
MAT 185A University of California Winter 2004

Homework 1
due January 21, 2004

Question 1. In class, we defined the complex numbers
�

as the set ��� with
addition �����	��

��������������������������

����������������� �!� and multiplication
�#"$� � 
%�������&�'�(� � ��� � �)
%�(��� �+* � � � �,�-� � �.� � �&� . Show that

�
satisfies the

field axioms.

Question 2. Verify the following properties for �&��/10 �
:

(1) �2�3/�
 �4� / and �5/�
 � /
(2) 6879�:�$��
<;>= ;� and ?A@B�:�9�C
<;�D ;�FE(3) ��
 � if and only if ��0B� is purely real.

�G
 * � if and only if �H0BI:� is purely imaginary.
Find the maximal subset of

�
which is left fixed by complex conju-

gation.

Question 3. Prove the following identities:

(1) JK�&��/ML,�N��J:IF�O��/PL,�Q
SR �TR �	R /HR �
(2) RUJK�&�V/PLWR$XYR �TRZ"�R /�R Cauchy-Schwartz inequality
(3) R[�8�\/�R � 
SR[�TR � �1R /�R � �^]&JK�&��/ML Cosine law
(4) R[�TR�_�` and R[�TR5
�` if and only if ��
�`
(5) R[�TR �a
bJ:�&�c�$L
(6) R[�5/�R	
dR[�+R	"�R /HR
(7) R[�8�\/�R�XYR[�TRe�1R /HR triangle inequality
(8) R,;f R	
hg ; gg f g .

Question 4. In class we defined the function ij �:k5��
�l'm9no�:k5�p��I$nVqsrt�uk9� . Show
that v

ij �:k9� 
�ij � * k9�
and use this fact to extend de Moivre’s theorem to all wx0zy .

Question 5. Prove Lagrange’s trigonometric identity:

v �3l'm9n-k��3l'm9nT]5k��{"p"p"p�3l'm9n�w|kG

v
] � nVqsrt�uwH�Y}� �,k]~nVq�r#��

where we assume that n,q�r�k5�9]��
�` . (Hint: Transform the left-hand side into
the real part of sums of exponentials and use

v ���N�#� � ��"p"p"��#���G
d�����9� D�}� D�} .)
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Question 6. Another representation of complex numbers! Let us call� 
 � v `
` v�� and �t
 � ` v

* v ` ���
Then we have

(1) ��
 � �����5��

� � �
* � � � �

(i) Show that the complex number algebra
� " � 
 * �,"��|
 � "�� * �," � � � 
�

holds, where “ " ” denotes matrix multiplication.
(ii) Deduce that matrices of the form (1) form a field isomorphic to

complex numbers under matrix multiplication and addition.
(iii) Verify that the matrix exponential satisfies

7
	�� �
�uk9� 
 � lem9n-k n,q�r�k
* nVqsr�k lem9n-k � 
 � l'm9n-k����5nVqsr�k �

(iv) How does the matrix in (iii) act on vectors

� �
� � in the plane �Q� ?
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