Pro ject Description

1. Resul ts fr om Prior NSF Support

The author is currently the PI of the NSF grant DMS 0401032Com binatorial and probabilistic
approac to geometricfunctional analysisand applications". The amourt of this award is $94,790
for the period of 07/01/2004 - 06/30/2007. Under this support, the PI published journal papers
[21, 53, 58, 59, 76, 77, 107, 108 109 110, papersin selective computer scienceconferenceq18,
111, 87, 39, an invited paper in an information theory conference[79], prepared a few papers for
journal submission[78, 40, 60] and has a few papersin preparation [80, 88, 112 113.

The PI strivesto addresstheoretical and computational problemsin high dimensions,using the
techniquesof geometricfunctional analysis. His work under the current NSF support was pursued
in seweral related directions in mathematics, sciertic computing and computer science:

(1) Probabilistic and combinatorial aspects of geometric functional analysis
(a) Combinatorics of random processeg[77]; older work [68, 69, 67])
(b) Sectionsof corvex bodies, Mink owski-type theorems ([77, 107, 109; older work [69])
(c) Concertration of measure,isoperimetry, and applications ([109, 53])
(d) Random matrices ([58, 59]; in preparation [113)
(e) Principle of restricted invertibilit y ([77, 110; older work [106 105)
(2) Computational aspects and applications of geometric functional analysis
(&) Uncertainty principles, sparsereconstruciton, error correcting codesand quantization
([76, 18, 79];in preparation [80, 60Q])
(b) Linear programming and random polytopes([111]; in preparation [113)
(c) Randomizedalgorithms for matrices ([87]; submitted [78]; in prep. [88])
(d) Signal transmission ([108]; in preparation [60])

PI's researd reachesout di erent sciertic communities { algorithm designand analysis (more
broadly, theoretical computer science), information and coding theory, signal processing,and,
ultimately, industry. The PI has beena plenary or invited spealker at conferencesn probability
theory [116, geometry [114, 119, geometric and functional analysis[121, 122, harmonic analysis
[127], information theory and signal processing[115 120 118 128, and a speaker at selectiwe
computer scienceconferenceq117, 124, 125.

The PI hasgiven or will give educational lectures on this work for broad audiencesin pure and
applied mathematics and computer science,including a short courseat IPAM [126), a computer
sciencecolloquium in Georgia Ted and an applied mathematics seminar at Princeton.

The Pl hasserwed as a refereefor journals in mathematics, theoretical computer science,infor-
mation theory, computational mathematics, operations researt and information theory (seethe
biographical sketch for the full list).

The PI hasled a VIGRE Researt FocusedGroup at UC Davis [129 aimed at integration of
researtr and education. He deweloped and taught a course on probability and corvexity, orga-
nized reading seminarson the probabilistic method and on randomized algorithms, ran individual
reading courseson recert advancesin mathematics and computer science,formed a study group
in geometric functional analysisand superviseda researt project for an undergraduate studert.

The PI is the advisor of a Ph.D. student Deanna Needell. The Pl introduced her to researt
communities (sparseapproximation theory and geometric functional analysis) and supported her
participation in researtr and education conferencesand workshops.

The remainder of Section 1 describessomeof the PI's resear® funded by this grant. A full ac-
court of this work canbefound in publications [18, 21, 39, 40, 53, 58, 59, 60, 76, 77,78, 79, 87, 107,
108 109 110, 111], all postedon the PI's webpagehttp://www.math.ucdavis.e  du/~vers hynin/
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1.1. Com binatorics of random pro cesses. A major part of the Pl's previous NSF proposal
was focused on open problems on combinatorics of empirical processes. Two main conjectures
were completely solved in [77]. This led to progresson sewral problemsin geometric functional
analysis ( nding nice sectionsof cornvex bodies), operator theory (extending the principle of re-
stricted invertibilit y), corvex and discrete geometry (cellular Mink owski-type theorems), extremal
conbinatorics (extending Sauer-ShelahTheorem) and statistical learning theory, see[77, 107].

The main problem of the theory of empirical processess to understand whenthe limit theorems
of probability theory hold uniformly over a given classof functions [34]. Let ( ; ) bea probability
space,and F be a classof real valued functions on . We draw independen samplesX 1; X 2;::: 2

and ask whether the sequenceof random variables (f (X)) obeys the certral limit theorem
(CLT) uniformly over all f 2 F and all probability measures . If that happens, F is called a
uniform Donsker class see[55], [34)].

Vapnik and Chervonenkis[102 103 104 poineeredan approad to the uniform limit theorems
via conbinatorial properties of the classF. For the important caseof Boolean classes(f 0; 1g-
valued functions), they proposedto measurethe combinatorial complexity of F by what is now
called Vapnik-Chervonenkisdimension. This dimension is one of the main conceptsin compu-
tational learning theory and is widely usedin a variety of non-probabilistic settings, mainly in
combinatorics and discrete geometry (see[62], [63] Section 5.8, [64] Chapter 10).

A natural generalization of Vapnik-Chervonenkis dimension for arbitrary classesF, which is
\a quarntity of fundamenal importance" [97], is the combinatorial dimension. It also goesunder
the name of Pollard dimensionand fat-shattering dimensionin statistical learning theory (see[23]
Chapter 4). Givenascalet 0,asubset of is calledt-shattered by a classF if there existsa
level function h on sud that, given any partition = [ +,onecan nd afunctionf 2 F
with f (x) h(x) if x 2 andf (x) h(x)+tifx2 4. The combinatorial dimensionv(F;t)
is the maximal cardinality of a sett-shattered by F. Simply speaking, v(F;t) is the maximal size
of a seton which F oscillatesin all possible t ways.

The smaller the combinatorial dimension,the lessF oscillatesand is more likely to satisfy CLT,
i.e. to be a uniform Donsker class. To turn this intuition into an optimal rigorous statemert has
beenan open problem, which was completely solved in [77]:

Theorem 1.1. [77] For every uniformly bounded classF,
Z,

v(F;t)dt< 1 ) F is uniform Donsker ) v(F;t) = O(t ?):
0

Dudley proved Theorem 1.1 for f 0; 1g-valued functions (see[34], [55] 14.3); this was one of the
main results on the empirical processesn f 0; 1g classes.Talagrand proved Theorem 1.1 up to a
factor of log™ (1=t) in the integrand [93, 97]. Mendelsonand the PI reducedin [68] the exponert
to M = 1=2. Finally, Rudelsonand the PI proved Theorem 1.1in [77]. This result completesthe
Vapnik-Chernaoveknis program for general classesof functions.

Theorem 1.1 follows from its quantitativ e counterpart, which by itself is extremely useful in
applications. The successof probabilistic method in mathematics and particularly in geometric
functional analysis often relies on understanding the underlying random process. The simplest
and most frequertly encourtered random processesre Gaussianprocessesyhich (under certain
natural measurability assumptions)can be approximated by a canonical processof the form

M Zi=" gf ()



indexedby f 2 F, whereF isasetin R" (equivalertly, a classof functionson = f1;:::;ng), and
where (g;) are independert N (0; 1) random variables. A natural way to \measure" the random
process(Z; ) is to considerthe normalized supremum E(F) = n 2 Esup ,f Zs .

Theorem 1.2. [77] For everyclassF, one has

1p
E(F) C v(F;t) dt:
0

Thus in Dudley's entropy integral, the entropy can be replacd by the combinatorial dimension.

Here and thereafter C and c are positive absolute constarts. The history of Theorem 1.2 is
similar { Dudley provedit for f0; 1g classes,Talagrand for generalclassesup to a polylogarithmic
factor, Mendelsonand Pl reducedthe exponert of that factor. In [77], we removed the log factor
by combining the combinatorial argumert of [68] with a new dimension reduction argumert and
a new iteration scheme.

An accournt of the combinatorial theory of random processesiescribed in this section was one
of the main topics of a 2006 NSF-CBMS Regional Researt Conference[123.

1.2. Applications:  sections of convex bodies, restricted invertibilit y, Mink owski-t yp e
theorems, extremal combinatorics. Since Dudley's ertropy integral is a standard tool in
probability and geometric functional analysis (seee.g. [74]), it is not surprising that the now
optimal Theorem 1.2 has a wide range of applications.

Finding structure in big objects is a recurring theme in mathematics. In geometric functional
analysis and asymptotic corvex geometry basic objects are symmetric corvex sets K in R".
Natural structures in this category are linear, so a certral problem there isto nd a nice section
of K.

The idea to use the combinatorial dimension of K for that purposewas employed by Ta-
lagrand [93] and deweloped in [77] using Theorem 1.2. This resulted in a unied approad to
seweral key results in geometricfunctional analyis: Dvoretzky theoremin the form of Milman (see
[66]), Bourgain-Tzafriri's principle of restricted invertibilit y [12, 13] and Elton's theorem and its
improvemerts [36, 93, 69].

One can view theseresults as the existenceof smgll coordinate sectionsof a corvex symmetric
body K in R". The averagesizeof K is Mx = kxkk d (x), where the integral is over the
sphereS" ! with the normalized Lebesguemeasure , and kxky is the Mink owski functional of
K. The problemis to nd a coordinate section of K whosediameter is cortrolled by M only.
This can be done by duality using Theorem 1.2. For simplicity of the exposition, we assumethat
K hastype 2, which is the casewhen, for example,K is isometric to a section of an L p-spacefor
2 p< 1. For generalbodies, see[77] Section7.

Corollary 1.3. [77] Assume K is of type 2 and contains the unit Euclidean ball. Let M =
Mg log 23(2=M ). Then there existsa subset of f1;:::;ng of sizej j cM2n and suchthat
diam(K\ R ) C=M.

Bourgain-Tzafriri's restricted invertibilit y principle [12] is a partial caseof Corollary 1.3 for
K being an ellipsoid (up to a logarithmic factor). The upper inclusion in Dvoretzky theorem
in the form of Milman (see[66]) is a partial caseof Corollary 1.3 which guaranteesa coordinate
section satisfying that inclusion (also up to a log factor). Elton's theorem and its improvemens
[36, 93, 68] are also a partial caseof a generalform of Corollary 1.3 (see[77] Theorem 7.4), when
K cortains the unit ball of .

Applications of the combinatorial dimensionto discrete geometry (Mink owski-type theorems),

extremal combinatorics (Sauer-Shelah-ype theorems) and sections of corvex bodies have been
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deweloped in [107]. Minkowski's classicaltheorem { the rst result of geometric number theory {
states that the volume of a symmetric corvex body K in R" satis es j%Kj number of integer
points in K, see[64]. It is harder to court integer cells in K, i.e. the cubeswith unit sidesand
integer vertices. K may not cortain an integer cell even when its volume its large (a pancake is
an example). Howewer, the obstacleis always causedby a limited number of coordinates, which
can be eliminated by an appropriate coordinate projection:

Theorem 1.4. [107 For every convex body K in R", there exists a coordinate projection P in
R" suchthat jcKj 1+ numkber of integer cells in PK..

K needsnot be corvex for a variant of this result to hold [107]. This extendsthe well-known
bound in extremal combinatorics { Sauer-ShelahTheorem ([103, 81, 83], see[6, 1]) and its gen-
eralizations [47] { from subsetsof f0; 1g" to subsetsof R". One can thus view it asa geometric
form of Sauer-ShelahTheorem. Theorem 1.4 was also shown in [107] to yield coordinate versions
of important results in asymptotic corvex geometry: the volume ratio theorem (see[74] Ch. 6), in
fact with an improved dependenceon the dimension, and Milman's duality of diameters[70, 71].

1.3. Compressed Sensing, error correcting codes, and random polytop es. Papers[18,
39, 40, 76, 79 advance the fast growing area of compressel sensing which currently attracts
various communities in pure and applied mathematics, computer science statistics, and industry,
seethe CompressedSensingwebpagehttp://www.dsp.ece.rice. edu/cs/

The problem certral in many old and emerging industrial applications (see[32, 17, 2Q]) is
to compute a signal f 2 C" from its few linear measuremets (linear functionals on C"). A
very important example of measuremets is the (discrete) Fourier transform f* evaluated at some
k < n points. To be able to reconstruct f , one assumesthat it belongsto somesmall class,e.g.
jsupp(f)j r for somer n. How fast can oneexactly compute f , and how many measuremets
k = k(r;n) are needed?

An equivalent problem, aswe obsene in [76], is how to construct linear error correction codes
This has beenattracting attention of engineers,computer sciertists and applied mathematicians
for the past v e decades.Known constructions involve deepalgebraicand combinatorial methods,
see[46]. This problemin turn, asalsoobsenedin [76], is equivalert to a problem in combinatorial
geometry about the existenceof neighborly polytopesin R¥ { symmetric polytopeswith a given
number of facetsand a maximal number of lower dimenisonal facets[65, 82, 37, 38, 14, 45].

Donoho and Stark [33] advocated that the reconstruction problem could be turned into a linear
program { minimize the "1 norm of a function subject that it hasthe samemeasuremets asf .
This can then be solved in polynomial time, using known methods of linear programming.

Rudelsonand PI constructedthe rst setof measuremets for which everyfunction f canbere-
constructed with the linear program asabove; it wasgivenby k = O(r log(n=r)) random Gaussian
measuremets. This provided a new approad to constructions of error correcting codes (random
Gaussiancodes)and to existenceof neighborly polytopes(random polytopesare neighborly). This
formed our paper [76]. Candesand Tao obtained a similar result around the sametime [19], and
we published it jointly as[18].

In [79], we announcedthe smallestknown number k of (random) Fourier measuremets su cien t
to reconstruct any function f asabove: k(r;n) = O(r log(n) log?(r) log(r logn)) = O(r log* n).

Solving the reconstruction problem by meansof linear programming takestime at leastlinear in
n. However, the signalf hasonly r  n nonzerocoordinates. Thus the true \complexity" of f is
r rather than n. Doesonereally needto spendtime linearin nto nd f ? In [39, 40], we construct
a random system of k = O(r log? n) measurmenetssuch that, with high probability, the sparse

reconstruction problem can be solved exactly for all vectorsf and using only O(r log* n) simple
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operations. This is currently the only known measuremeh system for which one can reconstruct
all signalsf in time roughly linear in r.

1.4. Concen tration of measure, isop erimetry and applications. In [109, Gromov's isoperi-
metry of waists [43] was turned into a tool for asymptotic corvex geometry via a simple lifting
method. Using this tool, we obsened in [109 a new \lo cal versusglolal" geometric phenomenon:
if two symmetric corvex bodies K and L in R" both have nicely bounded sections, then the
intersection of random rotations of K and L is also nicely bounded. In particular, if L is a
subspace,we obtain a \pr opagation of boundedness" principle: if K hasa nicely bounded section,
then most sections of K are nicely bounded (with a certain loss of the diameter and of the
dimension of the seciton).

In [53], we give a novel application of a small ball prokability estimate, which was conjectured
by the Pl and proved by Latala and Oleszkiewiczin [61] as a consequenceof the B-conjecture
recertly resolhed in [24]. Our main result of [53] implies an unexpected distinction betweenthe
upper and the lower inclusions in Dvoretzky theorem in the form of Milman [66]. While the
treshold dimensionin Dvoretzky theorem is sharp for the lower inclusion, the upper inclusion can
hold up to a much larger treshold d(K ), which hasa simple expressionin terms of the measureof K
cut by the Euclidean sphere. As an example,for *! the treshold dimensionfor the lower inclusion
is logarithmic in n, while our treshold dimensionfor the upper inclusion d(K) is polynomial in n.

1.5. Linear Programming. In [111], we announceda newresult onthe complexity of the simplex
method, the simplest and oldest algorithm in linear programming. The simplex method solves a
linear program \maximize he;xi subject to Ax b', whereA isan d matrix, by generatinga
walk on the verticesof the polytope Ax  b. The complexity of the simplex method, i.e. the length
of the walk, is in general exponertial, but on all practical problemsit is linear in n and d. To
explain this disagreementy Spielmanand Teng [86] intro ducedthe notion of smathed complexity,
which is the worst expected complexity under a slight random perturbation of an input. Spielman
and Teng proved in [86] that the simplex method had polynomial smoothed complexity.

In [111] we announced a simpli cation and improvemert of Spielman-Teng's analysis. The
smoothed complexity (lengh of walk) of the simplex method is actually polylogarithmic rather
than polynomial in the number of constraints n. This provesthat the simplex method is e ective
for very large scaleproblems (with up to exponertially many constraints). This shows that the
tight Hirsch conjecturen d on the the length of walk on polytopes(see[51]) is not a limitation
for the smoothed linear programming. Informally, random perturbations of polytopescreate short
paths betweenvertices.

A relation of this work to geometricfunctional analysisand in particular to problemson invert-
ibilit y of random matrices is discussedin Section 2.6.

1.6. Other work. In [59, 58], we solved a conjecture of G. Schethtman on Euclidean subspacef
" (and of spacesf boundedvolumeratio) generatedby Bernoulli matrices. In [110, we developed
a dimension-freeapproac to the principle of restricted invertibilit y of Bourgain and Tzafriri. In
[60], we drew applications of uniform uncertainty principles to the theory of vector quantization,
and we construct the rst robust and democratic one-bit vector quartizers in R". In [87], we
constructed a fast randomized solver for linear systems. This con rmed the claim of practitioners
in medical imaging that one could quickly solve linear systemsby iterativ ely projecting onto the
solution spaceof a randomly chosenequation. In [78], we deweloped a dimension-freeapproat
to random submatricesof a given matrix A, which yielded an e cien t Monte-Carlo algorithm for
computing the spectral decompositions of large matrices A.



2. Pr oposed Work

2.1. Size and Structure: Covering and the Com binatorial Dimension. The PI will ad-
vance the program on combinatorics of random processesstarted in [68, 77, 107. Apart from
its applications and iterpretations in various disciplines, the program itself is focused on deep
relationships betweenthe size and the structure of sets(convex aswell as noncorvex) in R".

Let K and D be cornvex bodiesin R". Many problemsin analysis and geometry involve esti-
mating the covering number N (K ; D), which is de ned asthe minimal number of translates of D
neededto cover K. Computing the covering number is a very di cult problem even in the plane
[25]. The approac proposedin [77] is to relate the covering number to the cell content of K,
which we de ned asthe number of the integer cells (unit cubeswith integer vertices) contained
in all coordinate projections ofXK ;

(K)= number of integer cells contained in PK:
P
The sum is over all 2" coordinate projections in R", i.e. over the orthogonal projections P onto
R with f1;:::;ng. (For corvenience,we assignvalue 1 to the empty set.)

The covering conjecture claims that the covering number N (K;D) is equivalert to the cell
cortent ( K), whereD is an integer cell. It is easyto show that if K is an integer box, i.e. the
product of intervals with integer endpoints, then2 " ( K) N(K;D) ( K). The lower bound
is actually easyto shaw for any convex body K. The upper bound of this type is much harder:

Conjecture 2.1 (Covering). Let K be a convexbody in R" and D be an integer cell. Then
2) N(K;D) ( CK)C:
Here and thereafter C;c denote positive absoluteconstants.

The strength of the Covering Conjecture (along with its non-corvex version, see[77]) can be
seenfrom its applications. It implies in a non-trivial way our main results on random processeg
Theoremsl1.1and 1.2{ and thus alsotheir consequencesescribedin Section1.2. If the exponent
C in (2) equalsl, it alsoimplies the cellular Mink owski Theorem 1.4. 1t is believed that a positive
solution to the Covering Conjecture would signi cantly simplify the argumert of M. Talagrand
for the best known result (due to J. Bourgain) on the »-problem [95].

2.1.1. Largenessimplies Structure. Covering Conjecture 2.1 is about nding structure in big ob-
jects. SupposeN (K ;D) is large; this simply meansthat K is too big to be covered by few cubes.
The conclusionof the Covering Conjecture is that K must then have a nice structure: there exist
many cubesinside K (or inside its coordinate projections).

This \largenessimplies structure” phenomenon,similar in spirit to Ramseytheory, is responsi-
ble for the variety of applications of the Covering Conjecture. It is lesssurprising in this light how
the Covering Conjecture can imply structural results akin to Dvoretzky and Bourgain-Tzafriri
theorems (seeCorollary 1.3). Recall that in Dvoretzky theorem due to Milman [66], one assumes
the largenessof the polar body K , quartied by its mean width (equivalert to Mk in Corol-
lary 1.3). In return, one obtains somestructure of K expressedin the existenceof a Euclidean
projection. Similarly, in Bourgain-Tzafriri's restricted invertibilit y principle [12], one assumeshe
largenessof a linear operator T on R", quantied by the assumptionkTeky, 1,i = 1;:::;n,
where (g) is the canonical orthonormal basisof R". In return, one gets a structure of the linear
operator T expressedn the existenceof a coordinate subspacewhere T is an isomorphism.

Conjecture 2.1, if true, implies by duality the following structural theorem on symmetric poly-
topesin R". An octahedron is a linear image of the unit ball of *}. We conjecture that any

symmetric corvex polytope K in R" hasexponertially many octahedral sections. More precisely
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asectionK \ E by asubspaceE, dim E = Kk, is called octahedral if it is equivalert to the symmetric

(K\ E) comv( X1;:::; Xn) 2(K\ E):
Conjecture 2.2 (Structural) . Every symmetric polytope in R" hasat least e“" octahedral sections.

This is another manifestation of the \largenessimplies structure” phenomenon.Here the large-
nessof the dimension n alone guarantees some(octahedredral) structure in polytopes.

To deduce Structural Conjecture 2.2 from Covering Conjecture 2.1, one can isometrically re-
alize the polar K = P of a symmetric polytope as a section of the unit cube of somelarger
dimension. By a simple volumetric argumert, N (2K ;D) is exponertial in n. Applying Covering
Conjecture 2.1, we concludethat the cell content ( CK) is alsoexponertial in n. By duality, this
is equivalert to saying that P hasexponertially many octahedral sections.

Structural Conjecture 2.2 implies seeral known results in asymptotic corvex geometry Indeed,

suppose Conjecture 2.2 holds. Then for a polytope K with N vertices, one has " '\(‘) +

+ ':j‘ (CN=d)9, where d is the maximal dimension of an octahedral section. Henced

cn=log(N=n) =: ' (N;n). Therefore Conjecture 2.2 implies the following result of J. Bourgain,
N. Kalton and L. Tzafriri [10]: a symmetric polytope in R" with N vertices has an octahedral
section of dimension at least' (N;n). Since octahedral section are highly non-euclidean,this in
turn implies by duality the estimate proved independertly by J. Bourgain, J. Lindenstrauss and
V. Milman [11], B. Carl, A. Pajor [16] and E. Gluskin [41]: any n-dimensional subspaceof ") has
Banach-Mazur distanceto § at least' (N;n)!*2. This bound is optimal becauseit matchesthe
isomorphic Dvoretzky's Theorem ([72], [73], [57]). Conjecture 2.2 is thus a meta-hypothesisthat
would better explain the quantity * (N;n).

2.1.2. Weaker forms of Covering Conjecture. Conjecture 2.1 was proved in [77] for a body D
slightly larger that an integer cell:
n L X 0
(3) D= x2R": - expexpjx(i)j 3 :
1
Note that the body 5D cortains an integer cell and the body (5loglogn) D is cortained in an
integer cell. Sowe currently fall short of an O(loglogn) factor of proving the Covering Conjecture.
As a useful consequencethe Covering Conjecture holds for D being any ellipsoid which con-
tains an integer cell. This follows from the Covering Conjecture for the body (3) by a standard
factorization technique for absolutely summing operators, see[77].
Another useful and nontrivial consequenceas that Covering Conjecture holds when for large
covering numbers [77]. More precisely let a> 0 and D be an integer cell. For any " > 0 and any
K  R" satisfying N(K;D) exp(an), onehas

(4) N(K:D) (C" *K)M:; where M 4log (1+ 1=a):

2.1.3. Covering Conjecture and Extremal Combinatorics. Proving Covering Conjecture 2.1 would
have an impact on the samplecomplexity problem in the statistical learning theory [2]. A certral
quartity in this problem is the enropy of function classesin the sup-norm. Let F be a classof
uniformly boundedreal valued funcitons onaset . The uniform entropy (a.k.a. Pollard erntropy)
D, (F;t) is the logarithm of the covering number of F in the sup-norm on scalet. More generally,
forp2 [0;1 ],

Dp(F;t) = logsup kjOfqy;::iife2 F 8i6j kb fiko,(.) t;
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where the supremum is over all probability measures on . The (noncorvex form of) Covering
Conjecture 2.1 easilyimplies the the following erntropy estimate for classes of uniformly bounded
functions (say, boundedby 1, in which casewe can think of F [ 1;1]").

Conjecture 2.3 (Geometric Sauer-Shelah) Let F [ 1;1]". Then for 0< t < 1=2 one has
(5) D1 (F;t) Cvlog(n=vt) wherv= v(F;ct):

This conjecture is a far-reaching asymptotic generalization of Sauer-ShelahTheorem, a very
usefulresult in extremal combinatorics ([103, 81, 83], see[6, 1], [55] Chapter 14) whoseapplications
range from logic to functional analysisand to computer science,see[62]:

Theorem 2.4 (Sauer-ShelahTheorem). LetF f 1;1g". ThenjFj § +:::+ U, wherev
is the maximal cardinality of a subset fl,:::;ngsuchthat P (F)=f 1;1g , and P is the

coordinate projection onto R .

To seewhy Conjecture 2.3 is a geometric form of Sauer-ShelahTheorem, just note that in
Sauer-ShelahTheoremwe havev = v(F; 2), logjFj = D (F;2), and its conclusionasymptotically
readsas logjFj Cv log(n=v) (using Stirling's approximation). Thus Geometric Sauer-Shelah
Conjecture 2.3 claims that one can replae discrete sets by continuous sets and their cardinality
by their entropy. This claim is stronger (and much much harder) than another geometric form
of Sauer-Shelahtheorem, Theorem 1.4 above, where we replaced the cardinality by the volume
(rather than ertropy).

N. Alon et al. [2] proved a weaker form of Conjecture 2.3 up to an extra factor of log(n=t?) in
(5), and asked whether one can remove this factor (or reducethe exponert of the logarithm). In
[77], we indeed reducedthe exponert to any positive number: for every " 2 (0;1), one has

D: (Fit) Cvlog(n=vt) log' (n=v); wherev = v(F;c"t):

This estimate follows from (4).
The simplestunsolved partial caseof the geometric Sauer-ShelahConjecture is for \three-p oint"
classesthat isfor F f 1;0;1g", and fort = 2:

Conjecture 2.5 (Sauer-Shelahfor three-point classes) Let F f 1;0;1g". Assume that for
everytwo di er ent elementsx; y 2 F there existsa coordinate i suchthat x(i) = y(i) 8 0. Then
logjFj Cv log(n=v), wher wher v is the maximal cardinality of a subset f1;:::;ng such
that P (F) f 1;1g , and P is the coordinate projection onto R .

This conjecture looks very similar to the classical Sauer-ShelahTheorem 2.4 (seethe remark
below it), but the presenseof 0 in the range makesit much harder. The problem is open even for
v = 2. It might be helpful to attack this three-point conjecture rst, becauseit likely contains the
major obstaclesthat make Conjectures2.3 and 2.1 sodi cult.

2.2. Random Pro cesses and Sections of Convex Bodies. Tight results on Gaussian pro-
cessesare important becauseof a wealth of their applications in mathematics, computer science
and statistical physics (seee.g. [98]). It would be desirableto usethe notion of conbinatorial
dimension to tightly corntrol gaussianprocesseq1), in particular their supremuma E(F). Does
there exist a quartity equivalert to E(F) and which would involve only on the combinatorial
properties of F, perhapsonly the dimensionsv(F;t) for all scalest? To achieve this, the Dudley
integral-type bound in Theorem 1.2 should be improved to a majorizing measure-ype bound.
This can lead to signi cant advances,comparableto those achieved with the majorizing measure
techniques.

Can oneremove the logarithmic factorsin Corollary 1.3? As said, this would give a cleanuni ed

approad to three major results of geometric functional analysis: Dvoretzky theorem in the form
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of Milman (see[66]), Bourgain-Tzafriri's principle of restricted invertibilit y [12, 13] and Elton's
theorem and its improvemerts [36, 93, 68]. To give one illustration, let us state the conjectural
form of Corollary 1.3 in terms of restricted invertibilit y. The \average" norm (usually called the
“-norm [100) of a linear operator T : "5 ! X which acts into a Banach spaceis de ned as

variables. As before, for simplicity of the exposition we state our conjecture for spacesof type 2.

Conjecture 2.6 (General Principle of Restricted Invertibilit y). lpet X be a Banach space of type
2,and T : "5 1 X bea linear operator. Assumethat "(T) n. Then there exists a subset
f1;:::;ng of sizej j cn=kTk? and suchthat

kTxk ckxk forall x2 R :

(Here c > O dependson the type 2 constart of the Banad spaceX only.) Bourgain and Tzafriri
[12) proved Conjecture 2.6 for X being a Hilb ert space,where "(T) equalsthe Hilb ert-Schmidt
norm of T. Their result has becomeone of the main tools of geometric functional analysis.

2.3. Entrop y and Com binatorial Dimension. Sincethe foundational papers of Vapnik and
Chervonenkis[102, 103 104, the conmbinatorial theory of random processetiasbeenbasedon deep
relations betweentwo main conceptsof complexity of function classes:the metric entropy D p(F;1)
(a geometric complexity) and the combinatorial dimensionv(F;t) (a combinatorial complexity).
It is easythat Dp(F;t) cv(F;t=2). The reverseinequality is a highly nontrivial problem:

Problem 2.7. Find the minimum assumptionson function classesF under which the entropy is
equivalent to the combinatorial dimension.

Here is what we currently know:

Theorem 2.8 (Entropy = Combinatorial Dimension [68, 77]). Let p2 [1;1 ).
1. (For all classes,integral form) For arbitrary classof functions F, one has
19— 1p
Dp(F;t) dt v(F;t) dt
0

up to factors in the equivalene that depgend on p only.
2. (For all classes,up to logarithm) Let F be a classof functions uniformly bounded by 1. Then

cv(F;Ct) Dp(F;t) Cv(F;ct)log(2=t)

for all t > 0, where C;c > 0 depgend on p only. This inequality is optimal up to C;c.
3. (For regular classes,exactly) Let F be a regular classof functions, i.e. onehas 1v(F;t)
V(F; 2t) 2V(F;t) for some 1; 22 (0;1) andall t> 0. Then

(6) cv(F;t) Dp(F;t) Cv(F;t)
for all t > 0, wher C;c degendon p; 1; 2 only.

Part 1 of Theorem 2.8, as far as | know, has not even been conjectured before. It is proved
in [77]. Togetherwith Dudley's integral inequality, it immediately implies the main Theorem 1.2
above. Part 2 was proved [68] and extendedin [77] to classesboundedin L 4 for > p. Previously,
Talagrand [97] proved the inequality in Part 2 with an extra log™ (1=t) factor in the equivalence.
Dudley proved the sameresult for f0; 1g classesnuch earlier, seee.g. [55 Theorem 14.12. Part 3
was most surprising to seehold. Talagrand [97] proved it for uniformly bounded classesand
up to a logarithmic factor logM (1=t) in the equivalence. In [77], we removed the boundedness
assumption and the logarithmic factor altogether.

We conjecture the following universal and optimal pointwise estimate:
9



Conjecture 2.9 (Entropy via Combinatorial Dimension). For everyclassF andfor 0< t < 1=2,
one has

Z
L Vv(F:s)
s

ct

D(F;t) C ds:

This conjecture would imply Theorem 2.8. It would thus be useful for both regular and non-
regular classeswill account for both integral and pointwise equivalenceof entropy and the com-
binatorial dimension, and will be handy in applications to random processes.

2.4. Invertibilit y of Random Matrices. Understandingthe spectrum of large random matrices
is of fundamental importancein a number of scierti ¢ settings, including statistical medanics (see
[96]), combinatorics (see[7], [49] Section 7), statistics [3] and geometric functional analysis[30].

Let A beann n matrix with random independert entries. The singular valuesof A are the
eigernvaluesof A A listed in a nonincreasingorder: 1(A) ::: n(A) 0. The edgesof the
spectrum { the largest and the smallest singular values{ are of special signi cance becausethey
reveal the operator norms of matrices A and A ! consideredas operators on *J: 1(A) = kAKk
and n(A) = kKA 'k 1. The condition numkber of A, the term coined by Turing [101] and widely
usedin sciertic computing, is the ratio

1(A) kAxkz
= Su
F(A) T xyann KAYK;

it measuresdistortion A makesin the Euclidean norm. One often needsto cortrol sud worst-
casedistortions in geometric functional analysis. Di erent structures sud as polytopes, sections
and projections of corvex bodies are often constructed using random matrices, and one needs
to guarartee that sud random operators do not distort the picture too much. A represenativ e
example of such geometric constructions is the paper [89), for which Szarekdewveloped someof the
now classicaldeviation inequalities for the singular values of Gaussianmatrices.

Condition numbers also arise in the analysis of numerical algorithms. As a simple example, to
solve a system of linear inequalities Ax = b, the computer needsto evaluate x = A 1b. Because
computers use nite arithmetics, vector bis rounded o, sa with error " in the Euclidean norm.
The error in computing x canthus be estimatedas"kA 'k = "= ,(A). In addition, the computer
will alsoround o the ertries of the matrix A; this deterministic procedureis usually modeled as
a random perturbation of A [44]. Thus, to guarartee the stability of a linear solver, we need to
estimate the smallest singular value ,(A) of random matrices A higher-level perspective of these
numerical issuesis the complexity theory of algorithms proposedby Blum [5] and Smale([84], see
[26]), in which one (a) boundsthe running time of an algorithm in terms of the condition number
of the input, and (b) provesthat random inputs have good condition numbers.

Estimating the condition number of random matrices is a challenging problem, nontrivial even
for Gaussianmatrices. The singular numbers (A) have good concerration properties [89, 90|,
which however weaken toward the lower edgeof the spectrum (i.e. for larger k). At the bottom
of the spectrum, the smallestsingular number ,(A) hasno conceriration propertiesat all. This
is why it is di cult to estimate ,(A) and, ultimately, the condition number of A.

It is along standing open problem to estimate ,(A) for the seeminglysimple caseof Bernoulli
matrices (whoseertries are f 1; 1g-valued independent random variables).

(A) = = kAKKA k;

Problem 2.10. Let A be a random Bernoulli n n matrix.
1. Estimate the prokability that A is singular (i.e. that »(A) = 0).
2. Estimate the median M of (A).

3. Prove small ball prokability estimatesof the form P( ,(A)<tM) Ct+c " forallt> 0.
10



A folkore conjecture is that the answer to Part 1is (1+ o(1))n?=2" 1, which is essetially the
probability that sometwo rows or two columns of A are equal up to a sign [50]. Kahn, Komlos
and Szemeredi[50] rst proved an exponertial bound on that probability, which was recertly
improved by Tao and Vu [99]. The bestknown estimate for Part 2isM  cn 3% dueto Rudelson
[75]. The conjectural optimal valueis M n 172; this indeed holds for Gaussianmatrices [85].
The strongestclaim, Part 3, was conjecturedin the ICM 2002talk by Spielmanand Teng[85]. It
accourts for both qualitative and quantitativ e properties of random matrices. Indeed,fort! 0
it givesthe probability that A is singular and yields the result of Kahn-Komlos-Szemeredi[50].

Conijecturally, similar results should hold for all sumaussianrandom matrices whoseertries ai;
have tails bounded by the Gaussiantail: P(ja;j>t) Ce °® The classof subgaussianmatrices
is rich enoughfor many applications. It covers Gaussianand Bernoulli matrices and randomized
models of quartization in numerical analysis (seemore on such matrices in Section 2.6).

The PI will work on Problem 2.10 conbining the methods for random matrices developed in
[59, 58] with the techique of the combinatorial dimension dewveloped in [68, 77, 107. The major
methodological obstaclefor invertibilit y of random Bernoulli matricesis that there existsvectorsx
sud that Ax = Owith probability not small enough. The PI will work on dewveloping ne estimates
on the covering of the pathological vectorsx (on which Ax is small with bad probability, asabove)
by relating the covering numkbers to the combinatorial dimension of such pathological vectors using
the methods of [77, 68]. This blend of methods has a good potential to succeedin Problem 2.10.

The PI will develop and teach a graduate courseNon-asymptotic theory of random matrices and
applications, with afocuson the spectral theory of random matricesin ead xed dimension(rather
than in the limit) and applications in mathematics and computer science. The PI's graduate
student DeannaNeedellwill be given a special TA position in order to write a script of the course.
The PI plansto edit and publish thesenotesasa rst review paper on the topic.

2.5. Compressed sensing, uncertain ty principles, and error correcting codes.

2.5.1. Compresseé sensing. The rapid advanceof digital data gathering medanisms, such asdig-
ital video, audio and Internet seart engines,has dramatically increasedthe volume of data to be
processed.This calls for revisiting the fundamertal principles of data processing.A conventional
approad is to rst acquire the data { along with lots of redundant and unwanted information
{ and then compressit, throwing away the unwanted part. The new data gathering methodol-
ogy proposedin [32, 2Q] is to directly acquire, or \sense", the essetial part of the data, using
few probes of the data called measuremets. This relies on the natural assumption that the
essetial part of the data is usually small (which holds e.g. for images: JPEG compressionin
digital camerasremovesa lot of information from raw images,yet the quality remains ne). This
idea, called compressé sensing created a great excitemert in the past two yearsin a variety
of communities ranging from statistics to Homeland Security. The CompressedSensingwebsite
http://www.dsp.ece.rice.e du/c s/ keepstrack of the stream of publications on the topic.

The idea of compressedsensingraisesnew mathematical challengesrelated to asymptotic ge-
ometry of corvex setsin high dimensions. The data is represened as an unknown vector f 2 C"
in spaceof large dimensionn. We want to compute f from few (say, kK  n) linear measuremets
of f. We represen these measuremets as the vector f 2 CK, where is someknown k n
matrix, called the measurement system Sometimesoneis free to choosea suitable measuremen
system; for instance, random Bernoulli matrices are usedin the new digital cameraarchitecture
built at Rice University [91]. But asit often happens,the nature of the data may imposea speci ¢
choice of measuremeh systems. By far the most important example of measuremeh systemsis

the (discrete) Fourier transform f* evaluated at somek points. Fourier measuremets are inherert
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to important data gathering devices(e.g. MRI scanners)and they also can be computed faster
than other measuremers using the Fast Fourier Transform.

The assumptionthat the essetial part of the data is small translates into the assumption that
f hassmall support: jsupp(f)j r andr n. (This canbereplacedby weaker assumptionsthat
f is compressible see[32, 20, 76]). The major open questionis:

Problem 2.11. How many linear measurementsk = k(r;n) are needed to exactly compute any
vector f 2 C", jsupp(f)j r, in time polynomial in r and n?

An easyboundis 2r  k(r;n) n, which contains a huge gap.
The reconstruction problem can be stated as the optimization problem

7) minimize kf kg subjectto f = f;

where kf kg = jsupp(f )j. Donoho and his collaborators (see[33, 22]) has been advocating that
this highly non-corvex problem should still be equivalert to its convex relaxation

(8) minimize kf ki subjectto f = f;

where kf k; = P ", ifij. Problem (8) can be reformulated as a linear program and e cien tly
solved using methods of linear programming.

Then the main questionis, when are the problems (7) and (8) equivalert? In [76, 18] we found
the rst (randomized) systemof k(r;n)  Crlog(2n=r) measuremeits for which the equivalence
holds for all vectorsf asabove. This systemwas given by a random Gaussianmatrix . As was
later shown in [56], this result is sharp up to an absolute constart C. Howewer, the problem is
still open for arguably the most important measuremenh system{ Fourier measuremeis, which
we can state as follows:

Conjecture 2.12. A random subset of O(r logn) points in f1;:::;ng satis es the following
with high probability. Every function f 2 C", jsupp(f)j r, can be computed from its frequencies
in  as the unigue solution to the optimization problem

minimize kf k; subjetto £ (1) =f(1); ! 2

Candes and Tao [20] proved a weaker form of Conjecture with j j = k(r;n) = O(r log®n)
measuremets. The best known result is announced[79] where we prove a wealer form of Con-
jecture 2.12with k(r;n) = O(r log* n) measuremets. A journal version [80] is in preparation.

2.5.2. Uncertainty Principles. A generalapproacd to problemssuc asConjecture 2.12,which was
found by Candesand Tao ([19], see[18]) is by proving a corresponding Uniform Uncertainty Prin-
ciple (UUP). The uncertainty principle of quantum medanics has a harmonic analysis form: no
function can be localized both in time and in frequency There are various forms of this principle,
depending on the meaning of localization (seethe book [48]). An uncertainty principle for discrete
signalsf 2 CM statesthat jsupp(f )jisupp(f)j n, see[33]. This inequality is unfortunately sharp;
it is possiblethat both f and f* are supported on arithmetic progressionsof size' n.

Arithmetic progressionsare highly structured sets. If one eliminates structure of the support
of f, then a much better uncertainty principle will hold [17]. How to eliminate structure is one
of the major methodological problemsin mathematics and computer science.Currently the only
known way is to introduce randomness So, we conjecture that the unc&rtainty principle should
hold all f supported on a random set of almost full sizen (rather than = n):

Conjecture  2.13 (Uniform Uncertainty Principle). Let " 2 (0;1). Then a random subset
of (1 ")n points in f1;:::;ng satis es the following with high protability. For every function
f 2 C", supp(f) implies jsupp(f)j > c(")n=logn, where c(") degendson " only.
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A natural quartitativ e form of Conjecture 2.13implies Conjecture 2.12by the method of Candes
and Tao ([19], see[18]). The bestknown result is that Conjecture 2.13holds for log* n in place of
logn. We announcedthis in [79]; a full version [80Q] is in preparation.

The approadc of Candesand Tao [20], as well as ours [79, 80], to Conjectures 2.12 and 2.13
is generally speaking similar to the argumert of Bourgain [9] for his solution of the |, problem.
We reduce the problem to bounding a random processsimilar to (1) indexed by the vectors
F = ff 2 C", jsupp(f)j rg, then usea chaining argumert (Dudley's integral) to bound this
processby the entropy of the function classF. Then we estimate the entropy using Maurey's
empirical method, ase.g. in [15]. To prove full Conjectures2.12and 2.13, we will needto replace
Dudley's integral inequality to a stronger but harder majorizing measurebound as in [95], and
to nd a way to improve upon Maurey's empirical method of estimating the entropy of F. It
is believed that better entropy bounds could be obtained with the technique of combinatorial
dimension described in Section 2.3, and especially using Conjecture 2.3.

The PI's student Deanna Needell has started to work on aspects of compressedsensing, in
particular for Fourier measuremets.

2.5.3. Quantization. A project in progress[60] developsan unexpected application of the uncer-
tainty principles to the problem of quantization, one of the certral topics in information theory,
see[44]. If a systemof measuremets satis es a Uniform Uncertainty Principle (e.g. Fourier mea-
suremerts), then it de nes an e ectively computable transform Whickb\spreads" the coe cien ts
of any vector in R", bringing them all to the same magnitude O(1=" n). Suc transform in a
senseredistributes the information evenly amongthe vector coe cien ts. This yields robust vector
quantizers in high dimensions, with a similar power to well-known one-dimensionalquartizers
constructed in [27, 28, 29).

2.5.4. Error correcting codes. The compressedsensingproblem is equivalent, as obsened in [76,
18, 19 to the problem of error correction. Error correction codesare usedin modern technology to
protect information from errors[46]. Information is regardedasa nite word over somealphabet F.
An encaer transforms such n-letter word x into an (n + k)-letter word y (k being an \overhead"
information). The decader must be able to recover x correctly when up to r letters of y are
corrupted in any way. The main concernof the theory of error correcting codesis how to construct
e ectiv e codes(encader-decaler pairs), while minimizing the overheadrate k = k(n; r). For linear
encaders, an easylinear algebrashaws this problem to be equivalert to the reconstruction problem
discussedin section2.5.1. Thus the papers[19, 18, 76 are stated in terms of error correciton.

In particular, any further progresson Problem2.11 over nite elds would translate into con-
structions of e ectiv e error correcting codesover nite alphabets F.

2.6. Bet ween Deterministic and Random: Smoothed Geometric Functional Analysis.
Blum [5] proposeda complexity theory of algorithms parametrized by the condition number of
the input, which measureshow nondegeneratethe problem is. Smale [84, 26] suggestedtio esti-
mate condition numbers of random inputs, thus giving probabilistic bounds on the complexity of
numerical algorithms. However, the data encourtered in practice are typically far from random.
Spielmanand Teng [85] discovered a new approad to Smale'sprogram, called smaothed analy-
sis, which makesa probabilistic complexity theory usefulfor practical problems. They proposedto
replacea random input by a slight random perturbation of an arbitrary input. Smoothed analysis
thus interpolates betweenthe worst caseanalysis (arbitrary inputs) and the averageanalysis of
Smale(random inputs). It isjusti ed in practice for two reasons:(a) inputs areroundedo in com-
puters dueto the nite arithmetics, and this is often modeledasrandom perturbations in the quan-

tization theory [44]; (b) many algorithms randomly perturb the inputs to destroy degeneracies.
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The Smoothed Analysis website http://www.cs.yale.edu/hom  es/ spie Iman/Snooth edAnaly sis/
strivesto keeptrack of the publications on the topic.

The smoothed analysis can be viewed more generally as a program to reduce randomnessnot
only in the theory of algorithms, but in the mathematics as well { not to fully derandomizebut
to continuously suppressthe amount of randomnessin a wealth of randomized constructions, for
which no deterministic analogsare known. In combinatorics, smoothed analysis of graphs and
formulas has recenly beena topic of discussionby Kriv elevich, Sudakov and Tetali [54]. They
study slight random perturbations of arbitrary graphsby adding a small number of random edges.

Geometric functional analysis seemsto be a right placeto dewvelop smoothed analysis because
it dealswith linear structures that are natural and easyto randomly perturb.

Problem 2.14. Developsmamthed geometric functional analysis. Determine to what extent the
classi@l random structures (subspaces, projections, and polytopes) can be replaed by slight random
perturbations of arbitrary structures.

2.6.1. Smmthed analysisfor matrices. Linear structures suc assubspacesprojections, and poly-
topes are all naturally determined by matrices (whose ranges or kernels de ne subspaces,and
whose rows or columns de ne vertices of polytopes). Consequetly, the developmert of the
smoothed geometric functional analysis should start from one canonical structure { matrices.

Let A= (g ) beann d matrix. We perturb it with an d matrix G = (g; ) whoseentries
are i.i.d. symmetric random variables with variance . We thus replace A with its \smoothed
version" A + G, which interpolates betweendeterministic and random matrices with i.i.d. ertries.
Indeed, if the variance ! 0 then the smoothed model A + G freezesin the deterministic matrix
A, while for ! 1 the random part G dominates, and we obtain a purely random model.

Smoothing is speci ¢ to the choice of random variables gj . A su cien tly wide and interesting
classis formed by subgaussianr.v.'s, those satisfying P(jgijjj > t) Cexp( ct’= 2) for all t.
Examplesof subgaussiarrandom variablesinclude: (a) Gaussianrandom variables, for which most
of the smoothed analysisresults to day are proved; (b) random variables distributed uniformly in
the interval [ 1;1]; and (c) Bernoulli random variables (f 1;1g valued). Uniform and Bernoulli
random variables (b and c) are especially interesting becauseA + G then forms an accepted
randomized model of quartization (roundo s of the ertries) of A, see[44].

The program could start with estimating the singular valuesand, in particular, the condition
numker of smoothed matrices, similarly to the program of Section2.4. Howewer, our problemsare
now harder { the matrix A + G is not certered, soits ertries are no longer identically distributed.
Even for smoothing by Gaussianmatrices G, computing the condition number is Conjecture 1 of
the ICM 2002talk of Spielmanand Teng [85].

2.6.2. Linear Programming and Random Polytopes. The rst result on smoothed analysis was a
breakthrough polynomial bound for the smoothed complexity of the simplex algorithm due to
Spielman and Teng [86]. The simplex method is the oldest, the simplest, and the most e cien t
algorithm in linear programming. It solveslinear programs of the form

9 maximize he; xi  subject to Ax Db,

where A isann d matrix represering n constraints, and x 2 RY represens d variables. The
simplex method starts at somevertex xg of the polytope P = fx : Ax  bg (found by someother
method) and then walks along the edgesof the polytope toward the solution of (9). How the
next vertex is chosenin the walk is determined by somepivot rule (e.g. \maximize hz;xi over all
neighbors"). The complexity of the simplex method is then determined by the length of the walk.

Simplex method has notoriously mistetious behaviour. Its worst case complexity is exponertial

in n; d; exampleswith exponertial length of walks have long beenknown [52, 42]. Howewer, on
14



all problems encourtered in practice, the walk generatedin simplex method is linear in n;d. To
explain the discrepancybetweenworst and the \t ypical” behavior of the simplex method, Smale's
agendawas put forward in the 80's, and average case complexity wasshown to belinear in n; d, see
[8]. Howewer, the averagecasemodel (where the ertries of A and b arei.i.d. symmetric random
variables) is unfortunately poorly justied in practice { for instance, this model forcesead of the
n inequalities in Ax  bto changedirections from to at random with probability 1=2.

Spielmanand Tenghave rst showedin [86] that the smathed complexity of the simplex method
is polynomial in n, d and the inversevariance 1= . Proving this is much harder than for the average
casemodel, becausethe distributions of the entries of A and b are no longer invariant under sign
changes. Spielman-Teng'sbound on the expectedlength of walk for any smoothed linear program
is O (n8d> 30) wherethe logarithmic factors are disregarded. What is the optimal estimate?

In [113], we announcea new best bound O(max(d®log?n; d®log*d; d® 4)). It shows unex-
pectedly that the length of walk is actually polylogarithmic, rather than polynomial, in the number
of constraints n. This bound goesbeyond the tight Hirsch conjecturen d on the length of walk
on polytopes [51]. Counter-intuitiv ely, Hirsch conjecture is not a limitatiton for the smoothed
linear programming { random perturbations of polytopes create short paths between vertices. The
Pl will work on two papers on the topic { the journal version [112 of the announcemen [111],
and an an invited review paper [113 on problems and methods of functional analysisand random
matrices related to linear programming.

Analysis of the simplex method reducesto the study of projections of polytopes and can thus
be carried out with methods of geometric functional analysis. Indeed, the length of walk in the
simplex method (under a specic pivot rule called \shadow-vertex") equalsthe number of the
vertices of some2-dimensional projection of the polytope P (see[86, 111]). Sowe needto solve:

Problem 2.15 (Projections of polytopes) Let P be a polytope in RY with n faces, and Q be a
2-(or, more geneally, k-) dimensional projection in RY.

1. If P and Q are arbitrary, what is the maximal number of vertices Q(P) can have?

2. What if P is smaoothed and Q is arbitrary?

3. What if P is arbitrary and Q is smmthed?

All three parts of this problem are signi cant for understanding the behavior of the simplex
method. Part 1 yields the worst case complexity, so the answer there has to be pessimistic
(exponertially many vertices in n; d). An alternative approad to showv the exponertial lower
bound is a seminal construction in semide nite programming due to Ben-Tal and Nemirovski [4],
where Q(P) is an exponertially good approximation to a circle.

The situation in Part 1 might improve if extra assumptionson P are made, such as P is
certrally symmetric. Will the bound on Q(P) be polynomial? Ben-Tal/Nemirovski's construction
[4] is provably not possiblefor certrally symmetric polytopes. So Part 1 has a chanceto have a
positive answer (i.e. polynomial). Such result will be of major importance, for it would yield a
polynomial worst casecomplexity for symmetric linear programs.

Part 2 would yield a bound on the smoothed complexity as above (A; b randomly perturb ed).

Part 3 correspondsto an even better model smoothed complexity, wherethe constraints A; b stay
xed (arbitrary), while the objective function z is randomly perturbed. Any progresson Part 2
would yield a very satisfying result for linear programming, for the structure of the constraints
would be presened. This is especially important when the constraints contain somemeaningful
degeneracieswhich should not be destroyed by smoothing (such as zeros). This would solve the
problem of preserving degeneracieposedby Spielmanand Tengin [86] Section 6.3.
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