GEOMETRIC  APPR OACH TO ERR OR CORRECTING CODES
AND RECONSTR UCTION OF SIGNALS

MARK RUDELSON AND ROMAN VERSHYNIN

Abstra ct. We develop an approach through geometric functional analysis to
reconstruction of signals from few linear measuremens and to error correcting
codes. An error correcting code encades an n-letter word x into an m-letter word
y in such a way that x can be decoded correctly when any r letters of y are
corrupted. We show that most linear orthogonal transformations Q : R" ! R™
form e cien t and robust error correcting codes over reals. The decader (which
corrects the corrupted componernts of y) is the metric projection onto the range
of Q in the "1-norm. This yields robust error correcting codesover reals (and over
alphabets of polynomial size), with a Gilb ert-Varshamov type bound, and with
guadratic time encoders and polynomial time decaders. An equivalent problem
arises in signal processing: how to reconstruct a signal that belongsto a small
class from few linear measuremerns? We prove that for most sets of Gaussian
measuremerts, all signals of small support can be exactly reconstructed by the
L 1-norm minimization. This is an improvemert of recert results of Donoho and
of Candesand Tao. An equivalent problem in combinatorial geometry is the ex-
istence of \neighborly" symmetric polytop es,i.e. polytopeswith xed number of
facets and maximal number of lower-dimensional facets. We prove that most sec-
tions of a cube form such polytop es. Our work thus belongsto a common ground
of coding theory, signal processing,combinatorial geometry and geometric func-
tional analysis. Our argument, which is based on concertration of measure and
improving Lipschitzness by random projections, may be of independert interest
in geometric functional analysis.

1. Err or correcting codes and transf orm coding

The results of this paper can be stated in three equivalent ways { in terms of the
sparserecovery problem, the error correction problem and the problem of existence
of certain extremal (\neighborly”) polytopes.

Error correcting codesare usedin modern technology to protect information from
errors. Information is formed by nite words over somealphabet F. The encaler
transforms an n-letter word x into an m-letter word y with m > n. The decaer
must be able to recover x correctly when up to r letters of y are corrupted in any
way. Such an encaler-decaler pair is called an (n; m;r)-error correcting code.
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Developmernt of algorithmically e cient error correcing codes has attracted at-
tention of engineers,computer sciertists and applied mathematicians for past v e
decades. Known constructions involve deep algebraic and combinatorial methods,
see[29], [35], [36]. This paper dewvelopsan approadc to error correcting codes from
the viewpoint of geometric functional analysis (asymptotic corvex geometry). It
thus belongsto a commonground of coding theory, signal processing,combinatorial
geometry and geometric functional analysis. Our argumert, outlined in Section 3,
may be of independert interest in geometric functional analysis.

Our main focus will be on words over the alphabet F = R or C. In applications,
thesewords may be formed of the coe cien ts of somesignal (such asimage or audio)
with respect to some basis or overcomplete system (Fourier, wavelet, etc.) Finite
alphabets will be discussedin Section5.

The simplest and most natural way to encade a vector x 2 R" into a vector
y 2 RM is a linear transform

y = Qx (1.1)
whereQ isgivenby anm n matrix. A linear algebraargumert givesthat if m n+
2r and the rangeof Q is generic' then x canberecoveredfrom y evenif r coordinates
of y are corrupted. This gives an (n; m;r)-error correcting code. Howewer, the
decder for this code has a huge computational complexity, asit involves a seard
through all r-elemen subsetsof the componerts of y. Then the problem is:

How to reconstruct a vector y in an n-dimensional subspce Y of R™
from a vector y°2 R™ that diers fromy in at most r coordinates?

An important feature inherent to this error correction problem over the reals or
complex numbersis that the errors may be of arbitrary magnitude. This is not the
casein the more classical error correction problem over nite alphabets (such as
F = f0;1g). This accouris for a need of completely di erent method to deal with
such errors, aswell as for new challenges(such as stability of reconstruction).

A traditional and simple approad to denoisingy® usedin applications sud as
signal processing,is the mean least square (MLS) minimization. One hopesthat y
is well approximated by a solution to the minimization problem

minku  y%, (MLS)

p uz2y

where kxk3 = ijxijz. The solution to (MLS) is simply the orthogonal projection
of y%onto Y. This can not recover y exactly, and even the approximation is typically
poor since we have no cortrol of the magnitude of the errors in the corrupted co-
ordinates. A promising alternative approad is the Basis Pursuit (BP). We simply
replacethe 1-norm by the 2-norm and expect y to be the exactand unigue solution
to the minimization problem

min ku y%, (BP)

P
wherekxky = jxjj. Thusa solution to (BP) is the metric projection of y%onto Y
with respect to the 1-norm. (BP) be cast as a Linear Programming problem, and

Ithat is, in general position with respect to all subspacesR', jlj=r
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can be attacked with a variety of methods, sud asthe classicalsimplex method or
more recert interior point methods that yield polynomial time algorithms [9].

Y, Y,

y y=u y

(MLS) (BP)

The potential of Basis Pursuit for exact reconstruction is illustrated by the fol-
lowing heuristics, essetially due to [14]. The solution u to (MLS) is the cortact
point where the smallest Euclidean ball certered at y° meetsthe subspaceY . That
cortact point is in generaldierent from y. The situation is much better in (BP):
typically the solution coincideswith y. The solution u to (BP) is the contact point
where the smallest octahedron certered at y° (the ball with respect to the 1-norm)
meets Y. Becausethe vectory y°liesin a low-dimensional coordinate subspace,
the octahedron hasa corner at y (or a wedgein high dimension). Thus, many sub-
spacesY through y will miss the octahedron of radius y y° (as opposedto the
Euclidean ball). This forcesthe solution u to (BP), which is the cortact point of
the octahedron, to coincide with vy.

The idea of using the 1-norm instead of the 2-norm for better data recovery has
beenexplored since mid-severties in various applied areas,in particular geoptysics
and statistics (early history can be found in [39]). With the subsequeh dewelop-
ment of fast interior point methods in Linear Programming, (BP) turned into an
e ectiv ely solvable problem, and was put forward more recerily by Donoho and his
collaborators, triggering massive experimental and theoretical work [9, 19, 20, 21,
15, 27, 37,38, 39, 14, 11, 12, 17, 18,5, 4, 6].

The main result of this paper validates the Basis Pursuit method for most sub-
spacesY under an asymptotically sharp condition on m;n;r. We thus prove that
the Basis Pursuit yields exact reconstruction for most subs@ces Y in the Grass-
manian Gp,., of n-dimensional subspacesof R™, equipped with the normalized
Haar measure. Positive absolute constarts will be denoted throughout the paper
by C;c;Cy;:::.

Theorem 1.1. Letm, n and r < cm be positive integers such that
m=n+R; wheeR Crlog(m=r): (1.2)

Then a random n-dimensional subs@ce Y in R™ in the Grassmanian satis es the
following with probability at least 1 e °R. Lety 2 Y be an unknown vector, and
we are given a vector y%in R™ that diers fromy on at most r coordinates. Then
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y can be exactly reconstructed from y° as the solution to the minimization problem
(BP).

In an equivalent form, this theoremis an improvemert of recert results of Donoho
[11] and of Candesand Tao [6], seeTheorem 2.1 below.

1.1. Error correcting codes. Theorem 1.1 implies a natural (n; m;r)-error cor-
recting code over R. The encaler (1.1) is given by an m n random orthogonal
matrix?> Q. Its range Y is a random n-dimensional subspacein R™. The decaer
takes a corrupted vector y° solves (BP) and outputs QTu = Q 'u. Theorem 1.1
states that this encader-decoredpair is an (n; m;r)-error correcting code with ex-
ponertially good probability 1 e °R, provided the assumption (1.2) holds.

Assumption (1.2) meets,up to an absoluteconstart, the Gilbert-Varshamovbound
which is fundamenal in coding theory (see[29]): n=m 1 H(Cr=n), whereH (x)
is the entropy function. The encader runs in quadratic time in the size n of the
input, the decaler runs in polynomial time.

1.2. Sharpness. The su cien t condition (1.2) is sharp up to an absolute constart
C (see Section 5) and is only slightly stronger than the necessarycondition m
n+ 2r. The ratio " = r=min (1.2) is the number of errors per letter in the noisy
communication channelthat mapsy to y°. Thus" should be consideredas a quality
of the channel, which is independert of the message.Thus (1.2) is equivalernt to

1
m 1+ C"log- n:

1.3. Transform coding. In the signal processing,the linear codes(1.1) are known
astransform codes The generalparadigm about transform codesis that the redun-
danciesin the coe cien ts of y that comefrom the excessof the dimensionm > n
should guarartee a stability of the signal with respect to noise, quartization, era-
sures, etc. This is conrmed by an extensive experimertal and some theoretical
work, seee.g. [10, 23, 24, 26, 25, 30, 3, 8] and the bibliography cortained therein.
Theorem 1.1 states that most orthogonal transform codes are gaod error-correcting
codes

Ac knowledgemen t. This work has started when the secondauthor was visiting
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2. Reconstr uction of signals fr om linear measurements.

A heuristic idea that motivates the reconstruction problem is that a function
f from a small class should be determined by few linear measurements Linear
measuremeis are generally given by somelinear functionals X in the dual space,
which are xed (in particular are independert of f). Most common measuremets

Zone can view it asthe rst n columns of a random matrix from the orthogonal group O(m)
equipped with the normalized Haar measure.
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arepoint evaluation functionals; the problem thereis to interpolate f betweenknown
valueswhile keepingf in the known (small) class. When the ewvaluation points are
chosen at random, this becomesthe “proper learning' problem of the Statistical
Learning Theory (see[34]).

We shall however be interested in generallinear measuremets. The proposalto
learn f from generallinear measuremets ('sensing) has been originated recertly
from a criticism of the current methodology of signal compression.Most of real life
signals, such asimagesand sounds,seemto belongto small classes.This is because
they carry much of unwanted information that can be discarded with almost no
perceptual loss, which makes sudch signals easily compressible. Donoho [13] then
qguestionsthe corvertional scheme of signal processing,where the whole signal must
be rst acquired (together with lots of unwanted information) and only then be
compressed(throwing away the unwanted part). Instead, can one directly acquire
(‘sense')the essetial part of the signal, via few linear measuremets? Similar issues
areraisedin [6]. We shall operate under the assumptionthat sometechnology allows
us to take linear measuremets in certain xed “directions' X .

We will assumethat our signalf is discrete,sowe view it asa vectorin R™. Sup-

in R™. Assuming that f belongsto a small class,how many measuremets R are
neededto reconstruct f ? And even when we prove that R measuremerts do deter-
mine f (uniquely or approximately), the algorithmic issueremains unsettled: how
can onereconstruct f from these measuremets?

The previous section suggeststo reconstruct f asa solution to the Basis Pursuit
minimization problem

min kgky subsectto hg; Xgi = W ; Xgi; k= 1;:::;R: (BP%
For the Basis Pursuit to work, the vectors Xy must be in a good position with
respect to all coordinate subspacesR', jlj r. A typical choice for sud vectors

would be the independert standard Gaussianvectors® X.

2.1. Functions with small support. In the classof functions with small support,
one can hope for exact reconstruction. Candesand Tao [6] have indeed proved that
every xed function f with support jsuppfj r canindeed be recovered by (BP9,
correctly with the polynomial probability 1 m ¢°"st, from the R = Cr logm Gauss-
ian measuremets. Howewer, the polynomial probability is clearly not su cien t to
deducethat there is one setvectors X i that can be usedto reconstruct all functions
f of small support.

The following equivalent form of Theorem 1.1 doesyield a uniform exact recon-
struction. It provides us with one set of linear measuremets from from which we
can e ectiv ely reconstruct every signal of small support.

Theorem 2.1 (Uniform Exact Reconstruction). Let m, r < cm and R be positive
integers satisfying R~ Cr log(m=r). The independent standard Gaussian vectors
Xk in R™ satisfy the following with protability at least1 e °R. Letf 2 R™ be an
unknown function of small support, jsuppfj r, and we are given R measurements

SAll the componernts of X are independert standard Gaussian random variables.
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H ; Xki. Then f can be exactly reconstructed from thesemeasurementsas a solution
to the Basis Pursuit problem (BP9.

This theorem gives uniformity in Candes-Tao result [6], improvesthe polynomial
probability to an exponertial probability, and improvesupon the number R of mea-
suremerts (which wasR  Crlogm in [6]). Donoho [13] proved a weaker form of
Theorem 2.1 with R=r boundedbelon by somefunction of m=r.

Pro of. Write g=f u for someu 2 R™. Then (BP9 readsas
minku fky; subsectto hu;Xyi =0; k=1;:::;R: (2.1)

The constraints herede ne arandom (n = m R)-dimensional subspaceY of R™.
Now apply Theorem 1.1 with y = 0 and y°= f. It statesthat the unique solution
to (2.1) is u = 0. Therefore, the unique solution to (BP9 is f . ]

2.2. Compressible functions. In a larger classof compressiblefunctions [13], we
can only hope for an approximate reconstruction. This is a classof functions f that
are well compressibleby a known orthogonal transform, sud as Fourier or wavelet.
This meansthat the coe cien ts of f with respect to a certain known orthogonal
basishave a power decay. By applying an appropriate rotation, we can assumethat
this basisis the canonical basisof R™, thus f satis es

f(s) s¥™ s=1::;m (2.2)
wheref denotesa nonincreasingrearrangemen of jf . Many natural signals are
compressiblefor some0 < p < 1, sud as smooth signalsand signalswith bounded
variations (see[6]), in particular most photographic images. Theorem 2.1 implies, by
the argument of [6], that functions compressiblein somebasiscan be approximately

reconstructed from few xed linear measuremets. This is an improvemernt of a
result of Donoho [13].

Corollary 2.2 (Uniform Approximate Reconstruction). Let m and r be positive
integers. The independent standard Gaussianvectors X in R™ satisfy the following
with probability at least1 e °R. Assumethat an unknownfunction f 2 R™ satis es
either (2.2) for someO< p< 1or kfk; 1for p= 1. Supmsethat we are given
R measurements i ; Xi. Then f can be approximately reconstructed from these
measufements: a unique solution g to the Basis Pursuit problem (BP9 satis es

11

K gk Cp 7'09(2:@ P
where C, degendson p only.

Corollary 2.2 was proved by Donoho [13] under an additional assumption that
m CR for some > 1. Notice that in this caselog(m=R) logm. Now
this assumption is removed. Candesand Tao [6] proved Corollary 2.2 without the
uniformity in f dueto a weaker (polynomial) probability. Finally, Corollary 2.2 also
improvesupon the approximation error (there is now the ratio m=r instead of m in
the logarithm).
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In a recert work independert of ours, Candesand Tao [7] have sharpenedtheir
previous work [6]. They obtained results similar to thosein the presen paper, but
their approad is di erent.

3. Counting lo w-dimensional facets of pol ytopes.

Theorem 1.1turns out to be equivaert to a problem of cournting lower-dimensional
facets of polytopes. Let BT" denote the unit ball with respect to the 1-norm; it is
sometimescalled the unit octahedron. The polar body is the unit cube B]" =
[ 1;1]™. The conclusionof Theorem 1.1 is then equivalert to the following state-
ment: the ane subspacez + Y is tangernt to the unit octahedron at point z,
wherez = y° y. This should happen for all z from the coordinate subspacesR'
with jlj = r. By duality, this meansthat the subspaceY ? intersectsall (m r)-
dimensional facets of the unit cube. The section of the cube by the subspaceY *
forms an origin-symmetric polytope of dimension R and with 2m facets.

Our problem canthus be stated asa problem of counting lower-dimensionalfacets
of polytopes.

Consider an R-dimensional origin symmetric polytope with 2m facets.
How many (R r)-dimensional facets can it have?

Clearly4, no more than 2 T . Doesthere exist a polytope with that many facets?
Our ability to construct such a polytopeis equivalernt to the existenceof the e cien t
error correcting code. Indeed, looking at the canonicalrealization of such a polytope
as a section of the unit cube by a subspaceY?, we seethat Y? intersects all
the (m r)-dimensional facets of the cube. Thus Y satis es the conclusion of
Theorem 1.1. We can thus state Theorem 1.1 in the following form:

Theorem 3.1. There exists an R-dimensional symmetric polytope with m facets
and with the maximal numkbker of (R  r)-dimensional facets (which is 2" T ), pro-
vided R Crlog(m=r). A random section of the culke forms such a polytope with
probability 1 e °R.

Note also,that Theorem 3.1 provides a construction of so-calledneighborly poly-
topes (see[28], Chapter 7, or [40]). An n-dimensional corvex polytope is called
m-neighborly if any set of m verticesforms an (m 1)-dimensional face. For sym-
metric polytopesthis de nition hasto be modi ed, sincea facecannot cortain a pair
of opposite vertices. A symmetric polytope is called m-neighborly, if any set of m
of its vertices, which doesnot cortain opposite pairs, forms an (m 1)-dimensional
face. The neighborly polytopeshasbeenextensively studied recenly in connection
with computer scienceproblems (see,e.g. [16]). In this terminology Theorem 3.1
can be reformulated as follows:

Theorem 3.1'. A random R-dimensional projection of the m-dimensional octahe-
dron B is r-neightorly with prokability greater than 1 e °R provided
R Crlog(m=r):

4Any such facet is the intersection of somer facets of the polytop e of full dimension R 1; there
are m facetsto choosefrom, ead coming with its opposite by the symmetry.
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The rest of the paper is organizedasfollows. In Section4 we prove Theorem 1.1.
In Section 5 we discusssomeoptimality and robustnessof the Basis Pursuit with
applications to error correcting codesover nite alphabets.

4. Pr oof of Theorem 1.1

4.1. Outline of the pro of. Wewill useduality, which givesthe following equivalent
form of Theorem1.1: arandom (m n)-dimensionalsubspaceE intersectsall (m r)-
dimensionalfacetsof a cubein R™. It will then su ce to show that the probability
of intersectionwith a xed facetis suitably su cien tly large. This will be established
by a proper useof the concerration of measuretechnique.

The main di cult y is that the "1 -norm de ned by the unit cube (more precisely
by its facet) has a bad Lipschitz constart, which impedesthe use of concerration
inequalities. To improve the Lipschitzness,we rst project the facet onto a random
subspace(within its a ne span); the kernel of this projection will form a part of
the random subspaceE. This will create a big Euclidean ball inside the projected
facet. To prove this, we shall usethe full strength of the estimate of Garnaev and
Gluskin [22] on Euclidean projections of a cube. The existenceof the Euclidean ball
inside a body createsthe neededLipschitzness,sowe can now usethe concertration
of measuretechnique.

4.2. Notation. We shall usethe following standard notap'pns throughout the proof.

The p-norm (1  p< 1) onR™isdened by kxkp =~ ;jxj°, and for p= 1 it
is kxky = max; jx;jj. The unit ball with respectto the p-norm on R" is denoted by
B{,”. When the p-norm is consideredon a coordinate subspaceR', |  f1;:::;mg,

the corresponding unit ball is denoted by B},.

The unit Euclidean spherein a subspaceE is denotedby S(E). The normalized
rotational invariant Lebesguemeasureon S(E) is denotedby g. The orthogonal
projection onto a subspacekE is denotedby Pg. The standard Gaussianmeasureon
E (with the identity covariance matrix) is denotedby . When E = RY, we write

d 1for gand 4for g.

4.3. Dualit y. We begin the proof of Theorem 1.1 with a typical duality argumen,
leading to the same reformulation of the problem as in [6]. We claim that the
conclusionof Theorem 1.1 follows from (and is actually equivalent to) the following
separation condition:

[
(z+ Y)\ interior (B")=; forall z2 Bl: (4.1)
jlji=r
Indeed, suppose(4.1) holds. We apply it for

zZ:= Yy Y
ky y%;

. S o .
noting that z 2 B! holds, becausey and y°dier in at most r coordinates.

By (4.1),

ij=r

(z+ v)\ interior (B")=; forallv2yY
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which implies
kz+vky 1 forallv2Y:
Let u 2 Y be arbitrary. Using the inequality above for v := ﬁ we conclude
that
ku yki ky y%; forallu2Y:

This provesthat y is indeeda solution to (BP). The solution to (BP) is unique with
probability 1 in the Grassmanian. This follows from a direct dimension argumert,
seee.g. [6].

By Hahn-Banad theorem, the separation condition (4.1) is equivalent to the
following: for ewvery r-elemen set | f1;:::;mg and for every point z on the
boundary of B} there existsw = w(z) 2 Y? suc that

hw;zi = sup hw;xi = kwky :
x2BT
This holds if and only if the componerts of w satisfy
w; = sign(z;) forj 21; 4.2)
jwjj 1 forj21¢ '

The set of vectorsw in R™ that satisfy (4.2) form a (m  r)-dimensional facet of
the unit cube B{". Then with E := Y’ we can sa that the conclusionof Theorem
1.1is equivalert to the following:

A random R-dimensional subspce E in R™ intersects all the(m r)-
dimensional facets of the unit cube with probability at least1 e °R.

It will be enoughto show that E intersects one xed facet with the probability
1 e °R. Indeed,the probability that E missessomefacetwould be at mostN e °R,
where

N=2 T exp cr Iog?
is the total number of facets. An appropriate choice of the constart C in (1.2) yields
Ne R e COR.

4.4. Realizing arandom subspace. Weareto show that arandom R-dimensional
subspaceE intersectsone xed (m r)-dimensional facet of the unit cube B " with

of cardinality r and by a vectorw 2 f 1;1g'. Then F,,, consistsof all points in
the cube B} whosecoordinatesin | coinsidewith w. Without lossof generality, we
can assumethat our facet is

F=f(wy:iinwm 5 100051); alljwj  1g;
whosecerter is

The probability we are interestedin is
P = ProbfE\ F 6 ;g:
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We shall restrict our attention to the linear span of F,
lin(F) = f(wg;:iiiwm ostiiist);, allw) 2 R, t2 Rg;

a (F)="f(wy:i:hwn ;L0000 1); alw 2 Rg:
Only the random a ne subspaceE \ a (F) matters for us, because
n 0

P=Prob (E\ a (F))\ F 6 ;

The dimension of that a ne subspaceis almost surely
| :=dim(E\ a (F))=R r:
We canrealizethe randoma ne subspaceE\ a (F) (or rather arandom subspace

with the samelaw) by the following algorithm:

(1) Selecta random variable D with the samelaw asdist( ;E\ a (F)).

(2) Selecta random subspacel g in the GrassmanianGy, ;. It will realize the
\direction” of E\ a (F) in a (F).

(3) Selecta random point z on the Euclidean sphereD S(L§) of radius D, ac-
cording to the uniform distribution on the sphere. HereL§ is the orthogonal
complemen of Lo in R™ . The vector z will realize the distance from the
ane subspaceE\ a (F) to the certer of F.

(4) SetL = + z+ Lg. Thusthe random a ne subspacelL hasthe samelaw as
E\ a (F).

. ﬂL>Em aff(F)~ L

L=q+z+L

Hence
P = ProbfL\ F 6 ;g = Probf(z+ Lo)\ Bf" ' 6 ;g = Probfz 2 P2 B" 'g

H = LS is a random subspacein Gy, rm r 1 = Gm rm r. By the rotational
invarianceof z 2 D ZS(H%

P= H(D *PyBT )d (H)d (D) (4.3)
R* Gm rm R
where is the normalized Haar measureon Gy, r;m r and is the law of D. We
shall bound P in two steps:
(1) Prove that the distance D is small with high probability;
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(2) Prove that a suitable multiple of the random projection P4B" " has an
almost full Gaussian(thus also spherical) measure.

4.5. The distance D from the center of the facet to arandom subspace. We
shall rst relate D, the distanceto the a ne subspaceE\ a (F), to the distanceto
the linear subspaceE\ lin(F). Equivalertly, we computethe length of the projection
onto E\ lin(F).

Lemma 4.1.

r

T Dz K ke

kPe\ in(ry ka2 =

Pro of. Let f bethe orthogonal projection of to the ane spaceL = E\ a (F).
Then f ? and D = kf ko. Note that the vector f is orthogonal to L.
Indeed, ? a (F) andf ? L. Also, forany x 2 L
PPevinE) XTI = hPeyin)xi = hixi = 0;
SO Peyiinry ? L aswell. Therefore, both f and Pg, ji,(r) belongto the space
E\ lin(F)\ L?, and sincedim(E \ lin(F)\ L?) = 1,f is a multiple of Pg\ jin(r) -
f

Jq
By the similarity of the triangles with the vertices (0; ;Pg\ jincry ) and (0;f; ),
we concludethat

r
r r

r+D2 r+D2

D

kPe\iin(F) k2= P

k ko
becausek k; = P r. This completesthe proof. [ ]

The length of the projection ofa xed vector onto arandom subspacen Lemma4.1
is well known. The asymptotically sharp estimate was computed by S. Artstein [2],
but we will be satis ed with a much wealer elemenary estimate, seee.g. [33] 15.2.2.

Lemma 4.2. Let 2 RY ! andlet G be a random subspce in Ggk. Then

r _ r _
n (0]
k k ck
Prob c a K ko kPc ko C a k ko 1 2e :

We apply this lemma for G = E \ lin(F), which is a random subspacein the
Grassmanianof (I1+ 1)-dimensionalsubspace®f lin(F). Sincedimlin(F) = m r+1,
we have r
Prob KPeyine) ke ¢ "X Kk 1 2e

E\lin(F) K2 m r+ 1 2 .
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Togetherwith Lemma 4.1 this gives
r_
n 0
—
Prob D cp m r T
Note that P m ris thepradius of the Euclidean ball circumscribed on the facet
F. The statemert D m r would only tell us that the random subspaceE
intersectsthe circumscribed ball, not yet the facet itself. The ratio r=Iin (4.4) will
be chosenlogarithmically small, which will force E intersect also the facet F.

1 2 °: (4.4)

4.6. Gaussian measure of random pro jections of the cube. By (4.3) and
(4.4),

z r T

c
P H P—— —PyBI " d (H) 2e

Gm rm R m r r
We can replacethe spherical measure y by the Gaussianmeasure y via a simple
and known lemma, whose proof we include for reader's corvenience. A setK in a

linear vector spaceis called star-shaped if x 2 K implies tx 2 K for all t 2 [0; 1].

Lemma 4.3. Let K be a star-shaped setin RY. Then
A dK) e 4iK) oC dK) @+edy

Pro of. Passingto polar coordinates, by the rotational invariance of the Gaussian
measurewe seethat there existsa probability gneasure on R* sothat the Gaussian
measureof every set A can be computed as . Y(A) d (t), where ! denotesthe
normalized Lebesguemeasureon the Euclidean sphereof radius t in RY. SinceK is
star-shaped, '(K) is a non-increasingfunction of t. Hence
ZcPa P p_
aK) - (Kyd (@ ©UK) oC dBY)

and

c

Z Py p_ Z, p_ p_
aK) —d@+ 9K) p 4 (0 alcd B+ © UK):

The classicallarge deviation inequalities im d(cp dBS) e dand P dBg)

1 e 9=2. Using the abgye argumert for ¢ d K, we concludethat q(c d K)

ed+ 4 (K)and ¢(C d K) 4 1(K) (1 e 9=2), n
Using Lemma 4.3 in the spaceH of dimensiond= m R, we obtain
Z r r_
P H m_R lPHB’1n "d(H) 22 R
Gm rm R m r r

By choosing the absolute constart c in the assumptionr < cm appropriately small,
we can assumethat 2r < R < m=2. Thus
7 r
R m r cR.
P H C TPHBl d (H) 2e*™: (4.5)

Gm rm R
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We now compute the Gaussianmeasureof random projections of the cube.

Prop osition 4.4. Let H be a random subspce in Gn., «, K < n=2. Then the

inequality "

H C log

n
k
holds with probability at least1 e °f in the Grassmanian.

PuB] 1 e

The proof of this estimate will follow from the concerration of Gaussianmeasure,
combined with the existenceof a big Euclidean ball inside a random projection of
the cube.

Lemma 4.5 (Concertration of Gaussianmeasure) Let A be a measurable set in
R". Then for " > 0,
n(A) e

N implies (A + C"pﬁBg) 1 e
With the stronger assumption (A) 1=2, this lemmais the classicalconcerra-
tion inequality, see[31] 1.1. The fact that the concerration holds also for expo-
nertially small setsfollows formally by a simple extension argumert that was rst
noticed by D. Amir and V. Milman in [1], see[31] Lemma 1.1.
The optimal result on random projections of the cube is due to Garnaev and
Gluskin [22].

Theorem 4.6 (Euclidean projections of the cube[22]). Let H be a random subspce
in Gpn «k, Where K = n < n=2. Then with prokability at least1 e k in the
Grassmanian, we have

o )Pu(" B PuB!) Pu("nBY)
where r
o )=c 7Iog(1: ):

Pro of of Prop osition 4.4. Let g1;0;::: be independert standard Gaussian
random variables. Then for a suitable positive absolute constart ¢ and for every
0< "< 1=2,
r n F—o
1. L 1 w2 n "2n
n C log;-B] = Prob max jgij C log+ (1 =10)" e M
jn

Sincefor every measurableset A and every subspaceH onehas y(PyA) (A),
we concludethat

1 "
H C logs; PyBY e """ for0< "< 1=2.

Then by Lemma 4.5,
r—

1
4 C log>PuB] +cP

nPyBY) 1 e for0<"<1=2.  (4.6)
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, — p—
Theorem 4.6 tells us that for a random subspaceH, if " = cp = ¢ k=n, then
Euclidean ball is absorbed by the projection of the cube in (4.6):
r—

_ 1
"pnPHBS C logs PyBY:

Hencefor a random subspaceH and for " as above we have
r—

1 "
W C log=PyB) 1 e ™
which completesthe proof. ]

Coming badk to (4.5), we shall use Lemma 4.4 for a random subspaceH in the
GrassmanianGy, r:m r. We concludethat if
r r—
R m r
— C lo ;
r g R r

c 4.7)

then with probability at least1 e °R in the Grassmanian,
r_

R
H C ?PHBT" 1 e R

Since®— T, the choiceof R in (1.2) satis es condition (4.7). Thus (4.5) implies

P 1 3e R;

This completesthe proof. [

5. Optimality,  robustness, finite alphabets

5.1. Optimalit y. The logarithmic term in Theorems 1.1 and 2.1 is necessary at
least in the caseof small r. Indeed, combining formula (4.3) and Lemmas4.1, 4.2,
4.3, we obtain
7 r
P H C
Gm rm R

P4BIM " d (H)+ 2e R: (5.1)

To estimate the Gaussianmeasurewe needthe following

Lemma 5.1. Let Xx1;:::Xs be vectors in RS. Then
0 1

X3
s@ [ xiA (M B});
i=1

The sum in the Lemma is understood as the Minkowski sum of sets of vectors,
A+ B =fa+bja2A; b2 Bg.
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Pro of. ,,et F = span(x1;:::Xs 1) and let V = F?. Let v 2 V bea unit vector.
SetZ =" F_[ x;x]. Then

X 2 X
s L xix] = F [ x;;x] tv \F dy(t)
j=1 ZV j=1
= F(Z + tPFXS)d V(t):
[ PvXsiPyXs]
By Anderson's Lemma (see[32]), r(Z + tPgXs) F(Z). Thus,

x
s [ Xpx] v([ Pvxs;Pyxs]) r(Z2) 1 M;M]) g(2):
j=1

The proof of the Lemma is completed by induction. [

The Gaussianmeasureof a projection of the cube can be estimated as follows.

Prop osition 5.2. Let H be any subspce in G k, K< n=2. Then
r

p= log
K

n
k

Pro of. Decomposel into the disjoint union of the setsJy;:::Js+1, SOthat ead of
the setsJq;:::Js contains kK + 1 elements and (k+ 1)s< n (k+ 1)(s+ 1). Let
1 j s LetU=H\ (Pqe;i2 fl;:::ngan)?,whereel;:::en is the standard
basisof R". Then U; is a one-dimensionalsubspaceof H. Set
X
Xp=  "iPue;
i27J;

PyB! e oK. (5.2)

wherethe signs”; 2 f 1;1g arechosento maximize kPy, Xjkz. Let E = span(Xy;:::Xs 1).
SincePy, BT =1[ Xj;xj], we get

x3
PuBl \ E = [ xj;x%];
j=1
where the aum is understood in the senseof Mink owski addition. SincekPy, k = 1,

kxjk, C kandby Lemmabs.1,
0 1

p___
¢ Jogs ® —
e @293 [y IA E(COD logs Bf) e
j=1
for some appropriately chosenconstart c. Finally, log-concaity of the Gaussian
measureimplies that for any corvex symmetric body K H

H(K)  e(K\ E):

Combining (5.1) and (5.2) we obtain P 2e °R whenewer R  clog(m=r).
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5.2. Robustness and codes for nite alphab ets. Robustnessis a natural fea-
ture of the Basis Pursuit method. The solution to (BP) is stable with respect to
the 1-norm in the sameway as the solution to (MLS) is stable with respect to the
2-norm. Indeed, once Theorem 1.1 holds, the unknown vector y in Theorem 1.1 can
be approximately recovered from y%= y%+ h, whereh 2 R™ is any additional error
vector of small 1-norm. Namely, the solution u to the Basis Pursuit problem

minku y°k

u2yY yH
satis es

ku yki C%hky:

(seee.g. [6]). This implies a possibility of quantization of the coe cien ts in the
processof encading and yields robust error correcting codes over alphalets of poly-
nomial size, with a Gilbert-Varshamovtype bound, and with quadmtic time enaders
and polynomial time decoders

The following is the (m; n; r)-error correcting code under the Gilb ert-Varshamov

coe cien ts are the coe cien ts ofé/ quattized with the uniform quantizer with step
acw- Then § 2 ;Z=Z™\ [ p mp n]™, which by rescaling can be identi ed
with f1;:::;Cpn32g™ becausewe can assumethat m  2n. The decaler takes
y°2 ;3%-Z™, nds solution u to (BP) with Y = rangg(Q), inverts to x°= QTu

and outputs X° whosecoe cien ts are coe cien ts of x° quantized with the uniform
quantizer with step 1.

This is indeed an (m; n; r)-error correcting code. If y°diers from ¢ on at most
r coordinates, this and the condition k¢ ykj %0 implies by the robustnessthat
ku yky . Hencekx® xk,= kQT(u vy)kp=ku yko ku yki % Thus
x0= x, sothe decader recovers x from yO correctly.

The robustnessalso implies a \continuity” of our error correcting codes. If the
number of corrupted coordinates in the received messagey® is bigger than r but is
still a small fraction, then the (m; n; r)-error correcting code above can still recover
y up to somesmall fraction of the coordinates.
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