
INTEGER CELLS IN CONVEX SETS

R. VERSHYNIN

Abstra ct. Every convex body K in Rn has a coordinate projection PK
that contains at least vol( 1

6 K ) cells of the integer lattice PZn , provided
this volume is at least one. Our proof of this counterpart of Mink owski's
theorem is based on an extension of the combinatorial density theorem
of Sauer, Shelah and Vapnik-Chervonenkis to Zn . This leads to a new
approach to sectionsof convex bodies. In particular, fundamental results
of the asymptotic convex geometry such as the Volume Ratio Theorem and
Milman's dualit y of the diameters admit natural versions for coordinate
sections.

1. Intr oduction

Minkowski's Theorem, a central result in the geometry of numbers, states
that if K is a convex and symmetricset in Rn , then vol(K ) > 2n implies that K
contains a nonzerointeger point. More generally, K contains at least vol( 1

2K )
integer points. The main result of the present paper is a similar estimate on
the number of integer cells, the unit cells of the integer lattice Zn , contained
in a convex body.

Clearly, the largenessof the volume of K does not imply the existenceof
any integer cells in K ; a thin horizontal pancake is an example. The obstacle
in the pancake K is causedby only one coordinate in which K is 
at; after
eliminating it (by projecting K onto the remaining ones) the projection PK
will have many integer cellsof the lattice PZn . This observation turns out to
be a generalprinciple.

Theorem 1.1. Let K be a convexset in Rn . Then there exists a coordinate
projection P suchthat PK contains at least vol( 1

6K ) cells of the integer lattice
PZn , provided this volumeis at least one.

(A coordinate projection is the orthogonal projection in Rn onto RI for some
nonempty subsetI � f 1; : : : ; ng.)
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Combinatorics: Sauer-Shelah-type results. Theorem 1.1 is a consequenceof
an extensionto Zn of the famousresult due to Vapnik-Chervonenkis,Sauer,
Perlesand Shelah,commonlyknown asSauer-Shelahlemma, seee.g. [6, x17].

Sauer-Shelah Lemma. If A � f 0; 1gn hascardinality # A >
� n

0

�
+

� n
1

�
+ : : :+� n

d

�
, then there existsa coordinate projection P of rank larger than d and such

that PA = Pf 0; 1gn.

This result is used in a variety of areas ranging from logics to theoretical
computer scienceto functional analysis [18]. In order to bring Sauer-Shelah
Lemma to geometry, we will need �rst to generalizeit to sets A � Zn . An
integer box is a subsetof Z I of the form

Q
i 2 I f ai ; bi g with ai 6= bi .

Theorem 1.2. If A � Zn , then

# A � 1 +
X

P

#
�
integer boxesin PA

�
;

where the sum is over all coordinate projections P.

If A � f 0; 1gn , then every PA in the sum above may contain only one integer
box Pf 0; 1gn if any, hence

(1) # A � 1 + #
�
P for which PA = Pf 0; 1gn

�
:

Estimate (1) is dueto A.Pajor [27]. Sincethe right hand sideof (1) is bounded
by

� n
0

�
+

� n
1

�
+ : : : +

� n
d

�
, where d is the maximal rank of P for which PA =

Pf 0; 1gn, (1) immediately implies Sauer-ShelahLemma.
In a similar way, Theorem1.2impliesa recent generalizationof Sauer-Shelah

lemma in terms of Natarajan dimension, due to Hausslerand Long [12]. In
their result, A has to be bounded by someparalelepiped; we do not impose
any boundednessrestrictions (seeCorollary 2.6).

Most importantly, Theorem1.2 admits a version for integer cells instead of
integer boxes. If A � Rn is convex, then

# A � 1 +
X

P

#
�
integer cells in PA

�
:

This quickly leadsto Theorem1.1. This versionalsoimplies a generalizationof
Sauer-Shelahlemmafrom [12] in terms of the combinatorial dimension, which
is an important conceptoriginated in the statistical learning theory and and
which becamewidely useful in many areas,see[1], [7], [39], [20]. Theseresults
will be discussedin detail in Section2. The proof of Theorem1.2 relieson the
combinatorics developed in [20] and [30].
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Convex geometry: coordinate sectionsof convex bodies.Theorem1.2 leadsto
a new approach to coordinate sectionsof convex bodies.

The problem of �nding nicecoordinate sectionsof a symmetric convex body
K in Rn has been extensively studied in geometric functional analysis. It
is connectedin particular with important applications in harmonic analysis,
where the system of characters de�nes a natural coordinate structure. The
� p-problem, which was solved by J. Bourgain [4], is an exemplary problem
on �nding nice coordinate sections,as explained by an alternative and more
generalsolution (via the majorizing measures)given by M. Talagrand [38]. It
is generallyextremely di�cult to �nd a nice coordinate sectioneven when the
existenceof nice genericsections(usually randomly chosenfrom the Grassma-
nian) is well known, seee.g. [39], [20], [30].

The method of the present paper allows one to prove natural versionsof a
few classicalresults for coordinate sections. Sincethe number of integer cells
in a set K is boundedby its volume, we have in Theorem1.1 that

(2) PK contains an integer cell and jPK j � j 1
6K j.

(we write jPK j = vol(PK ) for the volume in PRn ). This often enablesone
to concludea posteriori that P has large rank, as (2) typically fails for all
projections of small ranks.

If K is symmetric and an integer m < n is �xed, then using (2) for a� 1K
with an appropriatea > 0, weobtain a� m jPK j � a� n j 1

6K j for somecoordinate
projection P of rank m. Moreover, P(a� 1K ) contains a unit coordinate cube,
sosolving for a we concludethat

(3) PK contains a coordinate cube of side
�

jcK j
jPK j

� 1
n � m

:

whereC; c;c1; : : : denotepositive absoluteconstants (here c = 1=6).
This leadsto a \coordinate" versionof the classicalVolumeRatio Theorem.

This theoremis a remarkablephenomenonoriginated in the work of B. Kashin
related to approximation theory [13], developed by S. Szarekinto a general
method [34]and carriedover to all convex bodiesby S.SzarekandN. Tomczak-
Jaegermann([40], see[28, x6]). The unit ball of L n

p (1 � p � 1 ) is denoted
by B n

p , i.e. for p < 1

x 2 B n
p i� jx(1)jp + � � � + jx(n)jp � n

and x 2 B n
1 if maxi jx(i )j � 1. We choose to work with L n

p spacesrather
than `n

p spacesherebecausetheir unit balls have approximately unit volume:
c1 � jB n

p j1=n � c2 for all 1 � p � 1 .

Volume Ratio Theorem. (Szarek, Tomczak-Jaegermann). Let K be a con-
vexsymmetricbody in Rn whichcontains B n

2 . Then for everyinteger0 < k < n
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there existsa subspace E of codimensionk and suchthat

(4) K \ E � jCK j1=kB n
2 :

In fact, the subspaceE can be taken at random from the Grassmanian.

To obtain a coordinate version of the Volume Ratio Theorem, we can not
just claim that (4) holdsfor somecoordinate subspaceE = RI : the octahedron
K = B n

1 forms an obstacle. However it turns out that the octahedron is the
only obstacle, so our claim becomestrue if one replacesthe Euclidean ball
B n

2 in (4) by its circumscribed octahedron B n
1 . This seemsto be a general

phenomenonwhen onepassesfrom arbitrary to coordinate sections,see[30].

Theorem 1.3. Let K be a convexsymmetric body in Rn which contains B n
1 .

Then for every integer 0 < k < n there exists a coordinate subspace E of
codimensionk and suchthat

K \ E � jCK j1=kB n
1 :

This theorem follows from (3) by duality (Santalo and the reverse Santalo
inequalities, the latter due to Bourgain and Milman).

Remarks. 1. The assumptionB n
1 � K of Theorem 1.3 is weaker than the

assumptionB n
2 � K of the Volume Ratio Theorem. In fact, this assumption

can be completely eliminated if onereplacesjCK j1=k by the quantit y

Ak(K ) = max
�

jCK j
jK \ E j

� 1=codim E

wherethe maximum is over the coordinate subspacesE, codim E � k. Clearly,
Ak(K ) � jCK j1=k if K contains B n

1 . We will discussthis \Co ordinate Volume
Ratio Theorem" as well as the quantit y Ak(K ) in more detail in Section3.

2. The right dependenceon k=n in the Volume Ratio Theorem and in
Theorem 1.3 is a delicate problem. jCK j1=k = Cn=k jK j1=k, and while the
factor jK j1=k is sharp (which is easily seenfor ellipsoids or parallelepipeds),
the exponential factor Cn=k is not. We will improve it (in the dual form) to a
linear factor Cn=k in Section4.

Another exampleof applications of Theorem 1.1 is a coordinate version of
Milman's duality of diametersof sections.For a symmetric convex body K in
Rn , let

bk(K ) = min diam(K \ Ek);

where the minimum is over all k-dimensionalsubspacesEk . Then for every
" > 0 and for any two positive integersk and m satisfyingk+ m � (1� " )n � C
onehas

(5) bk(K ) bm (K � ) � C=":
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(in fact, this holds for random subspacesEk in the Grassmanian)[22], [23].
This phenomenonre
ects deeplinear duality relations and providesa key tool
in understandingthe \global" duality in asymptotic convex geometry, see[23],
[24].

To establish a version of this result for coordinate subspacesEk , we have
(as before) to change the metric that de�nes the diameter to that given by
the octahedroncircumscribed around the unit Euclideanball (rather than the
Euclideanball itself). Then for the new diameter diam1 we let

r k(K ) = min diam1(K \ Ek);

wherethe minimum is over all k-dimensionalcoordinatesubspacesEk . In other
words, the inequality r k(K ) � 2r holds i� one can �nd a k-element set I so
that onehas

P
i 2 I jx(i )j � r

p
n for all x 2 K .

Theorem 1.4 (Dualit y for diametersof coordinate sections). Let K be a sym-
metric convexbody in Rn . For any " > 0 and for any two positive integers k
and m satisfying k + m � (1 � " )n one has

r k(K ) rm (K � ) � C1=" :

In particular, there exists a subset of coordinates I of size, say, dn=3e such
that the absolute valuesof the coordinates in I sum to at most C

p
n either

for all vectors in K or for all vectors in K � .

Remark. In most of the results of this paper, the convexity of K can be
relaxedto a weaker coordinate convexity, seee.g. [17].

ACKNOWLEDGEMENTS. The author is grateful to M. Rudelsonfor his
interest and valuable comments. This project started when the author was
at the Paci�c Institute for Mathematical Studies and the University of Al-
berta. He thanks these institutions and especially N. Tomczak-Jaegermann
for support.

2. Sauer-Shelah Lemma in Zn

In 1971-72,Vapnik and Chervonenkis[41], Sauer[31] and Perlesand Shelah
[32] independently proved the following well known result, which has found
applicationsin a variety of areasrangingfrom logicsto probability to computer
science.

Theorem 2.1 (Sauer-ShelahLemma). If A � f 0; 1gn has cardinality # A >� n
0

�
+

� n
1

�
+ : : : +

� n
d

�
, then there existsa coordinate projection P of rank larger

than d and suchthat

(6) PA = Pf 0; 1gn:
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A short proof of Sauer-ShelahLemma can be found e.g. in [6, x17]; for nu-
merousvariants of the Lemma seethe bibliography in [12] as well as [2], [35],
[36].

To bring Sauer-ShelahLemma to geometry, we will have to generalizeit
to sets A � Zn . The casewhen such A is bounded by a parallelopiped, i.e.
A �

Q n
i=1 f 0; : : : ; N i g, is well understood by now, see[15], [3], [33], [12]. In

this sectionwe will prove a generalizationof Sauer-ShelahLemma to A � Zn

independent of any boundednessassumptions.
We start with a simpler result. An integer box is a subsetof Zn of the form

f a1; b1g � � � � � f an ; bng with ai 6= bi 8i . Similarly onede�nes integer boxesin
ZI , whereI � f 1; : : : ; ng.

Theorem 2.2. If A � Zn , then

(7) # A � 1 +
X

P

#
�
integer boxesin PA

�
;

where the sum is over all coordinate projections P in Rn .

Remark. Let A � f 0; 1gn . Sincethe only lattice box that can be contained
in PA is Pf 0; 1gn, Theorem2.2 implies that

(8) # A � 1 + #
�
P for which PA = Pf 0; 1gn

�
:

This estimate is due to A.Pajor [27, Theorem 1.4]. Note that this quantit y is
boundedby

� n
0

�
+

� n
1

�
+ : : : +

� n
d

�
, whered is the maximal rank of P for which

PA = Pf 0; 1gn . This immediately implies Sauer-ShelahLemma.

The result that we really need for geometric applications is Theorem 2.2
for integer cells, which are integer boxes whoseall sidesequal 1. Although
the number of integer cells in a convex body can in principle be estimated
through the number of integer boxes, the dependencewill not be linear { a
cube [0; M ]n contains M n integer cells and ( 1

2M (M + 1))n integer boxes. To
obtain Theorem 2.2 for integer cells, we will have to prove a more accurate
extensionof Sauer-ShelahLemma to Zn .

The crucial in our discussionwill be the notion of coordinate convexity (see
e.g. [17]), which is weaker than that of convexity.

De�nition 2.3. Let K be a set in Rn . The coordinate convex hull of K
consistsof the points x 2 Rn such that for every choice of signs � 2 f� 1; 1gn

one can �nd y 2 K suchthat

y(i ) � x(i ) if � (i ) = 1,

y(i ) � x(i ) if � (i ) = � 1.

K is called coordinate convex if it coincideswith its coordinate convexhull.
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By changing Rn to Zn the coordinate convexity can also be de�ned for
subsetsof Zn . Also, changing Rn to RI and f� 1; 1gn to f� 1; 1gI , the co-
ordinate convexity is de�ned for subsetsof RI (and similarly for Z I ), where
I � f 1; : : : ; ng.

One obtains a generalconvex body in Rn by cutting o� half-spaces.Sim-
ilarly, a generalcoordinate convex body in Rn is obtained by cutting o� oc-
tants, i.e. translates of the sets � � Rn

+ with � 2 f� 1; 1gn . Clearly, every
convex set is coordinate convex; the converseis not true, as the crossshows
f (x; y) j x = 0 or y = 0g in R2.

The central combinatorial result of this section is the following theorem
which we will prove after somecomments.

Theorem 2.4. For every A � Zn ,

(9) # A � 1 +
X

P

#
�
integer cells in cconvPA

�
;

where the sum is over all coordinate projections P.

The combinatorial dimensionandSauer-Shelahtyperesults. LikeTheorem2.2,
Theorem 2.4 also contains Sauer-ShelahLemma: every subsetA � f 0; 1gn is
coordinate convex, and the only lattice box that can be contained in PA is
Pf 0; 1gn, which implies (8) and henceSauer-Shelahlemma.

To seea relation of Theorem 2.4 to later generalizationsof Sauer-Shelah
lemma, let us recall an important concept of the combinatorial dimension,
which originates in the statistical learning theory and which becameuseful in
convex geometry, combinatorics and analysis,see[1], [7], [39], [20], [30].

De�nition 2.5. The combinatorial dimension v(A) of a set A � Rn is the
maximal rank of a coordinate projection P suchthat cconv(PA) contains some
translateof the unit cube Pf 0; 1gn.

For t > 0, the scale-sensitiveversion of the combinatorial dimension is
de�ned as v(A; t) = v(t � 1A).

Equivalently, a subsetI � f 1; : : : ; ng is calledt-shatteredby A if thereexists
an h 2 Rn such that, given any partition I = I � [ I + , onecan �nd an x 2 A
such that x(i ) � h(i ) if i 2 I � and x(i ) � h(i ) + t if i 2 I + . The combinatorial
dimensionv(A; t) is the maximal cardinality of a subsett-shatteredby A.

A few words on the history of the conceptof the combinatorial dimension.
For setsA � f 0; 1gn , the combinatorial dimensionv(A) is the classicalVapnik-
Chernovenkisdimension; see[18] for a nice introduction to this important
concept. For sets A � Zn , the notion of the combinatorial dimension v(A)
goesback to 1982-83,when Pajor usedit for origin symmetric classesin view
of applications to the local theory of Banach spaces[26]. He proved early
versionsof Sauer-ShelahLemmafor setsA � f 0; : : : ; pgn (see[26], [27,Lemma
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4.9]). Pollard gave an explicit de�nition of v(A) in his 1984book on stochastic
processes[29]. Haussleralsodiscussedthis conceptin his 1989work in learning
theory ([11], see[12] and the referencestherein).

For convex and origin symmetric setsA � Rn , the combinatorial dimension
v(A; t) is easily seento coincide with the maximal rank of the coordinate
projection PA of A that contains the centeredcoordinatecubeof sidet. In view
of this straightforward connection to convex geometry and thus to the local
theory of Banach spaces,the combinatorial dimensionwasa central quantit y in
the 1982-83worksof Pajor ([25], seeChapter IV of [27]). Connectionsof v(A; t)
to Gaussianprocessesand further applications to Banach spacetheory were
establishedin the far reaching 1992paper of M.Talagrand([37], seealso[39]).
The quantit y v(A; t) was formally de�ned in 1994by Kearns and Schapire for
generalsetsA in their paper in learning theory [14].

Since its invention, the combinatorial dimension turned out to be very ef-
fective in measuringthe complexity of a set A in combinatorics, functional
analysis,statistical learning theory, the theory of empirical processes,discrete
and convex geometry(see[1], [39], [20], [30]). Alternativ e namesfor the com-
binatorial dimension used in the literature on combinatorics and statistical
learing theory are: Pollard dimensionand pseudodimensionfor v(A), shatter-
ing and fat-shattering dimensionfor v(A; t), see[12] and [19].

Similarly, Natarajan dimension n(A) of a set A � Zn is the maximal rank
of a coordinate projection P such that PA contains an integer box (see[12]).

Theorems2.2 and 2.4 easily imply two recent results of Hausslerand Long
[12] on the combinatorial and Natarajan dimensions,which are in turn gener-
alizations of Sauer-Shelahlemma.

Corollary 2.6 (Haussler,Long [12]). Let A �
Q n

i=1 f 0; : : : ; N i g. Then
(i) We have

jAj �
X

# I � v(A )

Y

i 2 I

N i ;

where the sum is over all subsetsI � f 1; : : : ; ng of cardinality at most v(A)
(we include I = ; and assignto it the summandequal to 1).

(ii) In particular, if A � f 0; : : : ; N gn then

jAj �
v(A)X

i =0

�
n
i

�
N i :

(iii) We have

jAj �
X

# I � n(A )

Y

i 2 I

�
N i + 1

2

�
:
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where the sum is over all subsetsI � f 1; : : : ; ng of cardinality at most n(A)
(we include I = ; and assigto it the summandequal to 1).

Pro of. For (i), apply Theorem2.4. All the summandsin (9) that correspond
to rank P > v(A) vanish by the de�nition of the combinatorial dimension.
Each of the non-vanishing summandsis bounded by the number of integer
cells in cconvPA � P(

Q n
i=1 f 0; : : : ; N i g). This establishes(i) and thus (ii).

Repeating this for (iii), we only have to note that the number of integer
boxesin P(

Q n
i=1 f 0; : : : ; N i g) = f 0g �

Q
i 2 I f 0; : : : ; N i g is at most

� N i +1
2

�
.

Remark. All the statements in Corollary 2.6 reduceto Sauer-Shelahlemma
if N i = 1 8i .
The proof. Here we prove Theorem2.4. De�ne the cell content of A as

�( A) =
X

P

#
�
integer cells in cconvPA

�
;

where we include in the counting one 0-dimensionalprojection P (onto R; ),
for which the summandis set to be 1 if A is nonempty and 0 otherwise. This
de�nition appearsin [30]. We partition A into setsAk , k 2 Z, de�ned as

Ak = f x 2 A : x(1) = kg:

Lemma 2.7. For every A � Zn ,

�( A) �
X

k2 Z

�( Ak):

Pro of. A cell C in RI , I � f 1; : : : ; ng, will be consideredas an orderedpair
(C; I ). This also applies to the trivial cell (0; ; ) which we will include in the
counting throughout this argument. The coordinate projection onto RI will
be denotedby PI .

We say that A has a cell (C; I ) if C � cconvPI B. The lemma states that A
hasat least as many cellsas all the setsAk have in total.

If Ak has a cell (C; I ) then A has it, too. Assumethat N > 1 setsamong
Ak have a nontrivial cell (C; I ). Sincethe �rst coordinate of any point in such
a set Ak equalsk, one necessarilyhas 1 62I . Then Pf 1g[ I Ak = f kg � PI Ak ,
wherethe factor f kg meansof coursethe �rst coordinate. Hence

f kg � C � f kg � cconv(PI Ak) = cconv(f kg � PI Ak)

= cconvPf 1g[ I Ak � cconvPf 1g[ I A:

Thereforethe set cconvPf 1g[ I A contains the integerbox f k1; k2g� C, wherek1

is the minimal k and k2 is the maximal k for the N setsAk . Then cconvPf 1g[ I A
must alsocontain cconv(f k1; k2g � C) � [k1; k2] � C which in turn contains at
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leastk2 � k1 � N � 1 integercellsof the form f a;a+ 1g� C. Hence,in addition
to onecell C, the set A hasat least N � 1 cellsof the form

(10) (f a;a + 1g � C; f 1g [ I ):

Sincethe �rst coordinate of all points in any �xed Ak is the same,noneof Ak

may have a cell of the form (10). Note also that the argument above works
also for the trivial cell.

This shows that there exists an injective mapping from the set of the cells
that at least one Ak has into the set of the cells that A has. The lemma is
proved.

Pro of of Theorem 2.4. It is enoughto show that for every A � Zn

# A � �( A):

This is proved using Lemma 2.7 by induction on the dimensionn.
The claim is trivially true for n = 0 (in fact also for n = 1). Assumeit is

true for somen � 0. Apply Lemma 2.7 and note that each Ak is a translate
of a subsetin Zn� 1. We have

�( A) �
X

k2 Z

�( Ak ) �
X

k2 Z

# Ak = # A

(herewe usedthe induction hypothesisfor each Ak). This completesthe proof.

Volume and lattice cells.Now we headto Theorem1.1.

Corollary 2.8. Let K be set in Rn . Then

j 1
2K j � 1 +

X

P

#
�
integer cells in cconvPK

�
;

where the sum is over all coordinate projections P.

For the proof we needa simple fact:

Lemma 2.9. For every set K in Rn and every x 2 Rn ,

#
�
integer cells in x + K

�
� #

�
integer cells in 2K

�
:

Pro of. The proof reducesto the observation that every translate of the cube
[0; 2]n by a vector in Rn contains an integer cell. This in turn is easilyseenby
reducing to the one-dimensionalcase.

Pro of of Corollary 2.8. Let x be a random vector uniformly distributed in
[0; 1]n , and let Ax = (x + K ) \ Zn . Then E# Ax = jK j. By Theorem2.4,

(11) jK j � 1 + E
X

P

#
�
integer cells in cconvPAx

�
;
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while

(12) cconvPAx � cconvP(x + K ) = Px + cconvPK :

By this and Lemma 2.9,

#
�
integer cells in cconvPAx

�
� #

�
integer cells in cconvP(2K )

�
:

Thus by (11)

jK j � 1 +
X

P

#
�
integer cells in cconvP(2K )

�
:

This provesthe corollary.

Remark. The proof of Theorem2.2 is very similar and in fact is simpler than
the argument above. One looks at �( A) =

P
P #

�
integer boxesin PA

�
and

repeats the proof without worrying about coordinate convexity.

Now we can prove the main geometricresult of this section.

Theorem 2.10. Let K be a set in Rn . Then there existsa coordinate projec-
tion P in Rn suchthat cconvPK contains at least j 1

4K j � 2� n integer cells.

Pro of. By Corollary 2.8,

j 1
2K j � 1 + (2n � 1) max

P
#

�
integer cells in cconvPK

�
:

HencemaxP #
�
integer cells in cconvPK

�
� j 1

4K j � 2� n .

Note that j 1
4K j � 2� n � j 1

6K j if j 1
6K j � 1. This implies Theorem1.1.

3. The Coordina te Volume Ratio Theorem

Let K be a set in Rk . For 0 < k < n, de�ne

Ak(K ) = max
�

jCK j
jK \ E j

� 1=codim E

where the maximum is over the coordinate subspacesE, codim E � k, and
C > 0 is an absoluteconstant whosevalue will be discussedlater.

Theorem 3.1 (Coordinate Volume Ratio Theorem). Let K be a convexsym-
metric set in Rn . Then for every integer 0 < k < n there exists a coordinate
section E, codim E = k, suchthat

K \ E � Ak(K ) B n
1 :

The proof relies on the extension on Sauer-ShelahLemma in Zn from the
previoussectionand on the duality for the volume, which is Santalo and the
reverseSantalo inequalities (the latter due to J.Bourgain and V.Milman). We
will prove Theorem3.1 in the end of this section.
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1. In the important casewhen K contains the unit cube, we have Ak(K ) �
jCK j1=k. This implies:

Corollary 3.2. Let K be a convex body in Rn which contains the unit cube
B n

1 . Then for every integer 0 < k < n there existsa coordinate subspace E of
codimensionk and suchthat

K \ E � jCK j1=k B n
1 :

The assumptionsof this corollary are weaker than those of the classical
Volume Ratio Theorem stated in the introduction, becausethe cube B n

1 is
inscribed into the Euclidean ball B n

2 . The conclusionof Corollary 3.2 is that
somecoordinate section K \ E is bounded by the octahedron B n

1 , which is
circumscribed around the Euclidean ball B n

2 . No stronger conclusionis for a
coordinate sectionis possible:K = B n

1 itself is an obstacle.
Nevertheless,by a result of Kashin ([13], seea sharper estimatein Garnaev-

Gluskin [8]) a random sectionof B n
1 in the GrassmanianGn;k with k = dn=2e

is equivalent to the Euclideanball B k
2 . Thus a random (no longer coordinate)

sectionof K \ E of dimension,say, 1
2 dim(K \ E) will already be a subsetof

jCK j1=kB n
2 . This shows that Corollary 3.2 is closein nature to the classical

Volume Ratio Theorem. It givescoordinate subspaceswithout sacri�cing too
much of the power of the Volume Ratio Theorem.1

In the next sectionwe will prove a (dual) result even sharper than Corollary
3.2.
2. The quantit y Ak(K ) is best illustrated on the exampleof classicalbodies.
If K is the parallelopiped

Q n
i=1 [� ai ; ai ] with semiaxesa1 � a2 � � � � � an > 0,

then

(13) Ak(K ) = (2C)n=k
� kY

i =1

ai

� 1=k
;

a quantit y proportional to the geometricmeanof the largest k semiaxes.The
sameholds if K is the ellipsoid with the coordinate nonincreasingsemiaxes
ai

p
n, i.e. x 2 K i�

P n
i=1 x(i )2=a2

i � n. This is clearly better than

jCK j1=k = (2C)n=k
� nY

i =1

ai

� 1=k
;

which appearsin the classicalVolumeRatio Theorem(note that the inclusion
B n

2 � K implies in the ellipsoidal examplethat all ai � 1.)

1Even though in the Coordinate Volume Ratio Theorem the coordinate sectioncan not be
random in general,a very recent work of Giannopoulos, Milman and Tsolomitis [10] and of
the author [42] suggeststhat onecan automatically regain randomnessof a boundedsection
in the Grassmanianif oneonly knows the existence of a boundedsectionin the Grassmanian.
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3. An important observation is that (13) holds for arbitrary symmetric convex
body K , in which caseai

p
n denotethe semiaxesof an M-ellipsoid of K . The

M-ellipsoid is a deepconceptin the modern convex geometry;it nicely re
ects
volumetric properties of convex bodies. For every symmetric convex body K
in Rn there existsan ellipsoid E such that jK j = jEj and K can be coveredby
at most exp(C0n) translatesof E. Such ellipsoidE is calledan M-ellipsoid of K
(with parameter C0). Its existence(with the parameter equal to an absolute
constant) was proved by V.Milman [21]; for numerousconsequencessee[28],
[24], [9].

Fact 3.3. Let K be a symmetric convexbody in Rn and E be its M-ellipsoid
with parameter C0. Then

Ak(K ) � (CC0)n=k
� kY

i =1

ai

� 1=k
;

where ai
p

n are the semiaxesof E in a nondecreasing order. In other words,
ai are the singular valuesof a linear operator that mapsB n

2 onto E.

Pro of. The fact that E is an M-ellipsoid of K implies by standard covering
arguments that (CC0)n jK \ E j � jE \ E j for all subspacesE in Rn , seee.g.
[16, Fact 1.1(ii)]. Since jK j = jEj, we have Ak(K ) � (CC0)n=k Ak(E), which
reducesthe problem to the examplesof ellipsoidsdiscussedabove.

4. A quantit y similar to Ak(K ) and which equals (
Q l+ k

i = l ai )1=k for the ellip-
soid with nonincreasingsemiaxesai plays a central role in the recent work
of Mankiewicz and Tomczak-Jaegermann[16]. They proved a volume ratio-
type result for this quantit y (for random non-coordinate subspacesE in the
Grassmanian)which works for dim E � n=2.
5. Theorem 3.1 follows from its more generaldual counterpart that allows to
compute the combinatorial dimensionof a set in terms of its volume.

Let K be a set in Rn . For 0 < k < n, de�ne

ak(K ) = min
�

jcK j
jPE K j

� 1=codim E

where the minimum is over the coordinate subspacesE, codim E � k, and
c > 0 is an absoluteconstant whosevalue will be discussedlater.

Theorem 3.4. Let K be a convexset in Rn . Then for everyinteger0 < k < n,

v(K ; ak(K )) � n � k:

Pro of. By applying an arbitrarily small perturbation to K , we can assume
that the function R 7! v(RK ; 1) maps R+ onto f 0; 1; : : : ; ng. Let R be a
solution to the equation

v(RK ; 1) = n � k:
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By Corollary 2.8,

(14)
�
� 1
2

RK
�
� � 1 + max

P
#(in teger cells in P(RK ))

wherethe maximum is over all coordinateprojectionsP in Rn . Sincev(RK ; 1) �
1, the maximum in (14) is at least1. Hencethereexistsa coordinate projection
P = PE onto a coordinate subspaceE such that

�
� 1
2

RK
�
� � 2#(in teger cells in PE (RK )):

Sincethe number of integer cells in a set is boundedby its volume,

Rn
�
� 1
2

K
�
� � 2jPE (RK )j � 2Rn� l jPE K j

wheren � l = dim E. It follows that

1
R

�
�

j 1
4K j

jPE K j

� 1=l

and v(K ;
1
R

) = n � k:

It only remains to note that by the maximal property of the combinatorial
dimension,n � l = dim E � n � k; thus l = codim E � k.

Lemma 3.5. For every integer 0 < k < n, we haveAk(K ) ak(nK � ) � 1.

Pro of. Let L = nK � . Fix numbers 0 < k � l < n and a coordinate subspace
E, codim E = l. Santalo and the reverseSantalo inequalities (the latter due
to Bourgain and Milman [5], see[28] x7) imply that

jL j � cn
1 jK j � 1;

jPE Lj �
�

C1

n � l

� n� l

jL � \ E j � 1 =
�

C1n
n � l

� n� l

jK \ E j � 1:

Then
�

jcLj
jPE Lj

� 1=l

�

"

(c1c)n

�
n � l
C1n

� n� l jK \ E j
jK j

#1=l

�
�

jK \ E j
j(C2=c)K j

� 1=l

:

Now take the minimum over l � k and over E to seethat ak(L) � Ak(K )� 1 if
we chooseC = C2=c.

Remark. Theorem3.4 holds for generalsetsK (not necessarilyconvex) if in
the de�nition of ak(K ) one replacesjPE K j by jcconvPE K j. The proof above
easilymodi�es.
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Proof of Theorem3.1. By Theorem3.4 and Lemma 3.5,

v(K � ; (nAk(K )) � 1) = v(nK � ; Ak(K )� 1) � n � k:

By the symmetry of K , this meansthat exists an orthogonal projection PE

onto a coordinate subspaceE, codim E = k, such that

PE (K � ) � PE

�
(nAk(K )) � 1[� 1

2 ; 1
2 ]n

�
:

Dualizing, we obtain
K \ E � 2Ak(K )B n

1 :

The constant 2 canberemovedby increasingthe valueof the absoluteconstant
C in the de�nition of Ak(K ).

4. Volumes of the sets in the L p balls

The classicalVolume Ratio Theoremstated in the introduction is sharp up
to an absolutesonstant C (seee.g. [28] x6). However, if we look at the factor
jCK j1=k = Cn=k jK j1=k which also appears in Corollary 1.3, then it becomes
questionablewhether the exponential dependenceof the proportion n=k is the
right one. We will improve it in the dual setting to a linear dependence.The
main result of this section computesthe combinatorial dimensionof a set K
(not even convex) in Rn in terms of its volume restricted to B n

p . In other
words, we are looking at the probability measurede�ned as

� p(K ) =
jK \ B n

p j

jB n
p j

:

Theorem 4.1. Let K be a set in Rn and 1 � p � 1 . Then for every integer
0 < k � n one has

(15) v(K ; t) � n � k for t = c
� k

n

�
� p(K )1=k:

Remarks. 1. The result is sharpup to an absoluteconstant c. An appropriate
examplewill be given after the proof.

2. Corollary 3.2 is an immediate consequenceof Theorem4.1 by duality.
3. To compareTheorem 4.1 to the classicalVolume Ratio Theorem, one

can read (15) for convex bodiesas follows:

(� )
There exists a coordinate projection P of rank n � k so that PK
contains a translate of the cube P(tB n

1 ) with t = c( k
n )� p(K )1=k,

while the classicalVolume Ratio Theoremstates that

(�� )
There is a random orthogonal projection P of rank n � k so that PK
contains a translate of the ball P(tB n

2 ) with t = cn=k � 2(K )1=k.
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Besidethe central fact of the existenceof a coordinate projection in (� ), note
alsothe linear dependenceon the proportion k=n (in contrast to the exponen-
tial dependencein (�� )), and also the arbitrary p.

For the proof of Theorem4.1,wewill needto know that the volumeswp(n) =
jB n

p j approximately increasein n.

Lemma 4.2. wp(k) � Cwp(n) provided k � n.

Pro of. We have

wp(k) = kk=p
(2�(1 + 1

p))k

�(1 + k
p )

;

see[28] (1.17). Note that

a1=p := 2�(1 +
1
p

) � 2min
x> 0

�( x) � 1:76:

We then useStirling's formula

�(1 + z) � e� zzz+1 =2

wherea � b meansca � b � Cb for someabsoluteconstants c;C > 0.
Considertwo cases.

1. k � p. We have

(16) wp(k) =
(ak)k=p

�(1 + k
p )

� (ak)k=pek=p
� k

p

� � k
p � 1

2
� (eap)k=p

r
p
k

:

2. k � p. In this case�(1 + k
p ) � 1, thus

(17) wp(k) � (ak)k=p:

To completethe proof, we considerthree possiblecases.
(a) k � n � p. Here the lemma is trivially true by (17).
(b) k � p � n. Here

wp(n)
wp(k)

&
(eap)n=p

(ak)k=p

r
p
n

� a
n � k

p

r
k
n

(becausep � k)

� (1:76)n� k

r
k
n

� c > 0:

(c) p � k � n. Here
wp(n)
wp(k)

& (eap)
n � k

p

r
n
k

:

Sinceep> 1, one �nishes the proof as in case(b).



INTEGER CELLS IN CONVEX SETS 17

Pro of of Theorem 4.1. We can assumethat K � B n
p . Let

un =
jK j
jB n

p j
:

By applying an arbitrarily small perturbation of K we can assumethat the
function R 7! v(RK ; 1) mapsR+ onto f 0; 1; : : : ; ng. Then there exists a solu-
tion R to the equation

v(RK ; 1) = n � k:

The geometricresults of the previoussections,such asCorollary 2.8 and The-
orem 2.10, contain absolute constant factors which would destroy the linear
dependenceon k=n. So we have to be more careful and apply (11) together
with (12) instead:

(18) jRK j � 1 + max
x2 (0;1)n

X

P

#
�
integer cells in Px + cconvP(RK )

�
:

Sincev(RK ; 1) > 0, there exists a coordinate projection P such that

max
x2 (0;1)n

max
P

#
�
integer cells in Px + cconvP(RK )

�
� 1:

Hencethe maximum in (18) is boundedbelow by 1 (for x = 0). Thus

jRK j � 2 max
x2 (0;1)n

X

P

#
�
integer cells in Px + cconvP(RK )

�

� 2 max
x2 (0;1)n

n� kX

d=1

X

rank P = d

#
�
integer cells in Px + cconvP(RK )

�

� 2
n� kX

d=1

X

rank P = d

jcconvP(RK )j

becausethe number of integercellsin a set is boundedby its volume. Note that
cconvP(RK ) � convP(RK ) � RP(B n

p ) by the assumption. Then denoting
by Pd the orthogonal projection in Rn onto Rd, we have

jRK j � 2
n� kX

d=1

�
n
d

�
RdjPdB n

p j:

Now note that PdB n
p = (n=d)1=pB d

p . Hence

(19) jRK j � 2
n� kX

d=1

�
n
d

� � n
d

� d=p
Rdwp(d):
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Now jRK j = Rn jK j = Rnunwp(n) in the left hand side of (19) and wp(d) �
Cwp(n) in the right hand side of (19) by Lemma 4.2. After dividing (19)
through by Rnwp(n) we get

(20) un � 2C
n� kX

d=1

�
n
d

� � n
d

� d=p
Rd� n :

Let 0 < " < 1. There exists a 1 � d � n � k such that
� n

d

� d=p
Rd� n � (2C) � 1"n� d(1 � " )dun ;

otherwise(20) would fail by the Binomial Theorem. From this we get

R � (2C)
1

n � d

� n
d

� d
p( n � d) 1

"

� 1
1 � "

� d
n � d

u� n
n � d :

De�ne � by the equation d = (1 � � )n. We have

R � (2C)1=� n
�
(1 � � )1=p(1 � " )

� � ( 1� �
� ) 1

"
u� 1=� :

Now we use this with " de�ned by the equation n � k = (1 � " )n. Since
d � n � k, we have " � � , so

�
(1 � � )1=p(1 � " )

� � ( 1� �
� )

� (1 � " )
2(1 � " )

" < C for 0 < " < 1.

Thus

R �
C
"

u� 1=" :

Then for t := C � 1"u 1=" � 1
R we have v(K ; t) � v(K ; 1

R ) = n � k.

Example. For every integer n=2 � k < n there exists a coordinate convex
body K in Rn of arbitrarily small volumeand suchthat for all 1 � p � n

v(K ; t) > n � k implies t < C
� k

n

�
� p(K )1=k:

Pro of. Fix an " > 0 and let K be the set of all points x 2 B n
p such that one

has jx(i )j � " for at least k coordinates i 2 f 1; : : : ; ng. Then K contains
� n

k

�

disjoint setsK A indexedby A � f 1; : : : ; ng, jAj = k,

K A = f x 2 B n
p : onehas jx(i )j � " i� i 2 Ag:

For each A, write

K A = ([� "; " ]A � ("I )A c
) \ B n

p
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whereI = (�1 ; � 1) [ (1; 1 ). In the next line we usenotation f (" ) � g(" ) if
f (" )=g(") ! 1 as " ! 0 uniformly over p 2 [1; 1 ]. We have

jK A j � j([� "; " ]A � RA c
) \ B n

p j � j[� "; " ]A j � jB n
p \ RA c

j

= (2")k
�
�
�
� n

n � k

� 1=p
B n� k

p

�
�
� � (2")k jB n� k

p j:

Thus there exists an " = "(n; k) > 0 so that

� p(K ) =
�

n
k

�
� p(K A ) �

�
n
k

�
(c")k jB n� k

p j

jB n
p j

:

Now we neednow to bound below the ratio of the volumes.
CLAIM. wp (n� k)

wp (n) � ck .
Considertwo possiblecases:
(a) p � n � k. In this casen=2 � n � k � p � n, and by (16) and (17) we

have

wp(n � k)
wp(n)

=
(a(n � k))

n � k
p

(eap)
n
p

r
n
p

�
� n � k

ean

� n
p

(sincep � n)

�
� 1

2ea

� 2
(sincep � n � k � n=2)

which provesthe claim in this case.
(b) p � n � k. Here

wp(n � k)
wp(n)

=
(eap)

n � k
p

(eap)
n
p

r
n

n � k

�
1
2

(eap) � k
p (sincen=2 � k � n)

� ck :

This provesthe claim.
We have thus shown that � p(K ) �

� n
k

�
(c")k , so

� p(K )1=k > c
� n

k

�
":

On the other hand, no coordinate projection PK of dimensionexceedingn � k
can contain a translate of the cube P[� t; t]n for t > " . Thus

v(K ; t) > n � k implies t � " < C
� k

n

�
� p(K )1=k:

Note also that the volume of K can be made arbitrarily small by decreasing
".
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The sameexamplealsoworks for p = 1 .

5. Duality f or diameters of coordina te sections

Here we prove Theorem1.4. Formally,

r k(K ) =
2

p
n

min
j I j= k

max
x2 K

X

i 2 I

jx(i )j:

Theorem 5.1. Let K be a symmetric convexbody in Rn . For any " > 0 and
for any two positive integersk and m satisfying k + m � (1 � " )n one has

r k(K ) rm (K � ) � C1=" :

The proof is basedon Corollary 3.2.

Pro of. De�ne � and � asfolows: k = (1� � )n, m = (1� � )n. Then � + � � 1 > ".
Let t1; t2 > 0 be parameters,and de�ne

K 1 = conv
�

K [ t1n� 1=2B n
1

�
\

1
t2

n� 1=2B n
1 :

Considertwo possiblecases:
(1) jK 1j � jn� 1=2B n

1 j. SinceK 1 contains t1n� 1=2B n
1 , we have

p
n

t1
K 1 � B n

1 and
�
�
�

p
n

t1
K 1

�
�
� �

�
�
�

1
t1

B n
1

�
�
� =

� 2
t1

� n
:

Corollary 3.2 implies the existenceof a subspaceE, dim E = (1 � � )n, such
that p

n
t1

K 1 \ E �
� C

t1

� 1=�
B n

1 :

Multiplying through by t1=
p

n and recalling the de�nition of K 1, we conclude
that

(21) K \ E \
1
t2

n� 1=2B n
1 � t1

� C
t1

� 1=�
n� 1=2B n

1 :

(2) jK 1j > jn� 1=2B n
1 j. Note that

K �
1 = conv

h�
K � \

1
t1

n� 1=2B n
1

�
[ t2n� 1=2B n

1

i
:

By Santalo and reverseSantalo inequalities,

jK �
1 j < jCn� 1=2B n

1 j:

SinceK �
1 contains t2n� 1=2B n

1 , we have
p

n
t2

K �
1 � B n

1 and
�
�
�

p
n

t2
K �

1

�
�
� �

�
�
�
C
t2

B n
1

�
�
� �

� C2

t2

� n
:
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Arguing similarly to case(1) for K � , we �nd a subspaceF , dim F = (1 � � )n,
and such that

(22) K � \ F \
1
t1

n� 1=2B n
1 � t2

� C
t2

� 1=�
n� 1=2B n

1 :

Looking at (21) and (22), we seethat our choiceof t1; t2 should be so that

t1

� C
t1

� 1=�
=

1
2t2

; t2

� C
t2

� 1=�
=

1
2t1

:

Solving this for t1 and t2 we get

1
2t1

=
1

p
2

C
� � � +1
� + � � 1 =: R1;

1
2t2

=
1

p
2

C
� � � +1
� + � � 1 =: R2:

Then (21) becomes
K \ E � R2n� 1=2B n

1

and (22) becomes
K � \ F � R1n� 1=2B n

1 :

It remainsto note that

R1R2 =
1
2

C2=(� + � � 1) <
1
2

C2=" :

This completesthe proof.
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[26] A. Pajor, Plongement de `k

1 dans les espaces de Banach, S�eminaire d'Analyse Fonc-
tionelle, PAris VI I, 1982-83,�a parâ�tre

[27] A. Pajor, Sous-espaces ln
1 desespacesde Banach, With an intro duction by Gilles Pisier.

Travaux en Cours 16, Hermann, Paris, 1985
[28] G. Pisier, The volume of convex bodies and Banach space geometry, Cambridge Tracts

in Mathematics 94, Cambridge University Press,1989
[29] D. Pollard, Convergence of Stochastic Processes, Springer Verlag, 1984
[30] M. Rudelson,R. Vershynin, Combinatorics of random processesand sections of convex

bodies, preprint
[31] N. Sauer,On the density of families of sets, J. Combinatorial Theory Ser. A 13 (1972),

145{147
[32] S. Shelah, A combinatorial problem; stability and order for models and theories in

in�nitary languages, Paci�c J. Math. 41 (1972), 247{261
[33] J. M. Steele,Existence of submatrices with all possiblecolumns, J. Combinatorial The-

ory Ser. A 24 (1978), 84{88



INTEGER CELLS IN CONVEX SETS 23

[34] S. Szarek, On Kashin's almost Euclidean orthogonal decomposition of ` n
1 , Bull. Acad.

Polon. Sci. Sr. Sci. Math. Astronom. Phys. 26 (1978), 691{694
[35] S. Szarek,M. Talagrand, An "isomorphic" version of the Sauer-Shelahlemma and the

Banach-Mazur distance to the cube, Geometric aspectsof functional analysis(1987{88),
105{112, Lecture Notes in Math., 1376,Springer, Berlin, 1989

[36] S. Szarek,M. Talagrand, On the convexi�ed Sauer-Shelahtheorem, J. Combin. Theory
Ser. B 69 (1997), 183{192

[37] M. Talagrand, Type, infr atype, and Elton-Pajor Theorem, Invent. Math. 107 (1992),
41{59

[38] M. Talagrand, Sections of smooth convex bodies via majorizing measures, Acta Math.
175 (1995), 273{300

[39] M. Talagrand, Vapnik-Chervonenkis type conditions and uniform Donsker classesof
functions, Ann. Prob. 31 (2003), 1565{1582

[40] S.Szarek,N.Tomczak-Jaegermann,On nearly Euclidean decomposition for someclasses
of Banach spaces, Compositio Math. 40 (1980), 367{385

[41] V. Vapnik, A. Chervonenkis, On the uniform convergence of relative frequencies of
eventsto their probabilities, Theory Probab. Appl. 16 (1971), 264{280

[42] R. Vershynin, Isoperimetry of waists and local versusglobal asymptotic convex geome-
tries (with an appendix by M.Rudelson and R.Vershynin), preprint

Depar tment of Ma thema tics, University of Calif ornia, Davis, 1 Shields Ave,
Davis, CA 95616, U.S.A.

E-mail address: vershynin@math.ucdavi s. edu


