SAMPLING FROM LARGE MATRICES: AN APPROACH
THROUGH GEOMETRIC FUNCTIONAL ANALYSIS
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Abstract.  We study random submatrices of a large matrixA. We show how to

approximately compute A from its random submatrix of the smallest possible size
O(r logr) with a small error in the spectral norm, where r = kAk2 =kAk3 is the

numerical rank of A. The numerical rank is always bounded by, and is a stable
relaxation of, the rank of A. This yields an asymptotically optimal guarantee in an

algorithm for computing low-rank approximations of A. We also prove asymptotically

optimal estimates on the spectral norm and the cut-norm of random submatrices
of A. The result for the cut-norm yields a slight improvement on the best known
sample complexity for an approximation algorithm for MAX-2 CSP problems. We
use methods of Probability in Banach spaces, in particular he law of large numbers
for operator-valued random variables.

1. Introduction

This paper studies random submatrices of a large matri&. The study of random
submatrices spans several decades and is related to diveaiseas of mathematics and
computer science. Two main reasons for the interest in ranslosubmatrices are:

(1) one can learn properties oA from the properties of its random submatrices;
(2) properties of A may improve by passing to its random submatrices.

We address both aspects of random submatrices in this papéne show how to ap-
proximate A by its random submatrix in the spectral norm, and we compute he
asymptotics of the spectral and the cut norms of random subrtr&ces. This yields im-
provements upon known algorithms for computing low rank appximations, Singular
Value Decompositions, and approximations to MAX-2CSP prdbms.

1.1. The spectral norm: low rank approximations and SVD. Can one approx-
imate A by only knowing a random submatrix ofA of a xed size? If so, what is the
sample complexity, the minimal size of a submatrix which ylds a good approximation
with a small error in some natural norm, and with high probaHbity?
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This problem belongs to a class of problems the Statisticakelarning Theory is con-
cerned with. These problems inevitably bear the assumptiahat the the object to be
learned belongs to a relatively small \target" class. To belde to learn A from a matrix
of small size thus of small rank, we have to assume thAtitself hassmall rank{or can
be approximated by an (unknown) matrix of a small rank. We ths strive to nd a
low rank approximation to a matrix A, whenever such an approximation exists, from
only knowing a small random submatrix ofA.

Solving this problem is essential for development of fast Mte-Carlo algorithms for
computations on large matrices. An extremely large matribA { say, of the order of
10° 1 { is impossible to upload into the Random Access Memory (RAMDf a
computer; it is instead stored in an external memory. On thetber hand, sampling a
small submatrix of A, storing it in RAM and computing its small rank approximation
is feasible.

The crucial assumption thatA is essentially a low rank matrix holds in many ap-
plications. For example, this is a model hypothesis in the ltant Semantic Indexing
(see [6, 19, 4, 8, 5, 2]). Therd is the \document-term matrix", which is formed of
the frequencies of occurrence of various terms in the docum of a large collection.
The hypothesis that the documents are related to a small nungp of (unknown) topics
translates into the assumption thatA can be approximated by an (unknown) low rank
matrix. Finding such an approximation would determine the best" topics the collec-
tion is really about. Other examples where this problem ares include clustering of
graphs [9], DNA microarray data, facial recognition, web sech (see [11]), lossy data
compression and cryptography (see [5]).

The best xed rank approximation to A is obviously given by the partial sums of
the Singular Value Decomposition ()%VD)

A= i(A) U v
j

where ;(A) is the nonincreasing and nonnegative sequence of the silegwalues of
A, and u; andv; are left and right singular vectors ofA respectively. The best rankk
approximation to A in both the spectral and Frobenius norms is thug\P,, where Py
is the orthogonal projection onto the topk left singular vectors ofA. In particular, for
the spectral norm we have

min kA Bkz = kA Apkkz = k41 (A) (11)

B:rankB k

However, computingPy, which gives the rst elements of the SVD of an n matrix
A, is often impossible in practice because (1) it would take mg passes throughA,
which is prohibitively slow for a matrix stored in an externd memory; (2) this would
take superlinear time inm + n. Instead, it was proposed in [15, 10, 11, 12] to use the
Monte-Carlo methodology: namely, approximate thek-th partial sum of the SVD of
A by the k-th partial sum of the SVD of a random submatrix ofA. In this paper, we
show that this can be done:
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(1) with almost linear sample complexityO(r logr), that is by sampling only O(r logr)
random rows ofA, if A is approximable by a rankr matrix;

(2) in one pass throughA if the matrix is stored row-by-row, and in two passes if
its entries are stored in arbitrary order;

(3) using RAM space and timeO(n + m) (and polynomial in r and k).

Theorem 1.1. Let A be anm  n matrix with numerical rank r = kAk? =kAK>. Let
"; 2 (0;1), and letd m be an integer such that

d CLIog%:

7 (1.2)
Consider ad n matrix A, which consists ofd normalized rows ofA picked indepen-
dently with replacement, with probabilities proportionatib the squares of their Euclidean
lengths. Then with probability at leasi. 2exp( c=) the following holds. For a pos-
itive integer k, let Py be the orthogonal projection onto the tog left singular vectors
of A. Then

KA APk, k1 (A) + " KAK,: (1.3)
Here and in the sequelC; c; C;;::: denote positive absolute constants.

Comparing (1.3) with the best approximation (1.1) given by he SVD, we see an
additional error " KAk, which can be made small by increasing the sizkeof the sample.

Remark 1.2 (Optimality) . The almost linear sample complexityd = O(r logr) achieved
in Theorem 1.1 is optimal, see Proposition 3.9 below. The lddaown previous re-
sult, due to Drineas, Kannan and Mahoney, had with the quadtac sample complexity
d = O(r?) ([11] Theorem 4, see also [12] Theorem 3). The approximati@cheme in
Theorem 1.1 was developed in [15, 10, 11, 12].

Remark 1.3 (Numerical rank). The numerical rankr = r(A) = kAkZ =kAkZ in

Theorem 1.1 is a relaxation of the exact notion of rank. Indele one always has
r(A) rank(A). But as opposed to the exact rank, the numerical rank is stdd
under small perturbations of the matrix A. In particular, the numerical rank of A

tends to be low whenA is close to a low rank matrix, or wherA is su ciently sparse.

So results like Theorem 1.1, which depend on the numericalthar than exact rank,

should be useful in many applications, such as the Princip@lomponent Analysis.

Remark 1.4 (Law of large numbers for operator-valued random variablesThe new
feature in our proof of Theorem 1.1 is a use of the rst authos' argument about
random vectors in the isotropic position [20]. It yields a M of large numbers for
operator-valued random variables. We apply it for indepereht copies of a rank one
random operator, which is given by a random row of the matriXATA.
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1.2. The cut-norm: decay, MAX-CSP problems. Alon, Fernandez de la Vega,
Kannan and Karpinski [1, 3] reduced the problem of additive gproximation of the

MAX-CSP problems (which are NP-hard) to computing the cut-orm of random sub-
matrices. The cut norm of ann  n matrix A is the maximum sum of the entries of
its submatrix,

X
kAkC = max Aij ,
' i21;j 23
and it is equivalent to the *; ! ", operator norm.
The problem is to understand how the cut norm oA decreases when we pass to its
random submatrix. Let Q be a a random subset of 1;:::; ng of expected cardinality

probability g=n We formaQ Q random submatrix Ajo o = (Aj )ij 20-

Intuitively, Ajo o is (q=n)? times smaller thanA if A is diagonal-free, but only ¢=n)
times smaller thanA if A is a diagonal matrix. We prove a general estimate of the
cut-norm of random submatrices, which combines both of thedypes of decay:

Theorem 1.5. Let A be ann n matrix. Let Q be a random subset dfl;:::;ng of

expected cardinalityg. Then

EKAjo ok a* a > TKeol) ;
Jo ke O o kKA D(A)kc + o kD (A)kc + 0 (KAKco + KA Keal)

wherekAkco is the sum of the Euclidean lengths of the columnsA&f and D (A) is the

diagonal part ofA.

Remark 1.6 (Optimality) . The estimate in this theorem is optimal, see Section 4.2.

We now state a partial 5ase of Theorem 1.5 in the form usefulrfMAX-CSP prob-
lems. Note that kAkc,, nkAK:. Then we have:

Corollary 1.7. Under the hypotheses of Theorem 1.5, lgt= ( " 2). Assume that
kAkc = O("n?), and kAkr = O(n), kAk; = O(" 1), wherekAk,; denotes the maxi-
mum of the absolute values of the entries Af Then

EkAjo okc = O("g?):

In solving MAX-2-CSP problems, one approximates the edgeewght matrix W of
the graph onn vertices by a cut approximation W° and checks that the the error
matrix A = W WO satis es the assumptions of Corollary 1.7, see [13, 1, 3]. hte
the Corollary says that for a random induced graph om = ( " 2) vertices, the same
cut-approximation (induced on theq vertices of the random subgraph) works. Namely,
the error in cut-norm is at most"gZ.

A weaker form of Corollary 1.7 was proved by Alon, Fernandezedla Vega, Kan-
nan and Karpinski [3], Theorem 6. Their result has a bigger sgle complexity
qg= (" “log(1=")) and an extra assumptionn = e(" *, but it works for multidi-
mensional arrays rather than for matrices (=2-dimensionadrrays).
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Using Corollary 1.7 instead of [3] Theorem 6 slightly impras the best known sample
complexity for the approximation algorithm for MAX-2-CSP problems due to [3]. The
solution to a MAX-2SCP problem onn variables can be approximated within the
additive error "n? by the solution of the problem induced by a randomly choseq
variables. The best known sample complexity, due to [3], = O(" “log(1=")). Using
Corollary 1.7 in the argument of [3] Theorem 6 improves the s#ple complexity to
q=O(" ).

Our proof of Theorem 1.5 uses the technique of probability iBanach spaces, and
includes decoupling, symmetrization, and application of sersion of Slepian's lemma
for Bernoulli random variables due to Talagrand.

1.3. The spectral norm: decay. Perhaps the most important matrix norm is the
spectral norm. Nevertheless, its decay under passing to sodtrices has not been
su ciently understood.

Let A be ann n matrix, and Q be a random subset of 1;:::;ng of expected
cardinality g (as above). We consider a random row-submatriRjo = (Aj )i2q;j n»
which consists of the rows oA in Q.

When one orthogonally projectﬁ a vectox 2 R" onto R?, its Euclidean length
reduces in average by the factor of g. So, one sBouId expect a similar type of decay
for the spectral norm { something likeEKAjgks Tn—TkAkz.

However, similarly to the previous section, the diagonal ntaces exhibit a di erent
type of decay. For example, there is no decay at all for the idgty matrix. One can
check that the correct order of decay for diagonal matrices i

kAKk() = the average ofk biggest Euclidean lengths of the columns &,
wherek = n=g General matrices again combine both types of decay:

Theorem 1.8. Let A be ann n matrix. Let Q be a random subset dfl;:::;ng of

expected cardinalityg. Then
r_

P —
EKAjgk: O KA+ TogaKAK(=g

Remark 1.9 (Optimality) . The estimate in this theorem is optimal. Thepexample
considered in the proof of Proposition 3.9 below shows thahé coe cient ~ logq is
necessary.

Generalizing an earlier result of Lunin [18], Kashin and T4ari [16] (see [22]) essen-
tially proved the existenceof a subsetQ of cardinality g and such that
r

KAjok, O gkAk2+Eé‘%

P =,
Note that % = 17 " jAj2 ™ is the average of the lengths odll columns ofA.

n
As the example of diagonal operators shows, for random sutss® this term has to be
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replaced by the average of the few biggest columns. Talagthf21] proved deep results
on the more general operator norms, ! X, where X is a 2-smooth Banach space.
However, the decay orf! in his results is logarithmic rather than polynomial.

1.4. Stable matrix results.  Many problems on random submatrices, of both theo-
retical and practical importance, have functional-analyit rather than linear-algebraic
nature. These problems, like those this paper considerseaabout estimating operator
norms. We thus see a matrixA as a linear operatorA between nite dimensional
normed spaces { say, betweer} and "} for the spectral norm, and between’ and ™}
for the cut norm.

From this perspective, the dimensiom of the ambient normed space should play
a minor role, while the real control of the picture should be &id by (hopefully few)
quantities tied to the operator rather than the space. As a twial example, if A is
not of full rank then the dimensionn is useless compared to the rank &. Further,
we are looking for stable results, those not ruined by smallepturbations of the linear
operators. This is a natural demand in applications, and tisi di ers our analytic
perspective from the linear algebraic one. It would thus beatural to look for stable
quantities tied to linear operators, which govern the pictee. For example, operator
norms are stable quantities, while the rank is not.

This paper advances such approach to matrices. The low rank@oximations in
Theorem 1.1 are only controlled by the numerical rank (A) = kAkZ=kAk3 of the
matrix, which is a stable relaxation of the rank. The norms ofandom matrices in
Theorems 1.5 and 1.8 are essentially controlled by the norna$ the original matrix
(and naturally by the sampling factor, the ratio of the size bthe submatrix to the size
of the original matrix). The dimensionn of the matrix does not play a separate role
in these results (although the matrix norms may grow with thedimension).

Acknowledgement.  This project started when the authors participated in the
PIMS Thematic Programme on Asymptotic Geometric Analysis tathe University of
British Columbia in Summer 2002. The rst author was a PIMS pastdoctoral fellow
at that time. We are grateful to PIMS for its hospitality. The nal part of this
research was done when the rst authour visited University foCalifornia, Davis. We
are grateful for R. Kannan for his comments on the initial vesion of this paper, and
to M. Karpinski for explaining what was the correct consequee of Corollary 1.7 for
MAX-2-CSP problems. Finally, we thank the referees for theivaluable comments and
suggestions.

2. Notation

Forp 1 ,the nite dimensiongl “p Spaces are denoted byj. Thus "] is the Banach

n

space R";k kp), wherekxk, = ([, jxij)*™ forp 1 , andkxk; =max;jx;j. The
closed unit ball of " is denoted byB[ = fxjkxk, 1g.
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The canonical basis oR" is denoted by €;;:::;€,). Let x;y 2 R". The canonical
inner product is denoted byhx;yi := xTy. The tensor product is de ned asx vy :=
yxT;thus (x y)z= hx;ziyforall z2 R".

Let A = (Aj); beanm n real matrix. The spectral norm ofA is the operator
norm ,! 5, dened as

kAXk2
kAk, := su
2 XZFg kxka

= 1(A);

where 1(A) is the largest singular value ofA. The Frobenius normkAkg of A is
de ned as X X

KAKZ == A7 = (A
i j
where ;(A) are the singular values ofA.
Finally, C;Cy;c;q;::: denote positive absolute constants. Tha = O(b) notation

means thata Chbfor some absolute constan€.

3. Low rank approximations

In this section, we prove Theorem 1.1, discuss the algorithfor nding low rank
approximations, and show that the sample complexity in Theem 1.1 is optimal.
Our argument will be based on the law of large numbers for opor-valued random
variables.

3.1. Law of large numbers for operator-valued random variables. Theorem 1.1
is about random independent sampling the rows of the matriA. Such sampling can
be viewed as an empirical process taking values in the set oiws. If we sample enough
rows, then the matrix constructed from them would nicely appmximate the original
matrix A in the spectral norm. For the scalar random variables, this ect is the
classical Law of Large Numbers. For example, &€ be a bounded random variable
and let X, ::: X4 be independent copies oK. Then

X 1
E- X, EX =0 p=: (3.1)
d _ d

j=1
Furthermore, the 'grge deviation theory allows one to estiate the probability that the
empirical mean j=1 Xj stays close to the true meareX .

Operator- valued verS|ons of this inequality are harder torpve. The absolute value
must be replaced by the operator norm. So, instead of provirg large deviation es-
timate for a single random variable, we have to estimate theupremum of a random
process. This requires deeper probabilistic techniqueshéd following Theorem gener-
alizes the main result of [20].
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Theorem 3.1. Let y be a random vector inR", which is uniformly bounded almost
everywhere:kyk, M. Assume for normalization thatkEy yk, 1. Lety;:::yq be

independent copies of. Let r

a=0¢C % M:
Then
() If a< 1lthen
1 X
E - Yi Vi Ey vy a

(i) For every t 2 (0; 1),
n ¢ x 0
g Yoy By y >t 2exp( ct?=&):

i=1

P

Remark 3.2. Part (i) is a law of large numbers, and part (ii) is a large dewtion
estimate for operator-valued random variables. Comparinthis result with its scalar
prototype (3.1), we see an additional logarithmic factor. Tis factor is essential, as we
show in Remark 3.4 below.

Remark 3.3. The boundedness assumptiokyk, @ M can be too strong for some
applications. The proof of Theorem 3.1 shows that, in part)j the boundedness almost
everywhere can be relaxed to the moment assumptidtkyki M 9, whereq = log d.
Part (ii) also holds under an assumption that the moments okyk, have a nice decay.
However, we do not need these improvements here.

Remark 3.4. The estimate in Egrzaorem %1_is in general optimal. Indeed, ossider the

random vectory taking values' nej;:::;" ne, each with probability 1=n, where @)
is the canonical basis oR". ThenEy y=1. Then
1 X n... _pP_— .
Ea i Yo Z—Eif:q% anJJYj— negj 1:

j=1
If we want this quantity to be O(1), then it is rbot hard to check that d should be of
order at leastnlogn. Therefore, the coe cient log(d)=din Theorem 3.1 is optimal.

3.2. Proof of Theorem 3.1. The proof consists of two steps. First we use the stan-
dard symmetrization technique for random variables in Bar@h spaces, see e.g. [17]
Section 6. Then we adapt the technique of [20] to obtain a bodrnon a symmetric
random process. To obtain the probability estimate in partif), we shall estimate the
high moments rather than the rst moment in part (i).

Let ";:::"4 denote independent Bernoulli variables taking values; 1 1 with proba-
bility 1=2. Lety,:::yq;y1:::Yq be independent copies of. We shall denote byE,, E,
and E- the expectations according toy;), (y;) and (") respectively.
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Let p 1. We shall estimate
1 X p 1=p
Ep= E 5 ¥ v By y (3.2)

i=1
P
Note that Eyy y = Eyy y=E % idzl Vi Vi : We put this into (3.2). Since
x 7! kxkb is a convex function onR", Jensen's inequality implies that
1Xd 1Xd p 1=p
Y g Yi Yi o Yi i :
i=1

d 2
i=1

Sincey; vyi Vi Viisasymmetric random variable, it is distributed identicaly with

“ilyi ¥i Y ¥i)- Thus

E, FEE

1 ¥ p 1=p
B, BEE o 0ioviovow)
i=1
_1Pa : _1Pa : P
DenoteY = 5 ., "iYi Vi andyY = 3 o Y Vi Then kY Yk, (kYk;+
kYko)P  2P(kYKS + kY kD), and EKY K5 = EKYKS. Thus we obtain
S p 1=p
Ep 2 EyE“ a izl iYi Yi ) :
We shall estimate the last expectation using a lemma from [RO

Lemma 3.5. Let y;:::y4 be vectors inR¥ and let";:::"4 be independent Bernoulli
variables taking valued; 1 with probability 1=2. Then
Xd p 1=p 1=2 Xd 1=2
E Y Co(p+log k)™ maxkyik, Yio Vi
i=1 i=1
Remark 3.6. We can consider the vectory; :::yqy as vectors in their linear span, so
we can always choose the dimensidnof the ambient space at mostl.

5 .

Combining Lemma 3.5 with Remark 3.6 and using Helder's ineglity, we obtain

+log d)12 X p 1=2p
E, 200% MOE v (3.3)
i=1
By Minkowski's inequality we have
X prp N 1X p 1P |
E v oy d E5 v % Ey vy +kEy vk dE,+1):
i=1 i=1

So we obtain

=2 | 1=2
Ep ap21 (Ep+1); where a=4C, logd M

d
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It follows that
min(Ep; 1)  ap (3.4)
To prove part (i) of the theorem, note thata 1 by the assumption. It thus follows

that E; a. This proves part (i).
To prove part (i), we can E, = (EZP)**P, where

1 X
Z= g y v Ey y
i=1
So (3.4) implies that
Emin(Z;1)* "™ min(E,;1) apt: (3.5)

This moment bound can be expressed as a tail probability estate using the following
standard lemma, see e.g. [17] Lemmas 3.7 and 4.10.

Lemma 3.7. Let Z be a nonnegative random variable. Assume that there exists a
constantK > 0 such that(EZP)¥P Kp'? forallp 1. Then

PfzZ>tg 2exp( cit?’=K?)  forallt> O
It thus follows this and from (3.5) that
Pfmin(Z;1)>tg 2exp( cit’=a?)  forall t> O

This completes the proof of the theorem.

3.3. Proof of Theorem 1.1. By the homogeneity, we can assumiAk, = 1.
The following lemma of Drineas and Kannan [10] (see also [Li¢duces Theorem
1.1 to a comparison oA and a sampleA in the spectral norm.

Lemma 3.8 (Drineas, Kannan)
KA APk (i1 (A)2+2KATA AT Ak,:

Proof. We have

KA AP(K3 = sup kAxk3 = sup  hATAX;xi
x2ker Py ; kxko=1 x2ker Py ; kxka=1
sup  NATA ATA)x;xi + sup  PATAX;xi
x2ker Py ; kxko=1 x2ker Py ; kxko=1

= kKATA ATAK + (1 (ATA):

By a result of perturbation theory, j 1 (ATA) 1 (ATA)] k ATA ATAk,.
This proves Lemma 3.8. [ |
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Let X1 :::X, denote the rows of the matrixA. Then

xXn
ATA= X X
j=1
We shall view the matrix AT A as thetrue meanof a bounded operator valued random
variable, whereasA™ A will be its empirical mean then we shall apply the Law of Large
Numbers for operator-valued random variables { Theorem 3.1To this end, de ne a
random vectory 2 R™ as
_ KAk kK
kx; K, KAKZ
Let y1:::yq be independent copies of. Let the matrix A consist of rowseLy; : : : #-yq.
(The normalization of A" here is di erent than in the statement of Theorem 1.1: in the
proof, it is convenient to multiply A by the factor pl—akAkF. However note that the
singular vectors ofA and thus P, do not change.) Then
T = s 1° . -k = KAk = P
A'A=Ey v, A”Ar—a Yi Y M = kyk, = kAkc = " 1.
i=1
We can thus apply Theorem 3.1. Due to our assumption oy we have

|Og d 1=2 n2 1=2
r

y

< 1

Thus Theorem 3.1 yields (witht = "2=2) that, with probability at least 1 2exp( c=),

we have )

KATA ATAkK, X
Whenever this event holds, we can conclude by Lemma 3.8 that

KA APk, 1 (A)+ P kATA ATAKY? i (A)+ ™
This proves Theorem 1.1.

3.4. Algorithmic aspects of Theorem 1.1. Finding a good low rank approximation
to a matrix A amounts, due to Theorem 1.1, to sampling a random submatri and
computing its SVD (actually, only left singular vectors areneeded). The algorithm
works well if the numerical rankr = r(A) = kAk2=kAk3 of the matrix A is small.
This is the case, in particular, wherA is essentially a low-rank matrix, because(A)
rank(A).

First, the algorithm samplesd = O(r logr) random rows of A. Namely, it takesd
independent samples of the random vectgr whose law is

A; _ kAjK3

P y= =
' T Ak kAkZ
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where A; is the j-th row of A. This sampling can be done irone passthrough A if
the matrix is stored row-by-row, and intwo passesf its entries are stored in arbitrary
order [9, Section 5.1].

Then the algorithm computes the SVD of thed n matrix A, which consists of
the normalized sampled rows. This can be done in tim@(dn)+ the time needed to
compute the SVD of ad d matrix. The latter can be done by one of the known
methods. This takes signi cantly less time than computing 8D of the originalm n
matrix A. In particular, the running time of this algorithm is linear in the dimensions
of the matrix (and polynomial in d).

3.5. Optimality of the sample complexity. The sample complexityd = O(r logr)
in Theorem 1.1 is best possible:

Proposition 3.9. There exist matricesA with arbitrarily big numerical rank r =
kAkZ=kAk3 and such that whenever

1
< — :
d 10r logr;

the conclusion(1.3) of Theorem 1.1 fails fork = n and for all " 2 (0; 1).

Proof. Let n;m 2 N be arbitrary numbers such thatn < m. We dene them n
matrix by its entries as follows:

where j =1if i =] and j; =0 otherwise. D

Then each row ofA contains exactly one entry of value =, and each row is repeated
m=n times. Thej-th column of A contains exactly one block of values T in positions
12 (%G, 1):;5il=:1;. Inparticular, the columns are orthonormal. AlsokAk, =1,
kAke = " n, thusr = n.

Now we form a submatrix A" as described in Theorem 1.1 { by pickingl rows of
A independently and with uniform distribution. If d < 1—10nlogn, then with high
probability there exists at least one blocK; from which no rowsi are picked. Call this
block I;,. It follows that jo-th column of A is zero. Consider the coordinate vector
€, = (0;:::;0,1;0;:::,0) of n positions, with 1 at positionj,. Then g, 2 kerA
kerPy  ker(APy). Thus k(A APy)g k. = kAgj k, = 1. Hence

kA APkk2 1; while n+1 (A) =0; kAkz =1:
Hence (1.3) fails fork = n and for all " 2 (0; 1). |
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4. The decay of the cut norm

In this section, we prove Theorem 1.5 on the cut norm of randosubmatrices and
show that it is optimal. Our argument will be based on the tod of probability in
Banach spaces: decoupling, symmetrization, and Slepiah'emma (more precisely, its
version for the Rademacher random variables due to M.Talagnd).

4.1. Proof of Theorem 1.5. It is known and easy to check that
1
ZkAkl! 1 K Akc k Aky ;
wherekAk;, ; denotes the operator norm ofA from "] into "] :

kAx k
kAKky 1 := sup XK _ sup kAxk;
x2Rn KxKq x2BJ

(recall that B denotes the unit ball of '] ). Note also that both these norms are
self-dual:

kATkC = kAkc, kATklg 1= kAklg 1-

So we can prove Theorem 1.5 for the nork ki, ; instead of the cut norm.
We shall use the following decoupling lemma due to Bourgaimd Tzafriri [7].

Lemma 4.1. Let ( ;) be a nite sequence of bounded i.i.d. random variables, agd)
be its independent copy. Then for any sequence of vectfrg) in a Banach space with
Xji =0, X x
E i jXij 20E i
iij i

OXij

i

Let ,::: , be independent Bernoulli random variables, which take vaéul with

probability := g=n Let P denote the coordinate projection on the random set of
coordinatesfj j ; =1g.
Denote by D (A) the diagonal part of A. Then
X X
PAP =P (A D(A)P +P DA)P = i injQ g + iAie e:
i6] i=1

We can use Lemma 4.1 to estimate the rst summand, taking; = Aje ¢ ifi 6 ]
andx; =0if i = j. To this end, let ( J-O) be an independent copy of (), and let P o
denote the coordinate projection on the random set of coorditesfj j =1g. Then
by Lemma 4.1 and by the triangle inequality we obtain

EKP AP ki 1 20EKP (A D(A)P oky 1+ A
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P
Clearly, ., jAij = kD(A)ky 1. Thus to complete the proof, we can assume that
the diagonal of A is zero, and prove the inequality as stated in the theorem for
EKP AP Ok]_! 1 ie.

EKP AP ok 1 C 2kAky 1+ C 32(KAKco + KATKeo): (4.1)
Note that
X
EKAP Ok]_! 1= E sup JhAP oX; e||J,
x2BY
hence
X
EkP AP oky, 1= E sup iJPAP oX; &;i]
x2BY1 i=1
X
= E sup (i )JJPAP ox; el + EKAP oky g (4.2)
x2BY

We proceed with a known symmetrization argument, which we ad in the beginning
of Section 3.2. Since; are mean zero, we can replaceby ° an independent copy
of i, which can only increase the quantity in (4.2). Then the rstterm in (4.2) does
not exceed

X
Esup (i XihAP ox;eiij: (4.3)
x2BY _;
The random variable ; Qjs symmetric, hence it is distributed identically with
" 99, where"; are 1;1-valued symmetric random variables independent of all

other random variables. Therefore the expression in (4.3phbnded by

X0 X0
Esup " ijhAP ox;eij + Esup " "ThAP oX;&iij
x2B1 i=1 x2BY} i=1
X
2E sup "i i]pAP ox;eiij: (4.4)
X2BY -4

To estimate this, we use Slepian's inequality for Rademaaheandom variables proved
by Talagrand. This estimate allows us to remove the absolut@alues in (4.4). Precisely,
a partial case of Slepian's inequality due to Talagrand (sd&7], equation (4.20)) states

Esup "ijxyiij Esup iy = E "y

x2BY 4 x2BY . 1
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Therefore
X1 - ' X1 -
E sup " ijhAP ox;eij = E sup "l P AT e
x2BD i, x2BD iy

X0
EP AT e

= E jo PAT( " ie);qi
j=1 i=1
xXoxo
= E i 1A
j=1 =1
X X 2 1=2
E " iAj
j=1 i=1
- - 1:2 .
= E jiA;j? (averaging over (;))
=1 =1
R
= 7 JA; ] = “KAKco:
j=1 =1

We have proved that the rst term in (4.2) does not exceed 32kAkco. To estimate
the second term, note that

X0
EKAP ok, 1= EKP ATky ;= E sup jPATX; &ij :

x2B1] i=1
So we can essentially repeat the argument above to bound tr@gpression by
1:2kAT kCoI + kAT klg 1= 1:2kAT kCoI + kAklg 1-
Putting this together, we can estimate (4.2) as

EKP AP oky 1 ¥2kAkco + ( ¥?kATkco + KAKy 1)
2KAkco + *PKATKcol + 2KAKy 1
as desired. This completes the proof of Theorem 1.5.

4.2. Optimality.  All terms appearing in Theorem 1.8 are necessary. Their optality
can be witnessed on di erent types of matrices. To see that éhrst term is necessary,
consider a matrixA, all whose entries are equal 1. For this matrikAk. = n?, and for
any Q f 1;:::ng; kAg ok. = jQj%

The optimality of the second term can be seen in the case whénis the identity
matrix. In this case kAk. = n, while kAq ok = jQj.
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To prove that the third term is also necessary, assume thak = (";; ) is a random

1 matrix. Then kD(A)k. = n, andkAk., = AT _ = n®2 Itis easy to show that

E-kAk.  Cn3*%, so forq < n the third term in Theorem 1.8 is dominant. Indeed, by
Azuma's inequality, for anyx;y 2 f 0; 19"
X .
P. — "ij XiYj >t Ce'! _2:
ihj =1

Hence,
P. kAk.>sn%2 4" Ce ¥
which implies the desired bound for the expectation.

Now xa 1 matrix A such thatkAk. Cn®%2. Let Q be any subset of 1;:::;ng.
Recall that the normskAk. and kAk,, , are equivalent. We claim that

. 1. .5
kAjo oky 4 p_QJQJE’_Z:

Indeed, let ;; i 2 Q be independent 1 random variables. Then by Khinchin's in-
equality
X X 1.
E i p—élQJ :
i2Q i2Q
P P n .
Choosex 2f 1;1g? suchthat |,o ,0"iXi  P5iQj*%. Forj 2 Q set
|
X
y; =sign "ij Xi
i2Q
Then
. X 1. s
kAjo oky iXiy;  P=IQIT
2
i 2Q
Therefore,
| 1 g% ro
EQ kAJQ QkC —P= — kAkCo|+ A Col -

4 2

5. The decay of the spectral norm

In this section, we prove Theorem 1.8 on the spectral norm chmdom submatrices.

By homogeneity we can assume thakAk, = 1. Let 4;:::; , be f0;1g-valued
independent random variables wittE j = = 1. So ourrandomseti®Q = fjj j = 1g.
Let X1 :::X, denote the columns ofA. Then
X _ X
A= § X; Agqg= ICHERCE

=1 =1
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The spectral norm can be computed as
1= X
kAk2 = kATAk2 = X; X ;

and similarly

kAijz = i X X;
j=1
To estimate the latter norm, we shall rst apply the standardsymmetrization argument
(see [17] Lemma 6.3), like we did in the beginning of SectiorR2nd in Section 4. Then
we will apply Lemma 3.5. Set

E = EkAijz:
The symmetrization argument yields
X 1= p_ _ X 1= p_
E E (j )Xj Xj ) + kAk;_z 2E E. "j iXj Xj X + :
j=1 j=1

n "

P
Now we apply Lemma 3.5 withp =1 to bound E- [, "j jX; X; , for xed ( ).
By Remark 3.6, we can assumk in this Lemma equal
X
n()=-e+ i
j n

Then using Cauchy-Schwartz inequality we obtain

p X 1=2 1=2 PpP_
E E C logn() max i kxik, XX +
j=1:nn .
=1
p 1=2 X 1=2 122 pP_
C E logn() max i kxjk, E XX + : (5.1)
j=l:n .
j=1
To estimate the st term in the product here, we use the followng
Lemma 5.1. Leta; a ::: a2 Oandlet ;::: , be independent Bernoulli
random variables taking valud with probability > 2=n. Then
p x p p x
— log n a E logn( ) max ;a 4 logn a:
4e i=1 j=1:n i=1

Proof. To prove the upper estimate note that

X
max & i + ag=:
j=1:n 8 =1 i3 L
J:
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Hence,
p p x S JE—
E logn( ) max g E logn() igg +a- E logn(): (5.2)
j=1:in .
j=1
Jensen's inequality yields
v
u
- X _
EID logn( ) t log(E i + € 2p log n: (5.3)

i=1

By the linearity of expectation, the rst term in the right ha nd side of (5.2) equals

0
x p x S 7
aE ; logn() aEQ@Q; log( i+1+ eA;
j=1 i=1 i6]

where we estimatedn( ) replacing ; by 1. Taking the expectation rst with respect
to ; and then with respect to the other ;, and using Jensen's inequality, we bound
the last expression by

x x

g; P log(n+1+ ¢ 2 8 P log n: (5.4)
j=1 j=1
Finally, substituting (5.3) and (5.4) into (5.2), we obtain
P X p X p
E logn( ) max ;g 2 g +2a- logn 4 g log n:
j=1l:n . .
j=1 j=1

To prove the lower bound, we estimate the product in Lemma 5.tom below to
make the terms independent. We have

0 M 1
p X0
E " logn() max ;g E@ log( i+€ max jaAf
j=1:n 21 = 41 j=1::1=
v
H X
= E*J log( i+e€ E max g (5.5)
i=1= +1 J=bd=
P
These terms will be estimated separately. Sinde( ,_,, i n=2) 1=2,
v r
X 1 n
E%j log( it € > Iogf:

i=1= +1
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Let1 k 1=. Denote by Ay the eventf ( =1; ; =0forl | 1=;] 6 ko.
Then
PAY= @@ ¥ ' =e

x x
E max ;a P(A — j -
j=l:1= P9 k=1 B ( k) ej:1 %
Substituting this estimate into (5.5) nishes the proof of Lemma 5.1. [ |

Now we can complete the proof of Theorem 1.8. Combining Lemndal and (5.1),
we get
p ¥ 1=2 p_— p— 1=2
E C4 logn kxjk, E¥™+  =2C  log nkAky=y E™+
j=1

P-

It can be easily checked thatE  aE'™ + bimplies E  4a? + 2b. Hence, recalling
that = g=n we conclude that

E 160ZIO logg kAk
This completes the proof of Theorem 1.8.

p—
(n=g *2 4=
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