
MAT 246 University of California Winter 2005

Homework

Problem 1. Show that the dominance partial order on partitions of n satis-
fies

λ � µ ⇐⇒ λ′
� µ′,

where the prime denotes the transpose partition.

Problem 2. For 1 ≤ i < j ≤ n, define the raising operator Rij on Zn by

Rij(ν1, . . . , νn) = (ν1, . . . , νi + 1, . . . , νj − 1, . . . , νn).

(1) Show that the dominance order � is the transitive closure of the
relation on partitions λ→ µ if µ = Rijλ for some i < j.

(2) Show that µ covers λ if and only if µ = Rijλ, where i, j satisfy the
following condition: either j = i + 1 or λi = λj (or both).

(3) Find the smallest n such that the dominance order on partitions of n
is not a total ordering, and draw its Hasse diagram.

Problem 3. Let f ∈ Λn, and for any g ∈ Λn define gk ∈ Λnk by

gk(x1, x2, . . .) = g(xk
1, x

k
2, . . .).

Show that
ωfk = (−1)n(k−1)(ωf)k.

Problem 4. The symmetric functions fλ = ωmλ are sometimes called
the “forgotten” symmetric functions. Show that the matrix of coefficients
of the forgotten symmetric functions fλ expressed in terms of monomial
symmetric functions mλ is the transpose of the matrix of the elementary
functions eλ expressed in terms of the complete homogeneous symmetric
functions hλ.

Problem 5. Using the symmetry of the RSK algorithm, show the following:

(1) A permutation π is an involution if and only if P (π) = Q(π), where
(P (π), Q(π)) correspond to π under the RSK algorithm.

(2) The number of involutions of Sn is
∑

λ`n fλ.
(3) The number of fixed points in an involution π is the number of

columns of odd length in P (π).
(4) There is a bijection M ←→ T between symmetric N-matrices of

finite support and semistandard Young tableaux such that the trace
of M is the number of columns of odd length of T .
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(5) The following equations hold
∑

λ

sλ =
∏

i

1

1− xi

∏

i<j

1

1− xixj

∑

λ′ even

sλ =
∏

i<j

1

1− xixj

,

where λ′ even means that every part in λ′ is even.

Problem 6. Let ∂pk be the operator on symmetric functions given by par-
tial differentiation with respect to pk, under the identification of symmetric
functions with polynomials f ∈ Q[p1, p2, . . .]. Show that ∂pk is adjoint
with respect to the scalar product to the operator of multiplication by pk/k.
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