LECTURE 2: COXETER GROUPS

BRANDON CRAIN AND JOSH CLEMENT

Definition 1.

S is a set.

A matrix m: S x § — {1,2,...,00} is called a Coxeter matrix if
m(s,st) = m(sl,s) Vs,sleS

m(s,sl) =1 <= s=s/

Definition 2.

The Coxeter Group W with generators in S is the free group generated by S mod-
ulo the relations:

(ss)™(=) = ¢ (where e is the identity element)

Y(s, sl)eS%m where S)%m = {(s,81)eS? | m(s, s!) # oo}

(W, S) is called a Coxeter system with

generators: seS

relations: (ss/)™(5%) = e <= ss/ssl... = slssls... = m(s, s!)

Remark: The Coxeter system (W, S) is uniquely determined by the Coxeter matrix
m.

Example 1. Cozeter Group of type Ap_1:
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relations:

s?:eforlgignfl

SiSi+1Si = Si+1SiSi+1 for 1 S 1 S n—2
5i8; = s;8; for |i — j| > 1

= Symmetric Group S,

Example 2. Cozeter Group of type B, :

relations:

s%:efor()gign—l

SiSi+1Si = Si+15:iSi+1 for 1 < ) <n-— 2
S0815051 = S1505150

sis; = s;8; for i —j] > 1
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This is the group of signed permutations S2

S5 is a group of bijections w : {£1,...,£n} — {£1,...,+n}

write w = [ay, ..., ay] where w(i) = a; and w(—i) = —w(7)

S0 = [—1, 2, ,n]

si=1[1,2,.,i—1,i+1,4,i+2,...,n]

Check relations!

Interpretation:

A deck of n cards where card j has j written on one side and —j written on the
other side. Elements of SZ can be identified with all possible arrangements of
stacks of cards with orientation.

Example 3. Cozxeter Group of type D,,:
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relations:
so! = SspS189 where sq is of type B,
(SU/)2 =€

So9/S1 = 8180/

So/S280! = S250/S2

[Note: s = sPsPsPandsP = sP for i > 1 where B and D represent the type
of Coxeter Group.]

Interpretation:

SD corresponds to all arrangements of stacks of n cards with orientation with an
even number of cards turned over.



Example 4. Cozeter Group of Affine type /T;_/l
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affine permutation group §;
Affine permutations are permutations p of Z such that p(j +n) = p(j) +n for VjeZ

Srar = ("3

generators: 8; = [[, z(i +jn,i+1+jn) fori=1,...n
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Example 5. Weyl Group of root systems:
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— of importance in the theory of semisimple lie algebras
aeR4\ {0}

reflections in the hyperplane orthogonal to «

on(a) = —a

Definition 3.
A finite set ¢ C R?\ {0} is a crystallographic root system if it spans R? and Vo, Be¢
(1) N Ra = {a, —a}

(2) Joz(¢) =¢
(3) 04 (B) = B+ ka for some keZ

W =<0, | aep >



