z + ↵ cos (k 2⇡
T t) +W (↵, z))

↵
= 0

For this we must evaluate 

which can be explicitly calculate using Sturm Liouville apparatus.  

We must go to the second derivative:

It suffices to prove 
<latexit sha1_base64="fNUkaDJePcmDF2b2HEbcY2CRmyM="></latexit>

@g

@z
|
(0,0)

6= 0, which is

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM



<latexit sha1_base64="OwtdQr2skgDdIvVFdeo3QVODW6A="></latexit>

Proof: [TY 2023] There exists a function W (↵, z) of the
Auxiliary Equations and a function z = z(↵) of the Bi-
furcation Equation such that

<latexit sha1_base64="L3da0B3LA94IP+MCrOg3tRjR1Ho="></latexit>

F [p̄+ z(↵) + cos
⇣
k 2⇡
Tk

t
⌘
+W (↵, z(↵))] = 0,

<latexit sha1_base64="ZysKoD8wCuOlBqvB8T/JIvkBQiQ=">AAACLXicbVDLSgMxFM34tr6qLt0EO0IFKTNF1KWoC3cq2Ae0tdzJ3NpgJjMkGaUWf8iNvyKCC0Xc+hum7SC+DgROzjmX5J4gEVwbz3txxsYnJqemZ2Zzc/MLi0v55ZWqjlPFsMJiEat6ABoFl1gx3AisJwohCgTWgqvDgV+7RqV5LM9NL8FWBJeSdzgDY6V2/uimiwqpe1tsgki6sOlSkCF1a9l968sYODYZqxAVdU8y+aK86Zba+YJX8oagf4mfkQLJcNrOPzXDmKURSsMEaN3wvcS0+qAMZwLvcs1UYwLsCi6xYamECHWrP9z2jm5YJaSdWNkjDR2q3yf6EGndiwKbjMB09W9vIP7nNVLT2Wv1uUxSg5KNHuqkgpqYDqqjIVfIjOhZAkxx+1fKuqCAGVtwzpbg/175L6mWS/5OafusXNg/yOqYIWtknRSJT3bJPjkmp6RCGLknj+SFvDoPzrPz5ryPomNONrNKfsD5+AT2EqTk</latexit>

where z(↵) and W (↵, z(↵)) are order O(↵2).

The following theorem gives existence of a one parameter 
family of solutions of compressible Euler satisfying (IC) and 
(BC), which perturb an arbitrary non-resonant k-mode of the 
Linearized Equations:

THE LINEARIZED PROBLEMTHE NONLINEAR PROBLEM



Important Insight:   We construct solutions at the constant
state             , but only require uniform estimates for the 
small divisors of a fixed Linearized operator at the fixed 
constant state

COMMENTS

<latexit sha1_base64="Sv1BAczsH+0JiO9AixZAJLZGpRE=">AAAB8nicbVBNSwMxEM36WetX1aOXYCsIQtktoh6LXjxWsB+wXUo2zbah2WRJZoW69Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5Ht1O//ci04Uo+wDhhQUwGkkecErCSX+mGRGfJ5Pyp0iuV3ao7A14mXk7KKEejV/rq9hVNYyaBCmKM77kJBBnRwKlgk2I3NSwhdEQGzLdUkpiZIJudPMGnVunjSGlbEvBM/T2RkdiYcRzazpjA0Cx6U/E/z08hug4yLpMUmKTzRVEqMCg8/R/3uWYUxNgSQjW3t2I6JJpQsCkVbQje4svLpFWrepfVi/tauX6Tx1FAx+gEnSEPXaE6ukMN1EQUKfSMXtGbA86L8+58zFtXnHzmCP2B8/kDoF+Q1Q==</latexit>

p̄+ z
<latexit sha1_base64="+dWLDaW66PX1RDdG6zzxKAgCnN4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5gu5Rsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrPVZ7IVZZMnWr/XLFc7050Crxc1KBHI1++as3kCSNqTCEY627vpeYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM0vnqIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdKquf6le3Ffq9Rv8jiKcAKncA4+XEEd7qABTSAg4Ble4c3Rzovz7nwsWgtOPnMMf+B8/gDDP5BU</latexit>

p̄.



Important Insight:   We construct solutions at the constant
state             , but only require uniform estimates for the 
small divisors of a fixed Linearized operator at the fixed 
constant state
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This is because the linearized operator at      factors out of the 
non-linear operator,  leaving     as a free parameter.

<latexit sha1_base64="Jkh+/y/7koTQNlm+GIZ26N669e8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisYD+kXUo2zbahSXZJskJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDZWeqz2A6zSeFYdlCtuzZ0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7wDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhl36MhU5QYPrUEE8XsrYiMscLE2IxKNgRv+eVV0q7XvMvaxX290rjJ4yjCCZzCOXhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A1VIkBw=</latexit>

p̄
<latexit sha1_base64="Ty4xqDtgIg02jqZu2yVoYZl6K18=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG+Zgw17e5fdPRMk/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJIJr47rfTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1AqpRcIkNw43AVqKQRoHAh2B4PfUfHlFpHst7M0rQj2hf8pAzaqx0V34qd4slt+LOQJaJl5ESZKh3i1+dXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P56dOiEnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCS/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ao0qNYQ==</latexit>z



Important Insight:   We construct solutions at the constant
state             , but only require uniform estimates for the 
small divisors of a fixed Linearized operator at the fixed 
constant state

COMMENTS

<latexit sha1_base64="Sv1BAczsH+0JiO9AixZAJLZGpRE=">AAAB8nicbVBNSwMxEM36WetX1aOXYCsIQtktoh6LXjxWsB+wXUo2zbah2WRJZoW69Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5Ht1O//ci04Uo+wDhhQUwGkkecErCSX+mGRGfJ5Pyp0iuV3ao7A14mXk7KKEejV/rq9hVNYyaBCmKM77kJBBnRwKlgk2I3NSwhdEQGzLdUkpiZIJudPMGnVunjSGlbEvBM/T2RkdiYcRzazpjA0Cx6U/E/z08hug4yLpMUmKTzRVEqMCg8/R/3uWYUxNgSQjW3t2I6JJpQsCkVbQje4svLpFWrepfVi/tauX6Tx1FAx+gEnSEPXaE6ukMN1EQUKfSMXtGbA86L8+58zFtXnHzmCP2B8/kDoF+Q1Q==</latexit>

p̄+ z
<latexit sha1_base64="+dWLDaW66PX1RDdG6zzxKAgCnN4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5gu5Rsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrPVZ7IVZZMnWr/XLFc7050Crxc1KBHI1++as3kCSNqTCEY627vpeYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM0vnqIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdKquf6le3Ffq9Rv8jiKcAKncA4+XEEd7qABTSAg4Ble4c3Rzovz7nwsWgtOPnMMf+B8/gDDP5BU</latexit>

p̄.

This is essential because small divisors are not continuous 
under perturbation of constant state.

This is because the linearized operator at      factors out of the 
non-linear operator,  leaving     as a free parameter.

<latexit sha1_base64="Jkh+/y/7koTQNlm+GIZ26N669e8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisYD+kXUo2zbahSXZJskJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDZWeqz2A6zSeFYdlCtuzZ0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7wDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhl36MhU5QYPrUEE8XsrYiMscLE2IxKNgRv+eVV0q7XvMvaxX290rjJ4yjCCZzCOXhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A1VIkBw=</latexit>

p̄
<latexit sha1_base64="Ty4xqDtgIg02jqZu2yVoYZl6K18=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoY4lRkAQuZG+Zgw17e5fdPRMk/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJIJr47rfTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1AqpRcIkNw43AVqKQRoHAh2B4PfUfHlFpHst7M0rQj2hf8pAzaqx0V34qd4slt+LOQJaJl5ESZKh3i1+dXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P56dOiEnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCS/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamU7AheIsvL5NmteKdV85uq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ao0qNYQ==</latexit>z



Important Insight:   We construct solutions at the constant
state             , but only require uniform estimates for the 
small divisors of a fixed Linearized operator at the fixed 
constant state

COMMENTS

<latexit sha1_base64="Sv1BAczsH+0JiO9AixZAJLZGpRE=">AAAB8nicbVBNSwMxEM36WetX1aOXYCsIQtktoh6LXjxWsB+wXUo2zbah2WRJZoW69Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5Ht1O//ci04Uo+wDhhQUwGkkecErCSX+mGRGfJ5Pyp0iuV3ao7A14mXk7KKEejV/rq9hVNYyaBCmKM77kJBBnRwKlgk2I3NSwhdEQGzLdUkpiZIJudPMGnVunjSGlbEvBM/T2RkdiYcRzazpjA0Cx6U/E/z08hug4yLpMUmKTzRVEqMCg8/R/3uWYUxNgSQjW3t2I6JJpQsCkVbQje4svLpFWrepfVi/tauX6Tx1FAx+gEnSEPXaE6ukMN1EQUKfSMXtGbA86L8+58zFtXnHzmCP2B8/kDoF+Q1Q==</latexit>

p̄+ z
<latexit sha1_base64="+dWLDaW66PX1RDdG6zzxKAgCnN4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5gu5Rsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrPVZ7IVZZMnWr/XLFc7050Crxc1KBHI1++as3kCSNqTCEY627vpeYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM0vnqIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdKquf6le3Ffq9Rv8jiKcAKncA4+XEEd7qABTSAg4Ble4c3Rzovz7nwsWgtOPnMMf+B8/gDDP5BU</latexit>

p̄.

This is essential because small divisors are not continuous 
under perturbation of constant state.

This factoring overcomes a fundamental problem associated 
with Nash-Moser which inverts a different linearized operator, 
for a different constant state, at each step of a Newton Method.

This is because the linearized operator at      factors out of the 
non-linear operator,  leaving     as a free parameter.
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p̄.

This is essential because small divisors are not continuous 
under perturbation of constant state.

This factoring overcomes a fundamental problem associated 
with Nash-Moser which inverts a different linearized operator, 
for a different constant state, at each step of a Newton Method.
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(F � I)[U ] = 0.

Such a factoring does NOT happen when periodicity is imposed 
by the periodic return condition,

This is because the linearized operator at      factors out of the 
non-linear operator,  leaving     as a free parameter.
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Q:   Is this shock-free regime the actual regime of ordinary 
sounds of speech and musical tones heard in nature? 



Have weak shocks actually been observed in Nature? 

CONCLUDING REMARKS



Could it be that only strong shocks are observed in nature?

CONCLUDING REMARKS

Have weak shocks actually been observed in Nature? 



Equi-temperment tuning of the piano makes frequencies 
irrationally related.

Could it be that only strong shocks are observed in nature?

CONCLUDING REMARKS

Have weak shocks actually been observed in Nature? 



Equi-temperment tuning of the piano makes frequencies 
irrationally related.

Could it be that only strong shocks are observed in nature?

CONCLUDING REMARKS

Have weak shocks actually been observed in Nature? 

Could our ears actually like this better?
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Q:  Math Question:  Do the quasi-periodic mixed modes 
of the linearized theory perturb like pure modes do?
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