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Abstract

In modern communication systems such as the Internet, random losses of
information can be mitigated by oversampling the source. This is equivalent
to expanding the source using overcomplete systems of vectors (frames), as
opposed to the traditional basis expansions. Dependencies among the coef-
ficients in frame expansions often allow for better performance comparing to
bases under random losses of coefficients. We show that for any n-dimensional
frame, any source can be linearly reconstructed from only ~ nlogn randomly
chosen frame coefficients, with a small error and with high probability. Thus
every frame expansion withstands random losses better (for worst case sources)
than the orthogonal basis expansion, for which the nlogn bound is attained.
The proof reduces to M.Rudelson’s selection theorem on random vectors in the
isotropic position, which is based on the non-commutative Khinchine’s inequal-
ity.

1 Introduction

Represemation of signalsusing frames, which are overcompletesetsof vectors, is ad-

vantageusover basisexpansionsin a variety of practical applications. Dependencies
amongthe coe cien ts of the overcompleterepresenations guarartee a better stabil-

ity in presenceof noise, quartization, erasures,aswell as greater freedom of design
comparing to bases. This general paradigm is con rmed by many experiments and

sometheoretical work, seee.g. [D], [G2], [GVT], [GKK], [KDG], [BO], [CK] and the

bibliography cortained therein.

Of particular importance are the dependenciescortained in frame expansionsfor
design of communication systems. The redundancy of frames can mitigate random
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lossesof expansion coe cien ts that occur in padket-based communication systems
sud asthe Internet. Detection and retransmission of lost padkets in sud systems
takes much longer than their successfuktransmission. This is main sourceof delays
known to all network users. Suc delays are unacceptablefor many applications, suc
asthe real-time video. It is thus esirablefor the receiwer to be able to approximately
reconstruct the information sert to him from whatever padets he receiwes, despite
the lossof somepadkets. There should exist certain dependenciesamongthe padkets,
otherwise the information contained in a missing padket would be irrevocably lost.
Then, what is the bestway to distribute the information amongthe padets sothat
ead padket is equally important? Equivalertly, this is the problem of the Multiple
Description Coding (MDC) theory, where one wishesto communicate information
over a set of parallel channels, eat of which either works perfectly or not at all.

The idea originated in [GKK] was to use frame expansionsto distribute the
information amongthe padets with somedependencies.One can view this commu-
nication scheme as follows:

eRrR™ issi JERFE , -
X2 RV | frame YR |trapsmission | YU [reconstiuction || X2 R" (1)

The sourceinformation is viewed as a vector x 2 R". This vector is representied by
its m n expansioncoe cien ts with respectto some xed frame. Thesecoe cien ts
are sert over the network in m padkets, ead in its own padet. Due to unpredictable
communication losses.the user receivesonly a random subsetof these padets, say
k in average. The user applies the linear reconstruction to the received coe cien ts
in hope that the reconstruction error would be small with graceful probability. The
fundamertal problem is':

How many random coe cients of a frame expansion dces the user need
to receive to be ableto linearly reconstruct the source vector with a small
error and with large probability?

The work on this question, both theoretical and experimental, was initiated in
[GKK] and corntinued in [KDG] and [CK], seealso a survey paper [G2]. Both cases
were considered:k < n, which clearly requires a statistical model of input vector x,
and k n. The performanceof the frame represertations was comparedto that of
the classicalblock channel-caled basisrepresenations.

In the presert paper welook for a bestbound on k which works for all framesand
all sourcevectors x. Doesewery frame necessarilyperform better than the trivial
frame, the orthonormal basis{ or, more generally an orthonormal basisin R" eah
of whoseelemeris is repeated s times? Communicating a sourcevector x with the

YIn this paper, we neglect the quantization issues,which are treated in [GVT ] and [GKK])



trivial frame is equivalent to sendingead of the n coe cien ts of the orthonormal
expansionof x preciselys times. To be able to reconstruct x, the user must receive
ead of the n coe cien ts at leastonce. This is possiblewith probability at least1 "
only if the userreceivesk  C(")nlogn random coe cien ts in total. This givesthe
lower bound on k in the question above. Remarkably, the upper bound matches.

Theorem 1.1 For any uniform tight frame in R" and any source vector x, the
linear reconstruction from k random coe cients of x yields an approximation error
at most " with prokability 1 ", provided k C(")nlogn.

Here C(") is a constart that dependsonly on"; this dependenceis discussedn the
next section. Tightnessof a frame is assumedhere only for simplicity.

Note that the optimal bound on k doesnot depend on the sizem of the frame,
sothere may be many lost coe cien ts { in fact, most of them may be lost. Henceit
is not the number of the lost coe cien ts that determinesthe performancebut the
number k of received coe cien ts.

As argued in [G2], one advantage of frame represenations over the traditional
block channel-caded basisrepresenations is that framesallow for a real time recon-
struction of the source. The receiver can attempt to reconstruct a sourcevector {
sud asa still image or video { in real time asthe padkets arrive, starting from the
very rst successfullyreceived coe cien t. Within one communication session,the
number of received coe cien ts k will thus grow in time from 1 to possibly m, and
the quality of reconstruction will improve as more coe cien ts arrive. (In cortrast to
this, in the block channel-caled basesmodel the user must wait until n coe cien ts
arrive). Theorem 1.1 states that, with any frame designand any source,the recon-
struction quality will reach a nearly optimal level as soon as nlogn coe cien ts
are received, so one may stop the sessionthen.

Theorem 1.1 shows that every frame must withstand random lossesbetter than
the trivial frame, the oneformed by repeating the elemerts of the orhogonalbasis. Of
course,there exist framesthat perform better than the trivial frame. The problem
of optimal desingof sud framesis addressedn [GKK] and [CK]. As noticed e.g. in
[GVT], a setof m = sn random points (x;) taken independertly with the uniform
distribution on the unit sphereS"~! forms a frame which approadcesa tight frame
with large probability, provided the redundancys! 1 . Consequetly, a random
k-elemen subsetof this setalsoforms an almost tight frame with large probability,
provided k tn andt is large. Then onecan linearly reconstruct any sourcevector
x from usingits k random coe cien ts with respectto the frame (x;) with probability
1 ", providedk C(")n. Hencefor this frame, the logarithmic factor is not needed
in the number received coe cien ts k.

Our proof of Theorem 1.1 is basedon a result of M.Rudelson in the asymptotic



convex geometry about vectorsin the isotropic position [R2]. There exists a remark-
able equivalenceof the theories. All of the following classescoincide in R" (up to
an appropriate rescaling), see[V]:

the classof tight frames,

the classof corntact points of corvex bodies,

the classof John's decompositions of the identity,
the classof vectorsin the isotropic position.

The selectiontheorem of M.Rudelson [R2] can thus be interpreted as a result about

frames, which leadsto Theorem 1.1. In order to obtain an exponertially large
probability in Theorem 1.1 and becauseof a slightly dierent model of random

selection in M.Rudelson's theorem, we will prove the latter with some necessary
modi cations. Two proofs of Rudelson's theorem are known. The one which was
historically the rst [R1] usesmajorizing measures,a deep technique in modern

probability theory deweloped by M.Talagrand (see[T]). The other proof [R2] is

the onewe follow in the presert paper. It is basedon the noncomnutativ e operator

theory, more preciselyon the noncomnutativ e Khinchine's inequality due to F.Lust-

Piquard and G.Pisier (see[LP], [Pi], [R2)]).

Section 2 relates the framesto the decompositions of the identity and o ers a
preciseform of Theorem 1.1. Section 3 discusseghe noncomnutativ e Khinchine's
inequality and Pisier's proof of Rudelson'slemma. In Section4 we shov how Rudel-
son'slemma implies a preciseform of Theorem 1.1.

2 Frames as decompositions of identity and their ran-
dom parts

For an introduction to frames, see[D] and [C]. A system of vectors (xj) nite or
in tite, in a Hilbert space,is called a frame if there exist A > 0 and B > 0 (the
frame boundg sud that

Akxk? Y jhc xiij 2 Bkxk? holds for all x 2 R".
i

Our Hilb ert spacewill be R" with its canonicalscalarproduct. We will specialize
to uniform frames those for which kxjk = 1 for all i, and to tight frames for which
A = B. The reasonfor consideringonly tight Haﬂesis the simple fact that a frame
has frame bounds (A; B) if and only if it is = AB-equivalent to sometight frame



(see[C]). By being M -equivalent we meanthat there exists a linear operator T that
maps elemerns of one frame to the other with KTKkT ~'k M.

We will view frame expansionsas decompositions of identity. A pair of vectors
(x;¥) in R" de nes a one-dimensionallinear operator x y givenby (x y)(z) =
tx; ziy. Then for any system of vectors (x;)", with kx;k = 1 and for the identity
operator id on R" one has

(i)™, is a uniform tight frame in R" if and only if id = %in Xii  (2)

Communication scheme(1) basedon a uniform tight frame (x;)™, works asfollows.
A sourcevector x 2 R" is represered through the expansion(2), i.e.

m
n .
X = -~ iE_lh(i;XIXi;

K= — ) hixix; ()

in hope that the error kx Xk would be small with large probability. The question
is { how large shouldj j for this to hold?

More formally, the random subset is realized by including eat elemen of
f1,:::;mginto independertly with probability k=m, where0 < k < m is some

Theorem 2.1 Let (x;)™; be a uniform tight framein R", and" > 0. Let bea
random subsetof f1;:::;mg of averagesizek C(n="2)log(n="2). Then

i n R —t?
P{Hld j—j%:x. X|H> t} Ce
in the (only interesting) range0< t < 1=".

Here and thereafter C;Cy;::: denote absolute constarts, whose values for corve-
niencemay be di erent from line to line (but they do not depend on anything).

Theorem 2.1 gives an asymptotically optimal bound on the required number k
of received coe cien ts in communication scheme (1):



Corollary 2.2 Let (x;)™, be a uniform tight framein R". Let" 2 (0;1), t > 1 and
k C(n="2)log(n="2). With protability at least1 Ce~, the linear reconstruction
(3) from a random subset of averagesize k givesthe error

kx Xk< "t for all possiblesourcesx 2 R".

Theorem 1.1 clearly follows from Corollary 2.2.

Remark. The proof alsoshowsthat the averageapproximation error in Theorem2.2
is small, Ekx Xk< ".

3 Noncommutative Khinchine’s inequality and Rudel-
son’s theorem

The main ingredient in the proof of Theorem 2.1 is the following result of M.Rudelson
[R2].

Lemma 3.1 (M.Rudelson) Let (z;) be a nite collection of vectors in RY. Then

(EHZ"iZi Zin>l:p Cp+ Iogd)1=2 miaxkzik HZZi ZiH1:2'

G.Pisier ([Pi], see[R2]) discovered an approad to this result via the noncom-
mutativ e operator theory, which greatly simpli ed the original proof of M.Rudelson
[R1]. For completeness,we give a proof of Lemma 3.1 since only casep = 1 was
treated explicitely in the literature.

Lemma 3.1 reducesto the noncommutativ e Khinchine inequality due to F.Lust-
Piquard and G.Pisier (see[LP], [Pi], [R2]). In the noncomrutativ e operator theory,
the role of scalarsis played by linear operators. Besidethe usual operator norm,
an operator Z on RY has the norm in the Schatten cIassCIgj forp 1, dened as
follows. Let sij(Z) bethe s-numbersof Z, that is the eigervaluesof Z*Z. The norm
in the Schatten classis then kZ kcg = (Zid:1 Si(Z)P)1=P,

Theorem 3.2 (Non-commutative Khinchine’s inequality [LP], [Pi], see [R2])
Let2 p< 1. For any nite sequene (Z;) in Cg one has

Ry (€] ma]l,) ™ e Rz



where

R((Zi)) = max <H ( Zzi*zi)lﬂ‘

X2z, ):

In the scalar case,that is for d = 1, Teorem 3.2 is the classical Khinchine's
inequality (seee.g. [LT] Lemma 4.1).
Proof of Lemma 3.1. Note that for every r 1 and every operator Z 2 C9Y,

c;

d
1=
kZkeg = (Y si(2)") " 4" maxsi(2):
r I
i=1

Let r = p+ logd. Then d'=" e, hence
kZk kZkcs ekZk: (4)

We apply the noncomnutative Khinchine's inequality for Z; = z;  z. Note that
27 = Z;Z] = kg K’z zj. By (4),

P \1=p

ct)

€ na =)™ (X 4
CpFH(Zkzikzzi zi)m‘;

Cemeiaxkzik H(Zz. zi>1z2H:
|

In view of our choice of r, this completesthe proof of Lemma 3.1. [

4 Proof of Theorem 2.1

Moments and tails The tail probability in Theorem 2.1 can be computed by
estimating the momerts. This is described in the following standard lemma. For an
1,the -norm of a random variable Z is de ned as

kZzk ,=inf{ >0: Eexpjz=j e}

Lemma 4.1 (see [LT] Lemmae3.7 and 4.10) Let Z be a nonnegative random vari-
able,and let = d=2 for some positive integer d. The following are equivalent:
(i) there existsa constant K > 0 suchthat

(EZP)P Kp forallp 2



(i) there existsa constant K > 0 suchthat
PfZ > Ktg 2exp( t¥) forallt> 0;
(iii) there existsa constant K > 0 suchthat
kzk , K:
Furthermore, the constantsin (i), (i) and (iii) dependonly on and on each other.
Corollary 4.2 Let Z is a nonggative random variable and p 2. Then
(EZP)1*P  Cplog(EexpZ)
forallp 1.
Proof. Let M = kZk ,. Assume rst that M 1. We have
Eexp(Z=M) = e:

By Lemma4.1, (E(Z=M)P)!*P  Cp. Then by Jensen'sinequality

(EZP)=P CpM = CpM log(E exp(Z=M))
= Cplog (Eexp(Zzl\/I))'vI
Cplog(EexpZ):

For a general nonnegative variable Z, note that k1+ Zk , 1, henceby the
previous argumert

(EZP)P (E(1+ Z)P)'*P Cplog(Eexp(1l+ Z)) = Ceplog(EexpZ):

This completesthe proof. ]

Symmetrization We start our proof of Theorem 2.1 with the decomposition (2),

m
n .
X= — E i XiXj:
mi_l I I

To realize a random subset , we introduce selectors( ), that is independernt

f0; 1g-valued random variables with meansg ; = , where = % Then = fi:



Disregardingfor a momernt a di erence betweenthe random sizej j and its mean
k, thanks to Lemma 4.1 we can compute the probability estimate in Theorem 2.1
by estimating the momerts

o (g0 §n x[)7= (e 72w 1)

i=1

for p 2. This will be donein seeral steps.

At the rst step, we apply the classicalsymmetrization tecnique (see[LT] 6.2).
We look at Y = id EZ{L iXj Xj as a random variable (random operator)
and consider its independent copy Y'. Since EY’ = 0, Jensen'sinequality yields
EkYkP EKY Y'kP, hence

& (Ea oo )

where( {), isanindependert copy of ( ;). Let (";) beasequencefindependert
symmetricf 1; 1g-valued random variables,independert of both ( ;) and ( {). Since
i {isasymmetric random variable, it is distributed identically to "i( i [). By
Mink owski's inequality,

S EGR ) X )7

2(Efg 2 o xl)™ @

i=1

Bounding the moments Let us x arealization of the selectors(d;) (hencea set
) and denote by E- the expectation with respectto (";j). The number of nonzero

view z; asvectorsin RY. Applying Lemma 3.1 to them, we obtain

ElREr o ) =il =)

o togi =Y 0 x|
i=1



By (5) and Caudhy-Schwartz inequality, we get

Ep 2<EE"HE;"i Xi Xin)lzp
m 122
2C\/E[E(p+ logj j)p]1=2p [EHE; % xin] p: ©

The rst expectation in (6) is estimated by Mink owski's inequality and Corollary 4.2
as

[E(p+ logj ))P]'™ [p+ (ElogPj )'™°]'™
[p+ CplogEj j]'™ = [p+ Cplogk]'®  C(plogk)'™:

The secondexpectation in (6) is estimated by Minkowski's inequality as

m 1=2p
e x| arer
i=1

Summarizing, (6) becomes

nlogk _
E2 Cp( . )(1+ Ep):
Denoting a= "2k and solving for Ep, we have
Ep Clap+ " ap)
thus

min(Ep; 1) Cp ap:
SinceE, = (EZP)!=P for Z = kid R > ic Xi Xik, we have
[E(min(Z;1))P]'™®  min(Ep;1) cPap:
By Corollary 4.1,
Pfmin(Z;1) > clpatg 2exp( t?) forallt> 0. 7)

Now recall the restriction onk in Theorem2.1,k  C(n="2) log(n="2). By choosing
C large enough,we can make

c.’a=c ”'(l’(gk "=10
In view of the de nition of Z, (7) implies
P{Hld E;X' X,H > 10} 2exp( t?) forall 0< t< 10=". (8)
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Replacing the average size of the random set by its actual size It remains
to replacek by j j in (8). Indeed, sincej j = >, i is a sum of m independert
f0; 1g-valued random variables j with E; = = % Bernstein's inequality (see
[Pe]) showsthat fors 2 m = 2k onehas

2 2

Prob{|j j k|> s} 2exp( 88—m) 2exp( %)

= Utk
Then for s= 45,

nt n2t2

PrOb{‘j?j 1‘>E} 2exp 800

) 2exp( t?):

If both everts jL1 1) Landkid 2. xi xik <L hold, which happenswith
probability at least1 4exp( t?), then by the triangle inequality KR Die Xi Xk
1+ 5 < 2, hence

. n ., n k\n "t o4t
Jid P xil| e k2 i+ (2 j_j)F;Xi A g6t <
Thusk may bereplacedby j jin (8) at the costof replacing 1—t0 by "t. This completes
the proof of Theorem 2.1. [
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