MAXIMAL  "J-STRUCTURES IN SPACES WITH
EXTREMAL PARAMETERS

G. SCHECHTMAN N. TOMCZAK-JAEGERMANN & R. VERSHYNIN

Abstra ct. Weprovethat every n-dimensionalnormed spacewith
a type p < 2, cotype 2, and (asymptotically) extremal euclidean
distance has a quotient of a subspace which is well isomorphic to
‘5 and with the dimensionk almost proportional to n. A structural
result of a similar nature is also proved for a sequenceof vectors
with extremal Rademader averageinside a spaceof type p. The
proofs are basedon new results on restricted invertibilit y of oper-
ators from "' into a normed spaceX with either type r or cotype
r.

1. Intr oduction

The initial motivation of this paper was the following problem from
[J-S]: Let 1 p 2 andlet X be a n-dimensional subspaceof L,
whosedistancefrom Euclideanspacesatis es the inequality d(X; "5

n¥™P %2 DoesX cortain a subspacef proportional dimension,which
is well isomorphicto "I;? For p = 1, the answer is positive [J-S], while
for 1 < p 2 the questionis still open. The paper [B-T] cortains
related results and solution to other problemsfrom [J-S], but left this
particular problem open as well. Although the presen paper leaves
this problem open as well, we do shov here that X has an almost
proportional quotient of a subspce which is almost well isomorphicto
‘;, The term \almost" above refersto factors of order a power of logn.
We actually get the sameconclusionfor a wider classof spaces.This
clearly is implied by Theorem13.

Not surprisingly our approad involvesrestricted invertibilit y meth-
ods. We have two kinds of sud results. The rst is for operatorsfrom
"q into spaceswith cotypeq. This is the cortent of Corollary 6. Section
2 in which it is cortained is heavily basedon a method deweloped by
Gowersin [G1] and [G2]. The secondrestricted invertibilit y result is for
operatorsfrom either "3 or "] into spaceswith typep. This is cortained
in Section3. Section4 contains the proof of the structural Theorem13.
Finally, Section5 corntains a related result: Under the sameconditions

as in Theorem 13 one can get a subspace rather than quotient of a
1
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subspacealmost well isomorphicto g Howewer, its dimensionk is a
certain power of n rather than being closeto a proportion of n.

Most of the unde ned notions here can be found in [TJ]. We only
recall herethe de nition of the Lorentz spaced. .q.

Let( ; ; ) beameasurespace,ll p 1,andl q 1. The
Lorentz spaceL ,.4( ) consistsof all equivalert classeof -measurable
functionsf sud that

Z, .
KF Kpq = (tPF (1)9dt=t <1 if1 q<1;
0

Kf kpy = SUpt™f (t) < 1 ;
t

wheref is the decreasingrearrangemen of jfj, i.e. f (t) = inf a:
fifffj>ag t,0<t<1.

If p= qthen Lpy( ) is Lp( ). In generalkf k,q is a quasi-norm,
which for p > 1 is equivalert to a norm, the equivalence constart
depending on p and g only. Sowe considerL,.4( ) under this norm.

For a positive integer n, one de nes the nite dimensional spaces
“biq 0 beLpg( ), where is the uniform measureon the interval | =
fl,:::;ng, (fig) = 1.

It can be easilycheked for 1 p < 1pl g 1 that kxk,
(logn)*Pkxk,, forallx 2 5., andthat k ., ek,q n', whereg
are the coordinate vectorsin “...

Our estimatesoften involve \constants" that depend on various pa-
rameters. Sowe write, for example,c = ¢(p;M) to denotea constart
dependingon p and M only.

Acknowledgment. The rst named author was supported in part
by ISF, and the secondnamedauthor holds CanadaResearb Chair in
Mathematics.

2. Restricted inver tibility: spaces with cotype.

Let us start with a generaltheorem about nite symmetric block
baseswhich is of independernt interest. This theorem (and its proof) is
avariant of Gowers'resultsonthe subject andin a sensdiesin-between
[G1] and [G2].

Theorem 1. Letl qg< 1,andletB 1. LetX beaBanachsmce,
letn 1and(x;); , be aseuene of n vectors in X satisfying

X X
axik B akq and E "aXi kakq
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for all a= (&) 2 R". Then for any " > 0 there exists a black basis
(vi)i m of pwemutation of (x;), whichis (1 + ")-symmetric and has
cardinality

m (c"=B)*™?n=logn;
whele ¢ > 0 is an absoluteconstant.

First recall the de nition of a symmetric basisin its natural \lo cal-
ized" form usedin the proof. Let m 1 and considerthe group

=f 1,19 Sn

pcting on R™ asfollows: fora2 R™and( ; )2 , wedenea,; =

m

i=1 i€ ()
De nition 2. LetC 1. A setof vectors (yi)i m in X is said to be
C-symmetricat a2 R™ if for every( ; )2 wehave

X X
(@ )y C ayi -
i X i X

A set (Y;)i m is C-symmetric if for everya 2 R™, (Vi)i m IS C-
symmetric at a.

Pro of of Theorem 1. Fix an integer m of the form m = 2+
(c”'=B)?%*2n=logn where c® > 0 is an absolute constart to be de-
ned later. As in [G1], we divide the interval of natural numbers|[1; n]
into m blocks of length h (where h  logn), and relabel the indices
in [1;n] asfollows: the pair (i;j) will be the j-th elemen in the i-th

block, i = 1;:::;m,j = 1;:::;h. This identi es [1; n] with the product
[1;m] [1;h]. Considerthe group
=f 119" S.:

Herewethink of S, asthe group of permutations of the product [1; m]
[1,h]. Wewrite ; = ((i;j)) for 2 Sy and j = ) for 2
f 1,19". De ne the randomoperator . :R™! X by setting

X’] -

. (e) = i X s i=1::m:

j=1

We shall showv that with high probability the vectorsy; = . (g) for

i=1:::;mare(1l+ ")-symmetric.

The rst ingrediert in the proof is a lemma from [G2], which says
that in any normed spacethe symmetry of a sequencecan be veri ed
on a set of a polynomial, not exponertial, cardinality.
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Lemma 3. [G2]. Let" > O, let (R™;k K) be a normed space and set
N = mP, wheeD =" 'log(3" ). There exista setN of cardinality
N in R™ suchthat if the standad basisof R™ is (1 + ")-symmetric at
each elementfrom N, thenit is (1+ ")(1 6") -symmetric.

The next lemmais certral. For a real valued random variable Z,
by M (Z) we denoteits median, that is, the number satisfying Pf Z
M(Z)g 1=2andPfZz M(Z)g 1=2.

Lemma 4. Let1l<pq< 1 andB 1. Let(x;); n be aseuene of
vectors satisfying axjk B akqforalla2 R". Fix a2 R™ and
0< < 1=2. Then with the notation alove we have

P maxk ;(a; )k M(k . (a)k) > kakght™@ — m (=)log(e=).

where M denotesthe expectation if = 1, or the median if g> 1, and
provided that

m (c =B)**?n=logn;
whele ¢ > 0 is an absoluteconstant.

This deviation inequality wasprovedin [G1] (pagel195,(ii})) andthe
form of M follows from the proof. Moreover, the inequality is stated
in [G1]] for a particular value of m howewer it is clear from the proof
that it is valid for all smallervalue of m aswell.

To successfullyapply this lemma we require the estimate

M(k . (a)k) (1=6)kakgh™: (1)

For M beingthe expectation, an estimatefollows readily from our lower
bound assumptionin Theorem 1, even with the constart 1 replacing
1=6. This settlesthe caseq= 1. For q> 1, we will usethe following
lemma, a version of which will be alsoneededin Section5.

Lemma 5. Let (x;) be a nite sequene of vectors in a Banachspace,
and (&) be salars. Then
n x X 0
P X (i) (1=2)E i X (i) ;

where > 0is an absoluteconstant.

P
Pro of. De ne the randomvariableZ = k  ;ax )k, andlet kZk, =
(EjZjP)***. By Kahane's inequality for any 0 < p;r < 1 we have
kZk,  AkZkp, whereA = A(p;r) (see[M-S] 9.2). Then

P zZ 2 ¥kzk, (2AP)=P D (2)
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This estimate follows from the standard argumen (seee.qg., [Le-Ta],
Lemmad4.2) basedonZHoIder's inequality. Fort > 0 we have

EZP tP+ ZPdP  tP+ kZKPP fZ > tg' P
Z>t
Settingt = 2 ¥Pkz ko we get (2). Now the conclusionof the lemma
follows from (2) with p= 1,r = 1=2.

We return to the proof of Theorem 1. First, to completethe proof
of (1), let Z = k . (a)k. It is easyto chek that our lower bound
assumptionimplies that EZ  kaksh™™. Let beasin Lemma5 and
let ¢ > 0 be a constart from Lemmad4. Fix 0 < ;< 1=3 sud that
2 (c=wlog(c= 1) < We shall ensurelater that m satis es the upper
bound assumption of Lemma 4. Using Lemma 4 together with the
above lower bound for EZ we get, sincem 2,

Pfjz M(2)j> (1=3)EZg
Pfiz M(Z)j> Ezg 2 (¢=)lgc=) <

On the other hand, by Lemma5we have P fZ  (1=2)EZg . An
easy calculation shovs M(Z)  (1=6)EZ (1=6)kakyh™9, which is
(1)

Finally, we can now nish the proof of Theorem 1. Fix any 0 <
" < 1=6, let D be asin the Lemma3, givenby D = " 1log(3" !) and
let N be the setin the conclusionof this lemma. Let ¢ > 0 be the
constart from Lemma4. Set , = ¢"=3. Then (c= ) log(c=,) > D.
We may additionally assumethat , < "=2. By a suitable choiceof the
constart ¢® xed at the beginning of the proof we may ensurethat m
satis es the upper bound assumptionin Lemmad4 for = min( 1; »).
By Lemma 4 together with (1) we obsene that the vectors(y;)i m =
( .(8))i mare(l+")-symmetricat any xed a2 N with probability
at least1 m P. It follows that there is a choice of (V;)i m Which is
(1+ ")-symmetricat eacr a2 N. Then Lemma3yieldsthat (y;)i m is
(1+ ™)1 6") -symmetric. This completesthe proof of Theorem1.

As an immediate corollary we get a restricted invertibilit y result for

operators g ! X whereX is a Banat spaceof cotype g.

Corollary 6. Letq 2 andK;M 1. Let X be a Banach space
with cotype g constant Cq(X) K. Letu: g ! X be an operator
with kuk M and satisfying the non-degeneacy condition kuek 1
for i = 1;:::;n. Then there exists a subspce E in R" smnnead by
disjointly supported vectors suchthat

kuxk  (1=2K)kxk for x 2 E;
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and
dimE  (caM K)#*2n=logn;
where ¢ > 0 is an absoluteconstant.

3. Restricted inver tibility: spaces with type.

In this sectionwe prove somerestricted invertibilit y resultsfor oper-
ators with valuesin spacef type p. The conclusionis slightly wealer
than the known results for the more special caseof operators between
" spaceq[B-T], Theorem5.7). In that casethe consludionholds with
the "p- rather than "1 -norm. As we will seelater sud a strongercon-
clusiondoesnot hold in generalunder our assumptions(seeRemark 2
after Corollary 12).

Theorem 7. Letl<p 2andK;M 1. LetX bea Banachsmae
with type p constant T,(X) K. Letu: 5! X bean operBtor
with kuk M and satisfying the non-degenegacy condition " (u) n.
Then there existsa subset f1,:::;ng of cardinality j j cn such
that

kuxkyx  (c=K)n'? =Pkxkp forx2 R ;
where c= ¢(p;M) > 0.

Remark. Letp= 2,let X beaspacewith dual of cotype 2, C,(X )
K and let u satis es all the assumptionsof Theorem 7. Then the
resulting estimate can be improved to the lower *, estimate kuxky
ckxk, for all x 2 R , wherec= ¢(K;M) > 0.

The proof of the theorem is basedon following two lemmas. The
rst oneis a reformulation of the generalizationof Elton's theoremin
[B-T], Theorem5.2.

Lemma 8. Letl<r<1 andM 1. Let(x;)] be a setof vectors
in a Bapach space satisfying
(1) k I:)xik Mj j¥= for any subset  f1;:::;ng;
(2) EK  "ixik ni=,
Then there exists a subset f1;:::;ng of cardinality | j cn
suchthat X
aiXi cn ¥kak, for a2 R ;

where c= ¢(r;M) > 0.

The secondlemma is a factorization result of Pisier [P] for (q; 1)-
summing operators. We do not needherethe de nition of sud opera-
tors and their norms 1, and the interestedreadercan nd them e.g.,
in [TJ]. Let usonly recall that it is easyto see(e.g.,[TJ], the proof of
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Theorem21.4)that if Y is a Banad spaceof cotypeq 2andK isa
compactHausdor spacethen every boundedoperator T : C(K) ! Y
is (g;1)-summing and  41(T) Cq(Y)kTk. We shall combine this
fact with Pisier's factorization theoremwhich states[P] (seealso[TJ]
Theorem21.2and (21.6))

Lemma 9. Letl q< 1, letY beaBanachsme andlet T :
C(K) ! Y be a (g 1)-summing operator. There exists a prokability
measure on K suchthat T factorsasT = Tj,

T: CK)Y Lga( )Y,

whete | is the natural inclusion map and kTk ¢ 41(T), whee c is
an absoluteconstant.

Corollary 10. Let g > 2 and K 1. Let Y be a Banach space
with Co(Y) K. LetT :§ ! Y. Then there existsa subset
f1,:::;ng of cardinality j | n=2 suchthat

kTR :°g,! Yk cKn ¥%Tk;

where R denotesthe coordinate projection in R" onto R and c is an
absoluteconstant.

Pro of. Obsenethat (T) KKkTk. ConsiderPisier's factorization

T: 00 Lga( )Y,

where is a probability measureon f1;:::;ng and KTk ¢ ¢1(T).
Thentheset = fj: (j) 2=nghascardinality at leastn=2. More-
over

KR :"g1! Lgu( )k (2=n)**

This immediately completesthe proof.
In the dual setting, this gives

Corollary 11. Letlg p< 2andlet T,(X) K. Consider vectors
(y;)7 in X suchthatk ayk kak; for all a2 R". Then there exists
a subset f1,:::;ng of cardinality j | n=2 suchthat

X
ay  (c=K)n*Pkak,, fora2 R ;

whee ¢ > 0 is an absoluteconstant.

Proof. Let X, be the spanof (y;)], anddene T : Xo ! "7 by
Ty; = g forj = 1;:::;n. ThenkTk  1,sokT : 7 ! Xgk 1.
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Apply Corollary 10 with Y = X, and g = p° We get a subset of
cardinality at least n=2 sud that

KT R "oy ! Xok cKn ¥

Thus
kR T:Xo! ‘0 k cKn ¥

Notethat R Tx; = g forj 2 . From this the desiredestimatefollows.

Now, Theorem?7 is a combination of Lemmas8 (for r = 2) and Corol-
lary 11. One needsonly to recall that X hascotype g, whereq< 1
and Cy(X) both depend only on p and Tp(X) (see[K-T] for quan-
titativ e estimates),and that "(u) CEk "juek where C depends
on g and Cy(X) only. If p = 2, the remark following the theorem
is proved by a similar argumert, with use of Pisier's factorization in
Lemma 9 replacedby Maurey's strengthening of Grothendiek's the-
orem ([TJ], Theorem 10.4) and Pietsch's factorization for 2-summing
operators ([TJ], Theorem9.2).

As a corollary we have a further invertibilit y result.

Corollary 12. Letl < p 2, K;M land > 0. Let X be a
Banach space with type p constant T,(X) K. Letu: J! X be
an operator with kuk M and satisfying the non-degenercy condition
“(u:S ! X) n'P. Then there exists a subset f1,:::;ng of
cardinality j j cn suchthat

Kuxkyx  (c=K)kxkp.1 forx 2 R ;
where c= ¢(p;M) > 0.

The proof is an easyapplication of Theorem 7 for the operator w =
n'=2 #ey o1 X,

Remarks.1. The proof above shov that Theorem 7 remains valid
with the sameestimatesif the norm ku : "5 ! XKk is replaced by
M = ku: 5, ! XKk. An analogousfact is true alsofor Corollary 12.
If p= 1, both Theorem7 and Corollary 12 are true (and follow directly
from Lemma 8) if the spaceX is assumedto have cotype q, for some
q< 1.

2. The space pq (with 1< p< 2and 1< gq< 1) hastype p.
This known fact follows for example from the easyfact that "4 has
an upper p-estimatefor disjoint vectors,togetherwith Theoremsl.e.16
and 1.f.10in [L-T]. It followsthat onecannotimprove the conclusions
of Theorem 7 and Corollary 12 by replacingk ky.1 by k k.
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4. Spaces with extremal Euclidean dist ance

In this sectionwe conceitrate on the structure of nite-dimensional
normed spaceswhich, while satisfying geometric type-cotype condi-
tions, have the distanceto a Euclidean spaceof maximal order. The
maximality of the distanceis expressedn terms of the lower estimate
which for somel p 2 (depending on of the properties of X) has
the form

dx = d(X;'3)  ntP 2 3)

for someconstart > 0.
The main result of this sectionis

Theorem 13. Letl < p 2 K land > 0. Let X be an
n-dimensional normed space with cotype 2 constant C,(X) K and
type p constant T,(X) K, and whoseeuclidean distance satis es (3).
Then there existsY, a quotient of a subspce of X, of dimensionk
cn(logn) ° suchthat d(Y;%)  C(logn)**, where ¢ = c(p;K; ) > 0,
C=C(p;K; )andb= b(p) > 0.

We do not know whether the log-factor can be removed in either the
distance or the dimension estimates. We also do not know whether
\quotient of a subspace"can be replacedby \subspace" without an
essetial changeto the estimates.

The proof of this theorem dependson two succesie steps: the rst
is the lower estimate result for spacessatisfying our assumptions,and
the secondis a lower estimate for dual spaces.The latter stepis based
on Corollary 6, while the former oneis cortained in the following lower
b1 -estimate for spaceswith maximal Euclidean distance.

Theorem 14. Let1 < p< 2 K land > 0. Let X be an
n-dimensional normed space with cotype 2 constant C,(X) K and
type p constant Ty(X) K, and whoseeuclidean distane satis es

d(X;2) n'*P 12 Then there exist k  cn norm one vectors
Y1;::5; Yk In X suchthat
X

ayi ckakp:1 for a2 RX;
i

whee c= ¢(p;K; )> 0.

Remark. As often happensin sud cases,the proof has the unsat-
isfactory feature that it yields constaris tendingto O asp! 2. Of
course,by Kwapien's theorem (seee.g.,[TJ] Theorem 13.15)an even
stronger statemert holds for p = 2.
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To prove Theorem 14 we require somepreliminaries. First recall the
de nition which hasbeenoften usedin a similar cortext (see[TJ], x27).
The relative Euclidean factorization constantec(X) (k= 1;2;:::) ofa
Banad spaceX is the smallestC sud that for every subspaceE of
X of dimensionk there existsa projection P in X onto E with the *,
factorable norm satisfying »(P) C.

Note that the Euclidean distancesatis es

d(X;73)  en(X):

We will work with a relaxation of the parametere,(X ) which will be
showvn to be comparableto e(X) (up to alogarithm of the dimension).

De nition ~ 15. For k = 1;2;:::, we denote by e)(X) the smalest
C suchthat for every subspce E of X of dimensionk there exists a
projection P in X suchthat P(X) E,rankP k=2, and ,(P) C.

Lemma 16. Let X be a Banach space and n be a natural numker.
Then

b3
e(X)  en(X) e (X):

k=0
Pro of. Assumefor simplicity that n is a power of 2, the generalcase
easilyfollows. It is well known in the theory of 2-factorable operators
(seee.qg.,[TJ], Theorem27.1) that the right hand side inequality will
follow oncewe prove that for everyv: "3 ! X sudithat ,(v)=1
we have

P
2(v) &p (X):
k=0
To this end x v asabove and without lossof generality assumethat
Vv is one-to-one.Let Py be a projection on X sud that Po(X)  v('5),
rankP, n=2 and ,(Py) €%(X). Let Ho = v }(PoX). By passing
to a smaller subspacdf necessarywe may assumethat dimHy = n=2.
By induction construct kg = log, n mutually orthogonal subspaces
He 8 with dimHy = n=2*1 and projections P, from X onto v(Hy)
suh that (P) €, (X)fork=0;:::;ko 1.
For k = 0;:::;ko 1, denoteby Qx : "5 ! Hyg the orthogonal
projection onto Hy. Then

2(VQk) = 2(PkvQik)  2(Pev)  a(Pl) 2v) €k (X):
Since’) = Hy ::: Hy, 1, then
ke 1 e 1

oV) = 2 vQx & (X);
k=0 k=0
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asrequired.

Let usrecall a standard set-upfor nite-dimensional normedspaces.
The Euclidean unit ball on R" is denotedby B (and it correspnds
to the Euclideannorm k k;). Let k kx beanormonR", and X be
the correspnding normed space. Let Q be an orthogonal projection
in R". Then by QX we denotethe quotient of X with the canonical
norm kykox = inffkxkx : Qx = yg. This way we view QX as
the vector spaceQ(R") with the norm k Kkgx . In particular, QX
carries the Euclidean structure inherited from R" with the unit ball

Q(B2) = B\ Q(R").

Lemma 17. Let X ‘pe a normed space, dimX = n, and assumethat
o(id: X! %) A" n. Let Q be an orthogonal projection in R". Let

Y  Q(R") be an m-dimensional subspce on which we consider two

norms: the Euclidean norm k k, and the norm k kox . Then

Cid (YK k) ! (VK kox)  (1SATH(X )Im=" m:

Pro of. To shortenthe notation, denotethe operatorid : (Y;k ky) !
(Y;k kox) by u. We rst estimate ,(u !). Recallthat for any op-

torw:Z ! Z; the norm ,(w) is equal to the suprenum of
( kwve k?)¥*2 wherethe suprenum runs over all operatorsv : "5 ! Z
with kvk 1 and all k (see[TJ] Proposition 9.7).

Thus x v: K1 (Y;k kox ) with kvk 1. Considerv asan operator
into QX . Using Maurey's extensiontheoremfor the dual operator (see
[TJ] Theorem 13.13),there exists a liting v°: k1 X, Qv°= v, with
kvk  T,(X ) (note that (QX) is a subspaceof X ). Therefore

Xk 1=2 Xk 1=2 Xk 1=2
ku veks = kQv% k3 kv% k3
i=1 i=1 i=1

To(X ) 2(id : X I "5)  AT(X )pﬁ:

Thus H(u 1) AT,(X )P 7.

It is now su cient to usetwo well known and easyfacts (see[TJ],
Proposition 9.10 and Theorem 12.2 (ii)) that m »(u) »(u 1) and
o(u)  Cy(Y) (u),toget’(u) m=AC,(Y)T2(X ) n. SinceCy(Y)

To(Y ) To(X ), this completesthe proof.

Pro of of Theorem 14. It is well known and easyto seefrom
Maurey's extension theorem (see [TJ], Prop. 27.4) that for ewery
k=1,2;::: we have

&(X)  cCX)Tp(X)kFP 12 cK 2Kk 12 (4)

wherec is an absolute constart.
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Assumeagain that n is a power of 2, let A, = 1 2P 122 and let
ko be the smallestk sudh that €2_,,(X) (A, =2)(n=2¢)"* =2 If no
sud k existslet kg = 1 . By the maximality of distance,Lemma 16
and (4) we get

X
n=r 1= en(X) e (X)
k=0
A R X
r]1=p 1=2 p 2 k(l1=p 1=2) + CK2 2 k(l=p 1=2)
2 k=0 k=Kko
nl=p 1=2 ( :2)+ CK22 ko(1=p lZZ)Apl .
This shaws that kj is nite andk, C, whereC = C(p;K; ).
Setm = n=2 and d = (A, =2)m*™ 2. Then m n and d
dx, where = (p;K; )> 0. Moreover,

€ (X) d: (5)
Let j j, be a Euclidean norm on X given by a combination of a
distance ellipsoid and the maximal volume ellipsoid (see[TJ], Prop.
17.2). Denote the n-dimensional Hilbert space(X;j j.) by H and
write kK kx for the normin X. Then we have
(p 2dx) Yjixj,  kxkg pﬁijz; for x2 X;
o(id : X 1 H) p%:

Using (5), we will prove

in X with kxjkx d ! and an orthogonal projection R on H with
rankR  m=2 and suchthat

X
%ak, a,-in2 B kak, for a2 R™:
whee °= qp;K; )>0andB = B(p;K; ).

Pro of. Estimate (5) impliesthat there existsa subspaceE in X with
dimE = m sud that for every projection P in X with P()@ E,
rankP  m=2wehavekP : X ! Hk d=id:H! Xk d= 2.
Our vectors x; will be chosenamong a sequenceof vectors con-
structed by induction as follows. Assumethat 1 k < m=2 and

the assumption tgove,sothere esistsa X, 2 X sud that kxckx = 1=d
and jPxyj, 1= 2. Let alsofy, = PXx5PXyj>.
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hx;: fii 1:p 2 for 1 |1 m=2
Let = (p;K; ) bethe constant appearingbefore(5), and we may
clearly assumethat 1.
Note that
. P P~ .
IXij2 2dy =d 2= for i m=2 (6)

A known and easyargumer shows that for every 0< < 1=2 there
exists an orthogonal projection R in [X;]i m=2 With corankR m and
sud that

y(zz
aRX; , 1=( ? )kak, for a2 R™Z: (7)
1
Indeed, denote by H; the space([xi];j j2) and considerthe operator
T:'7%%1 Hydened by Te = x; fori = 1;:::;m=2. Let 2

0 bethe s-numbersof T sothat Tf; = ;f°for someorthonormal
basesff g andff%in *3~> and H, respectively. We have, by (6),
X=2 X=2
2= kTKZs =  jxj5 m= 2
i=1 i=1
This implies that for ip = m we have ;, 1= 2 ), and then the
projection R onto [fi,+1;:::;fm=2] Satis es (7).

Set = 2=32andlet R satisfy (7). Extend R to all of H by setting
Rx = x for x 2 [x;]?. Thenfor R°= id R we haverankR® m.
Therefore

X:Z X:Z X:Z X:Z
JRXij2 Rx;; fii = I, fji hR%;; fii
i=1 i=1 i=1 i=1
L, X _ p. X
2 ¥m ;R¥i 2%m ( 2=) jR%ij,
i=1 i=1
_ N L —
2 ¥m (ID 2=) m=2kR%us
2%m ( =)m=2 m;

From this an_equality and (6) it easily follows that the set = fi :
jRXij» 1=4 2g hascardinality j j m=16. Applying Theorem1.2
from [B-T] for the operator T : , ! H denedby Te = Rx; fori 2 ,



14 G. SCHECHTMAN N. TOMCZAK-JAEGERMANN & R. VERSHYNIN

we get, by (7) and the de nition of that there existsa subset °
sud that

a;RX; , %ak, for a2 R "
i2 0
Moreover, j Y M, where °= qp;K; ) > 0. This together with
(7) completesthe proof by relabeling the vectorsfrom ©°
Returning to the proof of Theorem 14, idertify X with R" in sud a

vectorsconstructedin Lemmal8. If (RX; k krx ) denotesthe quotient
of X givenby R then rst note that
X X

a Rx; . p2 a,-in2 pZBkakz for a2 R ™:
Considerthe subspacey = [in]if;n of RX, (i.e., with the norm k kgrx

inherited from RX), and consideralsothe norm k k, on Y inherited
from 5. Toapply Lemmal7notethat sinceX hascortrol of the cotype
2 constart and the K -corvexity constart (having non-trivial type) then
T,(X ) is boundedabove by a function of K. Thus by the Iemma,&he
“-norm of the idertity operator satises “(id : (Y;k k) ! Y) ¢ n,
wherec = ¢(p;K; ) > 0. On the other hand, sincethe set of vectors
(Rxj) admits a lower ",-estimate, then by the ideal property of the
“-norm " (id) can be estimated using that set, namely,

X)m
“(d:(Y;k ko) ! Y) (1= 9E g RX; o

i=1

Thus
X p_
E g RX; Ci n;
. RX
i=1
wherec; = ¢(p;K; ) > 0. Then by Theorem 7 there exists a subset
of f1;:::; %mg of cardinality j j > c,n and sud that
X
aiRX; con*? Pkaky g ; for a2 R ;

RX

wherec, = ¢(p;K; ) > 0. Recallthat kxjkx = d 1. Then fori 2
let y; = dx;. Clearly, y;'s are unit vectorsin X andfora2 R we have

X X
ay d aiRX; o c(dn'™? P)kakp;  cskakp ;

wherec; = c3(p;K; ) > 0. This completesthe proof of Theorem 14.
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Now we are ready to prove Theorem 13, as a conbination of Theo-
rem 14 and Corollary 6.

Pro of of Theorem 13. We can clearly assumethat 1 < p < 2, be-
causefor p = 2 the wholespaceX is K 2-isomorphicto "5 by Kwapien's
Theorem (see[TJ] Theorem 13.15).

We apply Theorem 14, and let (y;); « be the vectors from its con-
clusion,k cnwith c= c(p;K; ). Considerthe spaceX; = [yi]i « as
a subspaceof X . Sincethe vectorsy; are necessarilflinearly indepen-
dert, we may de ne the operatorv: X, ! Kby

vy =e; fori k:
Then by the conclusionof Theorem 14
kvk kv:Xy! 5y kkid:'g, 1 ko Cy(logn)th;

whereC; = Cy(p;K; ). Considerthe adjoint operator v : ('f‘ I Xy,
wherel=q+ 1=p= 1. Then
kv k  Cy(logn)*P (8)
andforalli K,
kv ek hveyi=nheei=1
Applying Corollary 6 we getnorm onevectors(h;);i m, in 5 with disjoint
supports satisfying for all a2 R,
A 1 X 1
ihi — ihi = —kakq:
" S S
Moreover, m  ci(logn) 2@V =Pn=logn, wherec; = c;(p;K; ) > 0.
Also from (8),

X0
v ah y Ci(log n)*=Pkaky:

i=1 1
Thus the sequencef vectorsz; = v h;, i m, spansin X; a subspace
Z, which is C(log n)***-isomorphicto 4 with C = C(p;K; ). Since
Z is a subspaceof a quotient X, of X , the spaceZ is a quotiert of
a subspaceof X and is C(logn)***-isomorphicto “p- This completes
the proof of Theorem 13.

5. '} subspaces in spaces with extremal type p

We shaw anotherinteresting application of methods discussedereto
the structure of subspace®f spacesvhich attain their besttype. More
precisely if a Banad spaceof type p contains a sequenceof vectors
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with extremal Rademader average,then it cortains a relatively large

subspacecloseto .

Prop osition 19. Letl1 < p 2 K land > 0. LetX bea
Banach space with type p constant Tp(X) K. /I\_rssumethat there
exist norm onevectors Xi;:::; X, in X suchthat Ek 2"ixik ni=.
Then there is a black basis of permutation of (x;); , of cardinality m
whichis C(logn)*P-equivalentto the unit vector basisin oy andm
c(logn) n%* 1 whee C = C(p;K; )andc= c(p;K; )> 0.

The proof combinesthe main result of [G2] and Corollary 12.
Proof. Fix an" > 0. By [GZ2], our assumptionon the Rademater
averageof (x;) impliesthat there existsa block basis(y;)]' of permuta-
tion of (x;)], with blocks of random 1 coe cien ts and equal lengths,
which is 2-symmetric with probability larger than 1 ". Moreover
m c(logn) n%* 1 wherec= c(p; ;") and we may assumethat m
is an even number. The precisede nition of the random vectors (y;)
is given in the proof of Theorem 1, the underlying probability space
being denotedby P .

Then with probability largerthan 1 " the following holds for all

X X 1 X 1 X
2 Yi Vi *5 Yoo 3
i2 i2 i2 ¢ i=1
On the other hand, by Lemmab we have, with probability larger than
> 0,

X X0 1 X
yi = "X EE "X ()
i=1 i=1 i=1
1 X 1
= _E "|X| é nl_p

(where denotesa random permutation of f1;:::;ng, and E is the
expectation over random signs";). Therefore with probability larger
than "
X 1 .
Vi 5 n*™P holds for all subsets ,j j = m=2. (9)
i2
Let n = mh and we can assumethat h is integer. By the type
assumptionand thg,de nition ofy;, foreveryi  m we have E ky;k
K h¥**. Then E m kyik K mh'P, So, with probability larger
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P
than 1 " we have T kyik (1=")K mh*¥=P, this clearly implies
that

9 asubset ,j j= m=2, sud that ky;k ?K h  for i2 :
(10)

With probability at least 2", everts (9) and (10) hold simultaneously
For" = =3this probability is positive, sowe can considera realization

of (y;) for which both everts occur. Let zz = h ¥Py;, i 2 . Then
kzik (6= )K, soby the type p and symmetry
X
aiz, (12= )K%kak,  forall (&) :
i2

Next, by (9) and symmetry

X 1 X 1
"z, ~h = Y, — m¥P:
i2 2 i2 16
Corollary 12 yields then that there exists a subset with cardi-

nality j ;j cm and sud that
X

az ckakp:1 forall (&) ;
i2 1

wherec = ¢(p;K; ) > 0. This completesthe proof.
Remark. It isnot clearwhetherthe exponert 2=p 1in Proposition 19
isoptimal. Howewer, for p = 2 the optimal exponert must be 0, because
the identical vectorsx; = 1 in X = R?! satisfy the assumptionsof
Proposition 19.

As a corollary we get a variant of Theorem 13 wherethe conclusion
is improved by getting a subspacerather than quotient of a subspace,
at the price of a worseestimate on the dimension.

Prop osition 20. Under the assumptionsof Theorem 13, there exists
asubspce Y of X of dimensionk c(logn) 'n#? *, with d(Y;"¥)
C(logn)***, whee C = C(p;K; ) andc= c(p;K; )> O.

Pro of. By (3) and Kwapien'stheoremwegetT,(X) K ! ntP 22
wherec; > 0is an absoluteconstart. By Tomczak-Jaegermann'sesult
on few vectors, (cf. [TJ], Theorems25.6and 25.1), the type 2 constart
canbe essetially computedon n vectors,i.e. there exist vector (X;); n
in X sud that

X X 1=2

E "X K 1 ontP 12 kx; k? (11)

i=1 i=1

for someabsolutec, > 0.
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Now we employ a known argumert to shaw that the yectorsx; canbe
essetially chosenof norm one. We can assumethat =, kx;k? = n,
sothat the right sidein (11) is ;K * n*. Fix a gesitive number M
andlet =fi2[Ln]: kxik Mg Thenj § (L, kxk?)=M2 =
M 2n. Therefore,using the type p of X we seethat

X X 1=p A X 1=2
E "X K kx; kP Kj P 172 kx; k2
i2 ¢ i2 ¢ i2 ¢
KM?! 2Pnl=p.

De ne the vectorsy; = xj=kxjk, i 2 . By the standard comparison
principle it follows that

X X X X
E "iyi M 1E "iXi M L E "iXi E "iXi
i2 i2 i=1 i2 ¢
M YK 1 n¥P KM #Pnl): (12)

ChoosingM sothat KM?! %P = (¢,=2)K ! , we make the right hand
sidein (12) boundedbelov by ((c, =2)K2*P)2 P, This clearly implies
that there exist norm onevectors(z); , in X for which

X1 -—
E " Z; o(K; )n*P:
i=1
An application of Proposition 19 for the vectors(z;) nishes the proof.
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