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Abstract

Every frame in Hilb ert spacecontains a subsequenceequivalent
to an orthogonal basis. If a frame is n-dimensional then this sub-
sequencehas length (1 � " )n. On the other hand, there is a frame
which doesnot contain baseswith brackets.

1 In tro duction

The notion of frame goesback to R.Du�n and A.Schae�er [D-S] and was
studiedextensively sincethen with relation to nonharmonicFourier analysis,
see[He]. From a geometricalpoint of view, a frame in a Hilbert spaceH is
the imageof an orthonormal basisin a larger Hilbert spaceunder an orthog-
onal projection onto H , up to equivalence[Ho] (the equivalenceconstant is
calledthe frameconstant). Sinceframeshave nicerepresentation properties
(see[D-S], [A]), much attention waspaid to their subsequencesthat inherit
theseproperties. The most interesting questionsarise about subsequences
equivalent to an orthogonal basis [Ho], [S], [C1], [C-C1]. P.Casazza[C2]
proved that, given an " > 0, any n-dimensionalframe whosenorms are well
boundedbelow contains a subsequenceof length (1 � " )n equivalent to an
orthogonal basis(the constant of equivalencedoesnot depend of n).

In the present paper this is proved for all frames, without restrictions
on norms of the elements. If a frame is n-dimensional then it contains a
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subsequenceof length (1� " )n which is C-equivalent to an orthogonalbasis.
Here C depends only on the frame constant and ". To put the result in
other words, orthogonal projections in Hilbert spacepreserve orthogonal
structure in almost whole range. Namely, any orthogonal projection H of
an orthogonalbasiscontains a subsetof cardinality (1 � " )rank(P) which is
C(")-equivalent to an orthogonal system. This is proved in Section2.

An in�nite dimensionalversionof this result is consideredin Section3.
Every in�nite dimensionalframe has an in�nite subsequenceequivalent to
an orthogonal basis. However, for someframes this subsequencecan not
be complete,aswas shown by K.Seip [S] and P.Casazzaand O.Christensen
[C-C2]. This result is generalizedin Section4 by constructing a framewhich
doesnot contain baseswith brackets. So our frame (x j ) is "asymptotically
indecomposable" in the following sense.If (yj ) is any completesubsequence
of (x j ), then the distancefrom span(yj ) j � n to span(yj ) j >n tends to zero as
n ! 1 .

In the rest of this sectionwerecall standardde�nitions and simpleknown
facts about frames. In what follows, H will denote a separableHilbert
space,�nite or in�nite dimensional. Absolute constants will be denoted
by c1; c2; : : :. A sequence(x j ) in H is called a frame if there exist positive
numbers A and B such that

Akxk2 �
X

j

jhx; x j ij 2 � Bkxk2 for x 2 H .

The number (B=A)1=2 is called a constant of the frame. We call (x j ) a tight
frame if A = B = 1.

Two sequences(x j ) and (yj ) in possibly di�erent Banach spacesare
calledequivalentif there is an isomorphismT : [x j ] ! [yj ] such that Tx j = yj

for all j . Here[x j ] denotesthe closedlinear spanof (x j ). Let c = kTkkT � 1k
then the sequences(x j ) and (yj ) are called c-equivalent.

The next observation (see[Ho]) allowsto look at framesasat projections
of the canonicalvector basis(ej ) in l2.

Prop osition 1 Let (xn )m
n=1 be a frame in H with constant c, where m can

be equal to in�nity. Then there is an orthogonalprojection P in l m
2 suchthat

(xn ) is c-equivalent to (Pen). Conversely,if P is an orthogonal projection
in lm

2 onto a subspace H , then (Pen)m
n=1 is a tight frame in H .
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Corollary 2 Let (xn ) be a framewith constant c. Then (xn ) is c-equivalent
to a tight frame.

Now we present another view at frames. We can regard them as the
columnsof a row-orthogonal matrix (either �nite or in�nite).

Lemma 3 Let n; m 2 N [ 1 and A be an n � m matrix whoserows are
orthonormal. Then the columns of A form a tight frame in l n

2 .
Conversely, let (x j )m

j =1 be a frame in H . Then there exists an n � m
matrix A with n = dim H whoserows are orthonormal and such that the
columns form a tight frame equivalent to (x j ).

Pro of. If A is as above then A � acts as an isometric embedding of ln
2 into

lm
2 . Then A acts asa quotient map in a Hilbert space,and we can regard it

asan orthogonal projection. On the other side, the columnsof A are equal
to Aej . Proposition 1 �nishes the proof of the �rst statement. The converse
can alsobe proved by this argument.

Lemma 4 Let (x j ) be a tight frame in H . Then
P

j kx j k2 = dim H (which
is possiblyequal to in�nity).

Pro of. By Proposition 1 we may assumethat H is a subspaceof l2 and
x j = Pej , where P is the orthogonal projection in l2 onto H . Then the
Hilbert-Schmidt norm kPkHS = (

P
j kx j k2)1=2. On the other hand, kPkHS =

(dim H )1=2.

2 Finite dimensional frames

In this sectionwe prove

Theorem 5 There is a function h : R + ! R + such that the following
holds. Suppose (x j ) is an n-dimensional frame with constant c. Then for
every " > 0 there is a set of indices � with j� j > (1 � " )n such that the
system(x j ) j 2 � is C-equivalent to an orthogonal basis, where C = h(")c.

We will need a result of A.Lunin on norms of restriction of operators
onto coordinate subspaces[L] (for improvements see[K-Tz]).
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Theorem 6 (A.Lunin). Let T : lm
2 ! ln

2 be a linear operator. Then there
is a set � � f 1; : : : ; mg with j� j = n suchthat

kTjR � k � c1

r
n
m

kTk:

Given an h > 0, a system of vectors (x j ) in a Hilbert spaceis called
h-Hilb ertian if 







X

j

aj x j






 � h

� X

j

jaj j2
� 1=2

for all sequencesof scalars(aj ). Then Theorem 6 can be reformulated as
follows. Suppose(x j )1� j � m is a 1-Hilbertian systemin ln

2 . Then there is a
set � � f 1; : : : ; mg with j� j = n such that (

q
m
n x j ) j 2 � is c1-Hilbertian.

Next, we will usea result of J.Bourgain and L.Tzafriri on invertibilit y
of large submatrices[B-Tz] Theorem1.2:

Theorem 7 (J.Bourgain, L.Tzafriri). Let T : ln
2 ! ln

2 be a linear operator
such that kTej k = 1 for all j . Then there is a set � � f 1; : : : ; ng with
j� j � c2n=kTk2 suchthat

kTxk � c2kxk for every x 2 R � :

Given a b > 0, a system of vectors (x j ) in a Hilbert spaceis called
b-Besselian if

b







X

j

aj x j






 �

� X

j

jaj j2
� 1=2

for all sequencesof scalars(aj ). Then Theorem 7 can be reformulated as
follows. Suppose(x j )1� j � n is an h-Hilbertian systemin ln

2 and kx j k � � for
all 1 � j � n. Then there is a set � � f 1; : : : ; ng with j� j � c2(� =h)2n such
that the system(� � 1x j ) j 2 � is c3-Besselian.

Clearly, every tight frame is 1-Hilbertian.

Lemma 8 Let (yj )1� j � m be a tight frame in ln
2 with kyj k =

q
n
m for all j .

Let P be a k-dimensionalorthogonal projection in l n
2 . Then for � > 0

�
�
�
n

j : k(I � P)yj k � �
r

n
m

o�
�
� �

�
1 � � 2 �

k
n

�
m:
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Pro of. Let � =
n

j : k(I � P)yj k � �
q

n
m

o
. Since ((I � P)yj )1� j � m is a

tight frame in an (n � k)-dimensionalspace(I � P)ln
2 , Lemma 4 yields

n � k =
mX

j =1

k(I � P)yj k2 �
X

j 2 �

kyj k2 +
X

j 2 � c

k(I � P)yj k2

� j� j � (n=m) + m � � 2(n=m) = (j� j=m + � 2)n:

The required estimate follows.

Now we proceedto the proof of Theorem 5. As in P.Casazza'sproof
[C2], the set � will be constructed by an iteration procedure. Our proof
consistsof several parts.

I. Splitting. By Corollary 2, we may assumethat the frame (x j ) � ln
2

is tight and all of its terms arenonzero.First we will split (x j ) to get almost
equalnorms of the terms. Note that if we substitute any member x j of the
frameby k elements x j =

p
k; : : : ; x j =

p
k, we will still get a tight frame. Fix a

� > 0. Splitting each element x j asabove, we can obtain a new tight frame
(yj )1� j � m such that

(i) elements of (yj ) are multiples of the onesfrom (x j );
(ii) there is a � > 0 such that � � kyj k � (1 + � )� for all j = 1; : : : ; m.

The constant � be evaluated using Lemma 4:

(1 + � ) � 1
r

n
m

� kyj k � (1 + � )
r

n
m

for j = 1; : : : ; m:

Clearly, it is enoughto prove the theorem for (yj ) instead of (x j ). We can
choosethe parameter � = � (" ) > 0 arbitrarily small. To make the proof
morereadable,we simply assumethat � = 0 which is a slight abuseof rules.
The readerwill easilyadjust the arguments to the generalcase.Sowe have

kyj k =
r

n
m

; j = 1; : : : ; m:

We can alsoassumethat ("=2)m � n.
I I. Iterativ e construction. Let � =

q
"=2.

Step 1. Set � 0 = f 1; : : : ; mg. The system (yj ) j 2 � 0 is 1-Hilbertian.
Lunin's theoremyields the existenceof a set � 0

1 � � 0 with j� 0
1j = n such that

the system(
q

m
n yj ) j 2 � 0

1
is c1-Hilbertian.
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Note that k
q

m
n yj k = 1 for j 2 � 0

1. Then Bourgain-Tzafriri's theorem gives
us a set � 1 � � 0

1 with j� 1j � (c2=c2
1)n such that

the system(
q

m
n yj ) j 2 � 1 is c3-Besselian.

So we have already found a subsequence(yj ) j 2 � 1 of length proportional to
n which is well equivalent to an orthogonal basis. If j� 1j � (1 � " )n, then
we are doneand stop here. Otherwiseproceedto the next step.

Step2. Let P1 be the orthogonal projection in ln
2 onto [yj ]j 2 � 1 . Let

� 1 =
n
j : k(I � P1)yj k � �

r
n
m

o
:

Clearly, � 1 � � c
1. By Lemma 8

j� 1j �
�
1 � � 2 �

j� 1j
n

�
m:

As j� 1j < (1 � " )n,

j� 1j >
�
1 � � 2 � (1 � " )

�
m = ("=2)m:

The system(yj ) j 2 � 1 is 1-Hilbertian and j� 1j � n by the choiseof m. Lunin's
theoremyields the existenceof a set � 0

2 � � 1 with j� 0
2j = n such that

the system(
q

j � 1 j
n yj ) j 2 � 0

2
is c1-Hilbertian.

Then the system(
q

j � 1 j
n (I � P1)yj ) j 2 � 0

2
is alsoc1-Hilbertian. By the de�nition

of � 1, it hasnot too small norms:








s
j� 1j
n

(I � P1)yj






 � �

s
j� 1j
m

; j 2 � 0
2:

Then Bourgain-Tzafriri's theoremgivesus a set � 2 � � 0
2 with

j� 2j � c2

�
� 2 j� 1j

m
=c2

1

�
n � (c2=c2

1)� 2
�
(1 � � 2)n � j� 1j

�

such that

the system(
q

m
n (I � P1)yj ) j 2 � 2 is (c3� � 1)-Besselian.
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If j� 1j + j� 2j � (1 � " )n, then we stop here. Otherwiseproceedto the next
step.

Stepk + 1. We assumethat the sets� 1; : : : ; � k are already constructed
and

kX

i =1

j� i j < (1 � " )n:(1)

Let Pk be the orthogonal projection in ln
2 onto [yj ]j 2 � 1 [ :::[ � k . Let

� k =
n
j : k(I � Pk)yj k � �

r
n
m

o
:

Clearly, � k � (� 1 [ : : : [ � k)c. By Lemma 8

j� k j �
�
1 � � 2 �

P k
i=1 j� i j

n

�
m:

By (1)
j� k j >

�
1 � � 2 � (1 � " )

�
m = ("=2)m:

The system(yj ) j 2 � k is 1-Hilbertian and j� k j � n by the choiseof m. Lunin's
theoremyields the existenceof a set � 0

k+1 � � k with j� 0
k+1 j = n such that

the system(
q

j � k j
n yj ) j 2 � 0

k +1
is c1-Hilbertian.

Then the system(
q

j � k j
n (I � Pk)yj ) j 2 � 0

k +1
is also c1-Hilbertian. By the de�-

nition of � k , it hasnot too small norms:








s
j� k j
n

(I � Pk)yj






 � �

s
j� k j
m

; j 2 � 0
k+1 :

Then Bourgain-Tzafriri's theoremgivesus a set � k+1 � � 0
k+1 with

j� k+1 j � c2

�
� 2 j� k j

m
=c2

1

�
n � (c2=c2

1)�
2
�
(1 � � 2)n �

kX

i =1

j� i j
�

(2)

such that

the system(
q

m
n (I � Pk)yj ) j 2 � k +1 is (c3� � 1)-Besselian.
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If
P k+1

i=1 j� i j � (1 � " )n, then we stop here. Otherwise proceedto the next
step.

I I I. When we stop. Let k0 be the number of the last step, that is
the smallest integer such that

k0X

i =1

j� i j � (1 � " )n:

We claim that such k0 exists and there is a function K (") such that k0 �
K ("). Indeed, let K (") = [4c2

1c
� 1
2 " � 2] + 2. If the claim were not true, then

kX

i =1

j� i j < (1 � " )n for k = 1; : : : ; K ("):

Then by (2) for all k = 2; : : : ; K (")

j� k j � (c2=c2
1)�

2
�
(1 � � 2) � (1 � " )

�
n

= (c2=c2
1)("2=4)n:

Thus
K (" )X

i =1

j� i j � (K (") � 1) � (c2=c2
1)("2=4)n � n:

This contradiction provesthe claim.
Now set � = � 1 [ : : : [ � k0 , then j� j > (1 � " )n. To complete the

proof of the theorem, it remainsto check that the system(
q

m
n yj ) j 2 � is well

equivalent to an orthonormal basis.
IV. Equiv alence to the orthogonal basis within blo cks � k . Recall

that for every k < k0 the size of � k is comparablewith m, namely j� k j �
("=2)m. Then we concludefrom the construction the existenceof functions
c1(" ) and c2(" ) such that for every k = 1; : : : ; k0

the system(
q

m
n yj ) j 2 � k is c1(" )-Hilb ertian,(3)

the system(
q

m
n (I � Pk� 1)yj ) j 2 � k is c2(" )-Besselian.(4)
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V. The system (
q

m
n yj ) j 2 � is h-Hilb ertian for some function h =

h("). Indeed, �x scalars(aj ) j 2 � such that
P

j 2 � jai j2 = 1. Then








X

j 2 �

aj

� r
m
n

yj

�
k �

k0X

k=1








X

j 2 � k

aj

� r
m
n

yj

�
k

�
q

k0

0

@
k0X

k=1








X

j 2 � k

aj

� r
m
n

yj

� 






2

1

A

1=2

�
q

k0 c1(" )

0

@
k0X

k=1

X

j 2 � k

jaj j2
1

A

1=2

by (3)

=
q

K (") c1(" ):

VI. The system (
q

m
n yj ) j 2 � is b-Besselian for some function b =

b("). We follow P.Casazza[C2]. Chooser = r (" ) > 2 large enough(to
be speci�ed later). Let a = a(") > 0 be such that r k0+1 a < 1. Fix scalars
(aj ) j 2 � such that

P
j 2 � jaj j2 = 1. Suppose

1 � k0 � k0 is the largest so that
� X

j 2 � k 0

jaj j2
� 1=2

� r k0 � k0
a:(5)

Such k0 must exist, otherwise

� X

j 2 �

jaj j2
� 1=2

�
k0X

k=1

� X

j 2 � k

jaj j2
� 1=2

�
k0X

k=1

r ka � r k0+1 a < 1;

contradicting the choiseof a. We have








X

j 2 �

aj

� r
m
n

yj

� 




 �








k0
X

k=1

X

j 2 � k

aj

� r
m
n

yj

� 




 �

k0X

k= k0+1








X

j 2 � k

aj

� r
m
n

yj

� 






�





 (I � Pk0� 1)

k0
X

k=1

X

j 2 � k

aj

� r
m
n

yj

� 




 �

� c1(" )
k0X

k= k0+1

� X

j 2 � k

jaj j2
� 1=2

by (3)
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�







X

j 2 � k 0

aj

� r
m
n

(I � Pk0� 1)yj

� 




 � c1(" )

k0X

k= k0+1

r k0 � ka by (5)

� c2(" )� 1
� X

j 2 � k 0

jaj j2
� 1=2

� c1(" )
r k0 � k0

r � 1
a by (4)

�
�
c2(" )� 1 � c1(" )(r � 1)� 1

�
r k0 � k0

a by (5)

�
�
c2(" )� 1 � c1(" )(r � 1)� 1

�
a:

If r was chosenso that c2(" )� 1 � c1(" )(r � 1)� 1 > c2(" )� 1=2, we are done.
The proof is complete.

Remark 1. C tends to 1 as" ! 1. This is a consequenceof a restriction
theorem [K-Tz] which we usein the following special case(seeaslo [B-Tz]
Theorem1.6).

Theorem 9 (B.Kashin, L.Tzafriri). Let T be a linear operator in l n
2 with

0's on the diagonaland kTk = 1. Let 1=n � � < 1. Then there existsa set
� � f 1; : : : ; ng with j� j � � n=4 for which

kR� TR� k � c5� 1=2:

First, Theorem 5 givesus a set of indices � 1 with j� 1j � n=2 such that
the system (x j =kx j k) j 2 � 1 is c6c-equivalent to the canonicalvector basisof
l � 1
2 . Let � = 1� " and zj = x j =kx j k for j 2 � 1. Considerthe linear operator

T in l � 1
2 which sendsej to zj for j 2 � 1. Then the operator T � T � I has

0's on the diagonal and is of norm at most 2c2
6c

2. Applying Theorem 9 we
get a set � � � 1 with � � � j� 1j=4 such that the following holds. For any
sequenceof scalars(aj )







D
(T � T � I )

X

j 2 �

aj ej ;
X

j 2 �

aj ej

E




 � (2c2

6c
2)c5� 1=2 = c7c2� 1=2:

Thus �
�
�
DX

j 2 �

aj zj ;
X

j 2 �

aj zj

E
�

X

j 2 �

jaj j2
�
�
� � c7c2� 1=2:

Therefore the sequence(zj ) j 2 � is g(� )-equivalent to (ej ) j 2 � for a function
g(� ) which tends to 1 as � ! 0. This provesRemark 1.
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Remark 2. h(") tends to in�nit y as " ! 0. This is veri�ed for
the following tight frame (x j )1� j � n+1 , n � 2, consideredby P.Casazzaand
O.Christensenin [C-C2]:

x j = ej � n� 1
nX

j =1

ej for j = 1; : : : ; n;

xn+1 = n� 1=2
nX

j =1

ej :

Indeed, let � � f 1; : : : ; ng be such that j� j > (1 � " )n and the system
(x j ) j 2 � is M -equivalent to an orthogonal basis. By changeof coordinates,
the system (x j )1� j �j � j� 1 must be M -equivalent to an orthogonal basis as
well. However,








j � j� 1X

j =1

x j








2
� 2("n + 1)

while kx j k � 1=2 for all j . ThereforeM can not be boundedindependently
of n as " ! 0. This provesRemark 2.

3 Almost orthogonal subsequences of frames

In this sectionwe prove an in�nite dimensionalversionof Theorem5.

Theorem 10 Given an " > 0, every in�nite dimensional frame has a sub-
sequence (1 � " )-equivalent to an orthogonal basis of l2.

Given two setsA and B in H , we put by de�nition

� (A; B) = sup
a2 A

dist(a;B) = sup
a2 A

inf fk a � bk : b2 Bg:

Lemma 11 Let (x j ) be a frame in an in�nite-dimensional H . Let A =
f x j =kx j kg. Then for any �nite-dimensional subspace E � H

� (A; E) = 1:
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Pro of. Let zj = x j =kx j k for all j . Assumefor the contrary that there is a
� < 1 such that

dist(zj ; E) < � for all j :

Let P be the orthogonal projection in H onto E. Then

kPzj k >
p

1 � � 2 for all j ;

so that
kPx j k �

p
1 � � 2 � kx j k for all j :(6)

SinceP is �nite-dimensional, Lemma 4 yields that the sequencekPx j k is
squaresummable.Then, by (6), kx j k must be squaresummable,too. Thus
(x j ) is �nite-dimensional. This contradiction completesthe proof.

Lemma 12 Let " j be a sequence of quickly decreasing positive numbers
(2� j � 1 wil l do). Let (zj ) be a normalized sequence in H suchthat

hzi ; zj i < " j wheneveri < j :

Then (zj ) is equivalent to an orthonormal basis.

The proof is simple.

Pro of of Theorem 10. First note that, given an " > 0, every
subsequenceequivalent to the canonical vector basis of l2 is weakly null,
therefore has a subsequencewhich is (1 � " )-equivalent to the canonical
vector basisof l2. Henceby Corollary 2 wemay assumethat our given frame
(x j ) is tight. Let zj = x j =kx j k for all j . We will �nd a subsequence(zj k )
equivalent to an orthogonal basisby induction. Put j 1 = 1. Let j 1; : : : ; j k� 1

be de�ned and let E = span(zj 1 ; : : : ; zj k � 1 ). Choosej k from Lemma 11 so
that

dist(zj k ; E) > 1 � 2� 2k :

Then it is easyto check that the constructedsubsequence(zj k ) satis�es the
assumpitonof Lemma 12. This �nishes the proof.
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4 A frame not containing bases with brac k-
ets

De�nition 13 A sequence (xn )1
n=1 in a Banach space X is called a basis

with brackets if there are numbers 1 < n1 < n2 < : : : suchthat everyvector
x 2 X admits a unique representationof the form

x = lim
j

n jX

n=1

anxn ; an 2 R:

Clearly, every basis is a basis with brackets. The di�erence between
basesand baseswith brackets is that the latter require the convergence
only of somepartial sumsin the representation.

The following lemma is known [L-T].

Lemma 14 Let (xn )1
n=1 be a basis with brackets, and numbers 1 < n1 <

n2 < : : : be asin De�nition 13. Considerthe projection Pj onto [xn : n � nj ]
parallel to [xn : n > nj ]. Then supj kPj k < 1 .

Clearly, the conversealso holds: if supj kPj k < 1 , for somesequence1 <
n1 < n2 < : : :, then (xn ) is a basiswith brackets.

In this sectionwe prove

Theorem 15 There existsa frame not containing baseswith brackets.

Moreover, this frame is tight and have norms boundedfrom below.

Lemma 16 There is an orthonormal basis (zj ) in ln
2 such that, given any

set J � f 1; : : : ; ng, jJ j � n � 2, one has

dist(e1; [zj : j 2 J; j � j 0]) � 4=
p

n for 1 � j 0 < n=2;

dist(en ; [zj : j 2 J; j < j 0]) � 4=
p

n for n=2 � j 0 � n:

Pro of. By rotation, it is enoughto �nd normalizedvectorsv1; v2 in ln
2 such

that hv1; v2i = 0 and, given a set J as in the hypothesis,

dist(v1; [ej : j 2 J; j � j 0]) � 4=
p

n for 1 � j 0 < n=2;

dist(v2; [ej : j 2 J; j < j 0]) � 4=
p

n for n=2 � j 0 � n:

13



Clearly, onemay take

v1 = dn=2e� 1=2 � (1; : : : ; 1
| {z }

dn=2e

; 0; : : : ; 0) and v2 = dn=2e� 1=2 � (0; : : : ; 0; 1; : : : ; 1
| {z }

dn=2e

):

This completesthe proof.

We will construct our frame (x j ) by blocks (x j : j 2 J (n)), where

J (1) = f 1g; J (2) = f 2; 3g; J (3) = f 4; 5; 6g; J (4) = f 7; 8; 9; 10g; : : :

The supports of x j 's from block J (n) will lie in an interval I (n), where

I (1) = f 1g; I (2) = f 1; 2g; I (3) = f 2; 3; 4g; I (4) = f 4; 5; 6; 7g; : : :

Let i (n) be the �rst element in I (n).

� � � 0
� � � � �

� � �
� � � � � � �

� � � �
0 � � � �

� � � � � � �

The columns of this in�nite matrix form the frame elements x j , the
asterisksmarking their support. Consider the shift operator Tn : ln

2 ! l2
which sends(ei )n

i=1 to (ei : i 2 I (n)). Choosean orthonormal basis(zj : j 2
J (n)) in ln

2 satisfying the conclusionof Lemma 16, and de�ne

x j = Tnzj for j 2 J (n):

Lemma 17 (x j ) is a frame.

Pro of. Indeed, look at the rows in the picture, that is the vectors yi =
(x1(i ); x2(i ); : : :). Sincethe vectorsx j , j 2 J (n) are orthonormal for a �xed
n, the vectors yi are orthogonal. Moreover, their norm is either equal to 2
(if i = i (n) for somen) or to 1 (otherwise). Now we passagain from the
rows yi to the columnsx j . Lemma 3 yields that (x j ) is a frame.
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Let J be a set of positive integers such that the sequence(x j ) j 2 J is
completein l2. We shall prove that it is not a basiswith brackets.

Lemma 18 jJ (n) \ J j � n � 2 for every n.

Pro of. Let P be the orthogonal projection onto those n � 2 coordinates
in I (n) which don't belong to the other blocks I (n1), i.e. onto [ei : i 2
I (n) n f i (n); i (n + 1)g]. Thus P sendsto zero all x j with j 62J (n). Hence
Im(P) = P([x j : j 2 J (n) \ J ]). Since Im(P) is an (n � 2)-dimensional
space,the lemma follows.

In the sequelwe consider large blocks J (n), i.e. with n ! 1 . Given
a vector v and a subspaceL in l2 (both possibly dependent on n), we say
that v is closeto L if dist(x; L) � c=

p
n. Here c is someabsoulteconstant,

whosevalue may be di�erent in di�erent occurences.

Lemma 19 1) ei (n) is closeto [x j : j 2 J (n � 1) \ J ].
2) ei (n+1) is closeto [x j : j 2 J (n + 1) \ J ].
3) Given a j 0 2 J (n), either ei (n) is closeto [x j : j 2 J (n) \ J; j � j 0],

or ei (n+1) is closeto [x j : j 2 J (n) \ J; j < j 0].

Pro of. Note that Tn sendse1 to ei (n) and en to ei (n+1) . Then all three
statements of the lemma follow from Lemma 16.

The next and the last lemma, in tandem with Lemma14, completesthe
proof of Theorem15.

Lemma 20 For everyj 0 2 J (n) there is a normalized vector x in l2 whichis
closeto both subspacesE = [x j : j 2 J; j � j 0] and F = [x j : j 2 J; j < j 0].

Pro of. We make useof Lemma 19. By 3), we take either x = ei (n) to have
x closeto E, or x = ei (n+1) to have x closeto F . In the �rst casex is also
closeto F by 2), and in the secondcasex is closeto E by 1). The proof is
complete.

A part of this work was accomplishedwhen the author was visiting
Friedrich-Schiller-Universit•at Jena. The author is grateful to M.Rudelson
and P.Wojtaszczyk for helpful discussions,and to V.Kadets for his constant
encouragement.
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