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Abstra ct. We develop an approach through geometric functional analysis to
reconstruction of signals from few linear measurements and to error correcting
codes. An error correcting code encodes an n-letter word x into an m-letter word
y in such a way that x can be decoded correctly when any r letters of y are
corrupted. We show that most linear orthogonal transformations Q : Rn ! Rm

form e�cien t and robust error correcting codes over reals. The decoder (which
corrects the corrupted components of y) is the metric projection onto the range
of Q in the `1-norm. This yields robust error correcting codesover reals (and over
alphabets of polynomial size), with a Gilb ert-Varshamov type bound, and with
quadratic time encoders and polynomial time decoders. An equivalent problem
arises in signal processing: how to reconstruct a signal that belongs to a small
class from few linear measurements? We prove that for most sets of Gaussian
measurements, all signals of small support can be exactly reconstructed by the
L 1-norm minimization. This is an improvement of recent results of Donoho and
of Candes and Tao. An equivalent problem in combinatorial geometry is the ex-
istence of \neigh borly" symmetric polytop es, i.e. polytop eswith �xed number of
facets and maximal number of lower-dimensional facets. We prove that most sec-
tions of a cube form such polytop es. Our work thus belongsto a common ground
of coding theory, signal processing,combinatorial geometry and geometric func-
tional analysis. Our argument, which is based on concentration of measure and
improving Lipschitzness by random projections, may be of independent interest
in geometric functional analysis.

1. Err or correcting codes and transf orm coding

The results of this paper can be stated in three equivalent ways { in terms of the
sparserecovery problem, the error correction problem and the problem of existence
of certain extremal (\neighborly") polytopes.

Error correcting codesare usedin modern technology to protect information from
errors. Information is formed by �nite words over somealphabet F. The encoder
transforms an n-letter word x into an m-letter word y with m > n. The decoder
must be able to recover x correctly when up to r letters of y are corrupted in any
way. Such an encoder-decoder pair is called an (n; m; r )-error correcting code.
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Development of algorithmically e�cien t error correcing codes has attracted at-
tention of engineers,computer scientists and applied mathematicians for past �v e
decades. Known constructions involve deep algebraic and combinatorial methods,
see[29], [35], [36]. This paper developsan approach to error correcting codes from
the viewpoint of geometric functional analysis (asymptotic convex geometry). It
thus belongsto a commonground of coding theory, signal processing,combinatorial
geometry and geometric functional analysis. Our argument, outlined in Section 3,
may be of independent interest in geometric functional analysis.

Our main focus will be on words over the alphabet F = R or C. In applications,
thesewords may be formed of the coe�cien ts of somesignal (such asimageor audio)
with respect to somebasis or overcomplete system (Fourier, wavelet, etc.) Finite
alphabets will be discussedin Section 5.

The simplest and most natural way to encode a vector x 2 Rn into a vector
y 2 Rm is a linear transform

y = Qx (1.1)

whereQ is given by an m� n matrix. A linear algebraargument givesthat if m � n+
2r and the rangeof Q is generic1 then x can be recoveredfrom y even if r coordinates
of y are corrupted. This gives an (n; m; r )-error correcting code. However, the
decoder for this code has a huge computational complexity, as it involves a search
through all r -element subsetsof the components of y. Then the problem is:

How to reconstruct a vector y in an n-dimensional subspace Y of Rm

from a vector y0 2 Rm that di�ers from y in at most r coordinates?

An important feature inherent to this error correction problem over the reals or
complex numbers is that the errors may be of arbitrary magnitude. This is not the
casein the more classical error correction problem over �nite alphabets (such as
F = f 0; 1g). This accounts for a need of completely di�eren t method to deal with
such errors, as well as for new challenges(such as stabilit y of reconstruction).

A traditional and simple approach to denoising y0, used in applications such as
signal processing,is the mean least square(MLS) minimization. One hopesthat y
is well approximated by a solution to the minimization problem

min
u2 Y

ku � y0k2 (MLS)

where kxk2
2 =

P
i jx i j2. The solution to (MLS) is simply the orthogonal projection

of y0 onto Y . This can not recover y exactly, and even the approximation is typically
poor since we have no control of the magnitude of the errors in the corrupted co-
ordinates. A promising alternative approach is the Basis Pursuit (BP). We simply
replacethe 1-norm by the 2-norm and expect y to be the exact and unique solution
to the minimization problem

min
u2 Y

ku � y0k1 (BP)

wherekxk1 =
P

i jx i j. Thus a solution to (BP) is the metric projection of y0 onto Y
with respect to the 1-norm. (BP) be cast as a Linear Programming problem, and

1that is, in general position with respect to all subspacesRI , jI j = r
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can be attacked with a variety of methods, such as the classicalsimplex method or
more recent interior point methods that yield polynomial time algorithms [9].

y'

(BP)

Y Y

u
y y'

(MLS)

y=u

The potential of Basis Pursuit for exact reconstruction is illustrated by the fol-
lowing heuristics, essentially due to [14]. The solution u to (MLS) is the contact
point where the smallest Euclidean ball centered at y0 meetsthe subspaceY . That
contact point is in general di�eren t from y. The situation is much better in (BP):
typically the solution coincideswith y. The solution u to (BP) is the contact point
where the smallest octahedron centered at y0 (the ball with respect to the 1-norm)
meets Y . Becausethe vector y � y0 lies in a low-dimensional coordinate subspace,
the octahedron has a corner at y (or a wedgein high dimension). Thus, many sub-
spacesY through y will miss the octahedron of radius y � y0 (as opposed to the
Euclidean ball). This forces the solution u to (BP), which is the contact point of
the octahedron, to coincide with y.

The idea of using the 1-norm instead of the 2-norm for better data recovery has
beenexplored sincemid-seventies in various applied areas,in particular geophysics
and statistics (early history can be found in [39]). With the subsequent develop-
ment of fast interior point methods in Linear Programming, (BP) turned into an
e�ectiv ely solvable problem, and was put forward more recently by Donoho and his
collaborators, triggering massive experimental and theoretical work [9, 19, 20, 21,
15, 27, 37, 38, 39, 14, 11, 12, 17, 18, 5, 4, 6].

The main result of this paper validates the Basis Pursuit method for most sub-
spacesY under an asymptotically sharp condition on m; n; r . We thus prove that
the Basis Pursuit yields exact reconstruction for most subspaces Y in the Grass-
manian Gm;n of n-dimensional subspacesof Rm , equipped with the normalized
Haar measure. Positive absolute constants will be denoted throughout the paper
by C; c;C1; : : :.

Theorem 1.1. Let m, n and r < cm be positive integers such that

m = n + R; where R � Cr log(m=r): (1.2)

Then a random n-dimensional subspace Y in Rm in the Grassmanian satis�es the
following with probability at least 1 � e� cR . Let y 2 Y be an unknown vector, and
we are given a vector y0 in Rm that di�ers from y on at most r coordinates. Then
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y can be exactly reconstructed from y0 as the solution to the minimization problem
(BP).

In an equivalent form, this theorem is an improvement of recent results of Donoho
[11] and of Candesand Tao [6], seeTheorem 2.1 below.

1.1. Error correcting codes. Theorem 1.1 implies a natural (n; m; r )-error cor-
recting code over R. The encoder (1.1) is given by an m � n random orthogonal
matrix 2 Q. Its range Y is a random n-dimensional subspacein Rm . The decoder
takes a corrupted vector y0, solves (BP) and outputs QT u = Q� 1u. Theorem 1.1
states that this encoder-decoredpair is an (n; m; r )-error correcting code with ex-
ponentially good probabilit y � 1 � e� cR , provided the assumption (1.2) holds.

Assumption (1.2) meets,up to an absoluteconstant, the Gilbert-Varshamovbound
which is fundamental in coding theory (see[29]): n=m � 1 � H (Cr =n), where H (x)
is the entropy function. The encoder runs in quadratic time in the size n of the
input, the decoder runs in polynomial time.

1.2. Sharpness. The su�cien t condition (1.2) is sharp up to an absolute constant
C (seeSection 5) and is only slightly stronger than the necessarycondition m �
n + 2r . The ratio " = r =m in (1.2) is the number of errors per letter in the noisy
communication channel that mapsy to y0. Thus " should be consideredas a quality
of the channel, which is independent of the message.Thus (1.2) is equivalent to

m �
�

1 + C" log
1
"

�
n:

1.3. Transform coding. In the signal processing,the linear codes(1.1) are known
as transform codes. The generalparadigm about transform codesis that the redun-
danciesin the coe�cien ts of y that come from the excessof the dimension m > n
should guarantee a stabilit y of the signal with respect to noise, quantization, era-
sures, etc. This is con�rmed by an extensive experimental and some theoretical
work, seee.g. [10, 23, 24, 26, 25, 30, 3, 8] and the bibliography contained therein.
Theorem 1.1 states that most orthogonal transform codes are good error-correcting
codes.

Ac kno wledgemen t. This work has started when the secondauthor was visiting
University of Missouri-Columbia as a Miller Visiting Scholar. He thanks the UMC
for the hospitality. The authors are grateful to Dave Donoho for his interest in our
results and encouragement. We are also grateful to the refereefor many suggestions
that greatly improved the paper.

2. Reconstr uction of signals fr om linear measurements.

A heuristic idea that motivates the reconstruction problem is that a function
f from a small class should be determined by few linear measurements. Linear
measurements are generally given by somelinear functionals X k in the dual space,
which are �xed (in particular are independent of f ). Most common measurements

2one can view it as the �rst n columns of a random matrix from the orthogonal group O(m)
equipped with the normalized Haar measure.
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arepoint evaluation functionals; the problem there is to interpolate f betweenknown
valueswhile keeping f in the known (small) class. When the evaluation points are
chosen at random, this becomesthe `proper learning' problem of the Statistical
Learning Theory (see[34]).

We shall however be interested in general linear measurements. The proposal to
learn f from general linear measurements (`sensing') has been originated recently
from a criticism of the current methodology of signal compression.Most of real life
signals,such as imagesand sounds,seemto belong to small classes.This is because
they carry much of unwanted information that can be discarded with almost no
perceptual loss, which makes such signals easily compressible. Donoho [13] then
questionsthe conventional schemeof signal processing,where the whole signal must
be �rst acquired (together with lots of unwanted information) and only then be
compressed(throwing away the unwanted part). Instead, can one directly acquire
(`sense')the essential part of the signal, via few linear measurements? Similar issues
are raisedin [6]. We shall operateunder the assumptionthat sometechnology allows
us to take linear measurements in certain �xed `directions' X k .

We will assumethat our signal f is discrete,sowe view it asa vector in Rm . Sup-
posewecantake linear measurements hf ; X k i with some�xed vectorsX 1; X 2; : : : ; X R
in Rm . Assuming that f belongsto a small class,how many measurements R are
neededto reconstruct f ? And even when we prove that R measurements do deter-
mine f (uniquely or approximately), the algorithmic issueremains unsettled: how
can one reconstruct f from thesemeasurements?

The previous section suggeststo reconstruct f as a solution to the Basis Pursuit
minimization problem

min kgk1 subsectto hg; X k i = hf ; X k i ; k = 1; : : : ; R: (BP0)

For the Basis Pursuit to work, the vectors X k must be in a good position with
respect to all coordinate subspacesRI , jI j � r . A typical choice for such vectors
would be the independent standard Gaussianvectors3 X k .

2.1. Functions with small supp ort. In the classof functions with small support,
one can hope for exact reconstruction. Candesand Tao [6] have indeed proved that
every �xed function f with support jsuppf j � r can indeed be recovered by (BP 0),
correctly with the polynomial probabilit y 1� m � const, from the R = Cr logm Gauss-
ian measurements. However, the polynomial probabilit y is clearly not su�cien t to
deducethat there is one set vectorsX k that can be usedto reconstruct all functions
f of small support.

The following equivalent form of Theorem 1.1 does yield a uniform exact recon-
struction. It provides us with one set of linear measurements from from which we
can e�ectiv ely reconstruct every signal of small support.

Theorem 2.1 (Uniform Exact Reconstruction). Let m, r < cm and R be positive
integers satisfying R � Cr log(m=r). The independent standard Gaussian vectors
X k in Rm satisfy the following with probability at least 1 � e� cR. Let f 2 Rm be an
unknown function of small support, jsuppf j � r , and we are given R measurements

3All the components of X k are independent standard Gaussian random variables.
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hf ; X k i . Then f can be exactly reconstructed from thesemeasurementsas a solution
to the Basis Pursuit problem (BP 0).

This theorem givesuniformit y in Candes-Tao result [6], improvesthe polynomial
probabilit y to an exponential probabilit y, and improvesupon the number R of mea-
surements (which was R � Cr logm in [6]). Donoho [13] proved a weaker form of
Theorem 2.1 with R=r bounded below by somefunction of m=r.

Pro of. Write g = f � u for someu 2 Rm . Then (BP0) readsas

min ku � f k1 subsectto hu; X k i = 0; k = 1; : : : ; R: (2.1)

The constraints here de�ne a random (n = m � R)-dimensional subspaceY of Rm .
Now apply Theorem 1.1 with y = 0 and y0 = f . It states that the unique solution
to (2.1) is u = 0. Therefore, the unique solution to (BP 0) is f .

2.2. Compressible functions. In a larger classof compressiblefunctions [13], we
can only hope for an approximate reconstruction. This is a classof functions f that
are well compressibleby a known orthogonal transform, such as Fourier or wavelet.
This means that the coe�cien ts of f with respect to a certain known orthogonal
basishave a power decay. By applying an appropriate rotation, we can assumethat
this basis is the canonical basisof Rm , thus f satis�es

f � (s) � s� 1=p; s = 1; : : : ; m (2.2)

where f � denotesa nonincreasingrearrangement of jf j. Many natural signals are
compressiblefor some0 < p < 1, such as smooth signalsand signalswith bounded
variations (see[6]), in particular most photographic images.Theorem2.1 implies, by
the argument of [6], that functions compressiblein somebasiscan be approximately
reconstructed from few �xed linear measurements. This is an improvement of a
result of Donoho [13].

Corollary 2.2 (Uniform Approximate Reconstruction). Let m and r be positive
integers. The independentstandard Gaussianvectors X k in Rm satisfy the following
with probability at least 1� e� cR. Assumethat an unknown function f 2 Rm satis�es
either (2.2) for some0 < p < 1 or kf k1 � 1 for p = 1. Suppose that we are given
R measurements hf ; X k i . Then f can be approximately reconstructed from these
measurements: a unique solution g to the Basis Pursuit problem (BP 0) satis�es

kf � gk2 � Cp

� log(m=R)
R

� 1
p � 1

2

where Cp depends on p only.

Corollary 2.2 was proved by Donoho [13] under an additional assumption that
m � CR� for some � > 1. Notice that in this case log(m=R) � logm. Now
this assumption is removed. Candesand Tao [6] proved Corollary 2.2 without the
uniformit y in f due to a weaker (polynomial) probabilit y. Finally, Corollary 2.2 also
improvesupon the approximation error (there is now the ratio m=r instead of m in
the logarithm).
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In a recent work independent of ours, Candesand Tao [7] have sharpened their
previous work [6]. They obtained results similar to those in the present paper, but
their approach is di�eren t.

3. Counting lo w-dimensional f acets of pol ytopes.

Theorem1.1 turns out to beequivaent to a problem of counting lower-dimensional
facets of polytopes. Let B m

1 denote the unit ball with respect to the 1-norm; it is
sometimes called the unit octahedron. The polar body is the unit cube B m

1 =
[� 1; 1]m . The conclusion of Theorem 1.1 is then equivalent to the following state-
ment: the a�ne subspacez + Y is tangent to the unit octahedron at point z,
where z = y0 � y. This should happen for all z from the coordinate subspacesRI

with jI j = r . By dualit y, this meansthat the subspaceY ? intersects all (m � r )-
dimensional facets of the unit cube. The section of the cube by the subspaceY ?

forms an origin-symmetric polytope of dimension R and with 2m facets.
Our problem can thus be stated asa problem of counting lower-dimensionalfacets

of polytopes.
Consider an R-dimensionalorigin symmetric polytope with 2m facets.
How many (R � r )-dimensional facets can it have?

Clearly4, no more than 2r
� m

r

�
. Does there exist a polytope with that many facets?

Our abilit y to construct such a polytope is equivalent to the existenceof the e�cien t
error correcting code. Indeed, looking at the canonicalrealization of such a polytope
as a section of the unit cube by a subspaceY ? , we see that Y ? intersects all
the (m � r )-dimensional facets of the cube. Thus Y satis�es the conclusion of
Theorem 1.1. We can thus state Theorem 1.1 in the following form:

Theorem 3.1. There exists an R-dimensional symmetric polytope with m facets
and with the maximal number of (R � r )-dimensional facets (which is 2r

� m
r

�
), pro-

vided R � Cr log(m=r). A random section of the cube forms such a polytope with
probability 1 � e� cR .

Note also, that Theorem 3.1 provides a construction of so-calledneighborly poly-
topes (see [28], Chapter 7, or [40]). An n-dimensional convex polytope is called
m-neighborly if any set of m vertices forms an (m � 1)-dimensional face. For sym-
metric polytopesthis de�nition hasto bemodi�ed, sincea facecannot contain a pair
of opposite vertices. A symmetric polytope is called m-neighborly, if any set of m
of its vertices, which doesnot contain opposite pairs, forms an (m � 1)-dimensional
face. The neighborly polytopeshas beenextensively studied recently in connection
with computer scienceproblems (see,e.g. [16]). In this terminology Theorem 3.1
can be reformulated as follows:

Theorem 3.1'. A random R-dimensional projection of the m-dimensional octahe-
dron B m

1 is r -neighborly with probability greater than 1 � e� cR provided

R � Cr log(m=r):

4Any such facet is the intersection of somer facets of the polytop e of full dimension R � 1; there
are m facets to choosefrom, each coming with its opposite by the symmetry.
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The rest of the paper is organizedas follows. In Section4 we prove Theorem 1.1.
In Section 5 we discusssomeoptimalit y and robustnessof the Basis Pursuit with
applications to error correcting codesover �nite alphabets.

4. Pr oof of Theorem 1.1

4.1. Outline of the pro of. Wewill usedualit y, which givesthe following equivalent
form of Theorem1.1: a random (m� n)-dimensionalsubspaceE intersectsall (m� r )-
dimensional facetsof a cube in Rm . It will then su�ce to show that the probabilit y
of intersection with a �xed facet is suitably su�cien tly large. This will beestablished
by a proper useof the concentration of measuretechnique.

The main di�cult y is that the `1 -norm de�ned by the unit cube (more precisely,
by its facet) has a bad Lipschitz constant, which impedesthe use of concentration
inequalities. To improve the Lipschitzness,we �rst project the facet onto a random
subspace(within its a�ne span); the kernel of this projection will form a part of
the random subspaceE. This will create a big Euclidean ball inside the projected
facet. To prove this, we shall use the full strength of the estimate of Garnaev and
Gluskin [22] on Euclidean projections of a cube. The existenceof the Euclidean ball
inside a body createsthe neededLipschitzness,sowe can now usethe concentration
of measuretechnique.

4.2. Notation. Weshall usethe following standard notations throughout the proof.
The p-norm (1 � p < 1 ) on Rm is de�ned by kxkp

p =
P

i jx i jp, and for p = 1 it
is kxk1 = maxi jx i j. The unit ball with respect to the p-norm on Rn is denoted by
B m

p . When the p-norm is consideredon a coordinate subspaceRI , I � f 1; : : : ; mg,
the corresponding unit ball is denoted by B I

p .
The unit Euclidean spherein a subspaceE is denoted by S(E). The normalized

rotational invariant Lebesguemeasureon S(E) is denoted by � E . The orthogonal
projection onto a subspaceE is denotedby PE . The standard Gaussianmeasureon
E (with the identit y covariance matrix) is denoted by 
 H . When E = Rd, we write
� d� 1 for � E and 
 d for 
 E .

4.3. Dualit y. We begin the proof of Theorem 1.1 with a typical dualit y argument,
leading to the same reformulation of the problem as in [6]. We claim that the
conclusionof Theorem 1.1 follows from (and is actually equivalent to) the following
separation condition:

(z + Y) \ interior (B m
1 ) = ; for all z 2

[

j I j= r

B I
1: (4.1)

Indeed, suppose(4.1) holds. We apply it for

z :=
y � y0

ky � y0k1

noting that z 2
S

j I j= r B I
1 holds, becausey and y0 di�er in at most r coordinates.

By (4.1),
(z + v) \ interior (B m

1 ) = ; for all v 2 Y
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which implies
kz + vk1 � 1 for all v 2 Y :

Let u 2 Y be arbitrary . Using the inequality above for v := u� y
ku� yk1

, we conclude
that

ku � yk1 � ky � y0k1 for all u 2 Y :
This provesthat y is indeeda solution to (BP). The solution to (BP) is unique with
probabilit y 1 in the Grassmanian. This follows from a direct dimension argument,
seee.g. [6].

By Hahn-Banach theorem, the separation condition (4.1) is equivalent to the
following: for every r -element set I � f 1; : : : ; mg and for every point z on the
boundary of B I

1 there exists w = w(z) 2 Y ? such that

hw; zi = sup
x2 B m

1

hw; xi = kwk1 :

This holds if and only if the components of w satisfy
(

wj = sign(zj ) for j 2 I ;
jwj j � 1 for j 2 I c:

(4.2)

The set of vectors w in Rm that satisfy (4.2) form a (m � r )-dimensional facet of
the unit cube B m

1 . Then with E := Y ? we can say that the conclusionof Theorem
1.1 is equivalent to the following:

A randomR-dimensional subspace E in Rm intersects all the (m� r )-
dimensional facets of the unit cube with probability at least 1 � e� cR.

It will be enough to show that E intersects one �xed facet with the probabilit y
1� e� cR. Indeed, the probabilit y that E missessomefacet would be at most N e� cR,
where

N = 2r
�

m
r

�
� exp

�
cr log

m
r

�

is the total number of facets. An appropriate choiceof the constant C in (1.2) yields
N e� cR � e� c0R .

4.4. Realizing a random subspace. Weareto show that a random R-dimensional
subspaceE intersectsone �xed (m � r )-dimensional facet of the unit cube B m

1 with
high probabilit y. Such a facet F = FI ;w is determined by an subset I of f 1; : : : ; ng
of cardinality r and by a vector w 2 f� 1; 1gI . Then FI ;w consistsof all points in
the cube B n

1 whosecoordinates in I coinsidewith w. Without lossof generality, we
can assumethat our facet is

F = f (w1; : : : ; wm� r ; 1; : : : ; 1); all jwj j � 1g;

whosecenter is
� = (0; : : : ; 0

| {z }
m� r

; 1; : : : ; 1):

The probabilit y we are interested in is

P := Probf E \ F 6= ;g :
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We shall restrict our attention to the linear span of F ,

lin( F ) = f (w1; : : : ; wm� r ; t; : : : ; t); all wj 2 R, t 2 Rg;

and even to its the a�ne span of F ,

a� (F ) = f (w1; : : : ; wm� r ; 1; : : : ; 1); all wj 2 Rg:

Only the random a�ne subspaceE \ a� (F ) matters for us, because

P = Prob
n

(E \ a� (F )) \ F 6= ;
o

:

The dimension of that a�ne subspaceis almost surely

l := dim(E \ a� (F )) = R � r:

Wecanrealizethe random a�ne subspaceE \ a� (F ) (or rather a random subspace
with the samelaw) by the following algorithm:

(1) Selecta random variable D with the samelaw as dist( � ; E \ a� (F )).
(2) Selecta random subspaceL 0 in the GrassmanianGm� r ;l . It will realize the

\direction" of E \ a� (F ) in a� (F ).
(3) Selecta random point z on the Euclidean sphereD � S(L ?

0 ) of radius D , ac-
cording to the uniform distribution on the sphere. HereL ?

0 is the orthogonal
complement of L 0 in Rm� r . The vector z will realize the distance from the
a�ne subspaceE \ a� (F ) to the center � of F .

(4) Set L = � + z + L 0. Thus the random a�ne subspaceL has the samelaw as
E \ a� (F ).
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�������������������������

q

F

E aff(F) L

0
q+L o

q z

q

aff(F)

L=   +z+Lo

E 

z

Hence

P = Probf L \ F 6= ;g = Probf (z + L 0) \ B m� r
1 6= ;g = Probf z 2 PL ?

0
B m� r

1 g:

H := L ?
0 is a random subspacein Gm� r ;m� r � l = Gm� r ;m� R . By the rotational

invariance of z 2 D � S(H ),

P =
Z

R+

Z

Gm � r ;m � R

� H (D � 1PH B m� r
1 ) d� (H ) d� (D ) (4.3)

where � is the normalized Haar measureon Gm� r ;m� R and � is the law of D . We
shall bound P in two steps:

(1) Prove that the distance D is small with high probabilit y;
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(2) Prove that a suitable multiple of the random projection PH B m� r
1 has an

almost full Gaussian(thus also spherical) measure.

4.5. The distance D from the center of the facet to a random subspace. We
shall �rst relate D , the distanceto the a�ne subspaceE \ a� (F ), to the distance to
the linear subspaceE \ lin( F ). Equivalently, we compute the length of the projection
onto E \ lin( F ).

Lemma 4.1.

kPE \ lin( F ) � k2 =
r

r
r + D 2 k� k2:

Pro of. Let f be the orthogonal projection of � to the a�ne spaceL = E \ a� (F ).
Then f � � ? � and D = kf � � k2. Note that the vector f is orthogonal to L .
Indeed, � ? a� (F ) and f � � ? L . Also, for any x 2 L

hPE \ lin (F ) � ; xi = h� ; PE \ lin (F )xi = h� ; xi = 0;

so PE \ lin (F ) � ? L as well. Therefore, both f and PE \ lin (F ) � belong to the space
E \ lin( F ) \ L ? , and sincedim(E \ lin( F ) \ L ? ) = 1, f is a multiple of PE \ lin( F ) � .

P
E  lin(F)

q

0

f

q
By the similarit y of the triangles with the vertices (0; � ; PE \ lin( F ) � ) and (0; f ; � ),

we concludethat

kPE \ lin( F ) � k2 =
r

p
r + D 2

=
r

r
r + D 2 k� k2

becausek� k2 =
p

r . This completesthe proof.

The length of the projection of a �xed vector onto a random subspacein Lemma4.1
is well known. The asymptotically sharp estimate was computed by S. Artstein [2],
but we will be satis�ed with a much weaker elementary estimate, seee.g. [33] 15.2.2.

Lemma 4.2. Let � 2 Rd� 1 and let G be a random subspace in Gd;k . Then

Prob
n

c

r
k
d

k� k2 � kPG � k2 � C

r
k
d

k� k2

o
� 1 � 2e� ck :

We apply this lemma for G = E \ lin( F ), which is a random subspacein the
Grassmanianof (l + 1)-dimensionalsubspacesof lin( F ). Sincedim lin( F ) = m� r + 1,
we have

Prob
n

kPE \ lin( F ) � k2 � c

r
l + 1

m � r + 1
k� k2

o
� 1 � 2e� cl :
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Together with Lemma 4.1 this gives

Prob
n

D � c
p

m � r

r
r
l

o
� 1 � 2e� cl : (4.4)

Note that
p

m � r is the radius of the Euclidean ball circumscribed on the facet
F . The statement D �

p
m � r would only tell us that the random subspaceE

intersects the circumscribed ball, not yet the facet itself. The ratio r =l in (4.4) will
be chosenlogarithmically small, which will force E intersect also the facet F .

4.6. Gaussian measure of random pro jections of the cub e. By (4.3) and
(4.4),

P �
Z

Gm � r ;m � R

� H

� c
p

m � r

r
l
r

PH B m� r
1

�
d� (H ) � 2e� cl :

We can replacethe spherical measure� H by the Gaussianmeasure
 H via a simple
and known lemma, whoseproof we include for reader's convenience. A set K in a
linear vector spaceis called star-shaped if x 2 K implies tx 2 K for all t 2 [0; 1].

Lemma 4.3. Let K be a star-shaped set in Rd. Then


 d(c
p

d � K ) � e� d � � d� 1(K ) � 
 d(C
p

d � K ) � (1 + e� d):

Pro of. Passingto polar coordinates, by the rotational invariance of the Gaussian
measurewe seethat there existsa probabilit y measure� on R+ sothat the Gaussian
measureof every set A can be computed as

R
R+ � t (A) d� (t), where � t denotesthe

normalized Lebesguemeasureon the Euclidean sphereof radius t in Rd. SinceK is
star-shaped, � t (K ) is a non-increasingfunction of t. Hence


 d(K ) �
Z C

p
d

0
� t (K ) d� (t) � � C

p
d(K ) � 
 d(C

p
dBd

2)

and


 d(K ) �
Z c

p
d

0
d� (t) + � c

p
d(K )

Z 1

c
p

d
d� (t) � 
 d(c

p
d � B d

2) + � c
p

d(K ):

The classicallargedeviation inequalities imply 
 d(c
p

d�B d
2) � e� d and 
 d(C

p
dBd

2) �
1 � e� d=2. Using the above argument for c

p
d � K , we concludethat 
 d(c

p
d � K ) �

e� d + � d� 1(K ) and 
 d(C
p

d � K ) � � d� 1(K ) � (1 � e� d=2).

Using Lemma 4.3 in the spaceH of dimension d = m � R, we obtain

P �
Z

Gm � r ;m � R


 H

�
c

r
m � R
m � r

r
l
r

PH B m� r
1

�
d� (H ) � 2e� cl � em� R :

By choosing the absolute constant c in the assumption r < cm appropriately small,
we can assumethat 2r < R < m=2. Thus

P �
Z

Gm � r ;m � R


 H

�
c

r
R
r

PH B m� r
1

�
d� (H ) � 2e� cR : (4.5)
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We now compute the Gaussianmeasureof random projections of the cube.

Prop osition 4.4. Let H be a random subspace in Gn;n � k , k < n=2. Then the
inequality


 H

�
C

r

log
n
k

PH B n
1

�
� 1 � e� ck

holds with probability at least 1 � e� ck in the Grassmanian.

The proof of this estimate will follow from the concentration of Gaussianmeasure,
combined with the existenceof a big Euclidean ball inside a random projection of
the cube.

Lemma 4.5 (Concentration of Gaussianmeasure). Let A be a measurable set in
Rn . Then for " > 0,


 n (A) � e� " 2n implies 
 n (A + C"
p

nB n
2 ) � 1 � e� " 2n :

With the stronger assumption 
 (A) � 1=2, this lemma is the classicalconcentra-
tion inequality, see[31] 1.1. The fact that the concentration holds also for expo-
nentially small sets follows formally by a simple extension argument that was �rst
noticed by D. Amir and V. Milman in [1], see[31] Lemma 1.1.

The optimal result on random projections of the cube is due to Garnaev and
Gluskin [22].

Theorem 4.6 (Euclidean projections of the cube [22]). Let H be a random subspace
in Gn;n � k , where k = �n < n=2. Then with probability at least 1 � e� ck in the
Grassmanian, we have

c(� ) PH (
p

nB n
2 ) � PH (B n

1 ) � PH (
p

nB n
2 )

where

c(� ) = c
r

�
log(1=� )

:

Pro of of Prop osition 4.4. Let g1; g2; : : : be independent standard Gaussian
random variables. Then for a suitable positive absolute constant c and for every
0 < " < 1=2,


 n

�
C

r

log
1
"

B n
1

�
= Prob

n
max

1� j � n
jgi j � C

r

log
1
"

o
� (1 � "2=10)n � e� " 2n :

Sincefor every measurableset A and every subspaceH one has 
 H (PH A) � 
 (A),
we concludethat


 H

�
C

r

log
1
"

PH B n
1

�
� e� " 2n for 0 < " < 1=2.

Then by Lemma 4.5,


 H

�
C

r

log
1
"

PH B n
1 + C"

p
n PH B n

2

�
� 1 � e� " 2n for 0 < " < 1=2. (4.6)
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Theorem 4.6 tells us that for a random subspaceH , if " = c
p

� = c
p

k=n, then
Euclidean ball is absorbed by the projection of the cube in (4.6):

"
p

n PH B n
2 � C

r

log
1
"

PH B n
1 :

Hencefor a random subspaceH and for " as above we have


 H

�
C

r

log
1
"

PH B n
1

�
� 1 � e� " 2n ;

which completesthe proof.

Coming back to (4.5), we shall use Lemma 4.4 for a random subspaceH in the
GrassmanianGm� r ;m� R . We concludethat if

c

r
R
r

� C

r

log
m � r
R � r

; (4.7)

then with probabilit y at least 1 � e� cR in the Grassmanian,


 H

�
c

r
R
r

PH B m� r
1

�
� 1 � e� cR:

Since m� r
R� r � m

r , the choice of R in (1.2) satis�es condition (4.7). Thus (4.5) implies

P � 1 � 3e� cR :

This completesthe proof.

5. Optimality, r obustness, finite alphabets

5.1. Optimalit y. The logarithmic term in Theorems 1.1 and 2.1 is necessary, at
least in the caseof small r . Indeed, combining formula (4.3) and Lemmas 4.1, 4.2,
4.3, we obtain

P �
Z

Gm � r ;m � R


 H

�
c

r
R
r

PH B m� r
1

�
d� (H ) + 2e� cR : (5.1)

To estimate the Gaussianmeasurewe needthe following

Lemma 5.1. Let x1; : : : xs be vectors in Rs. Then


 s

0

@
sX

j =1

[� x j ; x j ]

1

A � 
 s(M � B s
1 );

where M = maxj =1 ;:::s kx j k2.

The sum in the Lemma is understood as the Minkowski sum of sets of vectors,
A + B = f a + b j a 2 A; b 2 B g.
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Pro of. Let F = span(x1; : : : xs� 1) and let V = F ? . Let v 2 V be a unit vector.
Set Z =

P s� 1
j =1 [� x j ; x j ]. Then


 s

� sX

j =1

[� x j ; x j ]
�

=
Z

V

 F

�� sX

j =1

[� x j ; x j ] � tv
�

\ F
�

d
 V (t)

=
Z

[� PV xs ;PV xs ]

 F (Z + tPF xs)d
 V (t):

By Anderson's Lemma (see[32]), 
 F (Z + tPF xs) � 
 F (Z ). Thus,


 s

� sX

j =1

[� x j ; x j ]
�

� 
 V ([� PV xs; PV xs]) � 
 F (Z ) � 
 1([� M ; M ]) � 
 F (Z ):

The proof of the Lemma is completed by induction.

The Gaussianmeasureof a projection of the cube can be estimated as follows.

Prop osition 5.2. Let H be any subspace in Gn;n � k , k < n=2. Then


 H

� c
p

k

r

log
n
k

PH B n
1

�
� e� cn=k : (5.2)

Pro of. DecomposeI into the disjoint union of the setsJ1; : : : Js+1 , so that each of
the sets J1; : : : Js contains k + 1 elements and (k + 1)s < n � (k + 1)(s + 1). Let
1 � j � s. Let Uj = H \ (PH ei ; i 2 f 1; : : : ngnJ j )? , wheree1; : : : en is the standard
basisof Rn . Then Uj is a one-dimensionalsubspaceof H . Set

x j =
X

i 2 J j

" i PH ei ;

wherethe signs" i 2 f� 1; 1g arechosento maximizekPUj x j k2. Let E = span(x1; : : : xs� 1).
SincePUj B n

1 = [� x j ; x j ], we get

PH B n
1 \ E =

sX

j =1

[� x j ; x j ];

where the sum is understood in the senseof Minkowski addition. SincekPUJ k = 1,
kx j k2 � C

p
k and by Lemma 5.1,


 E

0

@�c
p

logs
p

k

sX

j =1

[� x j ; x j ]

1

A � 
 E (c0
p

logs � B E
1 ) � e� cs

for some appropriately chosen constant �c. Finally, log-concavit y of the Gaussian
measureimplies that for any convex symmetric body K � H


 H (K ) � 
 E (K \ E):

Combining (5.1) and (5.2) we obtain P � 2e� cR , whenever R � clog(m=r).
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5.2. Robustness and codes for �nite alphab ets. Robustnessis a natural fea-
ture of the Basis Pursuit method. The solution to (BP) is stable with respect to
the 1-norm in the sameway as the solution to (MLS) is stable with respect to the
2-norm. Indeed, onceTheorem 1.1 holds, the unknown vector y in Theorem 1.1 can
be approximately recovered from y00= y0+ h, where h 2 Rm is any additional error
vector of small 1-norm. Namely, the solution u to the Basis Pursuit problem

min
u2 Y

ku � y00k1

satis�es
ku � yk1 � C0khk1:

(see e.g. [6]). This implies a possibility of quantization of the coe�cien ts in the
processof encoding and yields robust error correcting codes over alphabets of poly-
nomial size, with a Gilbert-Varshamovtype bound, and with quadratic time encoders
and polynomial time decoders.

The following is the (m; n; r )-error correcting code under the Gilb ert-Varshamov
type assumption (1.2), with input words x over the alphabet f 1; : : : ; pg and the
encoded words y over the alphabet f 1; : : : ; Cpn3=2g.

The construction is the sameas in (1.1); we just have to introduce quantization.
The encoder takes x 2 f 1; : : : ; pgn , computes y = Qx and outputs the ŷ whose
coe�cien ts are the coe�cien ts of y quantized with the uniform quantizer with step

1
4C0m . Then ŷ 2 1

4C0m Zm \ [� p
p

n; p
p

n]m , which by rescaling can be identi�ed
with f 1; : : : ; Cpn3=2gm becausewe can assumethat m � 2n. The decoder takes
y0 2 1

4C0m Zm , �nds solution u to (BP) with Y = range(Q), inverts to x0 = QT u
and outputs x̂0 whosecoe�cien ts are coe�cien ts of x0 quantized with the uniform
quantizer with step 1.

This is indeed an (m; n; r )-error correcting code. If y0 di�ers from ŷ on at most
r coordinates, this and the condition kŷ � yk1 � 1

4C0 implies by the robustnessthat
ku � yk1 � 1

4 . Hencekx0 � xk2 = kQT (u � y)k2 = ku � yk2 � ku � yk1 � 1
4 . Thus

x̂0 = x, so the decoder recovers x from y0 correctly.
The robustnessalso implies a \continuit y" of our error correcting codes. If the

number of corrupted coordinates in the received messagey0 is bigger than r but is
still a small fraction, then the (m; n; r )-error correcting code above can still recover
y up to somesmall fraction of the coordinates.
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