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ABSTRACT

This paper seeks to bridge the two major algorithmic approaches to sparse sigl recovery from an incomplete set
of linear measurements {L ;-minimization methods and iterative methods (Matching Pursuits). We nd a simpl e
regularized version of the Orthogonal Matching Pursuit (ROMP) which has advantages of both approaches: the
speed and transparency of OMP and the strong uniform guarantees of thé ;-minimization. Our algorithm
ROMP reconstructs a sparse signal in a number of iterations linear in the spargy, and the reconstruction is
exact provided the linear measurements satisfy the Uniform Uncertainty Principle. In the case ofpinaccurate
measurements and approximately sparse signals, the noise level of the recovesy proportional to ~ lognkek,
where e is the error vector.

1. INTRODUCTION

Sparse recovery problems arise in many applications ranging from medical imagj to error correction. Suppose
v is an unknown d-dimensional signal with at mostn  d nonzero components:

v2RY  jsupp(v)j n d:

We call such signalsn-sparse. Suppose we are able to collett  d nonadaptive linear measurements of/, and
wish to e ciently recover v from these. The measurements are given as the vectorv 2 RN, where is some
N  d measurement matrix.

As discussed ir? exact recovery is possible with justN = 2n. However, recovery using only this property
is not numerically feasible; the sparse recovery problem in general is known to beNhard. Nevertheless, a
massive recent work in the emerging area of Compressed Sensing demonstrated that everal natural classes
of measurement matrices , the signal v can be exactly reconstructed from its measurements v with

N = nlog®® (d): (1.1)

In other words, the number of measurementsN d should be almost linear in the sparsityn. Survey' contains
some of these results; the Compressed Sensing webpag®cuments progress in this area.

The two major algorithmic approaches to sparse recovery are methods based omé L ;-minimization (see
e.g?) and iterative methods (such as Orthogonal Matching Pursuit, seé*). We now brie y discuss the advantages
and disadvantages of these methods. Then we propose a new iterative method that haglvantages of both
approaches.
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1.1 Advantages and challenges of both approaches

The L ;-minimization has strongest known guaranteesf sparse recovery. Once the measurement matrix satis es
the Restricted Isometry Condition, this method works correctly for all sparse signalsv.

Definition 1.1 (Restricted Isometry Condition). A measurement matrix  satis es the Restricted
Isometry Condition (RIC) with parameters (n;") for " 2 (0; 1) if we have

(1 "kvk, k vk (1+ ")kvks for all n-sparse vectors

The Restricted Isometry Condition states that every set of n columns of forms approximately an ortho-
normal system. One can interpret the Restricted Isometry Condition as an abstact version of the Uniform
Uncertainty Principle in harmonic analysis (° and also see discussions fnand'®).

Also, the Li-minimization is based on linear programming, and it is not very clear what this running time
is, as there is no strongly polynomial time algorithm in linear programming yet.

Orthogonal Matching Pursuit is quite fast, both theoretically and experimentally. It makes n iterations,
where each iteration amounts to a multiplication by ad N matrix (computing the observation vector u),
and solving a least squares problem in dimensions8l n (with matrix ). This yields strongly polynomial
running time. In practice, OMP is observed to perform faster and is easier to implementhan L ;-minimization. *4
On the other hand, OMP has weaker guaranteesof exact recovery. Unlike L1-minimization, the guarantees of
OMP are non-uniform:; for each xed sparse signalv and not for all signals, the algorithm performs correctly
with high probability. Moreover, OMP's condition on measurement matrices given in*4 is more restrictive than
the Restricted Isometry Condition. In particular, it is not known whether OMP succeeds in the important class
of partial Fourier measurement matrices.

1.2 Stable recovery by convex programming and greedy algorithms

A more realistic scenario is where the measurements are inaccurate (e.g. contarated by noise) and the signals
are not exactly sparse. In most situations that arise in practice, one cannot hop to know the measurement
vector x = v with arbitrary precision. Instead, it is perturbed by a small error vector: x = v+ e. Here the
vector e has unknown coordinates as well as unknown magnitude, and it needs not be sparse (as albecdinates
may be a ected by the noise). For a recovery algorithm to be stable, it should k& able to approximately recover
the original signal v from these perturbed measurements.

The stability of convex optimization algorithms for sparse recovery wasstudied in,3,1®,°.5> Assuming that
one knows a bound on the magnitude of the errorkek , it was shown ir® that the solution 4 of the convex
program

min kuk; subject to k u xk; (1.2)

is a good approximation to the unknown signal:kv ¢k, C .

In contrast, the stability of greedy algorithms for sparse recovery has notbeen well understood. Numerical
evidencé suggests that OMP should be less stable than the convex program (1.2), but no theetical results
have been known in either the positive or negative direction. The present paper seek® tremedy this situation.

We prove that ROMP is as stable as the convex progran(l.2). This result essentially closes a gap between
convex programming and greedy approaches to sparse recovery.

1.3 Regularized OMP

This new algorithm for sparse recovery will perform correctly for all measuement matrices satisfying the Re-
stricted Isometry Condition, and for all sparse signals. It will also be stable, in the sense that small perturbations
in the signal or measurements will not greatly a ect recovery.

When we are trying to recover the signalv from its measurementsx = v, we can use the observation vector
u= X as a goodlocal approximation to the signal v. Every n coordinates of the signalv look like correlations
of the measurement vectorx with the almost orthonormal basis consisting of the columns of , and therefore



are close in the Euclidean sense to the coe cients of/ (see Proposition 2.2 below). To ensure that each of these
coordinates gets an even share of information, we enforce a new regularizationegt This leads to the following
algorithm for stable sparse recovery:

Regularized Orthogonal Matching Pursuit (ROMP)

Input: Measurement vectorx 2 RN and sparsity leveln

Output: Index setl f 1;:::;dg, reconstructed vectorw=y
Initialize  Let the index set| = ; and the residualr = x.
Repeat the following stepsn times or until jlj 2n:

=

Identify Choose a setl of the n biggest nonzero coordinates in magnitude of the observation vectg
u= r, or all of its nonzero coordinates, whichever set is smaller.

Regularize  Among all subsetsJy J with comparable coordinates:
ju®j  Zu@)j foralli;j 2 Jo;

chooseJy with the maximal energy kuj;, kz.

Update Add the set Jg to the index set: | I [ Jo, and update the residual:
y = argmin kx zky; r=x y:
z2R!

Remark. The identi cation and regularization steps of ROMP can be performed e ciently. | n particular,
the regularization step doesnot mean combinatorial complexity, but actually can be done in linear time. The
running time of ROMP is thus comparable to that of OMP in theory, and is often bett er than OMP in practice.
We discuss the runtime in detail in Section 3.

The main theorem of this paper states that ROMP yields exact sparse recovery in the niseless case, and
approximate recovery in general, provided that the measurement matrix satis es he Restricted Isometry Con-
dition.

Theorem 1.2 (Stability under measurement perturbations). Assulg1e a measurement matrix
satis es the Restricted Isometry Condition with parameters (4n;") for " = 0:01= logn. Let v be ann-sparse
vector in RY. Suppose that the measurement vector v becomes corrupted, so we considet = v+ e wheree is
some error vector. Then ROMP produces a good approximationa v:

p
kv ¢k, 104 lognkek,:

Remarks. 1. Theorem 1.2 guaranteesexact sparse recoveryn the noiseless situation. Inde&d, ife = 0 the
reconstruction is exact: ¥ = v. In fact, for the noiseless case we actually only requiré  0:03= logn and the
Restricted Isometry Condition with parameters (2n;").1!

2. Theorem 1.2 givesuniform guarantees of sparse recovery. Indeed, once the measurement matrix satis es
a deterministic condition (RIC), then our algorithm ROMP accurately recovers every sparse vector from its
measurements. Uniform guarantees have been shown to be impossible for OMP,and it has been an open
problem to nd a version of OMP with uniform guarantees (see*4). Theorem 1.2 says that ROMP essentially
settles this problem.

3. The logarithmic factor in " may be an artifact of the proof. At this moment, we do not know how to
remove it.



4. Measurement matrices known to satisfy the Restricted Isometry Condition include random Gaussian,
Bernoulli and partial Fourier matrices , with number of measurementsN almost linear in the sparsity n, i.e. asin
(1.1). Seé! for detailed information. It has been unknown whether OMP gives sparse recovery for pdial Fourier
measurements (even with non-uniform guarantees). ROMP gives sparse recovery fonése measurements, and
even with uniform guarantees.

Our stability result extends naturally to the even more realistic scenario where thesignals are only approx-
imately sparse. Here and henceforth, denote by, the vector of the m biggest coe cients in absolute value of
f . The following Corollary is proved in.*?

Corollary 1.3 (Stability of ROMP under signal perturbations) . sume a measurement matrix
satis es the Restricted Isometry Condition with parameters (8n;") for " =0:01= logn. Consider an arbitrary
vector v in RY. Suppose that the measurement vector v becomes corrupted, so we consider = v+ e wheree
is some error vector. Then ROMP produces a good approximatio to vy, :

P
k¢ Vonke 159 log2n kekp + klp%“ikl : (1.3)

Remarks. 1. The term vz, in the corollary can be replaced byv(;. ), forany > 0. This change will only
a ect the constant terms in the corollary.

2. We also have the error bound for the entire vectorv (se€?):

Vn K1

p
k¢ vk, 160 fogZn kekp+ <V (1.4)

3. For the convex programming method (1.2), the stability bound (1.4) was proved in,> and even without
the logarithmic factor. We conjecture that this factor is also not needed in our resilts for ROMP.

4. Unlike the convex program (1.2), ROMP succeeds with absolutely no prior knowledge lzout the error
e; its magnitude can be arbitrary. In the terminology of,® the convex programming approach needs to be
\noise-aware" while ROMP needs not.

5.  One can use ROMP to approximately compute a B-sparse vector that is close tothe best2n-term
approximation v,, of an arbitrary signal v. To this end, one just needs to retain the 2 biggest coordinates ofv*
Indeed? shows that the best Z-term approximations of the original and the reconstructed signals are close:

T N 477p log2n keks, + %%Lh :

6. An important special case of Corollary 1.3 is for the class of compregse vectors, which is a common
model in signal processing, se®® Supposev is a compressible vector in the sense that its coe cients obey a
power law: for somep > 1, the k-th largest coe cient in magnitude of v is bounded byCyk P. Then (1.4) yields
the following bound on the reconstructed signal:

kv Oks anplogly:r; + % Tognkek,: (1.5)

As observed in® this bound is optimal (within the logarithmic factor); no algorithm can p erform fundamentally
better.

The rest of the paper is organized as follows. In Section 2, we prove our mairesult, Theorem 1.2. In
Section 3, we discuss implementation, running time, and empirical performance of ROMRnd also demonstrate
some numerical experiments that illustrate the stability of ROMP.



2. PROOF OF THEOREM

We shall prove a stronger version of Theorem 1.2, which states thaat every iteration of ROMP, either at least
50% of the newly selected coordinates are from the support of the signai, or the error bound already holds.

Theorem 2.1 (Iteration Invariant 06 ROMP). Assume satis es the Restricted Isometry Condition
with parameters (4n;") for " = 0:01= logn. Let v 6 0 be ann-sparse vector with measurementx = v + e.
Then at any iteration of ROMP, after the regularization step where |l is the current chosen index set, we have
Jo\ | = ; and (at least) one of the following:

(i) iJo\ supp(v)j  3idoi;
(i) KVjsupp(yn k2 100° Tognkeks.

In other words, either at least 50% of the coordinates in the newly selected sely belong to the support ofv or
the bound on the error already holds.

We show that the Iteration Invariant implies Theorem 1.2 by examining the thr ee possible cases:

Case 1: (i) occurs at some iteration. We rst note that since jlj is nondecreasing, if (ii) occurs at
some iteration, then it holds for all subsequent iterations. To show that this would then imply Theorem 1.2, we
observe that by the Restricted Isometry Condition and sincejsupp(®j j Ij 3n,

(1 "k¢ vk, k ek, k v v eko:

Then again by the Restricted Isometry Condition and de nition of /v,
k v v eko k (vj) v ek, (1+ ")kvjsupp(v)nl ko + keky:

Thus we have that
+ " 2

k¢ vks ﬁkvjsupp( v)nl ko + 1 " keks:
Thus (i) of the Iteration Invariant would imply Theorem 1.2.
Case 2: (i) occurs at every iteration and Jo is always non-empty. In this case, by (i) and the fact
that Jo is always non-empty, the algorithm identi es at least one element of the support inevery iteration. Thus
if the algorithm runs n iterations or until jlj  2n, it must be that supp(v) |, meaning that Vjs,pp(vyni = O.

Then by the argument above for Case 1, this implies Theorem 1.2.
Case 3: (i) occurs at each iteration and Jo = ; for some iteration. By the de nition of Jg, if Jg = ;
thenu = r =0 for that iteration. By de nition of r, this must mean that
(v y)+ e=0:

This combined with Part 1 of Proposition 2.2 below (and its proof, seé!) applied with the set | %= supp(v) [ |
yields
kv y+( €)ook 2:03'kv yk;:

Then combinining this with Part 2 of the same Proposition, we have
kv yk, 1:1lkeks:

Since Vjsupp(vynt = (V' Y)jsupp(vyni » this means that the error bound (ii) must hold, so by Case 1 this implies
Theorem 1.2.

We now turn to the proof of the Iteration Invariant, Theorem 2.1. We will use the following proposition
from. 11

Proposition 2.2 (Consequences of Restricted Isometry Condi tion ). Assume a measurement
matrix  satis es the Restricted Isometry Condition with parameters (2n;"). Then the following holds.



1. (Local approximation) For every n-sparse vectorv 2 RY and every setl f 1;::::dg, jlj n, the
observation vectoru = v satis es

kuj, vjik, 2:03'kvk;:

2. (Spectral norm) For any vector z2 RN and every setl f 1;::::;dg, jIj 2n, we have

k(' 2)jike 1+ ")kzky:

3. (Almost orthogonality of columns) Consider two disjoint setsl;J f 1;:::;dg, jl [ Jj 2n. Let P,;P;
denote the orthogonal projections inRN onto range( ;) and range( ;), respectively. Then

kP| P; kgg 2 2:2"

The proof of Theorem 2.1 is by induction on the iteration of ROMP. The induction claim is that for all
previous iterations, the set of newly chosen indices is disjoint from the set of pragusly chosen indices , and
either (i) or (ii) holds. Clearly if (ii) held in a previous iteration, it woul d hold in all future iterations. Thus we
may assume that (ii) has not yet held. Since (i) has held at each previous iteration, w must have

i1 2n: (2.1)

Let r 6 O be the residual at the start of this iteration, and let Jo, J be the sets found by ROMP in this
iteration. As in, ! we consider the subspace

H =range( supp(v)[ 1)

and its complementary subspaces
F :=range( ); Eo :=range( supp(v)nl ):

The Restricted Isometry Condition in the form of Part 3 of Proposition 2.2 ensures thatF and Eq are almost
orthogonal. Thus Eg is close to the orthogonal complement of in H,

E:=F°\ H:

The residual r thus still has a simple description:

Lemma 2.3 (Residual). Here and thereafter, letP. denote the orthogonal projection inRN onto a linear
subspacel.. Then
r=Pg v+ Pg-e:

Proof. By de nition of the residual in the algorithm, r = Pg-Xx = P> ( v+ €). To complete the proof
we need thatPr- v = Pg v. This follows from the orthogonal decompositionH = F + E and the fact that
V2H. O

Now we consider the signal we seek to identify at the current iteration, and its meaurements:
Vo := Vjsupp(v)ni;  Xo = Vo 2 Eo: (2.2)

To guarantee a correct identi cation of vp, we rst state two approximation lemmas that re ect in two di erent
ways the fact that subspacesE, and E are close to each other.

Lemma 2.4 (Approximation of the residual). We have

kxg rk; 2:2"kxgks + keks:



Proof. By de nition of F,we have v Xpo= ( Vv V)2 F. Therefore, by Lemma 2.3,r = Pe v+ Pg-e=
PeXxo + Pg- €, and so
kxo rks = kxg PgeXo Pr- ek, Kk PgXxgks + keks:

Now we use Part 3 of Proposition 2.2 for the setd and supp(v) nl whose union has cardinality at most 31 by
(2.1). It follows that
kP Xgks + kek, = kPg PEOX()kz + kek, 2:2"kxgks + keky

as desired. O

Lemma 2.5 (Approximation of the observation). Consider the observation vectorsup = X and
u= r. Thenforany setT f 1;:::;dgwith jTj 3n,

k(up wjtks 2:4"kvoks + (1 + ")keks:

Proof. Sincexg = Vg, we have by Lemma 2.4 and the Restricted Isometry Condition that
kxo rky 2:2"k wvoko + keky  2:2"(1+ ")kvoky + keky,  2:3"kvpk, + keks:

To complete the proof, it remains to apply Part 2 of Proposition 2.2, which yields k(up u)jtks  (1+")kxo rka.
0

We next show that the energy (norm) of u when restricted to J, and furthermore to Jg, is not too small. By
the regularization step of ROMP, since all selected coe cients have comparable magitudes, we will conclude
that not only a portion of energy but also of the supportis selected correctly, or else the error bound must already
be attained. This will be the desired conclusion.

Lemma 2.6 (Localizing the energy). We havekuj;k,  0:8kvoky (1 + ")keks.
Proof. Let S = supp(v) nl. SincejSj n, the maximality property of J in the algorithm implies that

kLIjJ kz k UjskzZ

By Lemma 2.5,
kUjsk2 k Uojskz 2:4"kvoko (1+ ")k6k2:

Furthermore, since vpjs = Vg, by Part 1 of Proposition 2.2 we have
kugjsko (1 2:03")kvoka:
Putting these three inequalities together, we conclude that
kuj;ko (1 2:03")kvgky 2:4"kvok, (1 + ")keky, 0:8kvpk, (1 + ")keks:

This proves the lemma. O

We next bound the norm of u restricted to the smaller setJp, again using the general property of regulariza-
tion. In our context, Lemma 3.7 of!! applied to the vector uj; yields

1
kujj, k ——Kkuj; ka:
ujg, K2 m ujs Kz
Along with Lemma 2.6 this directly implies:

Lemma 2.7 (Regularizing the energy). We have

. 1 kek,
kuj; k -p——kvok, Pp——:
Utz logn Vorz - 5 logn



We now nish the proof of Theorem 2.1. The claim that Jo\ | = ; follows by the same arguments as irt!

The nontrivial part of the theorem is its last claim, that either (i) or (i) holds. Suppose (i) in the theorem
fails. Namely, suppose thatjJo\ supp(v)j < %j‘]oj, and thus

_ 1.
jJonsupp(v)j > élJoli

Set = Jghsupp(v). By the comparability property of the coordinates in Jo and sincej | > %onj, there is a
fraction of energy in :
kuj kp > Pekuis, k 49—1 kvok %—kekz : (2.3)
)% p% lofz Slogn > 2" Slogn’ '
where the last inequality holds by Lemma 2.7.
On the other hand, we can approximateu by ug as
kuj ko k uj Uoj ko + Kugj ko: (2.4)

Since J,jJj n, and using Lemma 2.5, we have
kuj Uogj ko  2:4"kvoky + (1 + ")keks:
Furthermore, by de nition (2.2) of vp, we havevgj = 0. So, by Part 1 of Proposition 2.2,
kugj ko  2:03'kvgka:
Using the last two inequalities and (2.4), we conclude that
kuj ko  4:43'kvgks + (1 + ")keks:
This is a contradiction to (2.3) so long as

0:02  kek,
logn  kvoky'

If this is true, then indeed (i) in the theorem must hold. If it is not true, then by the choi ce of", this implies
that p
kvok,  10Ckek, logn:

This proves Theorem 2.1. Next we turn to the proof of Corollary 1.3.

3. IMPLEMENTATION AND EMPIRICAL PERFORMANCE OF ROMP
3.1 Running time

The Identi cation step of ROMP, i.e. selection of the subset J, can be done bysorting the coordinates ofu in
the nonincreasing order and selectingn biggest. Many sorting algorithms such as Mergesort or Heapsort provide
running times of O(dlogd).

The Regularization step of ROMP, i.e. selectingdg J, can be done fast by observing thatlg is aninterval
in the decreasing rearrangement of coe cients. Moreover, the analysis of the algithm shows that instead of
searching over all intervals Jo, it su ces to look for Jo among O(logn) consecutive intervalswith endpoints
where the magnitude of coe cients decreases by a factor of 2. (these are the sefs, in the proof of Lemma 3.7
in1). Therefore, the Regularization step can be done in timeO(n).

In addition to these costs, thek-th iteration step of ROMP involves multiplication of thed N matrix by a
vector, and solving the least squares problemvith the N j |j matrix |, wherejlj 2k 2n. For unstructured



matrices, these tasks can be done in timeéN and O(n?N) respectively. Since the submatrix of when restricted
to the index set | is near an isometry, using an iterative method such as the Conjugate GradienMethod allows
us to solve the least squares method in a constant number of iterations (up to apeci c accuracy.) Using such
a method then reduces the time of solving the least squares problem to jusD(nN). Thus in the cases where
ROMP terminates after a xed number of iterations, the total time to solve a Il required least squares problems
would be just O(nN ). For structured matrices, such as partial Fourier, these times can be improed even more
using fast multiply techniques.

In other cases, however, ROMP may need more than a constant number of iterations beffe terminating, say
the full O(n) iterations. In this case, it may be more e cient to maintain the QR factor ization of | and use the
Modi ed Gram-Schmidt algorithm. With this method, solving all the least squar es problems takes total time
just O(n?N): However, storing the QR factorization is quite costly, so in situations where storage is limited it
may be best to use the iterative methods mentioned above.

ROMP terminates in at most 2n iterations. Therefore, for unstructured matrices using the methods mentioned
above and in the interesting regimeN logd, the total running time of ROMP is O(dNn). This is the same
bound as for OMP 4

3.2 Experiments

This section describes our experiments that illustrate the signal recovery powenf ROMP. We experimentally
examine how many measurementdl are necessary to recover various kinds af-sparse signals irR? using ROMP.
We also demonstrate that the number of iterations ROMP needs to recover a sparsegial is in practice at most
linear the sparsity.

First we describe the setup of our experiments. For many values of the ambient diensiond, the number
of measurementsN , and the sparsity n, we reconstruct random signals using ROMP. For each set of values, we
generate anN  d Gaussian measurement matrix and then perform 500 independent trials. In a given trial,
we generate ann-sparse signalv in one of two ways. In either case, we rst select the support of the signal by
choosingn components uniformly at random (independent from the measurement matrix ). In the cases where
we wish to generate at signals, we then set these components to one. In the cases whewre wish to generate
sparse compressible signals, we set tH& component of the support to plus or minusi 1= for a speci ed value
of 0<p < 1. We then execute ROMP with the measurement vectorx = v.

Figure 1 depicts the percentage (from the 500 trials) of sparse at signals ltat were reconstructed exactly.
This plot was generated with d = 256 for various levels of sparsityn. The horizontal axis represents the number
of measurementsN, and the vertical axis represents the exact recovery percentage. Our results show that
performance of ROMP is very similar to that of OMP which can be found in.1*

Figure 2 demonstrates that the number of iterations needed for sparse compressiblg higher than the number
needed for sparse at signals, as one would expect. The plot shows the average numbef iterations (vertical
axis) needed to recover a sparse compressible signal for various levels of sparsi (horizontal axis). The plot
was generated for various values of the parametep (as discussed above) wittd = 10; 000 andN = 200. The plot
suggests that for smaller values op (meaning signals that decay more rapidly) ROMP needs more iterations.

Figure 3 depicts the recovery errorkv ¢k, when ROMP was run with perturbed measurements. This
plot was generated with d = 256 for various levels of sparsityn. The horizontal axis represents the number of
measurementsN , and the vertical axis represents the average normalized recovery error. Igigura conrms the
results of the Theorem, while also suggesting the bound may be improved by reming the = logn factor.
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