INTEGER CELLS IN CONVEX SETS

R. VERSHYNIN

Abstra ct. Every corvex body K in R" has a coordinate projection PK
that contains at least voI(%K) cells of the integer lattice PZ", provided
this volume is at least one. Our proof of this counterpart of Mink owski's
theorem is based on an extension of the combinatorial density theorem
of Sauer, Shelah and Vapnik-Chervonenkis to Z". This leadsto a new
approadc to sectionsof corvex bodies. In particular, fundamertal results
of the asymptotic corvex geometry such asthe Volume Ratio Theorem and
Milman's duality of the diameters admit natural versionsfor coordinate
sections.

1. Intr oduction

Minkowski's Theorem, a certral result in the geometry of numbers, states
that if K isaconvexand symmetricsetin R", thenvol(K) > 2" impliesthat K
cortains a nonzerointeger point. More generally K cortains at Ieastvol(%K)
integer points. The main result of the presen paper is a similar estimate on
the number of integer cells, the unit cells of the integer lattice Z", cortained
in a corvex body.

Clearly, the largenessof the volume of K does not imply the existenceof
any integer cellsin K ; a thin horizorntal pancale is an example. The obstacle
in the pancale K is causedby only one coordinate in which K is at; after
eliminating it (by projecting K onto the remaining ones)the projection PK
will have many integer cells of the lattice PZ". This obsenation turns out to
be a generalprinciple.

Theorem 1.1. Let K be a convexsetin R". Then there existsa coordinate
projection P suchthat PK contains at Ieastvol(%K) cells of the integer lattice
PZ", providal this volumeis at least one.

(A coordinate projection is the orthogonal projection in R" onto R' for some
nonempty subsetl f1;:::;ng.)
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Combinatorics: Sauer-Shelahitpe results. Theorem 1.1 is a consequencef
an extensionto Z" of the famousresult due to Vapnik-Cherwnenkis, Sauer,
Perlesand Shelah,commonly known as Sauer-ShelaHemma, seee.qg. [6, X17].

n n

Sauer-Shelah Lemma. If A f0;1g" hascardinality #A > | + | +:::+
1 » thenthere existsa coordinate projection P of rank larger than d and such
that PA = Pf0; 1g".

This result is usedin a variety of areasranging from logics to theoretical

computer scienceto functional analysis[1§. In order to bring Sauer-Shelah
Lemmato geometry we will need rst 6 generalizeit to setsA  Z". An

integer box is a subsetof Z' of the form ~ , fa;hgwith a 6 h.

Theorem 1.2. If A Z", then

X
#A 1+ # integer boxesin PA ;

P

wheee the sumis over all coordinate projections P.

If A fO;1g", then ewvery PA in the sum above may cortain only oneinteger
box Pf0; 19" if any, hence

Q) #A 1+ # P for which PA = Pf0;1g" :

Estimate (1) isdueto A.Pajor [27]. Sincethe right hand sideof (1) is bounded
by g + rl‘ + 0+ g , whered is the maximal rank of P for which PA =
PfO0; 19", (1) immediately implies Sauer-ShelalLemma.

In a similar way, Theorem1.2impliesarecen generalizationof Sauer-Shelah
lemmain terms of Natarajan dimension, due to Hausslerand Long [12]. In
their result, A hasto be bounded by someparalelepiped; we do not impose
any boundednessestrictions (seeCorollary 2.6).

Most importantly, Theorem 1.2 admits a versionfor integer cells instead of
integerboxes. If A R" is convex, then

X
#A 1+ # integercellsin PA :

P

This quickly leadsto Theorem1.1. This versionalsoimplies a generalizationof
Sauer-ShelaHemmafrom [12] in terms of the combinatorial dimension which
is an important conceptoriginated in the statistical learning theory and and
which becamewidely usefulin many areas,see€[1], [7], [39, [20]. Theseresults
will be discussedn detail in Section2. The proof of Theorem1.2relieson the
combinatorics deweloped in [20] and [30].
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Convex geometry: coordinate sectionsof corvex bodies. Theorem 1.2 leadsto
a new approad to coordinate sectionsof corvex bodies.

The problemof nding nice coordinate sectionsof a symmetric convex body
K in R" has been extensiwely studied in geometric functional analysis. It
is connectedin particular with important applications in harmonic analysis,
where the system of characters de nes a natural coordinate structure. The

p-problem, which was solved by J. Bourgain [4], is an exemplary problem
on nding nice coordinate sections,as explained by an alternative and more
generalsolution (via the majorizing measures)given by M. Talagrand[38]. It
is generallyextremely di cult to nd a nice coordinate sectioneven whenthe
existenceof nice genericsections(usually randomly chosenfrom the Grassma-
nian) is well known, seee.g. [39, [20], [30].

The method of the presei paper allows oneto prove natural versionsof a
few classicalresults for coordinate sections. Sincethe number of integer cells
in a setK is boundedby its volume, we have in Theorem 1.1 that

(2) PK cortains an integer cell and jPK | j%Kj.

(we write jJPKj = vol(PK) for the volume in PR"). This often enablesone
to conclude a posteriori that P has large rank, as (2) typically fails for all
projections of small ranks.

If K is symmetric and an integerm < n is xed, then using (2) for a 'K
with anappropriatea > 0, weobtaina "jPKj a nj%Kj for somecoordinate
projection P of rank m. Moreover, P(a 'K) cortains a unit coordinate cube,
so solving for a we concludethat
joKj T
jiPKj '
whereC; c;cy; : : : denote positive absoluteconstarts (here c = 1=6).

This leadsto a\coordinate" versionof the classicalVolume Ratio Theorem.
This theoremis a remarkable phenomenororiginated in the work of B. Kashin
related to appraximation theory [13], deweloped by S. Szarekinto a general
method [34]and carried over to all convexbodiesby S. Szarekand N. Tomczak-
Jaegermann([40], see[28, x6]). The unit ball of Ly (1 p 1) is denoted
by By, i.e. forp< 1

3) PK conains a coordinate cube of side

x2Bg i jx(jP+  +jx(n)j® n
and x 2 B if max jx(i)j 1. We chooseto work with Lg spacesrather
than "] spaceshere becausetheir unit balls have appraximately unit volume:

a JjBpi*™" cforalll p 1.

Volume Ratio Theorem. (Szarek, Tomczak-Jagermann). Let K be a con-
vexsymmetricbody in R" whichcontainsBj. Thenfor everyintegerO< k < n
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there existsa subspce E of codimensionk and suchthat
(4) K\ E jCKj¥BJ:
In fact, the subspaceE can be taken at random from the Grassmanian.

To obtain a coordinate version of the Volume Ratio Theorem, we can not
just claim that (4) holdsfor somecoordinate subspaceéE = R': the octahedron
K = B! forms an obstacle. Howeer it turns out that the octahedronis the
only obstacle, so our claim becomestrue if one replacesthe Euclidean ball
BJ in (4) by its circumscribed octahedron Bf. This seemsto be a general
phenomenonwhen one passedrom arbitrary to coordinate sections,see[30].

Theorem 1.3. Let K be a convexsymmetric body in R" which contains BY .
Then for everyinteger 0 < k < n there exists a coordinate subspce E of
codimensionk and suchthat

K\ E jCKj¥B!:

This theorem follows from (3) by duality (Sartalo and the reverse Sartalo
inequalities, the latter due to Bourgain and Milman).

Remarks. 1. The assumptionB! K of Theorem 1.3 is wealer than the
assumptionB) K of the Volume Ratio Theorem. In fact, this assumption
can be completely eliminated if onereplacesjCK j* by the quartity

jCKj 1=codim E
K\ Ej
wherethe maximum is over the coordinate subspace&, codimE k. Clearly,
Ax(K) jCKj¥if K cortains B} . Wewill discussthis \Co ordinate Volume
Ratio Theorem" aswell asthe quartity Ax(K) in more detail in Section3.

2. The right dependenceon k=n in the Volume Ratio Theorem and in
Theorem 1.3 is a delicate problem. jCK ¥k = C™kjK ¥k, and while the
factor jK j*¥ is sharp (which is easily seenfor ellipsoids or parallelepipeds),
the exponertial factor C" is not. We will improve it (in the dual form) to a
linear factor Cn=k in Section4.

Ax(K) = max

Another example of applications of Theorem 1.1 is a coordinate version of
Milman's duality of diametersof sections.For a symmetric corvex body K in
R", let

b(K) = mindiam(K \ Ey);
where the minimum is over all k-dimensionalsubspace€,. Then for ewery

" > 0andfor any two positive integersk and m satisfyingk+m (1 ")n C
onehas

(5) b(K)bn(K ) C="
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(in fact, this holds for random subspace< in the Grassmanian)[22], [23].
This phenomenorre ects deeplinear duality relations and providesa key tool
in understandingthe \global" duality in asymptotic corvex geometry see[23],
[24].

To establish a version of this result for coordinate subspacesy, we have
(as before) to changethe metric that de nes the diameter to that given by
the octahedroncircumscribed around the unit Euclideanball (rather than the
Euclidean ball itself). Then for the new diameter diam; we let

r«(K) = mindiamy(K \ Ey);

wherethe minimum is over all k-dimensionalcoordinate subspace&. In other

words, the ingquality r(K), 2r holdsi onecan nd ak-elemen setl so
R p_

that onehas ,, jx(i)j r nforall x2 K.

Theorem 1.4 (Duality for diametersof coordinate sections) Let K be a sym-

metric convexbody in R". For any " > 0 and for any two positive integersk

and m satisfyingk+ m (1 ")n one has

n(K)rm(K ) C¥:

In particular, there exists a subsetof coordinates | of size, say, dtazse sut
that the absolute valuesof the coordinatesin | sumto at most C™ n either
for all vectorsin K or for all vectorsin K .

Remark. In most of the results of this paper, the corvexity of K can be
relaxedto a wealer coordinate convexity, seee.g. [17].

ACKNOWLEDGEMENTS. The author is grateful to M. Rudelsonfor his
interest and valuable commerns. This project started when the author was
at the Pacic Institute for Mathematical Studies and the University of Al-
berta. He thanks these institutions and especially N. Tomczak-Jaegermann
for support.

2. Sauer-Shelah Lemma in Z"

In 1971-72 Vapnik and Chervonenkis[41], Sauer[31] and Perlesand Shelah
[32] independerily proved the following well known result, which has found
applicationsin a variety of areasranging from logicsto probability to computer
science.

Theorem 2.1 (Sauer-ShelahLemma). If A f0;1g" has cardinality # A >
g + '; +4+ ’; , then there existsa coordinate projection P of rank larger
than d and suchthat

(6) PA = Pf0; 1g™
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A short proof of Sauer-ShelahLemma can be found e.g. in [6, x17]; for nu-
merousvariants of the Lemma seethe bibliography in [12] aswell as[2], [39,

[36].

To bring Sauer-ShelahLemma to geometry we will have to generalizeit
to setsA  Z". The casewhen sud A is boundedby a parallelopiped, i.e.
A " f0;:::;Nig, is well understood by now, see[15], [3], [33, [12]. In
this sectionwe will prove a generalizationof Sauer-ShelaH.emmato A Z"
independen of any boundednessassumptions.

We start with a simpler result. An integer box is a subsetof Z" of the form
fay; bg fa,;b,gwith & 6 b 8i. Similarly onede nes integer boxesin
Z', wherel f1;:::;ng.

Theorem 2.2. If A Z", then

X
(7 #A 1+ # integer boxesin PA ;

P
whele the sumis over all coordinate projections P in R".

Remark. Let A fO0;1g". Sincethe only lattice box that can be cortained
in PA is Pf0; 19", Theorem 2.2 implies that

(8) #A 1+ # P for which PA = Pf0;1g" :

This estimateis dueto A.Pajor [27, Theorem 1.4]. Note that this quartity is
boundedby 7 + ' +:::+ 7, wheredisthe maximal rank of P for which
PA = Pf0;1g". This immediately implies Sauer-ShelaH_.emma.

The result that we really needfor geometric applications is Theorem 2.2
for integer cells, which are integer boxes whoseall sidesequal 1. Although
the number of integer cellsin a corvex body can in principle be estimated
through the number of integer boxes, the dependencewill not be linear { a
cube [0O;M]" cortains M" integer cellsand (%M (M + 1))" integer boxes. To
obtain Theorem 2.2 for integer cells, we will have to prove a more accurate
extensionof Sauer-Shelal.emmato Z".

The crucial in our discussionwill be the notion of coordinate convexity (see
e.g. [17]), which is wealer than that of convexity.

De nition 2.3. Let K be a setin R". The coordinate convex hull of K
consists of the points x 2 R" suchthat for everychoice of signs 2 f 1;1g"
onecan nd y 2 K suchthat

y(i) x(@i) if (i)=1,
y(i) x@) if ()= 1

K is called coordinate corvex if it coincideswith its coordinate convexhull.
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By changing R" to Z" the coordinate corvexity can also be de ned for
subsetsof Z". Also, changingR" to R' and f 1;1g" to f 1;1g', the co-
ordinate corvexity is de ned for subsetsof R' (and similarly for Z'), where
I f1,:::;ng.

One obtains a generalcorvex body in R" by cutting o half-spaces. Sim-
ilarly, a generalcoordinate corvex body in R" is obtained by cutting o oc-
tants, i.e. translates of the sets R} with 2 f 1;1g". Clearly, every
corvex set is coordinate corvex; the corverseis not true, as the crossshows
f(x;y)jx=0ory= 0gin R?

The certral conbinatorial result of this section is the following theorem
which we will prove after somecommers.

Theorem 2.4. For everyAx z",

(9) #A 1+ # integer cells in cconvPA ;
P

wheee the sumis over all coordinate projections P.

The combinatorial dimensionand Sauer-Shelalyperesults. Like Theorem2.2,
Theorem 2.4 also cortains Sauer-ShelalLemma: ewvery subsetA  f0;1g" is
coordinate corvex, and the only lattice box that can be cortained in PA is
Pf0; 19", which implies (8) and henceSauer-ShelaHemma.

To seea relation of Theorem 2.4 to later generalizationsof Sauer-Shelah
lemma, let us recall an important concept of the conmbinatorial dimension,
which originatesin the statistical learning theory and which becameusefulin
cornvex geometry conmbinatorics and analysis,see[1], [7], [39], [20], [30].

De nition  2.5. The conbinatorial dimensionv(A) of a set A R" is the
maximal rank of a coordinate projection P suchthat ccorv(P A) contains some
translate of the unit cuke PfO0; 1g".

For t > 0, the sale-sensitiveversion of the combinatorial dimension is
de ned asv(A;t) = v(t *A).

Equivalently, asubsetl  f1;:::;ngiscalledt-shatteredby A if there exists
an h 2 R" sud that, givenany partiton | =1 [ |*,onecan nd anx 2 A
sud that x(i) h(i)ifi 21 andx(i) h(i)+tifi 2 1*. The combinatorial
dimensionv(A; t) is the maximal cardinality of a subsett-shatteredby A.

A few words on the history of the conceptof the conbinatorial dimension.
For setsA  f0;1g", the combinatorial dimensionv(A) is the classicalVapnik-
Chernovenkisdimension see[18 for a nice introduction to this important
concept. For setsA  Z", the notion of the combinatorial dimensionv(A)
goesbadk to 1982-83 when Pajor usedit for origin symmetric classesn view
of applications to the local theory of Banad spaces[26]. He proved early
versionsof Sauer-Shelah.emmafor setsA  f0;:::;pg" (see[2€], [27,Lemma
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4.9]). Pollard gave an explicit de nition of v(A) in his 1984book on stochastic
processe$29|. Haussleralsodiscussedhis conceptin his 1989work in learning
theory ([11], see[12] and the referencegherein).

For corvex and origin symmetric setsA  R", the combinatorial dimension
V(A;t) is easily seento coincide with the maximal rank of the coordinate
projection P A of A that contains the certered coordinate cube of sidet. In view
of this straightforward connectionto corvex geometry and thus to the local
theory of Banad spacesthe conbinatorial dimensionwasa certral quartity in
the 1982-83works of Pajor ([25], seeChapter IV of [27]). Connectionsof v(A; t)
to Gaussianprocessesand further applications to Banad spacetheory were
establishedin the far reading 1992paper of M.Talagrand ([37], seealso[39]).
The quartity v(A;t) wasformally de ned in 1994by Kearnsand Sdapire for
generalsetsA in their paper in learning theory [14].

Sinceits invertion, the combinatorial dimensionturned out to be very ef-
fective in measuringthe complexity of a set A in conbinatorics, functional
analysis, statistical learning theory, the theory of empirical processesdgiscrete
and corvex geometry (see[1], [39, [20], [30]). Alternativ e namesfor the com-
binatorial dimension usedin the literature on conbinatorics and statistical
learing theory are: Pollard dimensionand pseudodimensionfor v(A), shatter-
ing and fat-shattering dimensionfor v(A; t), see[12] and [19].

Similarly, Natarajan dimensionn(A) of asetA Z" is the maximal rank
of a coordinate projection P sud that P A cortains an integer box (see[12)).

Theorems2.2 and 2.4 easily imply two recen results of Hausslerand Long
[12] on the conbinatorial and Natarajan dimensions,which are in turn gener-
alizations of Sauer-ShelaHemma.

(i) We have
X Y

JA] N;;
41 v(A) i2l

wheee the sum is over all subsetsl  f1;:::;ng of cardinality at most v(A)

(weinclude | = ; and assignto it the summandequalto 1).
(i) In particular, if A f0;:::;Ng" then
XA _
iAj "N
i=0 I
(i) We have

JAj
#1 n(A)i2l
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wheee the sum is over all subsetsl  f1;:::;ng of cardinality at most n(A)
(weinclude | = ; and assigto it the summandequal to 1).

Pro of. For (i), apply Theorem2.4. All the summandsin (9) that correspnd
to rankP > v(A) vanish by the de nition of the combinatorial dimension.
Ead of the non-vanisbing summandsis bounded by the number of integer
cellsin ccovPA  P(~,f0;:::;N;g). This establishes(i) and thus ii).
Repeatin%this for (iii), we only h%e to note that the number of integer
boxesin P(~ [, f0;:::;Nig) = fog  *,,,f0;:::;Njgisat most Vot . m
Remark. All the statemeris in Corollary 2.6 reduceto Sauer-ShelaHemma
if Nj = 18i.
The proof. Here we prove Theorem 2.4. De ne the cell content of A as

X
(A= # integercellsin ccorvPA ;

P

where we include in the courting one O-dimensionalprojection P (onto R*),
for which the summandis setto be 1 if A is nonempty and O otherwise. This
de nition appearsin [30]. We partition A into setsAy, k 2 Z, de ned as

Ac=1x2 A: x(1) = kg:

Lemma 2.7. For everyA Z",
X
(A) ( A:
k2z

Proof. AcellCinR',I f1;:::;ng, will be consideredas an ordered pair
(G 1). This also appliesto the trivial cell (0;;) which we will include in the
courting throughout this argumen. The coordinate projection onto R' will
be denotedby P, .

We say that A hasacell (C1) if C ccorvP,B. The lemmastatesthat A
hasat leastas many cellsasall the setsAy have in total.

If Ax hasacell (C1) then A hasit, too. Assumethat N > 1 setsamong
Ay have a nontrivial cell (C;1). Sincethe rst coordinate of any point in sud
a set A, equalsk, one necessarilyhas 1 621. Then Piyg Ax = fkg Py A,
wherethe factor f kg meansof coursethe rst coordinate. Hence

fkg C fkg ccorv(P,Ax) = cconv(fkg P;Ay)
= cconvPsyg Ak CCONVPy g Al
Thereforethe setccornvPs 4 A cortains the integerbox fky; kog  C, wherek;

is the minimal k and k; is the maximal k for the N setsAy. Then cconvP; g | A
must alsocortain cconv(fki;kog ©  [K;kz]  Cwhich in turn corntains at
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leastk, k; N 1lintegercellsofthe formfa;a+ 1g C. Hence,in addition
to onecell C, the setA hasat leastN 1 cellsof the form

(20) (faja+ 1g Cfig[ 1):

Sincethe rst coordinate of all points in any xed Ay is the same,noneof Ay
may have a cell of the form (10). Note also that the argumert above works
alsofor the trivial cell.

This shaws that there exists an injective mapping from the set of the cells
that at least one Ay has into the set of the cellsthat A has. The lemma is
proved. [ |

Pro of of Theorem 2.4. It is enoughto shaw that for every A Z"
#A (A

This is proved using Lemma 2.7 by induction on the dimensionn.

The claim is trivially true for n = 0 (in fact alsofor n = 1). Assumeit is
true for somen 0. Apply Lemma 2.7 and note that eat A is a translate
of a subsetin Z" 1. We havex

X
(A) ( Ay) #A = #A
k2z k22
(herewe usedthe induction hypothesisfor eat Ay). This completesthe proof.

Volume and lattice cells.Now we headto Theorem1.1.
Corollary 2.8. LetK besextin R". Then

j%Kj 1+ # integer cells in cconvPK ;
P

wheee the sumis over all coordinate projections P.
For the proof we needa simple fact:
Lemma 2.9. For everysetK in R" and everyx 2 R",
# integercellsin x + K # integercellsin 2K :

Pro of. The proof reducesto the obsenation that ewery translate of the cube
[0; 2]" by a vectorin R" contains an integercell. This in turn is easily seenby
reducingto the one-dimensionakase. [ |

Pro of of Corollary 2.8. Let x be a random vector uniformly distributed in
[0;1]", and let Ay = (x + K)\ Z". Then E# A, = |[K]. By Theorem2.4,
X

(11) jKj 1+E # integercellsin cconPA, ;
P
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while
(12) ccornvPA, cconvP(x+ K) = Px + ccorvPK:
By this and Lemma2.9,
# integer cellsin ccorvP Ay # integer cellsin cconvP (2K)

Thus by (11) X

jKj 1+ # integer cellsin ccorvP (2K) :
P
This provesthe corollary. [ |

Remark. The proof of Theorem2.2is very similar andin fact is simpler than
the argument above. Onelooksat ( A) = # integerboxesin PA and
repeatsthe proof without worrying about coordinate corvexity.

Now we can prove the main geometricresult of this section.

Theorem 2.10. Let K be a setin R". Then there existsa coordinate projec-
tion P in R" suchthat cconvPK contains at Ieastj%lKj 2 " integer cells.

Pro of. By Corollary 2.8,
j%Kj 1+ (2" 1)mng# integer cellsin ccorvPK :

Hencemaxp # integer cellsin cconvPK j%Kj 2", [ |
Note that jIKj 2 " jiKjif jtKj 1. This implies Theorem1.1.
3. The Coordina te Volume Ratio Theorem

Let K beasetin RK. For0< k < n, de ne

A¢(K) = max

where the maximum is over the coordinate subspace€, codmE  k, and
C > 0is an absoluteconstart whosevalue will be discussedater.

Theorem 3.1 (Coordinate Volume Ratio Theorem). Let K be a convexsym-
metric setin R". Then for everyinteger 0 < k < n there existsa coordinate
section E, codim E = k, suchthat

K\ E AK)BD:

The proof relies on the extension on Sauer-ShelahLemma in Z" from the
previous sectionand on the duality for the volume, which is Sartalo and the
reverseSartalo inequalities (the latter due to J.Bourgain and V.Milman). We
will prove Theorem3.1in the end of this section.
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1. In the important casewhen K cortains the unit cube, we have Ay (K)
jCK j¥*. This implies:

Corollary 3.2. Let K be a convexbody in R" which contains the unit cuke
BT . Then for everyinteger 0 < k < n there existsa coordinate subsjce E of
codimensionk and suchthat

K\ E jCKj¥BDI:

The assumptionsof this corollary are wealer than those of the classical
Volume Ratio Theorem stated in the introduction, becausethe cube B! is
inscribed into the Euclideanball BJ. The conclusionof Corollary 3.2 is that
somecoordinate sectionK \ E is bounded by the octahedron B}, which is
circumscribed around the Euclidean ball B5. No stronger conclusionis for a
coordinate sectionis possible:K = B itself is an obstacle.

Newerthelessby a result of Kashin ([13], seea sharper estimatein Garnaev-
Gluskin [8]) a random sectionof B} in the GrassmanianG,x with k = dn=2e
is equivalert to the Euclideanball BX. Thus a random (no longer coordinate)
sectionof K \ E of dimension, s&, %dim(K \ E) will already be a subsetof
jCKj¥*Bf. This shaws that Corollary 3.2 is closein nature to the classical
Volume Ratio Theorem. It gives coordinate subspacesvithout sacri cing too
much of the power of the Volume Ratio Theorem?

In the next sectionwe will prove a (dual) result even sharper than Corollary
3.2.

2. The quantity Ax(K) is@est illustrated on the example of classicalbodies.

If K is the parallelopiped i”=1[ a;;a ] with semiaxesa; a, a, > 0,
then

¥ 1=k
(13) Ak(K) = (2C)"* a

i=1
a quartit y proportional to the geometricmean of the largestk semiaxes.The
sgimeholds if K is {ge ellipsoid with the coordinate nonincreasingsemiaxes
a n,ie.x2Ki ", X(1)>=& n. This is clearly better than
o R 1=k
jCKj™ = @C)™ &
i=1
which appearsin the classicalVolume Ratio Theorem (note that the inclusion
BJ K impliesin the ellipsoidal examplethat all & 1.)

1Eventhough in the Coordinate Volume Ratio Theorem the coordinate sectioncan not be
random in general,a very recert work of Giannopoulos, Milman and Tsolomitis [10] and of
the author [42] suggeststhat one can automatically regain randomnessof a bounded section
in the Grassmanianif one only knowsthe existene of a boundedsectionin the Grassmanian.
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3. An important obser\at'tpn is that (13) holdsfor arbitrary symmetric corvex
body K, in which casea;” n denotethe semiaxesof an M-ellipsoid of K. The
M-ellipsoid is a deepconceptin the modern corvex geometry;it nicely re ects
volumetric properties of corvex bodies. For every symmetric corvex body K

in R" there existsan ellipsoid E sud that jKj = jEj and K can be covered by
at most exp(Con) translatesof E. Sud ellipsoid E is calledan M-ellipsoid of K

(with parameter Cy). Its existence(with the parameterequalto an absolute
constart) was proved by V.Milman [21]; for numerousconsequencesee[2§],

[24), [9]

Fact 3.3. Let K be a symmetric convexbody in R" and E be its M-ellipsoid
with parameter Cy. Then
. YK 1=k
Ak(K)  (CCy™ a
i=1
whee ap n are the semiaxesof E in a nondereasing order. In other words,
a are the singular valuesof a linear operator that mapsB/ onto E.

Pro of. The fact that E is an M-ellipsoid of K implies by standard covering
argumerts that (CCp)"jK \ Ej JE\ Ej for all subspace€ in R", seee.qg.
[16, Fact 1.1(ii)]. SincejKj = jEj, we have A (K)  (CCo)"*Ay(E), which
reducesthe problem to the examplesof ellipsoidsdiscussedabove. [ |

4. A quartity similar to A(K) and which equals(Q!Z:‘ai)lzk for the ellip-

soid with nonincreasingsemiaxesa; plays a certral role in the recen work
of Mankiewicz and Tomczak-Jaegermanrjl6]. They proved a volume ratio-
type result for this quartity (for random non-cardinate subspace< in the
Grassmanian)which works for dimEg  n=2.
5. Theorem 3.1 follows from its more generaldual courterpart that allows to
compute the combinatorial dimensionof a setin terms of its volume.

Let K beasetin R". For0< k < n, de ne
jCKj 1=codim E
JPeK]
where the minimum is over the coordinate subspaces, codimE k, and
c> 0is an absoluteconstart whosevalue will be discussedater.

a(K) = min

Theorem 3.4. LetK bea convexsetin R". Then for everyintegerO< k < n,
v(Kia(K)) n ke

Pro of. By applying an arbitrarily small perturbation to K, we can assume
that the function R 7! v(RK;1) mapsR. onto f0;1;:::;ng. Let R be a
solution to the equation

V(RK;1)=n k:
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By Corollary 2.8,

1 . :
14 éRK 1+ mng#(ln tegercellsin P(RK))
wherethe maximum is over all coordinate projectionsP in R". Sincev(RK ;1)
1, the maximum in (14) is at least1. Hencethere existsa coordinate projection
P = Pg onto a coordinate subspaceE sud that
1

ERK 2#(in teger cellsin Pg (RK)):

Sincethe number of integer cellsin a setis boundedby its volume,

1 . . . .
R" 2K 2iPe(RK)j 2R" 'jPeKj

2
wheren | = dimE. It follows that
. . 1=l
1 3K 1
R jPeK] and v(Kig)=n
It only remainsto note that by the maximal property of the conbinatorial
dimension,n |=dimE n Kk;thusl=codimE k. [ ]

Lemma 3.5. For everyinteger 0< k < n, wehaveAy(K)a(nK ) 1

Proof. LetL = nK . Fix numbersO< k | < n and a coordinate subspace

E, codimE = |. Sartalo and the reverseSartalo inequalities (the latter due
to Bourgain and Milman [5], see[28] x7) imply that
iLi ok b

n | n I

iPeLj ncl L\ Ejl= r?l” K\ Ej

Then
n #l:

je,j (" n | "'iK\ Ej K\ Ej
jPeLj Cin iKj j(Co=0K ]

Now take the minimum over| k and over E to seethat a, (L) Ag(K) tif
we chooseC = C,=c ]

Remark. Theorem 3.4 holdsfor generalsetsK (not necessarilyconvex) if in
the de nition of a,(K) onereplacesjPeK | by jccornvPe K j. The proof above
easily modi es.
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Proof of Theorem3.1. By Theorem 3.4 and Lemma 3.5,
V(K 5 (nAK(K)) 1) = v(nK A(K) ) n ki

By the symmetry of K, this meansthat exists an orthogonal projection Pg
onto a coordinate subspaceE, codim E = k, sud that

Pe(K ) Pe (nA(K)) [ 331"

Dualizing, we obtain
K\ E 2A(K)BY:

The constart 2 canberemoved by increasingthe value of the absoluteconstart
C in the de nition of Ag(K). [ |

4. Volumes of the sets in the L, balls

The classicalVolume Ratio Theorem stated in the introduction is sharp up
to an absolutesonstart C (seee.g. [28] x6). Howewer, if we look at the factor
jCK j¥* = C"*jK ¥k which also appearsin Corollary 1.3, then it becomes
guestionablewhether the exponertial dependenceof the proportion n=k is the
right one. We will improve it in the dual setting to a linear dependence.The
main result of this section computesthe conbinatorial dimensionof a set K
(not ewven corvex) in R" in terms of its volume restricted to Bj. In other
words, we are looking at the probability measurede ned as

JK\ BJj
K)= 7}0
p(K) 8]
Theorem 4.1. LetK beasetin R"and1l p 1. Then for everyinteger
O< k nonehas

(15) v(K:t) n k for t=c % o(K)¥:
Remarks. 1. Theresultis sharpup to anabsoluteconstart c. An appropriate
examplewill be given after the proof.

2. Corollary 3.2 is an immediate consequencef Theorem4.1 by duality.

3. To compareTheorem 4.1 to the classicalVolume Ratio Theorem, one
canread (15) for corvex bodies as follows:

() There exists a coordinate projection P of rank n  k sothat PK
cortains a translate of the cube P(tB 1 ) with t = c(%) (KK,
while the classicalVolume Ratio Theorem statesthat

() There is a random orthogonal projection P of rank n k sothat PK
cortains a translate of the ball P(tB5) with t = ¢™* (K ),
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Besidethe certral fact of the existenceof a coordinate projection in ( ), note
alsothe linear dependenceon the proportion k=n (in cortrast to the exponen-
tial dependencein ( )), and alsothe arbitrary p.

For the proof of Theorem4.1, we will needto know that the volumesw,(n) =
jBpj approximately increasein n.
Lemma 4.2. wp(k) Cwy(n) provided k n.

Pro of. We have
2 (1 + 1)k
i) = e E» ;
1+ 5)
see[28] (1.17). Note that
a®:=2(@1 + }) 2min ( x) L76
p x>0

We then use Stirling's formula
(1 +2z) e?z2?

wherea bmeansca b Cbfor someabsoluteconstaris c;C > 0.
Considertwo cases.

1.k p. We have
r

Q= g K5 P
16)  wp(k) = ((f 1 5 (ak)<=Pek=P g (eap =" "—k’:
2.k p. In this case (1 + %) 1, thus

17) wo(k)  (ak)<P:

To completethe proof, we considerthree possiblecases.
(@ k n p. Herethe lemmais trivially true by (17).
(b) kK p n. Here

r_ r _
W (n) (eann:p p n_k k
Wz(k) (ak)x=r n ar o (becausep k)
r_
(176) * E > 0

(c)p k n. Here "
W) & (eap'v E:

Wp(K)
Sinceep> 1, one nishes the proof asin case(b). ]
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Pro of of Theorem 4.1. We can assumethat K BS. Let
KJ
jBp]

n —

By applying an arbitrarily small perturbation of K we can assumethat the
function R 7! v(RK; 1) mapsR; onto f0;1;:::;ng. Then there existsa solu-
tion R to the equation

V(RK;1)=n k:

The geometricresults of the previoussections,sut as Corollary 2.8 and The-
orem 2.10, cortain absolute constart factors which would destroy the linear
dependenceon k=n. Sowe have to be more careful and apply (11) together
with (12) instead:

X

(18) JRKj 1+ 2rr(10a1>§ # integer cellsin Px + ccornvP (RK) :
X ;1N p

Sincev(RK ;1) > 0, there existsa coordinate projection P sud that

max max# integercellsin Px + ccornvP (RK) 1
x2(0;1) P

Hencethe maximum in (18) is boundedbelow by 1 (for x = 0). Thus

X
JRKj 2 grgoaf)( # integercellsin Px + cconvP(RK)

X ;)N
P
Xk X

2 max # integercellsin Px + cconvP (RK)

x2(0:1) d=1 rank P=d

Xk X _

2 jeconvP (RK)j

d=1 rank P=d

becausehe number of integercellsin a setis boundedby its volume. Note that
cconvP(RK)  cowP(RK)  RP(Bp) by the assumption. Then denoting

by P4 the orthogonal projection in R" onto RY, we have
o Xy
JRK] 2 q RIP4B,]:
d=1
Now note that P4B] = (n=d)**"B{. Hence
X k
(19) jRKj 2
d
d=1

d=
"R, (d):

o|>
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Now jRKj = R"jKj = R"u"wp(n) in the left hand side of (19) and w,(d)
Cwp(n) in the right hand side of (19) by Lemma 4.2. After dividing (19)
through by R"wp(n) we get
X* n 4= g .
o1 d d '
Let0< " < 1. Thereexistsal d n k sud that
n d=p
d
otherwise(20) would fail by the Binomial Theorem. From this we get

(20) u" 2C

Rd n (20) 1un d(l ll)dul’l;

d
R (2C)rs % oo —11,, Ty

De ne Dby the equationd= (1  )n. We have
R (C)=" @ )=a ") Czy =

Now we use this with " de ned by the equationn k = (1 ")n. Since
d n k,wehave" , SO

@ yrae n T a 7 <c foro<"< 1.
Thus
R Sur

Thenfort:= C ™u®™ 2L wehaev(K;t) v(K;3)=n k. m

Example. For everyinteger n=2 k < n there exists a coordinate convex
body K in R" of arbitrarily smal volumeand suchthatforalll p n

v(K;t)>n k implies t<C§ o(K)&:

Proof. Fix an" > Oandlet K bethe setof all points x 2 B]} such that one
hasjx(i)j " for at leastk coordinatesi 2 f1;:::;ng. Then K cortains |
disjoint setsK o indexedby A f1;:::;ng, jAj = Kk,
Ka=fx2BJ: onehasjx(i)j "i i2Ag:
For eat A, write
Ka= (@ "1 (1)) By
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wherel = (1 ; 1)[ (1;1). In the next line we usenotation f (") g(") if
f(")=g(")! las"! Ouniformly overp2 [1;1 ]. We have

Kai 0@ 51 RN BRI G0 TN B\ RY]

n 1= : .
= @) — B ()98} %
Thus there existsan " = "(n; k) > 0 sothat
_n n o wBp

Now we neednow to bound below the ratio of the volumes.
CLAIM, Ye(n K)ok,

. Wp(n) .
Considertwo possiblecases:

@p n k.Inthiscasen=2 n k p n,andby (16) and (17) we
have

nkr

Wo(n k) _ (a(n k) * n
Wp(N) (eap» p
n ko (sincep n)
ean

1 2 K 5
— since n n=
2eq  \Sincep )
which provesthe claim in this case.

(b) p n k. Here

wen k) _ (eap”s T
W, () (eapr n Kk

%(ean% (sincen=2 Kk n)
c*:

This provesthe claim.
We have thus shavn that  ,(K) | (c")¥, so

1=k> D ",
o(K) c o

On the other hand, no coordinate projection PK of dimensionexceedingn k
cancortain a translate of the cube P[ t;t]" fort > ". Thus

v(K;t)>n k implies t "<C§ o(K)¥:

Note alsothat the volume of K can be made arbitrarily small by decreasing
n .
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The sameexamplealsoworks for p= 1 .

5. Duality for diameters of coordina te sections

Here we prove Theorem 1.4. Formally,
2 X
re(K) = p—ﬁmlr;rxgixm x()j:
Theorem 5.1. Let K be a symmetric convexbody in R". For any " > 0 and
for any two positive integersk and m satisfyingk+ m (1 ")n one has

(K)rm(K ) C¥:

The proof is basedon Corollary 3.2.

Pro of. Dene and asfolows:k=(1 )n,m=(1 )n. Then + 1>".
Let t;;t, > O be parameters,and de ne

_ 1 _
K,;=conv K[ tin ¥2B] \ on =gh.
2

Considertwo possiblecases:
(1) jK4j jn ¥2BPj. SinceK; cortains t;n 2B! , we have
P P
n n 1 2 n
—K B —K —By = —
tl11anOI T T ty
Corollary 3.2 implies the existenceof a subspaceE, dmE = (1  )n, sut
that p_
ke T
t, ° ty L
Multiplying through by t;= n and recalling the de nition of K 1, we conclude
that
1 . C = ._
(21) K\E\ =n ¥B] t; = n B
to t
(2) jK4j > jn ¥2B!j. Note that
h [
1 . _
K,=cowv K \ on =0 [ ton 2B]
1
By Sartalo and reverseSartalo inequalities,

iKyj < jcn 2BYj:

SinceK ; cortains t,n 2B, we have
P P
n n C C, n
— K, B! and —K, =B! e
to to to
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Arguing similarly to case(l) for K , we nd asubspaceF, dmF = (1 )n,
and sud that

1 - 1= _
(22) K\ F\ N =g, S =2gn:
1 2
Looking at (21) and (22), we seethat our choiceof t;;t, should be sothat
O
Y, T2 Pt T2ty
Solving this for t; and t, we get
1 1 1 1 1 “
= —C+ 1= Ry — = —C+ 1= Ry
2ty 9—2 Yo, 2 ?

Then (21) becomes

K\ E Ryn B}
and (22) becomes

K \ F Ryn B
It remainsto note that

1 . 1 ..
RiR, = ZC¥* V< ZC¥:
1mR2 2 2
This completesthe proof. [ |
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