JOHN'S DECOMPOSITIONS: SELECTING A LAR GE PART

R. VERSHYNIN

Abstra ct. We extend the invertibilit y principle of J. Bounigain and L. Tza-
friri to operators acting on arbitrary decompositions id = xj  X;, rather
than on the coordinate one. The John's decomposition brings this result to
the local theory of Banach spaces. As a consequence,we get a new lemma
of Dvoretzky-Rogers type, where the contact points of the unit ball with its
maximal volume ellipsoid play a crucial role. We then apply these results
to embeddings of IX into nite dimensional spaces.

1. Intr oduction

The aim of this paperisto nd a part of the John's decomposition on which
a given nontrivial operator is invertible in a certain sense,and to apply this to
the study of contact points of cornvex bodies.

John's decomposition of the identity is a classicaltool in the local theory of
Banach spaces. SupposeX = (R";k k) is a Banach spacewhose ellipsoid of
maximal volume contained in B (X) coincideswith the unit Euclidean ball. The
John's decomposition of the identit y operator on X is

X
(1) id = Xj X,

j=1
where x; =kx; kx are some of the contact points of the surfacesof B(X) and
the unit Euclidean ball. This celebrated theorem of F. John has been used
extensively over the past 30 years. Recerily it was interpreted as an isotropic
condition [G-M], and was generalizedto a non-corvex casein [G-P-T].

It is important to know the good subsetsof the set of cortact points (x;),
as this can be useful in understanding the geometrical structure of X, see[R2].
In the presert paper we nd a part of a decomposition (1) which presenesthe
orthogonal structure under action of a given linear operator T. More precisely,
if kTka 2 = 1 then there exists a subsetof indices of cardinality j j (1
")kT kg sud that the system(Tx;);> is C(")-equivalert to an orthogonal basis
in Hilbert space. In the caseof the coordinate decomposition id = g g,
this generalizeshe principle of restricted invertibilit y proved by J. Bourgain and
L. Tzafriri [B-Tz]. They consideredonly operators T for which all norms kT g k»
are well bounded below and proved the principle with some xed 0< " < 1.
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For T being an orthogonal projection, we derive a new lemma of Dvoretzky-
Rogerstype. Suppose P is an orthogonal projection in X with rankP = k.
Then for any < k there are contact points x1;:::;Xx sud that setting z; =
P x;j =kP x;j k> we have

the system (z;) is C( =k )-equivalert in I>-norm to the canonical basis of

[P q___

kzikx ¢ X—forallj.
In other words, the orthonormal systemin Z guaranteedby the classicalDvoretzky-
RogersLemma is essetially the normalized projections of the corntact points of
X . Moreover, the result holds for selfadjoint operators aswell as for projections
with the Hilb ert-Schmidt norm of the operator replacing rankP. For a general
operator T the best lower bound for kT x; kx is equivalent to %jtraceTj.

For T beingthe identit y operator, we obtain asetofk > (1 ")n contact points
of X which is C(")-equivalert in I,-norm to the canonicalbasisin 15. This settles
anisomorphicversionof a problem of N. Tomczak-Jaegermanr([T-J], p.127),and
conrms the feeling that contact points are always distributed fairly uniformly
on the surface of the maximal volume ellipsoid (see[B1]). Also this yields the
proportional Dvoretzky-Rogersfactorization (with constart C(") = "¢'°9"  which
is however not the best known estimate).

The Dvoretzky-RogersLemma has beenuseful in the study of subspacesf X
well isomorphic to IX . The use of the re ned Dvoretzky-Rogerslemma above
yields a "Gaussian" version of a theorem of Alon-Milman-T alagrand concerning
I¥ -subspacesof X. Let P be an orthogonal projection in X with rankP :pk.
Then theresxistsasubspacez X which is M -isomorphicto I form ck="n
andM = ¢ T'(P). The subspaceZ is canonically spannedby the projections
max; m jhz;x;ij. This improvesthe estimatesobtained by M. Rudelsonin [R1],
and also provides information about the position of Z in X. Also, this yields
a re nement of M. Rudelson's resuB about I¥ -subspacesin spaceswith large
volume rat'E). That is, if vr(X) a n then X hasa subspaceZ of dimension
m Ci(a) n which is Cy(a) logn-isomorphicto IT.

The extraction results concerning John's decompositions can be reformulated
in the languageof frames. Supposewe are given a tight frame (x;) in Hilbert
spaceH , and anorm-onelinear operator T: H ! H. Then there is a subsequence
(Txj)j2 withj j (1 ")kTk3s whichis C(")-equivalent to an orthogonal basis
in Hilbert space. This theorem again can be interpreted as an extension of the
invertibilit y principle. It alsogeneralizesesults of P. CasazzgC2] and the author
[V], who worked with the identity operator T = id.

The rest of the paper is organizedasfollows. In x2 we review somebasictools
used later in the paper. The extraction result about John's decompositions,
as well as some modi cations, is proved in x3. Its relation to the principle of
restricted invertibilit y and in nite-dimensional analogsare discussedn x4. In x5
we use theseresults to derive someDvoretzky-Rogerstype lemmas. They help
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to understand the structure of the set of contact points. Applications to 1% -
subspacesf a nite dimensional spaceare given in x6. Finally, in x7 we relate
theseresults to the theory of framesin Hilbert space.

| am grateful to M. Rudelsonfor many important discussionsconcerningthis
material, and to S. Dilworth, who pointed out to me a mistake in the proof
of the main result. This researd would not have occured without help and
encouragemenh of my wife Lily a.

2. Preliminaries

In this sectionwe review seweral known results. We denoteby c;c;; ¢, absolute
constarts, and by C(t), Cy(t), Cx(t) constarts which depend on the parametert
only. The values of these constarts may dier from line to line. The canonical
vectorsin R" are denoted by ¢ .

Supposewe are given two sequencegx;) and (y;) in Banach spacesX and Y
respectively. The sequencegx;) and (y;) are called K -equiv alent if there exist
constarts K; and K, with K1K, K sud that for any nite sequenceof scalars
() X X X

Kllk ajyjky k anjkx sz ajy,-ky:
In other words, the linear operator T : span(xj) ! span(y;) de ned by Tx; = y;
for all j is a K -isomorphism: KTKkT 2k A sequenclgof vectors (X;j) in
a Banach spaceis called K-Hilb ertian if k ajxjk K( jgj*)p?* for any

jte setof scalars(a;). Similarly, (x;) is called K -Besselian if Kk & x;k
( jaj?)*¥? for any nite setof scalars(a;).

Hereand in the next sectionwe work in a Hilb ert spaceH whosescalarproduct
is denoted by h; i, and the norm by k k. First we obsene that the Hilbert-
Scmidt norm of an operator on H can be computed on the elemers of certain
decompositions of identit y.

P
Lemma 2.1. Letid = x; x; bea decomposition of the identity operator on
a Hilbert sppoe H, and T : H ! H be a linear operator. Then

X
kTkis =  KTxjk?:
Pro of. Let (g ) be an orthonormal basisof H. Now it is enoughto write
X TX Tx; =TT :X Tg Tg
and to take traces of both sides. [ |
As an immediate consequenceave have

P
Corollary 2.2. Letid = x; X; be a decomposition of the identity operator
on a Hilbert space H. Then

kxj k% = dimH:
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P
Lemma 2.3. Letid = x; x; bea decomposition of the identity operator on
a Hilbert space. Then the system(x;) is 1-Hilbertian.

Pro of. Note that for every vector x
DX E X
kxk? = hx; xi = o xixp;x = jxxij?
P . P o .
Thusk x; k= 1,andbyduality k ¢ xjk= 1. This yields that (x;) is
1-Hilbertian. |

The starting point of this paper is the principle of restricted invertibilit y proved
by J. Bourgain and L. Tzafriri [B-Tz].

Theorem 2.4. (J. Bourgain, L. Tzafriri). Let T be a linear operator in |5 for

cardinality j j ¢;n=kTk? suchthat
X X 1=
aTe ¢ ]
j2 j2

for any choice of salars (a;).

The invertibilit y principle will be usedtogether with the following restriction
theorem. It can easily be recovered from a result of A. Kashin and L. Tzafriri
[K-Tz]. For the sake of completenesswe include the proof.

Theorem 2.5. (A. Kashin, L. Tzafriri). Let A be a norm-one linear operator on
[3'. Fix anumber with 1=m 1. Then there existsa subset ~ f1;:::;mg
of cardinality j j m= 4 suchthat

kP Ak p_+5é@

m

Here P denotesthe coordinate projection onto R .
In the dual setting this result can be reformulated as follows.

gorollary 2.6. Let(xj); m bea l-Hilbertian systemin a Hilbert space, and put
kx;k? = h. Fix a number with 1=m 1. Then there exists a subset
— N 1
f1;:::;mg of cardinality j j m= 4 such that setting K = P + P h=m ,
we have that

the system(K x;);2 is c-Hilbertian:
Pro of of Theorem 2.5. Let (j); m beindependert fO;1g-valued random

variables of mean . We will considerthe random coordinate projection P in
R" onto the subspacespannedby feg :j m; j = 1g. First, we employ the
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Gine-Zinn's schemeto bound the expectation

xn
EkP Aky 1 = E sup i ihAe; ; Xij
XZB(IIZW)]:]_
X0 xn
sup jhAe;;xij + E sup (j )ihAe; ; Xij :
x2B(17') j=1 x2B (1) j=1

The rst summandis bounded above by kAky 1 pﬁkAkgg 2= pﬁ Let
(D m be an independert copy of (j)j m, and ("j); m be the Rademader
random variables independert of ( ;). Then

p_ x . .
EKP Aky 1 m+ E sup (;  DiMe;xij
x2B(17') j=1
p_ o y
m+ E sup i jihAe;;xij:
x2B(17') j=1

Let (g;) be normalized independent Gaussianrandom variables constructed on
another probability space. Then by symmetry and using Slepian's Lemma (see
[Le-Ta] Corollary 3.14) we have

p_ P— X . ”
EKP Aka 1 m+ 2 E sup g jihAe;;xij
x2B(17) j=1
_ X
P+ p2 E sup g jhAej;xi
x2B(17) j=1
p_ P x

= m+ 2E gi ,-Aej
j=1 ?
_ 1=2
pﬁ+p2 E k,-Ae,-k%
p_p_ "
= P+ 27 Tkakes:
This yields the existenceof a subset of f1;:::;mgwith cardinality j j> m=2
sothat for the coordinate projection P onto R

kP Aky 1 pﬁ+ Clp_kAkHsZ

The proof can be nished by applying Grothendied's factorization to the oper-
ator P A: I I |, (seee.g. [Le-Ta] Proposition 15.11). There exists a subset
of with cardinality j j > j j=2 such that

r__

kPP Al 2 kP Ak s P=, Kikns

m
This completesthe proof. [ ]
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Now we introduce an elemenary procedurefor splitting a sequence.Given a
sequencgx;) in H, let (yx) be any sequenceof vectorsin H sud that for every
=120

fhe vectorsyi, k2 i, are multiples of the vector X; ;
k2 | kykk2 = ka k2.
Then we say that (y«) is the splitted sequence (x;). Splitting allows us to

make the norms of the vectors almost equal while preserving the property of
being h-Hilb ertian.

3. The main resul t
In this sectionwe prove an extraction theorem, which is the core of the paper.

Theorem 3.1. Letid = P Xj X; beadecomposition onl3, and T beanorm-one
linear operator. Then for any " > 0 there exists a set of indices of cardinality
jj (1 ™"KkTkis suchthat

(i) the system(Tx;)j> is C(")-equivalentto an orthogonal basisin I,;

(i) KTxjk ¢ "Bk k for all j 2

Pro of. Put h = kTkZs. By approximation onecanassumethat the system(x;)
is nite, sowe enumerateit as(x;); m. Denotey; = Tx; for all j. Splitting the
system(x;j); m We can assumethat

r r

(2) 0:9 % kyik 11 forallj m.

3| |

Let = "=3and
P~ h O
= j m:kyjk 09 ﬁkxjk ;

=]

We claim that

3) iio@ ym
Indeed, by Corollary 2.2
X

X
n= kx; k? kx; k?
jm j2 ¢
X 1 rﬁkkz
. 09 Y
1 "W rF!Z
cj n a
jjﬁp—_ h09 o=
_ e N
=10

Thusj ¢j m, which proves(3).
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Now we haveto nd a further subset of cardinality j j (1 ")h, such
that the system(y;);j> is C(")-equivalent to an orthogonal basisin I,. The set
will be constructed by successie iterations. In the rst step = ;. In eadh

successie step, the remainderh j j will be reducedin a xed proportion. So,
it is enoughto prove the following.

Lemma 3.2. Let with j j < (1 ")h be given, and suppse the system
(yj)j2 is K-equivalent to an orthogonal basis in Hilbert space. Then can be
extendel in  to a subset ; sothat

(a) the system(y;)j2 , is C(K;")-equivalent to an orthogonal basis in Hilbert
space;

(b) for someabsoluteconstant < 1

h . (b ji):

Pro of. Let P be the orthonormal projection of I3 onto I5  span(y; );> (at the
rst stepP = id). )F(irst obsene that)?y Lemma 2.1

kPy; k? kPTx;k? = kPTkZg
i m i m
h k@id P)TkZg
h kid PkagkTk?
h i

Using (3), we get
93 ge X
kuj k2 = kuj k2
j2 n j2
kPy;k* j ¢ 11 h=m

j m

h jj 121h

@ 2)h jj= hg
Note that hg is comparablewith h. Indeed,sincej j< (1 ")h= (1 3 )h,we
have
(4) ho h:

Now we can split the system (y;);> » So that the resulting system (yjo),- M

satis es .

(5) kPy’k 0:9 % forallj M:

We are going to apply Kashin-Tzafriri's extraction result, Corollary 2.6, to the
system(yjo),- m . This systemis 1-Hilbertian and

W ke = h:
y] y] - .

i M jom
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With = 4h=M, we obtain a subset f1;:::;Mgof cardinality j j h such
that

(6) the system @yjo . is c-Hilb ertian
i

(notice that we could make M large enoughto (Jiuge 1 asrequired in Kashin-

Tzafrir's Theorem). Therefore, the system MFPij > is c-Hilb ertian, too.
i

Moreover, by (4) and (5)

r r
M_ 5  ho _P- :
prj 0:9 H 0:9 forallj 2

At this point we use the original invertibilit y principle of J. Bourgain and

L. Tzafriri [B-Tz], which can be reformulated in terms of segencess follows.

Let (Xj); n beanK-Hilbertian systemin |, and kx; k for all j. Then
there exists a subset f1;:::;ng of cardinality j j  ¢(=K )2n such
that the system(x;)j2 is (c;= )-Besselian.

q__

Applying this to the system  J-Py? o we obtain a subset ° of cardi-
_ j

nality j § c(0:9p )2h = ¢ h sud that

q— _
@) the system ( 'V'TPyjo)jz 0 IS clzp -Besselian.

Recallthat eadh vectoryj0 with j 2 Cisamultiple of somevector y, ;) with k(j) 2

n . By (7), thesevectorsyy ;) must be linearly independert. In particular, the
correspondencej 7! k(j) is one-to-one. Consider the subset n consisting
of the vectors

=fk(j):j 2 %:
Nowput ;= [ .
We seethat (b) is satised with =1 ¢ . That is,
h ja h jj ch (b jj:

The underlying reasonfor (a) holding is that the system(y;);> is well equiv-
alent to an orthogonal basis, and the spansof (y;);> and (yj)j> are well sep-
arated. To ched this formally, we rst obsene that (6) and (7) yield that there
exist positive constarts ( j)j2 sud that

the system( ;yj)j2 is c-HiIlbe_rtian,
the system( jPy;)j2 isc= -Besselian.
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onsider an arbitrary vector y 2 span(y;)jz . Writing it in the form y =
i)i
i2 @& Y we seethat

X P X L, 122
kPyk = a Py o 18]
j2 Lo
P— p-
o g jy = C—Clkyk-
j2
Hencefor any x 2 spanfy;); 2
p_
kx + yk  —kyk:
X+y oo y
Therefore
p- _
(8) kx + yk  ( =0)(kxk?+ kyk?)1=2
for an appropriate constart c,. Now it is easyto complete the proof. Fix any
scalars(a;j)j2 . Thendening ; = 1=ky;k forj 2 we have by (8)
X 1=2 X X 1=2
jaj? = i+’
i2 [ j2 i2
0 1o
p_ X 2 X 2
K+c= )@ g jy; o+ a jPy, A
i2 i2
0 15
p_ X 2 X 2
(K+c= )@ g jy; + g iy A
i2 j2
p—  p- X
(K + C= )(sz ) q Y

iz [
This shows that the system ( jy;)j2 , is (K + clzp _)(02:p " )-Besselian. Next,
X X X
a4 jyj &yt & jyj
i2 1 j2 j2
X 1= X 1=
K jaj®  +c  jaj’
i2 i2
_ X 1=2
Pak g T
j2 |
sothe system( jy;j)j2 , is P 2(K + ©)-Hilb ertian aswell. This establishes(a) of
the Lemma and completesthe proof of Theorem 3.1. ]

Now we rewrite Theorem 3.11in a di erent form, which is usefulin applications
- especially for Dvoretzky-Rogerstype lemmas.
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Theorem 3.3. Letid = P Xj X; beadecomposition of the identity on |5, and
T be a norm-one linear operator, kTk4s = h. Then for any integer < h there
exists a setof indices with j j= suchthat

() the system&ij )i2 is C(=h)-equivalentto an orthogonal basisin I,;

(i) kTxjk ¢ hTkxjkfor allj 2
It is sometimesmore useful to get a lower bound for hx;; Tx;i rather than for
kTXj K.
Prop osition 3.4. In Theorem 3.1 statement (ii) can be replaed by

(i) jrxi;Txpij et kx; k2 for j 2
Pro of. Notice that Ix;;Tx;i = traceT. Therefore, splitting our system
(xj)j m we can assume,in addition to (2), that

) i Txgij 0:0lraceT]

for all j:

Let us examine the proof of Theorem 3.1. The set yielded the lower bound
of kTx;k. So,we replace by

o= m i Txg il (":5)j”a§eTjkx,- @
and all we have to ched is that
(10) i9 @ "=3m
By (9) n o
=0 mikgk (@)

P
Since i m kxjk? = n, wehavej j (1 "=3)m. This veries (10) and allows
usto nish the proof asin Theorem 3.1. [ ]

4. Principle of restricted inver tibility

Our rst application of these results comesfrom viewing Theorem 3.1 as an
extension of the "principle of restricted invertibilit y", Theorem 2.4, proved by
@ Bourgain and L. Tzafriri. Indeed, for the coordinate decomposition id =

g € weget

Corollary 4.1. Let T be a norm-one linear operator on |,. Then for any " > 0
there exists a subset f1,2;:::g of cardinality j j (1 ")kTk2g such that
the sequene (Tegj)j2 is C(")-equivalent to an orthogonal basis in Hilbert space.

This theorem generalizesthe invertibilit y principle in two ways. First, instead
of requiring that all norms kTegk be large, we can assumeonly largenessof
their average, which is the Hilbert-Schmidt norm of T. This makesthe result
independert of the dimension n of the space,kTk?g being a natural substitute
for the dimensionn.
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The secondimprovemert is that we obtain the subset with the largest possible
cardinality. That is, Corollary 4.1 allowsusto getj j (1 ")n=kTk? in the
original invertibilit y principle for any 0 < " < 1 (while the Bourgain-Tzafriri's
argumert provesonly the existenceof such "). In someapplications one really
needsalmost full percertage. In particular, this is important in estimating the
distance to the cube, see[Sz-T].

Notice that the in nite-dimensional analogsof Theorem 3.1 and Corollary 4.1
hold, too.

Prop osition 4.2. Letid = P Xj X; beadecomposition on a Hilbert space, and
T be a linear operator which is not Hilbert-Schmidt. Then for any " > 0 there
exists an in nite  subset suchthat the sequene (Tx;);> is (1 + ")-equivalent
to an orthogonal basis in Hilbert space.

Pro of. The subset is constructed by a standard induction argumenrt, modulo
the following claim:

For any nite dimensional subspaceE of H,
supdist(Tx; =kTx; k;E) = 1.
j
Assumethe contrary. Denoting the orthogonal projection in |, onto E by P,

we would have
inf P(Txj=kTx;k) = >0
i

that is
kPTxjk  kTx;k forallj.

By Lemma 2.1, this yields
kPTkHs kaHS =1:
But the operator PT has nite rank, thus kP Tkys must be nite. This contra-

diction completesthe proof. [ |
An in nite dimensionalanalogueof Bourgain-Tzafriri's Theorem 2.4 says that,

given a linear operator T in |, with kTe k= 1,j = 1;2;:::, there exists a subset
of f1;2;:::g with upper density dens c=kTKk?, such that the sequence

(Te)j2 is c-Besselian[B-Tz].
As we losethe normalizing condition kT e k = 1, nothing canbe said in general
about the density of . Indeed, let (yx) be the result of a splitting of a canonical

basisin I, sothat the sets j from the de nition of splitting satisfy j ;j! 1
asj ! 1. There exist a norm-one operator T in I, such that kTkys = 1 and
Tex = Yk, k= 1;2;:::. Howewver, eat term yi in the sequence(yk) is repeated

j jitimes. Therefore, the upper density of any subset satisfying the conclusion
of Corollary 4.1 must be zero.

Similarly, in somecases must be a sparseset with respect to the dimension.
More precisely in general the sequence(Tx;);> spansa subspaceof in nite
codimension. This follows easily from a result of P. Casazzaand O. Christensen
discussedin x7.



12 R. VERSHYNIN

5. Cont act points and Dvoretzky-R ogers lemmas

Here we apply Theorem 3.1to John's decompositions. Let X = (R";k k) bea
Banach space. The ellipsoid of maximal volume contained in B (X)) is unique and
it is called maximal volume ellipsoid of X. Supposethe Euclidean structure
on X is chosenso that the maximal volume ellipsoid coincides with the unit
Euclidean ball D,,. Let uswrite a John's decomposition on X:

(11) id=" x x;

wherex; =kx; kx are someof the contact points of B (X) with the John's ellipsoid
(see[T-J], x15.3). John's decompasition§ can be consideredas a subclassin the
classof all decompositions of typeid =  x;  Xx;. Conversely ead decomposi-
tion (11) is a John's decomposition for a suitable Banach spaceX = (R";k k),
whose maximal volume ellipsoid is the unit Euclidean ball D,. Actually, the
norm on X is given by kxkx = max; m jhx; kxT—ijij- This result goes back
to F. John [J], although other proofs were found recertly by K. Ball [B2] and
A. Giannopoulosand V. Milmarb [G-M]. Therefore, working with corntact points
instead of decompositionsid = x;  x; we do not losegenerality.
Restating Theorem 3.1 in this light, we have

Corollary 5.1. Let X be an n-dimensional Banach space whosemaximal volume
ellipsoid is the unit Euclidean ball. Let T be a linear operator with kTky » 1.
Then for any " > 0 there are contact points x1;:::;xx with k (1 ")kTk?g such
that the system(Tx;); « is C(")-equivalentin l,-norm to the canonical basis of
1k,
Moreover, the norms KT x; kz are well bounded below:

KTk .

KT x; k cl("HgﬁLS forallj k.

SinceT is an orthogonal projection, this result leads us to a new Dvoretzky-
Rogerstype lemma, which we will discussnow. SupposeX is an n-dimensional
Banach spacewhose John's ellipsoid is the unit Euclidean ball. Let Z be a k-
dimensional subspaceof X . The Dvoretzky-RogersLemma states that, given a
positive integer < kK, there is an orthonormal system(z;); in Z sudh that

r
+
kz; kx % for all j
Let us sketch the proof. By inductio&,_it is enoughto nd one vector z in
Z such that kzk, = 1 and kzkyx % (then substitute Z by Z span(z)
and repeat the argument). B(¥ duality, this is equivalert to nding a functional
x 2 B(X ) with kPx k; % where P is the orthogonal projectiolg onto Z.

Letidx = iXj X beaJohn's decomposition in X , that is i =n
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i
trace, we get k = P i kPx; k3. So,thereis aj suc that kPx; k3 kK. This
completesthe proof.

This argumernt, aswell asother known proofs of the Dvoretzky-RogersLemma,
only establishthe existenceof the vectorsz;. In cortrast to that, the argumert
basedon Theorem 3.1 provides information about their position.

P
and x; are contact points of B(X ). Then P = iPx;  Px;. Taking the
q_

Theorem 5.2. Let X be an n-dimensional Banach space whosemaximal volume
ellipsoid is the unit Euclidean ball. Let P be an orthogonal projection, rankP = k.
Then for any positive integer < k there are contact points x1;:::;x suchthat
setting z; = Px; =kPx; ko we have

(i) the system(z;) is C( =k )-equivalentin l,-norm to the canonical basis of
P q__

(i) kzjkx ¢ X forallj.

Pro of. We note that kPkys = P k and apply Theorem 3.3 to a John's decom-

position on X . This givesus corntact points x1;:::;x suc that (i) is satis ed,
and r
k :
kPxjk, ¢ — for everyj m:
It remainsto note that for everyj m
P X ;Xji .
kPXj kx ka]T]: |’PXj;Xj| = kPXj k%:
Hence
kzjkx  kPxjke, foreveryj m:
This completesthe proof. ]

A natural question is whether Theorem 5.2 can be extendedto arbitrary op-
erators T, kTky » = 1, with k substituted for kaaS. The answer is negative.
Indeed, let n = 2™ for a positive integer m, and denote by Wy, the Walshn n
matrix. Consider the operator T = n *2W,, acting in the spaceX = 17 . All
contact points (x;) of X are simply the coordinate vectors. However, denoting
zj = Tx;=kTx; k2 we have for any |

kzjkx = KTxjkx =kTxjkp = n 2

This shows that (ii) in Theorem 5.2 fails for the operator T.
Still, a lower bound for the k kx -norm exists and is equivalert to %jtraceTj.

Prop osition 5.3. Let X be an n-dimensional Banach space whose maximal

volumeellipsoid is the unit Euclidean ball. Let T be an operator with kTky, o 1.

Then for any " > O therearek > (1 ")n contact points x1;:::;x suchthat
(i) the system(Tx;) is C(")-equivalentin |,-norm to the canonical basis of |, ;

(i) KTxjkx —criteced],
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Pro of. The argumert is similar to that of Theorem 5.2, using Proposition 3.4
instead of Theorem 3.1. [ |

The estimatein (ii) is essetially sharp. Indeed, for any positiveintegersk n
one can construct an orthogonal projection P in R" with rankP = k, and such
that r

kPeks = % forallj n:
q— q—
Notice that kPky > = X sothat kPka: = £. ThuskPkyy k. Now

considerthe spaceX = I! and the operator T = P on it. The only contact
points (x;) of X are the coordinate vectors (g;). Then for all j
_ k _ jtraceTj .
kTX] kx = kP6j kl n = n .
This shows that the lower bound in (ii) is essetially sharp.

Finally, there is a classof operators for which Theorem 5.2 itself can be ex-
tended: i.e. selfadjoint operators. So, the desired general result for arbitrary
operators can be obtained if we allow a suitable rotation of (zj). There is always
a unitary operator (coming from the polar decomposition of T) which sendsthe
vectors (z;) to vectorswith good k kx -norm.

Theorem 5.4. Let X be an n-dimensional Banach space whosemaximal volume
ellipsoid is the unit Euclidean ball. Let T be an operator with kTky 2 1, and
put kTkZs = h. Then for any positive integer < h there are contact points

(i) the system(z;) is C(=h)-equivalentin l,-norm to the canonical basis of
P

(i) kzykx ¢ D forallj.

Pro of. Let T = UjTj be the polar decomposition of T, wherejTj= (T T)¥*2is
a positive selfadjoint operator and U is a partial isometry on15. Apply Theorem
3.3 to the operator jTj and a John's decomposition on X . As before, this gives

- h .
ITiX; , c X foreveryj m:

Diagonalizing jTj we seethat jTjl=2 s kTky 2, 1. Therefore we obtain
foreveryj m '

R hTiX X0 g 2
T Tk T T,
2 2
iTixj = Tx
T 2 Xi 2

Hence
kzjkx  kTx;ky foreveryj m:
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This completesthe proof. ]

Now we turn to a particular casewhen T is the identity operator. We clearly
have

Corollary 5.5. Let X be an n-dimensional Banach space whosemaximal volume
ellipsoid is the unit Euclidean ball. Then for any " > 0 there is a set of k >
(3 ")n contact points which is C(")-equivalent to the canonical vector basis of
Ik,

This result is related to another variant of the classicalDvoretzky-RogersLemma,
which establishesthe existence of contact points whose distance to a certain
orthonormal basis is cortrolled ([T-J], Theorem 15.7). More precisely there

r—
n i+1 .
kxj hika 21 — fori n:
However, this estimateis too crudeto assurethat a xed proportion of the system
(Xj);j n isequivalent in Ig—ncgm to an orthonormal system. Such an equivalence
can be establishedonly for ¢ n contact points.
Using this argumert, it is provedthat for k = [ h=4] there exist orthonormal

dier by the factor 2 at most ([T-J], p.127). It has beenan open problem to
make k proportional to n. By Corollary 5.5 we actually havek (1 ")n and
make all three normsk k, k ky, and k k equalto 1 on our sequencggiving up
however exact orthogonality).

By duality, Corollary 5.5 holds also for the ellipsoid of minimal volume con-
taining B (X) instead of the maximal volume ellipsoid. This variant of Corollary
5.5yields alsothe proportional Dvoretzky-Rogersfactorization result from [B-Sz].
Namely, givenan n-dimensionalBanach spaceX and" > 0, thereisak > (1 ")n

sud that the formal identity id : 15 ! IX can be written asid = for some
d5 0 X, X 11X with k kk k C("). This can be obtained by duality
from the factorization of the identity on the contact points, id : 1X ! X I Ik,

guaranteed by Corollary 5.5.

A few commerts about the dependenceof C(") in Theorem3.10on". It is a
challengeto nd the correct asympthotics. Indeed, by an argumert of S. Szarek
and M. Talagrand [Sz-T] the proportional Dvoretzky-Rogersfactorization above
yields a non-trivial estimate on the distance from X to I} { a well known and
hard problem in the local theory of normed spaces. The factorization constart
C(") lies at the heart of the computation of this distance.

The proof of Theorem 3.1 guaranteesthat C(")  "¢'°9". However, for the
Dvoretzky-Rogersfactorization constart Cpg (") much better bounds are known
[G]: Cor(") c" ! SinceCpr(") C(")andCpr(")! 1 as"! O (see
[Sz-T]), we necessarilyhave C(")! 1 as"! 0.

However, C(")! 1as"! 1. This follows directly from
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Lemma 5.6. Supmse a normalized sequen@ (x;);j n in Hilbert space is M -
Hilbertian, and " > 0. Then there is a subset f1;:::;ng of cardinality
i J C(M;")n suchthat the system(x;)j2 is (1+ ")-equivalentto the canonical
basis of I, .

Pro of. Wecanassumethat the givenHilbert spaceis|]. De ne alinear operator
T:1531 15 by

Te =% forj n.
Let A=T T id. Then the matrix of A haszeroson the diagonal and kAk
M2+ 1. Now, by a theorem of J. Bourgain and L. Tzafriri ([B-Tz] Theorem 1.6,
seealso[K-Tz]) there is a subset f1;:::;ngof cardinality j j C(M;") sud
that

kP AP k<™

This shows that for anlg sequenceof scalars(a; ); n E
X X

(T T id) ae; ag <"

j2 j2
hence Dx X E X
aXi;  aX jaj? <"
i2 j2 i2s
This clearly nishes the proof. ]

6. Embeddings of the cube

In this sectionwe apply Theorem 3.1to the study of embeddingsof I§ into -
nite dimensionalspaces.N. Alon and V. Milman provedthat if agiven r,}prmalized
sequencg; ) in a Banad spaceX hassmall Rademader averageEK " xj kx ,
then it must contain a large subsequencevell equivalent to the canonical basisof
I¥ . Later on, M. Talagrand [T] improvedthis result and simpli ed the argumert.

Theorem 6.1. (M. Talagrand). Suppsewe are given vectors (XIWP“ in a Ba-
nachspace X with kxjkx 1. SetM = Ek  "jx;kx and! = sup ix (x;)j:
0

x 2 B(X ) . Thenthereexistsasubset f1;:::;ngof cardinality j j cn=!
suchthat 1 o X o
5r]_nZaXJa,-J q; X « 4M rjnZaXJa,-J

j2
for any choice of salars (a;).

A few years earlier, M. Rudelson [R1] proved a "Gaussian" version of this
theorem. Recall that the “-norm of gn operator u: 15 ! X isdened as

(2= kuxkg don(x);

where ,, is the canonical Gaussianmeasureon R". We will sometimeswrite
“(X) instead of “(idx ).
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SupposeX is an n-dimensional Banach spacewhosemaximal volume ellipsoid
is the unit Euclidean ball. Let P be an orthogonal projection in X and set
k = rankP, a = k=n. The result of M Rudelson states that there is a subspace
Z P(X) of dimensionm Cl(a)% which is Cz(a)" (P)-isomorphic to 1.

We will remove *(P) from the estimate on the dimension. Further, it will be
shown that Z is canonically spannedby the projections of somecontact points
of X . In particular, the norm on Z is well equivalert to max; m jhz; x; ij , where
X;j are contact points. This yields automatically that Z is well complemeried by
the orthogonal projection. Moreover, the dependenceon a will be improved.

Theorem 6.2. Let X be an n-dimensional Banach space whosemaximal volume
ellipsoid is B(15). Let P be an orthogo&al projection, rankP = k. Then there are
contact points (X;); m with m  cik="n suchthat

r_

maxjhx; x;ij kxkx € E‘(P) maxjhx; x; ij
Jom k j m
for everyx in Z = span(Px;); m.

The particular casek = n is also interesting. we get a sequenceof m clp n
contact points which is c’(X)-equivalert to the canonical basis of I7". Let us
prove this latter fact separately By Corollary 5.5, there exists a set of corntact
points (X;); mo, m® n=2, which is c-equivalert in |,-norm to the canonicalbasis
of |g*°. Let (gj) be independert standard Gaussianrandom variables. To apply
Talagrand's TheoreQ 6.1, we chedk

X X
M = Ek "jxjkx CcEk gxjkx coEk gjegkx

where we have used the ideal property of the “-norm (see Lemma 6.4 below).
Further, for an;g( nite set of scalars(a;)

k q Xj kx k g Xj kz
X L, 172 p_ .
C jaj] C nmjanan.
Thus n x 0 D
I = sup X (x))j:x 2B(X ) c n

Now Talagrand's Theorem 6.1 nishes the proof. ]

The proof of Theorem 6.2 is longer than the argumert for the casek = n, but
the main idea is the same,i.e. to combine the results of x5 with Talagrand's
theorem. First, we needto know what vectors canonically spana large subspace
Z well isomorphic to IT". They happen to be multiples of somecontact points
(X;); m. More precisely we have

Prop osition 6.3. Under the assumptionsof Theorem 6.2, the system
PXJ'
kPXj kz j m
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is Cp T{‘(P)-equivalent to the canonical basis of 1.

To prove this, let (x;)j ko, kK® k=2, be the cortact points provided by Theo-
rem5.2. Put ro_
n PXj
k kPx;j ko
for an appropriate > Oand aJl j. Then

(i) the system(z); ko is (¢ T)-equivalert in I,-norm to the canonical basis
of 1§”;

(i) kzzk 1forallj.
For future referencewe note that the proof ?f Theorem 5.2 givesalso

Zi =

(12) kPxkz E:

To apply Talagrand's Theorem 6.1 to the system (z;); ko, recall the ideal
property of the “-norm (cf. [T-J], x12)

Lemma 6.4. For any two linear operators A : 153! X andB :I5 ! I}
“(AB) kBk'(A):
Let (h;); ko bean ortht)a(normal basisin s)p()an(z,- ). Now we bound

M = Ek "ijkx cEk ngjkx
r_
n X
c EEk ghjkx by (i) and Lemma6.4
r _— r_—
n. _ n. oy,
= cC K (P(X)) =c K (P):

Noting (ii) above, we apply Talagrand's Theorem 6.1. This nishes the proof. m

To obtain Theorem 6.2, Talagrand's Theoremwill be usedmore delicately. Its
proof in [T] givesthe following additional property.

Lemma 6.5. In the setting of Theorem 6.2, suppse (x; );j n are functionals in
X suchthat

Xj(xj) 1 and kx;kx =1 forallj n.
Then the subset can lg(e found so that
Xi ()i 1=2 for alli 2
j2 nfig
Let us turn again to the proof of Proposition 6.3. We applied Talagrand's

Theorem to the system(X;); «o. Note that by (12)

r _
n hx;; Px;i

AT ek

=~| 5|

= —kPxjk, 1 forallj.
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Therefore we obtain a subset f1;:::;k% of cardinality j j Clk:p n such
that 0
gle system(zj)j2 isc T{‘(P)-equivalert to the canonicalbasisof |, ;
i2 nfiﬁ)jhxi;z,- ij 1=2forallj 2

Now x anx = ;, &z,andleti2 besud that jaj= max. jgj. Then
X
max jhx; xj ij jhxi ;s xij = ahxi;zi
i2 i2
- - . .. X . ..
jajj ji;ziij ihi; zj
j2 nfig
}'a-' = }max'a-'
Slail= 5 55 18]

r = L

c E‘(P) kxky :
This provesthe secondinequality in Theorem 6.2, while the rst oneis obvious.
[ |

Theorem 6.2 also yields that Z is well complemened by the orthogonal pro-
jection.

Prop osition 6.6. In the situation of Theorem 6.2, let Pz be the orthogonal
projection in X onto Z. Then

KPyk ¢ E‘(P):

Pro of. For any x 2 X

kPz xkx c E‘(P)_maxthzx; Xj ij

k j m

r_—

= ¢ M (P)maxjhx; x; i

r k j m
n
— (P)kxkx :

c K (P)kxkx

This completesthe proof. ]

Another consequenc®f Theorem6.2is are ned isomorphic characterization of
spaceswith large volumeratio. Recallthat the volume ratio of an n-dimensional
Banacd spaceX is de ned as

Vol(Bx) '™
Vol(E)
over all ellipsoidsE contained in By, see[Lf)M], [P]. The maximal value of vr(X)

amongall n-dimensional spacess of order = n, and the only spacewith maximal
volume ratio is 17 (K. Ball [B1]). Later on, M. Rudelson proved in [R1] that

vr(X) = min
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if vr(X) is proportional to the maximal volume ratio then X has a subspace
isomogghic to I with the isomorphism constart of order logn, and sud that

m Iog”n. Using Theorem 6.2 in M. Rudelson'sproof of this result removesthe

parasitic factor logn from the estimate on the dimension.

Theorem 6.7. Leta> 0, and X be an n-dimensional Banach space, If vr(X)
a n then there exists a subsmce Z of X of dimensionm  Ci(a) n which is
C2(a) log n-isomorphic to I

7. Frames

The notion of frame goesbadk to the work of R. Dun and A. Schae er on
nonharmonic Fourier series[D-S]. A sequencgx;) in a Hilbert spaceH is called
a frame if there exist posit)izle numbers A and B sud that

Akxk? jhx; xjij> Bkxk® forx2H.
i

The number (B=A)'*? is called a constan t of the frame. We call (x;) a tigh t
frame if A = B = 1. For introduction to the theory of frames, its relation to
wavelets and signal processing,see[B-W]. the geometric structure of frames has
beenstudied extensiwely in recert years, see[Ho], [A], [C-C1], [C-C2], [C2], [V].

It is known that nite dimensional frames are essetially the sameobject as
John's decompositions. In the isomorphic theory, it is sucient to work only
with tight frames, becauseevery frame with constart M is M -equivalert to a
tight frame (cf. e.g. [Ho]). Further, one has the following equivalence between
frames and John's decompositions:

(x;) isatight framein H () idy = Xj  Xj:
i
This obsenation allows us to interpret the results of x3 and x4 as statemerts
about frames. Theorem 3.1 yields:

Corollary 7.1. Let (x;) be a tight frame in Hilbert space H, and T be a norm-
one linear operator in H. Then for any " > 0 there exists a subsetof indices of
cardinality j j (1 ")kTk3g suchthat the system(Tx;)j2 is C(")-equivalent
to an orthogonal hasis in Hilbert space.

For operators T which are not Hilb ert-Schmidt this meansthat the subset
is in nite.

Clearly, Corollary 7.1itself generalizeshe invertibilit y principle of J. Bourgain
and L. Tzafriri. When applied to the identity operator, it yields that every
tight frame in I3 has a subsetof length (1 ")n which is C(")-equivalert to an
orthogonal basisin Hilb ert space. This result wasprovedin [V] asa generalization
of P. Casazza'stheorem [C2].

Notice that one necessarilyhasC(") ! 1 as" ! 1, asexplainedin x5. An
in nite dimensional analog of this phenomenonholds, too. A frame may not in
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generalcontain a complete subsequencesquivalent to an orthogonal basis. The
counterexample was found by P. Casazzaand O. Christensenin [C-C2], seealso

(V1.
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