
LECTURE 2: COXETER GROUPS

BRANDON CRAIN AND JOSH CLEMENT

Definition 1.

S is a set.
A matrix m : S × S → {1, 2, ...,∞} is called a Coxeter matrix if
m(s, s′) = m(s′, s) ∀s, s′εS
m(s, s′) = 1⇐⇒ s = s′

Definition 2.

The Coxeter Group W with generators in S is the free group generated by S mod-
ulo the relations:
(ss′)m(s,s′) = e (where e is the identity element)
∀(s, s′)εS2

fin where S2
fin = {(s, s′)εS2 | m(s, s′) 6=∞}

(W,S) is called a Coxeter system with
generators: sεS
relations: (ss′)m(s,s′) = e⇐⇒ ss′ss′... = s′ss′s... = m(s, s′)

Remark: The Coxeter system (W,S) is uniquely determined by the Coxeter matrix
m.

Example 1. Coxeter Group of type An−1:

relations:
s2i = e for 1 ≤ i ≤ n− 1
sisi+1si = si+1sisi+1 for 1 ≤ i ≤ n− 2
sisj = sjsi for |i− j| > 1
=⇒ Symmetric Group Sn

Example 2. Coxeter Group of type Bn:

relations:
s2i = e for 0 ≤ i ≤ n− 1
sisi+1si = si+1sisi+1 for 1 ≤ i ≤ n− 2
s0s1s0s1 = s1s0s1s0
sisj = sjsi for |i− j| > 1
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This is the group of signed permutations SBn
SBn is a group of bijections w : {±1, ...,±n} → {±1, ...,±n}
write w = [a1, ..., an] where w(i) = ai and w(−i) = −w(i)
s0 = [−1, 2, ..., n]
si = [1, 2, ..., i− 1, i+ 1, i, i+ 2, ..., n]
Check relations!
Interpretation:
A deck of n cards where card j has j written on one side and −j written on the
other side. Elements of SBn can be identified with all possible arrangements of
stacks of cards with orientation.

Example 3. Coxeter Group of type Dn:

relations:
s0′ = s0s1s0 where s0 is of type Bn
(s0′)2 = e
s0′s1 = s1s0′
s0′s2s0′ = s2s0′s2

[Note: sD0 = sB0 s
B
1 s

B
0 ands

D
i = sBi for i ≥ 1 where B and D represent the type

of Coxeter Group.]
Interpretation:
SDn corresponds to all arrangements of stacks of n cards with orientation with an
even number of cards turned over.
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Example 4. Coxeter Group of Affine type Ãn−1:

affine permutation group S̃n
Affine permutations are permutations p of Z such that p(j+n) = p(j) +n for ∀jεZ∑n
i+1 p(i) =

(
n+ 1

2

)
generators: s̃i =

∏
jεZ(i+ jn, i+ 1 + jn) for i = 1, ..., n

Example 5. Weyl Group of root systems:

−→ of importance in the theory of semisimple lie algebras
αεRd \ {0}
reflections in the hyperplane orthogonal to α
σα(α) = −α

Definition 3.

A finite set φ ⊂ Rd\{0} is a crystallographic root system if it spans Rd and ∀α, βεφ
(1) φ ∩ Rα = {α,−α}
(2) σα(φ) = φ
(3) σα(β) = β + kα for some kεZ

W =< σα | αεφ >
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