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Abstract

Every frame in Hilbert spacecortains a subsequencesquivalen
to an orthogonal basis. If a frame is n-dimensional then this sub-
sequencehas length (1  ")n. On the other hand, there is a frame
which doesnot contain baseswith brackets.

1 Intro duction

The notion of frame goesbadk to R.Dun and A.Schae er [D-S] and was
studied extensiwely sincethen with relation to nonharmonicFourier analysis,
see[He]. From a geometricalpoint of view, a framein a Hilbert spaceH is
the imageof an orthonormal basisin a larger Hilb ert spaceunder an orthog-
onal projection onto H, up to equivalence[Ho] (the equivalenceconstart is
calledthe frame constart). Sinceframeshave nicerepresetation properties
(see[D-S], [A]), much attention was paid to their subsequencethat inherit
these properties. The most interesting questionsarise about subsequences
equivalert to an orthogonal basis [Ho], [S], [C1], [C-C1]. P.Casazza[C2]
provedthat, givenan" > 0, any n-dimensionalframe whosenorms are well
boundedbelow cortains a subsequencef length (1 ")n equivalert to an
orthogonal basis(the constant of equivalencedoesnot depend of n).

In the presen paper this is proved for all frames, without restrictions
on norms of the elemens. If a frame is n-dimensionalthen it cortains a
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subsequenceflength (1 ")n which is C-equivalent to an orthogonalbasis.
Here C dependsonly on the frame constart and ". To put the result in
other words, orthogonal projections in Hilbert spacepresene orthogonal
structure in almost whole range. Namely, any orthogonal projection H of
an orthogonal basiscortains a subsetof cardinality (1 ")rank(P) which is
C(")-equivalent to an orthogonal system. This is proved in Section2.

An in nite dimensionalversion of this result is consideredin Section3.
Every in nite dimensionalframe has an in nite subsequencequivalernt to
an orthogonal basis. Howewer, for someframesthis subsequencean not
be complete,aswas shovn by K.Seip [S] and P.Casazzaand O.Christensen
[C-C2]. This resultis generalizedn Section4 by constructing a frame which
doesnot cortain baseswith brackets. Soour frame (x;) is "asymptotically
indecomposable"in the following sense.If (y;) is any completesubsequence
of (xj), then the distancefrom span(y;); » to span(y;);>n tendsto zeroas
n!' 1.

In the rest of this sectionwe recall standard de nitions and simpleknown
facts about frames. In what follows, H will denote a separableHilbert
space, nite or in nite dimensional. Absolute constarts will be denoted
by ci;¢; 0t A sequencgX;) in H is called a frameif there exist positive
numbers A and B sud that

X
Akxk? jhx; x;ij2  Bkxk? forx 2 H.
j
The number (B=A)** is called a constant of the frame. We call (x;) a tight
frameif A= B = 1.

Two sequencegx;) and (y;) in possibly di erent Banad spacesare
calledequivalentif thereisanisomorphismT : [x;]! [y;]sudthat Tx; = vy,
for all j. Here[x;] denotesthe closedlinear spanof (x;). Let c= KTkkT *k
then the sequencegx;) and (y;) are called c-equivalent

The next obsenation (see[Ho]) allowsto look at framesasat projections
of the canonicalvector basis(g ) in I.

Prop osition 1 Let (X,)nL, beaframein H with constantc, where m can
be equalto in nity. Then there is an orthogonalprojection P in I suchthat
(Xn) is c-equivalentto (Pe,). Conversely,if P is an orthogonal projection
in 17" onto a subspce H, then (Pe,)[L, is atight framein H.
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Corollary 2 Let(x,) be aframewith constantc. Then (x,) is c-equivalent
to a tight frame.

Now we presen another view at frames. We can regard them as the
columnsof a row-orthogonal matrix (either nite or in nite).

Lemma 3 Letnnm2 N[ 1 and A beann m matrix whoserows are
orthonormal. Then the columnsof A form a tight framein 15.

Conversely,let (x;)%; be a framein H. Then there existsann m
matrix A with n = dimH whoserows are orthonormal and such that the
columns form a tight frame equivalentto (x;).

Pro of. If A is asabove then A actsasan isometric embedding of I3 into
[3'. Then A actsasa quotient map in a Hilbert space,and we can regard it
as an orthogonal projection. On the other side,the columnsof A are equal
to Ae;. Proposition 1 nishes the proof of the rst statemert. The corverse
can alsobe proved by this argumert. [ |

Lemma 4 Let (x;) be a tight framein H. Then Pj kx; k? = dimH (which
is possiblyequal to in nity).

Pro of. By Proposition 1 we may assumethat H is a subspaceof |, and
x; = Pg, whereP is the orthogonal projection in |, onto H. Then the
Hilb ert-Schmidt norm kPkus = (* ; kxjk?)'™. On the other hand, kPkys =
(dim H)¥2, |

2 Finite dimensional frames
In this sectionwe prove

Theorem 5 There is a function h : R, ! R, suchthat the following
holds. Supmse (X;) is an n-dimensional frame with constant c. Then for
every" > 0O there is a set of indices with j j > (1 ")n suchthat the
system(X;);» is C-equivalentto an orthogonal basis, where C = h(")c.

We will needa result of A.Lunin on norms of restriction of operators
onto coordinate subspacegL] (for improvemers see[K-Tz]).
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Theorem 6 (A.Lunin). LetT :I13'! [} bea linear operator. Then there
is a set f1,:::;mgwith j j = n suchthat
Tin k& TkTk
Jr 1 :

Given an h > 0, a systemof vectors (x;) in a Hilbert spaceis called

h-Hilb ertian if X X -

Cax ho g’
j j
for all sequence®f scalars(g;). Then Theorem 6 can be reformulated as
follows. Suppose(xj)1 | m is a 1-Hi|bertia|a systemin 3. Then there is a
set f1,:::;mgwith j j= nsud that ( Tx;);2 isc-Hilbertian.
Next, we will usea result of J.Bourgain and L.Tzafriri on invertibilit y
of large submatrices[B-Tz] Theorem 1.2:

Theorem 7 (J.Bourgain, L. Tzafriri). LetT : 15! 15 be alinear operator
suchthat kTgk = 1 for all j. Then there is a set f1;:::;ng with
i j ©n=kTk? suchthat

kTxk ckxk for everyx 2 R :

Given a b > 0, a system of vectors (xj) in a Hilbert spaceis called

b-Besselian if X X

b ax i)
j j
for all sequence®f scalars(g;). Then Theorem 7 can be reformulated as
follows. Suppose(X;)1 ; n» is an h-Hilbertian systemin 15 and kx; k for
alll j n. Thenthereisaset f1,::;ngwith j j  c( =h)?n such
that the system(  'x;);> is cz-Besselian.
Clearly, ewery tight frame is 1-Hilbertian.

q_—
Lemma 8 Let (yj)1 j m beatight framein I3 with kyjk = = for all j.
Let P be a k-dimensional orthogonal projection in 15. Then for > 0
n ' =o k

- , n 2 K
j Tk(I P)yjk - 1 r]m.



n g_o
Proof. Let = j:k(I P)yk 4. Since((I P)yj)1j misa

m

tight framein an (n  k)-dimensionalspace(l P)I5, Lemmad4 yields

xXn X X
n k = k(I P)yk? ky; k? + k(I P)yk?
jj (n=m)+m *n=m)=(j j=m+ *)n:

The required estimate follows. ]

Now we proceedto the proof of Theorem 5. As in P.Casazza'sproof
[C2], the set will be constructed by an iteration procedure. Our proof
consistsof seeral parts.

l. Splitting. By Corollary 2, we may assumethat the frame (x;) 15
is tight and all of its terms are nonzero. First we will split (x;) to getalmost
equalnorms of the termg. Note thap,if we substitute any menber x; of the
frameby k elemens x;= k;:::;x;= Kk, wewill still getatight frame. Fix a

> 0. Splitting eat elemen x; asabove, we can obtain a newtight frame
(Yj)1 j m sud that

(i) elemetts of (y;) are multiples of the onesfrom (x;);

(ii) thereisa > 0 sud that kyjk 1+ ) forallj=1;:::;m.
The constart  be evaluated using Lemma 4:

r__ r__
n

LI n L ae... _

@a+ ) - kyik  (1+ ) - for | R 1 )
Clearly, it is enoughto prove the theoremfor (y;) instead of (x;). We can
choosethe parameter = (") > 0 arbitrarily small. To make the proof

more readable,we simply assumethat = 0 which is a slight abuseof rules.

The readerwill easilyadjust the argumeris to the generalcase.Sowe have
r

n
kyik= —;
yj m’
We can alsoassumethat ("=2)m n.

Il. lterativ e construction. Let = "=2

Stepl. Set o = f1,:::;mg. The system(y;);2 , is 1-Hilbertian.
Lunin's theoremyieldsthe existenceofaset 2 o with j % = n sud that

q_— . . :
the system( Ty;);2 o is ¢-Hilbertian.
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q_
Note that k Ty;k= 1forj 2 9. Then Bourgain-Tzafriri's theorem gives
usaset 1 fwithj 4j (c=c)n sud that

q_— . .
the system( T;)j2 , is cz-Besselian.

Sowe have already found a subsequencgy; );» , of length proportional to
n which is well equivalent to an orthogonalbasis. If j ;j (1 ")n, then
we are done and stop here. Otherwise proceedto the next step.

Step2. Let P; bethe orthogonal projection in 15 onto [y;]j> ,. Let

n r Tnho

Clearly, ;. By Lemma8
jad 1 = m:
Asj 1< (@ ")n,
> 1 2 @ ") m=(=2m:

The system(y; )2 , is 1-Hilbertian andj ;j n by the choiseof m. Lunin's
theoremyields the existenceof aset 9 | with j 5 = n sud that

q e
the system( ‘T“y,- )i2 ¢ is c-Hilbertian.

q -~
Thenthe system( (1 Py)y));2 ¢ isalsoc;-Hilbertian. By the de nition
of 1, it hasnot too small norms:
S T . S T .
) 4 . 0.
=1 Py = 2 9
el 1)Yi 12

Then Bourgain-Tzafriri's theoremgivesusaset , 9 with

I U G I R LR

sud that

q
the system( Z(I  P1)y;)j2 , is(cs *')-Besselian.

n
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Ifj 4+j 2 (1 ")n,then we stop here. Otherwise proceedto the next
step.

Stepk + 1. We assumethat the sets 4;:::; g arealready constructed
and
* .
(1) ji<@ "n
i=1
Let Py be the orthogonal projection in 15 onto [y;]j2 .. .. Let
n F o
= j k(I Pyyk —
k=] 1k( k)Y o

Clearly, « ( 1[ :::[ «)¢ By Lemma8
P . .
n

J K m:
By (1)
ivi> 1 2 @ ") m=("=2)m:

The system(y;);2 , is 1-Hilbertian andj «j n by the choiseof m. Lunin's
theoremyields the existenceof aset 2,;, ¢ with j ,;j = n sud that

q e
the system( Lty;);, o is ¢-Hilbertian.
q e
Then the system( JT”(I Pc)Yi)i2 ¢, is alsoci-Hilbertian. By the de -
nition of |, it hasnot too small norms:
S . S T .
J ) J W,

X P.)v; - i2 O.:
n( Y m J k+1

Then Bourgain-Tzafriri's theoremgivesus a set . .1 with

. "
@  Jeal @ PH=gn @ a A Ty

sud that

q
the system( Z(1  Py)y;)j2 ,., is(cs *')-Besselian.
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If i k*1j i (@ ™n, then we stop here. Otherwise proceedto the next
step.

[1l. When we stop. Let kg be the number of the last step, that is
the smallestinteger sudh that

ji @ Mn

We claim that sud kg exists and there is a function K (") sud that kg
K ("). Indeed,let K (") = [4c2c, ™" 2]+ 2. If the claim were not true, then

X
jij<@ ")n fork=1;:::;K(™M):

i=1

J (=)@ ?» (@ ")n
= (e=g)("*=4)n:
Thus
5O )
jal (K D) (e=g)("*=4)n  n:
i=1
This cortradiction provesthe claim.

Now set = [ i k., thenjj> (@ ")n. 'Eo_completethe
proof of the theorem, it remainsto ched that the system( Ty;)j2 is well
equivalent to an orthonormal basis.

IV. Equiv alence to the orthogonal basis within blocks . Recall
that for every k < kg the sizeof  is comparablewith m, namelyj j
("=2)m. Then we concludefrom the construction the existenceof functions

q—
(3) the system( ;)2 , is ci(")-Hilb ertian,

q
4) the system( T(1 Pk 1)yj)j2  is c(")-Besselian.



q_—
V. The system ( Ty;);2 is h-Hilb eIrDtian for some function h =
h("). Indeed, x scalars(a);, sud that ;, j&j*>= 1. Then

X - Xo X "
a —y k a —yk
j2 n’ k=1 (j)2 ) n” .
ko @ g v A
k=1 j2 g n
1._
49— kX =
ko ci(") @ jajjoA by (3)
k=1j2 g
q__
= K)ol

VI. The system (q )iz is b-Besselian for some function b=
b("). We follow P.Casazza]C2]. Chooser = r(") > 2 large enough(to
be speci ed Iater)P Let a= a(") > 0 be sud that rke*'a < 1. Fix scalars
(g)j2 sudthat ;, jgj?= 1. Suppose

X =,
(5) 1 Kk° ko isthe largestsothat jaj? ke K

a:
j2 k0
Sudh k® must exist, otherwise
X . L, 122 oo X L, 122
18] 18]
j2 k=1 j2 «
Xo
rka  rkotla< 1
k=1

cortradicting the choiseof a. We have

X r ™ X(O X r m o X r___
a Y 8 Y a Y
j2 n’ k=12 & n” k=K% j2 4 n”
0 X r m
(I Pyo 1) § Y
k=1j2 g
Xo X 1=
ca(") jayj? by (3)
K=k&1 j2 &
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r ___ )KO

X m
a  —( Py (") rko ka by (5)
P2 o n K= KO+1
X . . 1=2 " rko kO
c(") jaj? (") a by (4)
i2 40 r 1

o) oaC)(r 1) trk ¥a by (5)
ot at)r 1) ta

If r was chosensothat (") ¥ c(")(r 1) *> c(") =2, we are done.
The proof is complete. [ |

Remark 1. Ctendsto las"! 1. Thisisaconsequencef a restriction
theorem [K-Tz] which we usein the following special case(seeaslo [B-Tz]
Theorem1.6).

Theorem 9 (B.Kashin, L.Tzafriri). Let T be a linear operator in |5 with
O's on the diagonaland kTk = 1. Let 1=n < 1. Then there existsa set
fl,:::;ngwithj j n=4 for which

kR TR k ¢ ¥

First, Theoremb5 givesus a set of indices ; with j ;j n=2 sud that
the system (x; =kx; K);2 , is csc-equivalert to the canonical vector basis of
I,*. Let =1 "andz = x;=kx;kforj 2 ;. Considerthe linear operator
T in I,* which sendseg to z forj 2 ;. Then the operator T T | has
0's on the diagonal and is of norm at most 2c2c2. Applying Theorem 9 we
get a set 1 with j 1Jj=4 sud that the following holds. For any
sequencef scalars(a;)

D X X E
TT D a8 ag (g6 7= ™

i2 j2

87, &z TR o
j2 j2 j2
Therefore the sequencg(z;)j, is g( )-equivalert to (g);». for a function
g( ) which tendsto 1as ! 0. This provesRemark 1.
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Remark 2. h(") tendsto innity as" ! 0. This is veried for
the following tight frame (X;)1 ; n+1, N 2, consideredby P.Casazzaand
O.Christensenin [C-C2]:

X
xi =  nt g forj=21:;n;
j=1
Xps1 = N 1227 g
j=1
Indeed, let fl,:::;ng be sudh that j j > (1 ")n and the system
(Xj)j2 is M-equivalert to an orthogonal basis. By changeof coordinates,
the system(x;). j; j 1 must be M -equivalert to an orthogonal basis as
well. Howe\er,
i 1

X; ? 2('n + 1)

while kxjk  1=2 for all j. ThereforeM can not be boundedindependerily
of nas"! 0. This provesRemark 2.

3 Almost orthogonal subsequences of frames
In this sectionwe prove an in nite dimensionalversionof Theoremb5.

Theorem 10 Givenan " > 0, everyin nite dimensionalframe hasa sub-
squene (1 ")-equivalentto an orthogonal basis of I,.

Giventwo setsA and B in H, we put by de nition

(A;B) = sup dist(a;B) = sup inffka ©k:b2 Bg:
azA

a2A

Lemma 11 Let (Xj) be a framein an in nite-dimensional H. Let A =
fXxj=kx;kg. Then for any nite-dimensional subspce E H

(A;E)= 1
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Pro of. Let z = x;=kx;k for all j. Assumefor the cortrary that thereis a
< 1 sud that
dist(z;E) < for all j:

Let P be the orthogonal projection in H onto E. Then
kPzk> pl 2 forallj;

sothat D

(6) kPx;k 1 2 kxjk forallj:

SinceP is nite-dimensional, Lemma 4 yields that the sequencekPx;k is
squaresummable. Then, by (6), kx; k must be squaresummable,too. Thus
(x;) is nite-dimensional. This cortradiction completesthe proof. [ |

Lemma 12 Let "; be a sequene of quickly decreasing positive numkers
(27 1 will do). Let (z) be a normalized sequen@ in H suchthat

he;;zii <"; whenever < j:
Then (z) is equivalentto an orthonormal basis.

The proof is simple.

Pro of of Theorem 10. First note that, given an " > 0, ewery
subsequencesquivalert to the canonical vector basis of |, is weakly null,
therefore has a subsequencevhich is (1 ")-equivalert to the canonical
vector basisof |,. Henceby Corollary 2 we may assumehat our givenframe
(x;) is tight. Let z; = x;=kx;k for all j. We will nd a subsequenc€z,)

that
dist(z,;E)>1 2 %:

Then it is easyto chedk that the constructedsubsequencgz;, ) satis es the
assumpitonof Lemma12. This nishes the proof. [ |
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4 A frame not containing bases with brack-
ets

De nition 13 A seguene (X,)i.; in a Banachspace X is called a basis
with brackets if there are numbkers 1< n; < n, < ::: suchthat everyvector
X 2 X admits a unique representationof the form

Wi
X = lim anXn:, a, 2 R:
! n=1

Clearly, ewvery basisis a basis with brackets. The di erence between
basesand baseswith bradkets is that the latter require the corvergence
only of somepartial sumsin the represetation.

The following lemmais known [L-T].

Lemma 14 Let (x,)i_; be a basis with brackets,and numters 1 < n; <
n, < :::beasin De nition 13. Considerthe projection P; onto [X, : n  n;]
parallel to [x, : n > n;]. Thensup kPjk< 1.

Clearly, the corversealso holds: if sup kPjk < 1 , for somesequencel <
Ny < np < ::: then (x,) is a basiswith bradkets.

In this sectionwe prove
Theorem 15 There existsa frame not containing baseswith brackets.
Moreover, this frame is tight and have norms boundedfrom below.

Lemma 16 There is an orthonormal basis (z;) in |5 suchthat, given any
setJ f1;:::;ng,jJj n 2, onehas

dist(ey; [z ] 23] Jol) 4:pﬁ for1 jo< n=2
dist(en;[z :j 2 J;) <jol) 4= n forn=2 jo n:

Pro of. By rotation, it is enoughto nd normalizedvectorsvy; v, in |5 sud
that hvy;voi = 0 and, given a setJ asin the hypothesis,

distvife 1] 23 o) 4=n  forl jo< n=2
dist(vo;[g :j 2 3;j <jol) 4= n forn=2 jo, n:
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Clearly, one may take

— — 1=2 fq4.....14.0+--- - — 1=2 eeie i e .

v; = dn=2e (11;{2'; ;0;:::;0) and v, = dn=2e ©O;:::;0; ;z';})'
dn=2e dn=2e

This completesthe proof. ]

We will construct our frame (x;) by blocks (x; :j 2 J(n)), where
J(1)=f1g; J(2)=123g; J(3)= 14560, J(4)= 17,89 109;:::
The supports of x;'s from block J(n) will lie in aninterval | (n), where
1(1)="f1lg; 1(2)=fL29 1(3)=123;4g9;, 1(4)=14,56,79;:::

Let i(n) bethe rst elemen in I (n).

0

The columns of this in nite matrix form the frame elemets x;, the
asterisksmarking their support. Considerthe shift operator T, : 15 ! I,
which sends(e ), to (& :i 2 I (n)). Choosean orthonormal basis(z; :j 2
J(n)) in 15 satisfying the conclusionof Lemma 16, and de ne

Xj = Thz; forj 2 J(n):
Lemma 17 (x;) is a frame.

Pro of. Indeed, look at the rows in the picture, that is the vectorsy; =
(x1(i); x2(i); ::2). Sincethe vectorsx;, j 2 J(n) are orthonormal for a xed
n, the vectorsy; are orthogonal. Moreover, their norm is either equalto 2
(if i = i(n) for somen) or to 1 (otherwise). Now we passagain from the
rowsy; to the columnsx;. Lemma3 yields that (x;) is a frame. ]
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Let J be a set of positive integers sud that the sequence(x;);.; is
completein |,. We shall prove that it is not a basiswith bradkets.

Lemma 18 jJ(n)\ Jj n 2 for everyn.

Pro of. Let P be the orthogonal projection onto thosen 2 coordinates
in 1 (n) which don't belongto the other blocks I (ny), i.e. onto [g : i 2
I (n) nfi(n);i(n+ 1)g]. Thus P sendsto zeroall x; with j 62J(n). Hence
Im(P) = P([x; : ] 2 J(n)\ J]). Sincelm(P) is an (n 2)-dimensional
space,the lemmafollows. [

In the sequelwe considerlarge blocks J(n), i.e. with n! 1 . Given
a vector v and a subspacel in |, (blgth possibly dependert on n), we sa
that v is closeto L if dist(x;L) c¢= n. Herec is someabsoulteconstan,
whosevalue may be di erent in di erent occurences.

Lemma 19 1) e, iscloseto [x; :j 2J(n 1)\ J].

2) &+ is closeto [x; 1) 2 J(n+ 1)\ J].

3) Givena jo 2 J(n), either e, is closeto [x; :j 2 J(N)\ J;j  jol,
or €(n+1y is closeto [x; :j 2 J(n)\ J;j < jol.

Pro of. Note that T, sendse; to &) and &, to g1 . Then all three
statemerts of the lemmafollow from Lemma 16. ]

The next and the last lemma, in tandem with Lemma 14, completesthe
proof of Theorem 15.

Lemma 20 For everyjo 2 J(n) thereis a normalized vector x in |, whichis
closeto both subspeesE = [x; :j 2 J;] jolandF =[x :j 2 J;j < jo)].

Pro of. We make useof Lemma 19. By 3), we take either x = e,y to have
x closeto E, or x = g(,+1) to have x closeto F. In the rst casex is also
closeto F by 2), and in the secondcasex is closeto E by 1). The proof is
complete. [

A part of this work was accomplishedwhen the author was visiting
Friedrich-Sdiller-Universitat Jena. The author is grateful to M.Rudelson
and P.Wojtaszczyk for helpful discussionsand to V.Kadets for his constart
encouragememn
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