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Abstract

A polytope is integral if all of its vertices are lattice points. The constant term of the Ehrhart polynomial
of an integral polytope is known to be 1. In previous work, we showed that the coefficients of the Ehrhart
polynomial of a lattice-face polytope are volumes of projections of the polytope. We generalize both results
by introducing a notion of k-integral polytopes, where O-integral is equivalent to integral. We show that
the Ehrhart polynomial of a k-integral polytope P has the properties that the coefficients in degrees less
than or equal to k are determined by a projection of P, and the coefficients in higher degrees are determined
by slices of P. A key step of the proof is that under certain generality conditions, the volume of a polytope
is equal to the sum of volumes of slices of the polytope.
© 2010 Elsevier Inc. All rights reserved.

MSC: primary 52B20; secondary 52A38, 05A15

Keywords: k-Integral; Volume; Ehrhart polynomial

1. Introduction

Let V be a finite-dimensional real vector space. A subset A C V' is called a lattice of V if A
is a discrete additive subgroup of V' and spans V. Let A be the rational vector space generated
by A. Any point in A is called a lattice point, and any point in A is called a rational point.
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A subset I' C A is a sublattice of A if I' is a subgroup of A. We say a sublattice I" is of rank
r if aff(I") has dimension r.

We assume familiarity with basic definitions of polytopes as presented in [14]. An integral
polytope is a convex polytope whose vertices are all lattice points. A rational polytope is a
convex polytope whose vertices are all rational points.

For any sublattice I" C A, let U be the subspace of V spanned by I". For any polytope P
lying in an affine space that is a translation of U, we define the volume of P normalized to the
lattice I' to be the integral

Vol (P) := / 1dr, (1.1)
P

where d I is the canonical Lebesgue measure defined by the lattice I".

For any pointy € V and any set S C V, we denote by S +y the set {s+y |s € S} obtained
from translating S by y. For any affine space W C V, we denote by lin(W) the translation of W
to the origin. It is easy to see that W = lin(W) +y, for some (equivalently all) y in W.

If P is arational polytope in V', we denote by lin( P) the translation of aff(P) to the origin and
denote by Ajin(p) the lattice lin(P) N A. One checks Ajin(py spans lin(P). Thus, we can define
Vol gy, p) (P), which we often refer as the normalized volume of P.

Throughout the paper, we will assume V has dimension D (so A is of rank D) and fix a basis
e=(el,e? eD) of the lattice A. Then we can represent each point in V' by its coordinates
with respect to ¢, namely, for any point Z _icie' €V, wesay its coordinates (with respect to ¢)
are (c1,...,cp). This gives us an isomorphism between V and R?, and A and Z”. For conve-
nience, we denote by Ay 1= (el, e ek) the lattice generated by el, e ek, Ak = (ek“, e, eD)
the lattice generated by e*!, ... e?, V, the k-dimensional subspace of V spannedbye', ..., e~,
and V¥ the (d — k)-dimensional subspace of V spanned by e“*!, ... el Let7® :V — VD k
be the projection that maps Zi’;I cie' to Z;Z _lk c;e', or equivalently the map that forgets the last
k coordinates.

For any polytope P in V, we denote by

i(P):=#(P N A)

the number of lattice points inside P. Furthermore, for positive integer m € N, we denote by
i(P,m) the number of lattice points in m P, where mP = {mx | x € P} is the mth dilation
of P. Eugene Ehrhart [7] discovered that for any d-dimensional integral polytope, i (P, m) is
a polynomial of degree d in m. Thus, we call i (P, m) the Ehrhart polynomial of P. Ehrhart’s
theory was developed in the 1960s, and there has been much work on the coefficients of Ehrhart
polynomials since then. It is well known that for any integral polytope P, the leading, second
and last coefficients of i (P, m) are the normalized volume of P, one half of the normalized
volume of the boundary of P and 1, respectively. Despite the work in [12,13,5] (which will be
discussed in Section 9), we still do not have a very good understanding of when the coefficients
of Ehrhart polynomials have simple geometric descriptions. In [8], the author showed that for
any d-dimensional integral cyclic polytope P, we have that

i(P,m)=Volo(mP) +i(r(P),m) ZVO]A 7 P=D(P))mi, (1.2)
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where D =d. In [9,10], the author generalized the family of integral cyclic polytope to a bigger
family of integral polytopes, lattice-face polytopes, and showed that their Ehrhart polynomials
also satisfy (1.2).

The motivation of this paper is to prove a conjecture given in [9, Conjecture 8.5], which can
be viewed as generalizations of both the theorem for lattice-face polytopes shown in [9,10] and
the fact that the constant term of the Ehrhart polynomial of an integral polytope is 1. In fact, we
will prove a stronger version of this conjecture. We need the following definitions before we can
state the result.

Definition 1.1. Any affine space U in V is integral with respect to e if
a P~ (U N A) = Adim).-

A polytope is affinely integral with respect to e if its affine hull is integral with respect
to e.

Suppose 0 < k < d < D. A d-dimensional polytope in V is k-integral with respect to
e if any face of P of dimension less than or equal to k is affinely integral with respect
to e.

In particular, when k = d, we call P a fully integral polytope with respect to e.

Note that the definition of 0-integral polytopes is the same as that of integral polytopes. Thus,
any k-integral polytope is an integral polytope. Since we fix the lattice basis ¢ in the paper, we
often omit “with respect to ¢” unless it is not clear from the context.

Definition 1.2. Let Sbeasetin V and 0 < k < d.Foranyy € 7P~ (V), we define 7p_i ¥, S)
to be the intersection of S with the inverse image of y under 7 (P —k)and we call it the slice of S
overy.

Our first main theorem is the following.

Theorem 1.3. Suppose 0 < k <d < D and P CV is a k-integral d-dimensional polytope. Then
the Ehrhart polynomial of P is given by

i(P,m) =mk( Y i(mpi(y. P).m) - 1) +i(mPOP), m)

yer D=k (P)nA

k
=m"( 2 i(nD_k<y,P),m)—1>+ZV°1A,»(E‘D‘”<P>)"1"-

yer PR (P)NA Jj=0

We will see in Corollary 7.10 that each wp_k(y, P) appearing in the above formula is an
integral polytope, so the constant term of i (wp_k(y, P), m) is 1. Therefore, Theorem 1.3 says
that the coefficient of m/ in the Ehrhart polynomial of a k-integral d-dimensional polytope P
is Voly, (rP=D(P)) for 0 < j < k, and is the coefficient of m/~* in the sum of the Ehrhart
polynomials of the slices of P over lattice points in 7P =0 (P) for k + 1 < j <d.

One consequence of Theorem 1.3 is that the coefficients of i (P, m) are all positive for any
d-dimensional polytope that is (d — 2)-integral (with respect to some lattice basis). This provides
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one possible way to prove positivity conjectures on coefficients of Ehrhart polynomials of special
families of polytopes. It was recently conjectured that the coefficients of the Ehrhart polynomials
of both Birkhoff polytopes and matroid polytopes are positive. One could approach these con-
jectures by proving these polytopes are (d — 2)-integral, or by showing there exist subdivisions
of these polytopes into (d — 2)-integral polytopes (not necessarily with respect to a fixed lattice
basis) satisfying certain conditions.

Another possible application of Theorem 1.3 is that it provides a different approach to calcu-
lating coefficients of Ehrhart polynomials. Most known algorithms for calculating the coefficients
of Ehrhart polynomials are more efficient for obtaining the higher degree coefficients. Since we
know that the constant term is always 1, it is the slowest to get the linear term coefficient. How-
ever, if a polytope is 1-integral, the coefficient of the linear term in its Ehrhart polynomial is just
the volume of an interval, which is very easy to calculate. Although not all integral polytopes are
1-integral, we might be able to find an algorithm based on Theorem 1.3 or the idea of its proof
that can obtain lower degree coefficients efficiently.

Recall that the leading coefficient of the Ehrhart polynomial of a polytope is the normalized
volume of the polytope. If we only look at the leading coefficients in Theorem 1.3, we get that
the normalized volume of P is equal to the sum of the normalized volume of slices of P over
lattice points in 77 °~F)(P), provided that P is k-integral. In fact, we can relax the condition of
k-integral by introducing the following definition.

Definition 1.4. Any affine space U in V is in general position with respect to ¢ if

a PN (U = Viimq).-

A polytope is in affinely general position with respect to e if its affine hull is in general position
with respect to e.

Suppose 0 < k < d < D. A d-dimensional polytope in V is in k-general position with respect
to ¢ if any face of P of dimension less than or equal to k is in affinely general position with
respect to e.

In particular, when k = d, we say P is in fully general position with respect to e.

Again, we often omit “with respect to ¢” if there is no possibility of confusion.
Our result on volumes and slices is the following.

Theorem 1.5. Suppose 0 <k <d < D and P C 'V is a d-dimensional (k — 1)-integral polytope
in k-general position. Let Ap := aff(P) N A. Then the normalized volume of P is given by

Vol gy (P) = > Volgknayp (To-k(y, P)). (1.3)
yer PR (Ap)

We remark that Theorem 1.5 is trivially true when k& = 0 because the right-hand side of (1.3)
becomes Voljin(py(P). However, the theorem does not hold for k = d. The most interesting case
of Theorem 1.5 is when k = 1. If k = 1, the condition becomes that P is an integral polytope
and is in 1-general position. However, for any integral polytope, it is always in 1-general position
with respect to some basis. Hence, formula (1.3) with £k = 1 can be applied to any integral poly-
tope. Moreover, any rational polytope can be dilated to an integral polytope, so one can obtain a
formula modified from (1.3) with k = 1 to calculate volumes of rational polytopes.
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Fig. 1. Slices of a polytope.

Although Theorem 1.5 can be viewed as a corollary to Theorem 1.3, it actually serves as a
key step in proving Theorem 1.3. In fact, most of the paper will be dedicated to the proof of
Theorem 1.5.

The plan of this paper is as follows: In Section 2, we show examples of our main theorems.
In Section 3, we introduce basic definitions and lemmas and reduce Theorem 1.5 to Proposi-
tion 3.16.

In Sections 4, 5 and 6, we prove a special case of Proposition 3.16 when k = 1. We first
reduce the problem to the full-dimensional case, and then give two proofs: one uses a result
of Barvinok [2] suggested by the referee, and the other (which we only sketch) carries out the
calculation directly using techniques developed in [9]. In Section 7, we discuss the properties of
slices and projections of a polytope. Using these, we complete the proof of Proposition 3.16 and
thus the proof of Theorem 1.5 in Section 8. Finally, in Section 9, we prove Theorem 1.3 by using
Theorem 1.5 and a local formula relating the number of lattice points to volumes of faces for
integral polytopes [11-13,5].

2. Examples of the theorems
In this section, we give examples of the main theorems and also show that the conditions in

Theorem 1.5 are in fact necessary. Throughout the section, we assume that D = d, A = Z¢ with
the standard basis, and V = RY.

Example 2.1 (Example of Theorem 1.3). Consider the 3-dimensional polytope
P =conv{(0,0,0), 4,0,0), (3,6,0), (2,2,2)} CR’.
One checks that P is 1-integral.

Clearly 7@ (P) = [0, 4], so the lattice points in 7@ (P) are 0,1,2,3 and 4. In the pic-
ture on the left side of Fig. 1, the three shaded triangles are the slices of P over the lattice
points 1,2 and 3. The other two slices of P over lattice points are the single points 72 (0, P) =
(0,0,0) and m2(4, P) = (4,0,0). We calculate the Ehrhart polynomial of each slice and get
i(m2(0, P),m) = 1, i(m(1, P),m) = m? + 2m + 1, i(m2(2, P),m) = 4m> + 4m + 1,
i(my(3, P),m) = 3m? +4m + 1 and i(my(4, P),m) = 1. Their sum is

8m? +10m + 5.

We also have that

Vola, (r®(P)) =4, and Vol (r®(P)) =1.



3472 F. Liu/ Advances in Mathematics 226 (2011) 3467-3494

Therefore, applying Theorem 1.3 with £k = 1, we conclude that 8, 10,4 and 1 are the coeffi-
cients for m3, m?, m! and m® in i (P, m). Hence, the Ehrhart polynomial of P is given by

i(P,m)=8m> + 10m> +4m + 1.

The rest of the examples in this section will be related to Theorem 1.5. Since all the polytopes
we will consider are full-dimensional, we have that Ajjppy = Ap = A, 7P~ (Ap) = Ay and
Ak Alincp) = Ak Hence, (1.3) can be simplified to

Vol (P) = Z Vol 4 (ma—k (y, P)). 2.1

YEA4—k

Example 2.2 (Example of Theorem 1.5). Let P be the same polytope as in Example 2.1. Although
P is not 2-integral, it is 1-integral and in 2-general position. We will apply Theorem 1.5 on P
for k = 2. The volume of P (normalized to A) is 8. We will show the right-hand side of (1.3), or
equivalently the right-hand side of (2.1), gives 8 as well.

We have that 7V (P) = conv{(0, 0), (4, 0), (3, 6)}. There are 9 lattice points in the interior of
7D (P) and 8 lattice points on the boundary. In the picture on the right side of Fig. 1, the 9 line
segments are the slices of P over the lattice points in the interior of 7 () (P). For example, the
left-most line segment is the slice of P over (1, 1):

mi((1, 1), P) =conv{(1, 1,0), (1,1, D}.

The slices over the boundary lattice points are all single points, thus have 0 A2-volume.
Hence, we only calculate the A2-volume of the slices over interior lattice points:

Vol 2 (m1((1,1), P)) =1, Vol (m1(2,1),P))=1,  Vol(mi((2,2), P)) =2,
Vol 2(m1((2,3), P)) =1,  Vol2(m1((3.1), P)) =1, VolAz(m((3,2),P))=g

3

Wl N

3 1
Vola(mi(3.3). P)) =5, Volp(m(B.4.P))=5.  Vole(m(B3.9).P)) =7z

The sum is 8, as desired.

The hypothesis in Theorem 1.5 is that P is (k — 1)-integral and in k-general position. One
might wonder whether it is possible to relax the condition and still get the same result (1.3). There
are two natural ways to relax the condition: (1) only requiring P to be (k — 1)-integral; (2) for
k > 2, requiring P to be (k — 2)-integral and in k-general position. In the next two examples, we
show that (1.3) or equivalently (2.1) does not hold if we relax the hypothesis in Theorem 1.5 to
either (1) or (2).

Example 2.3. Consider P to be the unit square in RZ. Then P is integral, but not in 1-general
position, because it has edges e; = conv{(0, 0), (0, 1)} and e = conv{(1, 0), (1, 1)} that are not
in affinely general position.
We have that Vol (P) =1 but ZyeAl Vol 41 (71 (y, P)) = Vol 41(e1) + Vol 41 (e2) = 2.
Therefore, Theorem 1.5 does not hold for (k — 1)-integral polytopes that are not in k-general
position.
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Example 2.4. Consider the polytope
P =conv{(0,0,0), (4,0,0), (3,3,0), (2, 1,5)}.

We check that P is an integral polytope that is in 2-general position. Since the edges
conv{(0,0,0), (2,1,5)} and conv{(4,0,0), (2,15)} are not affinely integral, P is not I-
integral.

We calculate Vol 4 (P) = 10, but ZyGAz Vol 42 (71 (y, P)) = 8.

We thus conclude that Theorem 1.5 does not hold for (kK — 2)-integral polytopes that are in
k-general position.

3. Preliminaries

In this section, we investigate the basic properties of the conditions and formulas involved in
our main theorems. The lemmas and definitions introduced here will be used as the foundation
of this paper.

First, we see that any k-integral polytope P is integral. Hence, aff(P) contains a lattice point,
say B.If we let Q := P — B, it is easy to check that to prove Theorem 1.3 and Theorem 1.5 for
P is equivalent to proving them for the polytope Q. Note that Q has the property that aff(Q)
contains the origin, thus is a subspace of V. Therefore, we give the following definition:

Definition 3.1. For any polytope P C V, we say P is central if aff(P) contains the origin, or
equivalently, aff(P) = lin(P) is a subspace of V.

Based on above discussion, we conclude:

Lemma 3.2. It is sufficient to prove Theorem 1.3 and Theorem 1.5 with the assumption that P is
central.

Lemma 3.2 is helpful for proving Theorem 1.5 in particular. If P is central, then Ap = Ajin(p).
So formula (1.3) can be simplified to

Vola,(P)= > Volyna, (To-k(y. P)). (3.1)
yen (D=0 (Ap)

3.1. On lattices

We know that Ay is a lattice of Vi and A is a lattice of V. In this subsection, we develop a
better understanding of Ap and AKN Ap.

We say a subspace U C V is rational if it is spanned by a set of vectors with rational coordi-
nates. It is easy to check that a subspace is rational if and only if it is defined by a set of linear
equations with rational coefficients.

We state the following three fundamental lemmas about rational subspaces and lattices with-
out proofs.

Lemma 3.3. A subspace U of V is rational if and only if there exists a sublattice I' of A such
that I is a lattice of U, or equivalently Ay := U N A is a lattice of U.
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Lemma 3.4. Suppose I; is a sublattice of A, and Uj; is the subspace of V spanned by I, for
i=1,2.Then I N\ I is a lattice of U1 N U».

Lemma 3.5. Suppose U is a rational subspace of V and Ay = U N A. (Note that Ay is a lattice
of U.) Then any basis of Ay can be extended to a basis of A.

The next lemma discusses the lattice of the projection of a subspace and the lattice of the
kernel of the projection.

Lemma 3.6. Suppose I' is a sublattice of A and U is the subspace of V spanned by I'. Then
aP=R(I) is a lattice of TP~ (U) and A* N\ I is a lattice of VK N U.

Let r =dim(x P=0(U)) and t = dim(V¥ N U). Then r + t = dim(U).

Furthermore, suppose (f', ... 1) is a basis of the lattice AX N\ T" and (g', ...,g") is a set of
pointsin I'. Then (g, ..., " f', ... ) is a basis of I' if and only if (x P~ (gl), #(P=h)(g?),
..., w P~ (g")) is a basis of the lattice 7 P~ ().

Proof. Space V¥ N U is the kernel of the projection 7P~% : U — 7P=% (V). Thus, we can
decompose the lattice I as aP=rye AFnr. o

Lemma 3.7. Suppose P is a d-dimensional central rational polytope in V. Then

(i) Ap =aff(P) N A is a lattice of aff(P) = lin(P).
(i) 7P~ (Ap) is a lattice of 1P~ (aff(P)).
(iii) A¥ N Ap is a lattice of V¥ N aff(P).
(iv) dim(z P9 (aff(P))) + dim(V* Naff(P)) =d.

Proof. Since P is central and rational, we have that aff(P) = lin(P) is rational. Thus, (i) follows
from Lemma 3.3, and (ii), (iii) and (iv) follow from Lemma 3.6. O

3.2. On integrality and general position

We say an ¢-dimensional subspace U of V is the row space of an £ x D matrix if the rows of
the matrix are the coordinates of a basis of U with respect to e.

Recall a unimodular matrix is a square integer matrix with determinant +1 or —1.

The following two lemmas can be checked directly from the definition.

Lemma 3.8. Let U be an {-dimensional subspace of V. Then the following are equivalent:

(1) U is integral.
(1) U is the row space of a matrix of the form (I J), where I is the £ x £ identity matrix and J
isan £ x (D — ) integer matrix.
(iii) U is the row space of a matrix of the form (K J), where K is an £ x £ unimodular matrix
and J is an £ x (D — £) matrix of integer entries.

An affine space W is integral if and only if W contains a lattice point and lin(W) is integral
if and only if lin(W) is integral and W = 1in(W) + z for some (equivalently all) z €¢ W N A.
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Lemma 3.9. Let U be an £-dimensional subspace of V. Then the following are equivalent:

(1) U is in general position.
(ii) U is the row space of a matrix of the form (I J), where I is the £ x £ identity matrix and J
is an arbitrary £ x (D — £) matrix.
(iii) U is the row space of a matrix of the form (K J), where K is an invertible matrix and J is
an arbitrary £ x (D — £) matrix.
@iv) If U is the row space of a matrix of the form (K J), where J is any arbitrary £ x (D — )
matrix, then K is an invertible matrix.

An affine space W is in general position if and only if lin(W) is in general position.
Corollary 3.10. Suppose 0 < £ <m < D and W is an £-dimensional affine space of V.

(1) If W is integral, then lin(W) is rational and W is in general position.
(i) If W is integral, then the projection TP~ (W) is £-dimensional and integral. In particular,
7 P=Y induces a bijection between W N A and A,.
(iii) If W is in general position, then the projection =P~ (W) is £-dimensional and in general
position. In particular, 1P~ induces a bijection between W and V.
@iv) If W is in general position, for any £ + 1 affinely independent points X1, ..., Xp4+1 € W, we
have that the matrix

1 7P
1 7P 9 (xp)

1 7P (x411)
is invertible.

Proof. (i), (ii) and (iii) directly follow from Lemma 3.8 and Lemma 3.9. One checks that

I PO 7 PO (xp) — P70 (xg41)

1 7P 9x) e [P0 = PO )
det| . . = (—1)"det . )

1 770 xe) 7 P70 (xp) — P70 (xe11)

and lin(W) is the row space of the matrix (X; — X¢41)1<;<¢, wWhose first £ columns are exactly
the latter matrix in the above formula. Then (iv) follows from Lemma 3.9(iv). O

Given (i) of Corollary 3.10, we can apply all the results we obtain for affine spaces (or poly-
topes) in general position to affine spaces (or polytopes) that are integral. This is an important

fact which we use implicitly throughout the paper.

Lemma 3.11. Suppose P C V is a d-dimensional rational polytope.

() If one of the k-faces of P is affinely integral, then 1P~ (Ap) = Ay.
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(ii) If P is central and one of the k-faces of P is in affinely general position, then 7°=0 (Ap)
is of rank k and A* 0 Ap is of rank d — k.

Proof. (i) follows immediately from Corollary 3.10(ii).
(ii) follows from Corollary 3.10(iii) and Lemma 3.7. O

Lemma 3.12. Suppose P is a k-integral polytope. Then m P is a k-integral polytope, for any
positive integer m.

Proof. This can be checked using Lemma 3.8. O
3.3. Algebra of polyhedra

Both the number of lattice points and the volume of a polytope are valuations; that is, they
satisfy the inclusion—exclusion property. Since the theory of valuations is based on the theory of
the algebra of polyhedra, we will recall the basic definitions in the area. Please refer to [4] for
details.

Definition 3.13. Let A C V be a set. The indicator function, or just indicator, of A is the function
[A]: V — R defined by

1 ifxeA,

A =
[A100 {o ifx¢A.

The algebra of polyhedra P(V) is the vector space over Q spanned by the indicator functions
[P] of all polyhedra P C V. The algebra of polytopes Py (V) is the vector space over QQ spanned
by the indicator functions [ P] of all polytopes P C V.

Definition 3.14. A linear transformation @ : P(V) — V', or @ : Pp(V) — V', where V' is a
vector space, is called a valuation.

It is clear that one can extend the number of lattice points of a polytope to a valuation
of P, (V). However, we have to be more careful when we extend the volume function to a valu-
ation, because if we use different measures for different polytopes, the linearity will fail. Thus,
we fix a lattice in the following definition. For convenience, we also fix a notation related to the
right side of (3.1).

Definition 3.15. Let I" be a sublattice of A and U the subspace of V spanned by I". For any
polytope P C U, we define the kth S-volume of P (with respect to I") to be

SVols-(Py= " Y~ Vol g (Tp-i(y. P)).
yen =0 (r)

Recall Vol (P) is defined by (1.1). One can extend both Vol and SVOII} to valuations of Py (U).
For convenience, for any [S] € P, (U), we omit the bracket and write Vol (S) and SVolllﬁ S
instead of Vol ([S]) and SVol%.([S]).
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Using the definition of SVOII} and Lemma 3.2, we can rephrase Theorem 1.5 as the following
proposition.

Proposition 3.16. Suppose 0 <k <d < D and P C 'V is a d-dimensional central (k — 1)-
integral polytope in k-general position. Let Ap := aff(P) N A. Then the volume of P is given
by

Voly, (P) = SVol%  (P). (3.2)

In the next three sections, we will prove a special case of Proposition 3.16: when k£ = 1.
The material in these sections is not used in the subsequent sections, so the reader who is willing
to take this case of Proposition 3.16 on faith may skip to Section 7.

All of the results in Sections 4 and 5 and some of the results in Section 6 are stated for
general k, since the statements and proofs are no harder than the k = 1 case.

4. Affine transformations that preserve certain properties

In this section, we will discuss conditions for affine transformations that preserve certain
properties of polytopes: integrality, general position, volumes and S-volumes. This serves as a
preparation for the reduction we will discuss in the next section.

Suppose [ is a sublattice of A which has a basis ¢; = (el.l, e el-D "), and U; the subspace of V
spanned by [}, for i = 1, 2. For any affine transformation ¢ : Uy — U,, we can associate a vector

“fl,ez e RP2 and a Dy x D, matrix M Z’m to ¢ such that ¢ sends a point in U; with coordinates

x with respect to the basis ¢; to the point in U, with coordinates ozfl,ez +xM 2 e, With respect to
the basis ¢,. One verifies that

D,
MY = (mi ). ifp(e]) —p0)=) m e,
j=I

and afl .¢, are the coordinates of ¢ (0) with respect to e;.

If the map is from V to V, unless otherwise noted we will assume that the lattice is A with the
fixed basis ¢ = (el, ...,eD ) and omit the subscript “e1, e2”. Similarly, we can associate a matrix
to any linear transformation.

4.1. Conditions for preserving integrality and general position

We say an affine map ¢ preserves integrality of an integral affine space W if ¢ (W) is integral.
Similarly, we say an affine map ¢ preserves generality of an affine space W in general position,
if ¢ (W) is in general position.

Lemma 4.1. Suppose ¢ : V — V is an affine map with associated matrix

M:( Agxe Cex(p-0) )
Om-tyxt Bi—oyxp-0)

and vector a, where O is the zero matrix and B is invertible.
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(1) Let W be an £-dimensional integral affine space. If A is unimodular and ¢ sends any lattice
point in W to a lattice point, then ¢ preserves integrality of W.
(ii) ¢ preserves integrality of any €-dimensional integral affine spaces of V if A is unimodular,
and both B and C are integer matrices, and o is an integer vector.
(iii) ¢ preserves generality of any {-dimensional affine spaces of V in general position if A is
invertible.

Proof. (ii) follows from (i), and (iii) can be check directly using Lemma 3.9(iii). Now we
prove (i). Let U =lin(W), then by Lemma 3.8, U is integral and W = U +z, forsomez € WN A.
By Lemma 3.8(ii), U is the row space of an integer matrix of the form (/ J), where I is
the ¢ x £ identity matrix. One checks that ¢(W) = U’ + ¢(z), where U’ is the row space of
(I J)YM = (A C + JB) and ¢(z) € ¢(W) N A. Thus, it is enough to show that U’ is integral.
Since A is unimodular, by Lemma 3.8(iii), we only need to verify that C + J B is an integer
matrix, or equivalently each row in (/ J)M is an integer vector. Thus, we need to show that
for any row vector v in (I J), vM is an integer vector. However, v is an integer vector and W
contains lattice points, so v can be written as the difference of two integer vectors u; and up,
each of which is the coordinates of a lattice point in W. Because ¢ sends lattice points in W to
lattice points, we have that o 4+ u; M is an integer vector, for each i. Therefore, vM is an integer
vector as well. O

The following corollary follows immediately.

Corollary 4.2. Suppose ¢ : V — V is an invertible affine map with an associated matrix

M:( Akxk Crx(D—k) )
O—iyxk BD—kyx(D—k)

and vector o, where O is the zero matrix. (We must have that A and B are invertible.)

(1) Suppose W is an affine space of 'V satisfying that ¢ sends any lattice point in W to a lattice
point. If A is an upper triangular and unimodular matrix, then ¢ preserves integrality of
any integral affine space of W of dimension no more than k.

(i) If A is an upper triangular and unimodular matrix, both B and C are integer matrices,
and «a is an integer vector, then ¢ preserves integrality of any integral affine space of V of
dimension no more than k.

(iii) If A is upper triangular, then ¢ preserves generality of any affine space of V of dimension
no more than k that is in general position.

4.2. Conditions for preserving volumes and S-volumes

We will discuss situations when Vol (P) and SVol’IE(P) are invariant under affine transfor-
mation.

Lemma 4.3. Let s be a positive integer. For i = 1,2, let I'; be a sublattice of A of rank s and
U, the subspace of V spanned by I';. Suppose ¢; = (el.l, ...,€)) isabasis of I}, fori =1,2. Let
¢ : Uy — Uy be an invertible affine map with the associated matrix My, ,.
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(i) If det(M., ¢,) =1, then Volp, = Vol, o ¢.
(1) Suppose the following four conditions are satisfied:
(1) 7P ) =2 PO(x0) if and only if 1P~ (@ (x1)) = 7P ( (x2)).
2) 7P e xPO) if and only if w PP (¢ (%) € 7 PO ().
(3) For some number r and fori = 1,2, we have that (elH'l, e;+2, e ef) is a basis of the
lattice AF N I;. (Thus, it spans vENu; by Lemma 3.4.)
(4) The determinant of the lower right (s —r) x (s — r) submatrix of M, ., is equal to 1.
Then SVoll}I = SVol’}2 [ YoR

Proof. (i) follows directly from the definition of volume and linear algebra.

By (1), one sees that ¢ induces a bijection between 7P U)) and 7P~ (U,). We denote
this map by ¢’. We then have that for any set S € U and y € 7 P=9(U),

7ok (8'(¥), 6 () = (71 (¥, 5)).

Note that shifting a set of points by a constant vector does not change its volume. Thus,

Vol gk, (#(Tp-k (¥, 5))) = Vol genp, ({x — ¢' () | x € p(mp—k (y, 9))}). 4.1)

and

Vol ey (Tp—1 (¥, $)) = Vol yerpy ({x — | xemp_i(y. $}). 4.2)

We will show the right sides of the above two equations are equal. We define an affine map
¢y : VENU; — VEN U, by mapping z to ¢ (y +2z) — ¢/ (y). Using the bases (e]+l , e{“, ce)

and (e£+1,eg+2, e ei), one can check the matrix associated to ¢y is exactly the lower right

(s —r) x (s — r) submatrix of M, .>. Hence, by (4), we have that

VOlAkﬂFI = VOlAkﬁFZ O¢y.

We verify that

dy([x—y|xenpi(y.H})={x—9'y) |xed(mpk(y. 9)}.

Therefore, the right sides of Eqgs. (4.1) and (4.2) are equal. So the left sides are equal, and we
conclude that for any set S € Uy and y € 7 P~0(Uy),

Vol gk, (Tp—k(¢'(¥), 9(8))) = Vol gk, (8 (TD—k (. 5)))

= VolAkﬂ['l (T[D—k(yv S))'

Furthermore, by (2), ¢’ also gives a bijection between AL (I'N) and 7 P=0 ().
Thus, we have SVol"}1 = SVol’}z o¢. O
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Corollary 4.4. Let s be a positive integer. For i = 1,2, let I'; be a sublattice of A of rank s and
U; the subspace of V spanned by I';. Suppose ¢; = (el.l, ..., €}) is a basis of I, and for some
number r we have that (erJrl e“z, ..., €}) is a basis of the lattice AkN T Suppose ¢ : Uy — Us
is an affine map with an associated matrix

[
é A C
M%*Z:(o B)

and vector a1 2 = (@1, a) satisfying

(1) A is anr x r unimodular matrix.

(i) o is an r-dimensional vector of integer entries.
(iii)) Bisan (s —r) X (s —r) matrix with det(B) = 1.
(iv) O is the zero matrix.

Then Vol = Volr, o ¢ and SVolf, = SVolf, o¢.

Proof. It is clear that det(M., ,) = 1. Thus, Volj; = Volp, o¢. To show that SVollj-l =

SVol’}z o¢, we need to verify (1)—(4) under (ii) of Lemma 4.3 holds. (3) and (4) are given in
the conditions.

By Lemma 3.6, f; = (x P~0(el), ..., (P (e})) is a basis of 7 (P~K(I}), for i = 1,2. One
checks that ¢ deduces an affine map from aP=0Uy) to w PP (Uy) by mapping 7 (D — k)(x)
to (D — k) (¢ (x)). The matrix and vector associated to this map with respect to the bases f; and
f2 are A and «y, respectively. Therefore, (1) and (2) of Lemma 4.3 are satisfied. O

5. Reduction to the full-dimensional case

In this section, we will prove the following proposition which reduces Proposition 3.16 to the
case of full-dimensional polytopes.

Proposition 5.1. Suppose 0 <k <d < D and P C V is a d-dimensional central (k — 1)-integral
polytope in k-general position. There exists an invertible affine map ¢ : V — V such that Q :=
¢ (P) is a full-dimensional polytope in V; that is still (k — 1)-integral and in k-general position.
Also, proving Proposition 3.16 for P is equivalent to proving it for Q.

Throughout this section, we will assume that 0 <k <d < D and P C V is a d-dimensional
central (k — 1)-integral polytope in k-general position. We also fix

Up :=aff(P),

which is a subspace of V because P is central.
We first prove two preliminary lemmas.

Lemma 5.2. There exist integers hy, ..., hy such that

(e1 + h1ek, e 4 hk_lek, hkek) is a basis ofn(D_k)(Ap).



F. Liu/ Advances in Mathematics 226 (2011) 3467-3494 3481

Proof. By Lemma 3.11, we have that n(D_(k_l))(Ap) = Ay_1, and JT(D_k)(AP) is of rank k.
An obvious basis for 7P~ =) (Ap) is (el,e?, ..., ek 1). Note that 7 P~*=D)(Ap) can be
obtained by dropping the last coordinate, i.e., the coordinate corresponding to e, of the lattice
7P~ (Ap). Hence, our lemma follows from Lemma 3.6. O

Lemma 5.3. There exists a basis { = (f1 2 fD) of V satisfying

1) 7P-Rfy = e + hjek, fori=1,....,k — 1, and 7 PO ) = hpek, for some integers
hi,..., h.
(i1) (fk‘H, e, f’d) is a basis of the lattice AN Ap.
i) (F', ..., f 1 ) is a basis of the lattice Ap.
Gv) (B L fP) s a basis of the lattice AX.

Proof. By Lemma 5.2, 7P=5) (Ap) has a basis
(el +hiek, . e +hk71€k_1,hkek),

for some integers hi,...,hx. Thus, using Lemma 3.6 again, we can choose ...tk
fetl L f satisfying (i), (ii) and (iii).

Furthermore, by Lemma 3.5, (f*!, ... %) can be extended to a basis, say (F**1, ... £ fi+1
.. fP)yof AF. O

Proof of Proposition 5.1. Let f = (L, ..., fP) be a basis as described in Lemma 5.3, and define
¢ : V — V to be the linear transformation that maps f' to e’ for each i. Both § and ¢ are bases
of V. Thus, ¢ is invertible. Let Q = ¢ (P). Clearly, Q is a d-dimensional polytope in V.

One checks that the associated matrix to ¢ is M? = Mg .= F~! where F is the D x D
matrix whose ith row is the coordinates of f' with respect to ¢. By Lemma 5.3, we know that F
is a matrix satisfying the following three properties:

(i) The lower left (D — k) x k submatrix of F' is a zero matrix.
(i) The upper left k x k submatrix of F is an upper triangular matrix.
(iii) The upper left (k — 1) x (k — 1) submatrix of F is an upper triangular unimodular matrix.

It is easy to verify that M? = F~! also has these three properties. Recall that Up = aff(P) is a
subspace of V, and Ap = aff(P) N A. Hence, by the construction of ¢, any lattice point in Up
is mapped to a lattice point by ¢. Therefore, by using (i) and (iii) of Corollary 4.2, we conclude
that Q is a (k — 1)-integral polytope in k-general position.

The map ¢ induces a linear map ¢ : Up — Vy. It is clear that the associated matrix

M?E to 43 with respect to the bases f: (f',....f%) and ¢ = (e!,...,e?) is the identity

matrix. Note that by (ii) of Lemma 5.3, (t"‘+l,...,fd) is a basis of A¥ N Ap, and it is
obvious that (ek"‘l,...,ed) is a basis of A% N Ag. Thus, by Corollary 4.4, Volu,(P) =
Voly,(Q) and SVol¥  (P) = SVol¥y (Q). However, Q is full-dimensional in V. Thus, Ag =
VaiNnA=Ay.

Thus, we conclude that proving Proposition 3.16 for P is reduced to proving it for Q = ¢ (P).
Therefore, Proposition 5.1 follows the fact that Q is full-dimensional in V;. O
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6. A special case of Proposition 3.16
In this section, we prove the following proposition as a special case of Proposition 3.16.
Proposition 6.1. Proposition 3.16 is true when k = 1.

We will give two proofs of Proposition 6.1 in two subsections: the first one was suggested by
the referee, and the second one is our original proof which we will only present the idea.

6.1. First proof

We use Lemma 2.3 of [2] by Barvinok. Since the notation in [2] is different from ours and we
only need a special case of the lemma, we present a special case of the lemma in our notation:

Lemma 6.2. (See Lemma 2.3 of [2].) Let P C V be a full-dimensional rational polytope and let
Q =794=P(P). Suppose dQ N Ay = . Then

kipy_ 1 B 2 .
SVolA(P)_TETOOIXA: exp{—m || /r}/exp{Zm(l,x)}dA, 6.1)
€Ny P

where (I, x) is the dot product of the coordinates of | and x.

Remark 6.3. After the proof of Lemma 2.3 in [2], Barvinok also remarked that if 9 Q N Ax # @,
the right-hand side of Eq. (6.1) still converges and the limit is equal to a modified version of
SVol’j‘, with appropriate weights on the volumes of slices of P over points in d Q N Ax. Therefore,
we conclude that if the polytope P satisfies the condition that the dimension of my_(y, P)
is less than d — k for any lattice point y in the boundary of Q = 7@~ (P), then (6.1) still
holds.

We also need the following lemma in order to prove Proposition 6.1.

Lemma 6.4. Let P C V be an integral d-dimensional polytope and | € V. Suppose (I, x) is not
constant on any edge of P, and (l, x) is an integer for any x € Ap. Then

/ exp{2mi(l, x)} d Ajincp) = 80,4. 6.2)
P

Proof. Itis clear that if P is O-dimensional, then (6.2) holds. For d > 1, one sees that it is enough
to prove the case when P is central because shifting P by a lattice point won’t change the value
of fP exp{2mi(l, x)} d Ajin(py. We will prove (6.2) by induction on d using another result by
Barvinok obtained from Stokes formula [1, Lemma 2.5]:

/exp{Zni(l,x)}dAlin(p) :m Z (A,np)/exp{Zni(l,x)}dAlin(F),
P > F: facet of P ¥

(6.3)
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where [, A € lin(P) are any vectors satisfying (/,A) # 0, and ng is the outer unit normal
to F.

Note that we can always assume [ € lin(P): For any [ € V, one can let [’ be the orthogonal
projection of / onto lin(P). Then (I, x) = (I, x) for any x € lin(P) = aff(P).

Suppose d = 1. Then P is an interval with two vertices v and vy, for some vy, vy € A. Clearly
Ny, = —Ny,. Since ([, x) is not constant on P = conv(vy, v2), we have that (/, n,,) # 0. Hence,
we can choose A = ny,. Thus,

/exp{Zni(l,x)}dAlin(p) = (A ny,) + (A, ny,)) =0.

P

2midl, A)

Now we assume (6.2) holds for P of dimension less than d. We can choose A to be the
direction of an edge of P. Then (6.2) follows immediately from the induction hypothesis
and (6.3). O

Proof of Proposition 6.1. By Proposition 5.1, we can assume that d = D, i.e.,, P is a full-
dimensional polytope. Hence, Ap = A.

Let Q = 7@=D(P). Because 7~V is an open map, for any y € 3 Q, the slice 74_1(y, P)
only consists of boundary points of P. Because P is in 1-general position, 7;_1(y, P) cannot
contain more than one point. Hence, the dimension of 741 (y, P) is 0, which is less than d — 1
since 1 < d. Therefore, by Lemma 6.2 and Remark 6.3, we have

Svoll (P) = lim Zexp{—n||l||2/t}/exp{eri(l,x)}dA. 6.4)
le Ay P

Let/ € Ay. If [ =0, then fp exp{2mi{l,x)}d A = Vol (P). If | # 0, then because P is in
1-general position, / satisfies the hypothesis in Lemma 6.4. Therefore, | pexp{2ri{l, x)}dA=0
for [ # 0. Hence,

Svolly (P) = im exp{—m)|0]1*/t} Volo(P) = Vols(P). O

6.2. Second proof

In this subsection, we present the idea of our original proof of Proposition 6.1. Since we
have already given a complete proof in the last subsection, we omit the details. We want to
present this proof because the proof uses very different techniques from the one in last subsection
and although the full proof is somewhat longer, the idea is completely elementary and does not
require knowledge of the theory of valuations.

First, by discussing properties of being in k-general position, one can easily prove the follow-
ing two lemmas.

Lemma 6.5. Suppose 0 < k < d. Let P be a d-dimensional central rational polytope in V.

Suppose P has a triangulation | | Q; consisting of simplices in k-general position. Let I’ = Ap.
It is clear that aff(P) = aff(Q;). So Q; is central and I' = Ag,. Then

SVol§.(P) =) " SVol}.(0)).



3484 F. Liu/ Advances in Mathematics 226 (2011) 3467-3494

Lemma 6.6. Let P be a d-dimensional polytope in 1-general position. Then there exists a trian-
gulation | | Q; of P without introducing new vertices such that each Q; is a simplex in 1-general
position.

Given Lemma 6.6 and Lemma 6.5 with k = 1, we can reduce Proposition 6.1 to the following
proposition:

Proposition 6.7. Proposition 3.16 is true when k = 1, and P is a simplex.

Recall that Proposition 5.1 enables us to reduce the problem to full-dimensional polytopes. We
can also show that the problem can be reduced further to polytopes in fully general position by
using the corollaries in Section 4. Hence, we conclude that it is enough to prove Proposition 6.7
with the assumption that P is a full-dimensional simplex in fully general position.

Note that since Ap = A, what we need to show is that

Vol (P) = SVol!, (P). (6.5)

However, since P is a full-dimensional simplex, the left-hand side of (6.5) is simply a determi-
nant of a matrix whose entries are coordinates of the vertices of P.

The bulk of our proof consists of showing the right-hand side of (6.5) is given by the same
determinant. First, by Theorem 4.6 in [9], we decompose P, a d-dimensional simplex in fully
general position, into d! signed sets, each of which corresponds to a permutation in the symmetric
group S,;. Then we are able to write the right-hand side of (6.5) in terms of a summation involving
signs of permutations, determinants and power sums. By analyzing this formula further and using
Lemma 7.3 in [9], we are able to derive the desired result.

We conclude by remarking that with the above decomposition idea, one can prove that Propo-
sition 3.16 is true for a simplex P without restricting to kK = 1. However, unlike the case when
k =1, we do not see any obvious way to prove a k-version of Lemma 6.6 which will reduce the
general case to the simplex case.

7. Properties of slices and projections

Before we move on to finishing the proof of Proposition 3.16 and thus Theorem 1.5, we
will discuss properties of slices and projections of certain polytopes. The results presented in
this section will be used both in the proof of Proposition 3.16 in Section 8 and in the proof of
Theorem 1.3 in Section 9.

Let P be a polytope in V. One sees that the projection 7 (P~ (P) is a polytope in V,,, and the
slice wp_,, (y, P) is a polytope in wp_, (y, V) = V™, forany 0 <m < D and y € 7P~ (P).
We will discuss properties of projections and slices of P under various conditions.

We denote by d P and Int(P) the relative boundary and the relative interior of P. Since in this
paper we only discuss the relative boundary and the relative interior of polytopes, we will omit
“relative” and just say “boundary” and “interior”. We denote by .# (P) and #>,(P) the set of
faces and the set of faces of dimension at least ¢, respectively, of P.

LetY C V,;,and S C V. We define

mp-m(¥, )= J7p-m(y, ).
yeY



F. Liu/ Advances in Mathematics 226 (2011) 3467-3494 3485

Lemma 7.1. Suppose 0 < £ <m < D and P C V is a polytope whose L-faces are all in affinely
general position. For any (£ — 1)-face Fy of wP~™(P), we have that F :=np_,,(Fy, P) is an
(£ — 1)-face of P.

Therefore, mp_, (y, P) is one point on the boundary of P, for any pointy of an (£ — 1)-face
of 1P~ (P).

Proof. Since F is a face of 7P~ (P), there exists an (m — 1)-dimensional affine space Hy
in V,, such that 7P~ (P) is on one side of Hy and Fy = Hy N 7P~™(P). Let H be the
inverse image of Hy under 7P~ One sees that H is a (D — 1)-dimensional affine space in
V, of which P is on one side. It is clear that F = wp_,,(Fy, P) = H N P, thus is a face of P.
Because 7P~ (F) = Fy, we must have that dim(F) > dim(Fp) =€ — 1. Suppose dim(F) > £.
Let F’ be an £-face of F. Then F’ is a face of P, thus is in affinely general position. Therefore,
by Corollary 3.10(ii), dim(x P~ (F")) = £. However, 1 P~ (F") c n(P~™(F) = F, which
contradicts the hypothesis that Fp has dimension £ — 1. O

Corollary 7.2. Suppose 0 <k <d < D and P C V is a k-integral polytope. Then w'P=% (P) is
a k-dimensional fully integral polytope.

Proof. By Lemma 3.11(i), the projection 7(P~®(P) is k-dimensional. The only k-face of
7P (P) is itself. Since aff(x L9 (P)) = Vi, it is automatically integral. For any ¢ < k,
and any ¢-face Fy of 7P~%(P), by Lemma 7.1, there exists an ¢-face F of P, such that
F = np_x(Fy, P). Thus, 7P~ (F) = F,. However, F is affinely integral, which means
aff(F) is integral. By Corollary 3.10(ii), 7z (=% (aff(F)) is integral. One checks that aff(Fp) =
7 P=0) (aff(F)). Hence, Fy is affinely integral. Therefore, 7 (°~®) (P) is fully integral. O

Lemma 7.3. Suppose 0 < k < d < D and P CV is a d-dimensional polytope whose k-faces are
all in affinely general position. Let y € 1 P=0 (P).

() Ify is an interior point of 1P=5) (P), then the slice wp_(y, P) is a (d — k)-dimensional
polytope containing an interior point of P.

(i) Ify is on the boundary of 1 ‘P=%) (P), then the slice wp_i(y, P) is one point on the boundary
of P. (Note that this case would not happen if k = 0 because = P=% (P) = Vq does not have
boundary points.)

Proof. Let U = aff(P). Because k-faces of P are in affinely general position, one checks that
n(D’k)(U) = Vi. Therefore, mp_x(y, U) is (d — k)-dimensional, for any y € Vj.
Since 7(P~M is a continuous open map and P is convex, we have that

7P (Int(P)) = Int(z P70 (P)).
Thus, if y is an interior point of 7 P=k(P), then mp_i(y, P) contains an interior point of
P and dim(zwp_k(y, P)) = dim(wp_i(y, U)) = d — k. Now suppose y is a boundary point of
7Pk (P). Then y is on a facet, which is a (k — 1)-face, of 7P~¥)(P). Hence, (ii) follows

immediately from Lemma 7.1 with{ =m =k. O

Corollary 7.4. Suppose k <d and P C V is a d-dimensional rational polytope.
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(1) If all of the k-faces of P are affinely integral, then

Z Vol ¢ Ay (Tp—k(y, P)) = Z Vol Ak Ay (Tp—k(y, P)).
yer =K (Ap) yeANnInt(w (P=K) (P))

(1) If P is central and all of the k-faces of P are in affinely general position, then

SVO]/;‘P(P) — Z VO]AkﬂAP (nD—k(y’ P))
yer 0=k (A p)NInt(zr (P—R) (P))

Proof. We prove (ii) first. Since d — k > 0, by Lemma 3.11(ii) and Lemma 7.3, for any y on the
boundary of 7(P=0(P), we have that VOlAkmAP (mp—ik(y, P)) =0. Thus, (ii) follows.

Now we prove (i). One checks that it is enough to prove (i) under the assumption that P is
central. Then (i) follows from (ii), Corollary 3.10(i) and Lemma 3.11(i). O

The polytope mp_i(y, P) is the intersection of the polytope P with the affine space
mp—k(y, V). Hence, faces of mp_i(y, P) are exactly the intersections of faces of P with
mp—k(y, V). In other words,

F(wp-k(y, P)) = {mp-i(y, F) | F € Z(P)}. 7.1
The following lemma discuss details of the relation between .% (wp—_i (y, P)) and .% (P).

Lemma 7.5. Suppose P C V is a d-dimensional polytope whose k-faces are all in affinely gen-
eral position. Let y € 1P~ (P). For any nonempty face Fy of mp_i(y, P), there exists a face
F of P such that

(i) dim(F) =dim(Fy) + £,
(i) Fo=mp-k(y, F).

Furthermore, if dim(Fy) > 0, then such an F is unique and we also have that y €
Int(x P=R (F)).

Proof. Suppose dim(Fy) = r. Because of (7.1), there exists a face F of P such that Fy =
p—k(y, F). We consider

{FeZP)| Fo=np_i(y. F)}. (7.2)

We claim that if (7.2) contains one face of dimension less than or equal to &, then dim(Fp) =0
and (7.2) contains one face of dimension k. Suppose F is a face in (7.2) of dimension less
than or equal to k, then F is contained in a k-face F’ of P. Because F’ is in affinely general
position, it follows from Corollary 3.10(iii) that 7w p_k(y, F’) contains at most one point. How-
ever, Fo = mp_(y, F) C mp—k(y, F') and Fy contains at least one point. We must have that
Fo=mp_(y, F') is one point and F’ is in (7.2).

Suppose dim(Fp) =0, i.e., Fy is a point. We want to show that the set (7.2) contains one face
of dimension k. We have already seen that this is true if (7.2) contains one face F' of dimension
less than or equal to k. Suppose all the faces in (7.2) have dimension greater than k, and let
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F be one that has the smallest dimension. All the k-faces of F are k-faces of P, thus are in
affinely general position. Hence, by Lemma 7.3, we must have that Fop = wp_(y, F) is on the
boundary of F. Therefore, there exists a proper face F’ of F such that Fy € F'. It is clear that
Fy=np_i(y, F'). However, dim(F’) < dim(F), which contradicts the choice of F.

Suppose dim(Fp) > 0. We want to show that the set (7.2) contains exactly one face, which has
dimension dim(Fp) + k. Let F be a face in (7.2). By our claim, dim(F) > k. Again, all the k-faces
of F are in affinely general position. Thus, by Lemma 7.3, we have that y € Int(z P?~% (F)) and
Fyo = np_k(y, F) has dimension dim(F) — k. Hence, dim(F) = dim(Fp) + k. The uniqueness
follows from the observation that if F|, Fp € (7.2),thensois FiNF,. O

Corollary 7.6. Suppose P C V is a d-dimensional polytope whose k-faces are all in affinely
general position. Lety € Int(n(D_k) (P)).

(1) Suppose 1 <r <d — k. The map wp_i(y, ) gives a bijection between the set of (r + k)
faces of P satisfying y € Int(wr P~ (F)) and the set of r-faces of tp_i(y, P).
(i) The map wp_k(y, -) gives a bijection between the set {(F € Fx1(P) |y € Int(n(ka) (F))
and the set F>1(wp—i(y, P)).
(iii) Suppose P is a rational polytope. If F is a face of P that corresponds under wp_i(y, -) to
a face Fy of mp_i(y, P), then Ajin(ry) = AFN Alin(F)-

Proof. (i) follows from Lemma 7.5 and Lemma 7.3(i). (ii) follows from (i) and the fact that P is
d-dimensional.

If F is in bijection with Fy under mp_g(y, ), then Fo = mp_i(y, F). One checks that
lin(Fpy) = vkn lin(F). Then (iii) follows. O

The original definitions of general position and integrality of an affine space require the space
to sit inside the space spanned by the given lattice. It cannot be applied to slices of a polytope P
since they are in the affine spaces mp_(y, V). Hence, we extend these definitions.

Definition 7.7. Let U be an £-dimensional rational subspace of V. Suppose f= (f',....f¢) is a
basis of the lattice U N A. Let W be an affine space of V such that lin(W) is a subspace of U.

(a) We say W is integral with respect to | if W contains a lattice point and lin(W) is integral
with respect to f.

(b) We say W is in general position with respect to f if lin(W) is in general position with respect
to f.

Similarly, we extend the definitions of affinely integral, k-integral, affinely general position,
and k-general position with respect to § for polytopes.

Lemma 7.8. Let W be an -dimensional affine space of V. Suppose m: 0 < m < L.

() If W is integral, then wp_p, (y, W) is integral with respect to (€11, ... eP) foranyy € A,,.
(i) If W is in general position, then wp_,,(y, W) is in general position with respect to
"1, ... eP) foranyy € V.
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Proof. We will only prove (i), as (ii) can be proved similarly. By Lemma 3.8, lin(W) is integral
and W =Ilin(W) + z for some z € A N W. Then lin(W) is the row space of a matrix of the form
(I, J) where I is the £ x £ identity matrix and J is an £ x (D — {) integer matrix. Let A be the
top m x D submatrix of (I, J) and B be the bottom (£ — m) x D submatrix of (1, J). It is easy
to verify that

7p—m(y, W) = the row space of B + ((y — 7°7™(2)) A + z).

One sees that

lin(r p—m (y, W)) = the row space of B C V™.

Note that the first m columns of B are zeros, which is followed by the (¢ — m) x (£ — m)
identity matrix and an (£ —m) x (D — £) integer matrix. Thus, lin(wp_,, (y, W)) is integral with
respect to (em+l ,...,eP). Since (y — n(D””)(z))A + z is a lattice point in W, we conclude that

Tp—m(y, W) is integral with respect to et ....eP). O

Lemma 7.9. Suppose 0 < m < £ < d and P C V is a d-dimensional polytope.

(i) Suppose all the L-faces of P are affinely integral. Then for each'y in wP~™ (P)N A, we have
that every (£ — m)-face of mp_n (y, P) is affinely integral with respect to (emtl .. eD).

(ii) Suppose all the (-faces of P are in affinely general position. Then for each'y in wP~™ (P)
we have that every (£ — m)-face of tp_m(y, P) is in affinely general position with respect

o (et ... eD).

Proof. We only prove (i), and (ii) can be proved similarly. Let Fyy be a face of mwp_,,(P) of
dimension £ —m. By Lemma 7.5, there exists a face F of P such that dim(F) = dim(Fp)+m = ¢
and Fo =mwp_n (y, F). We have that F is affinely integral, i.e., aff (F') is integral. One checks that
aff(Fo) = aff(mp_n (¥, F)) = wp_n (y, aff(F)), which by Lemma 7.8(i) is integral with respect
to ("1, ..., eP). Therefore, Fy is affinely integral with respect to (e”*!, ... e?). O

Corollary 7.10. Suppose all the k-faces of P are affinely integral. Then for each y €
P~ (P)N A, we have that wp_i(y, P) is an integral polytope.

Proof. This follows from Lemma 7.9(i)) withm =£¢=%k. O

8. Proof of Proposition 3.16 and Theorem 1.5

Proof of Proposition 3.16 (and Theorem 1.5). We will prove the proposition by induction on k.
The base case k = 1 follows from Proposition 6.1. Let ko: 2 < kg < d. Now we assume that the

theorem holds for any k& < k¢, and we will prove the theorem for k = ko. By Corollary 7.4(ii), it
is sufficient to show that

Voly, (P) = Z Vol giona, (TD—k (2, P))- @D
zex (D= (A p)NInt(z (P—*0) (P))
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Since ko > 2, we have that P is an (0-)integral polytope in 1-general position. Hence, by
Proposition 6.1 and Corollary 7.4(ii), we have that

Vola, (P) = ) Volatnap (@p-10. P)).
yex P=D(Ap)Nnt(z P=D (P))

It follows from Lemma 7.9 that the slice mp_1(y, P) is (ko — 2)-integral and in (ko — 1)-
general position with respect to (€2, ...,eP), for any y € D= (Ap) NInt(x P~V (P)). Thus,
mp-1(y, P) — y is a central polytope in V1 that is (kg — 2)-integral and in (ko — 1)-general
position with respect to (ez, ..., eP). Moreover, the lattice in V1is Al, and the lattice we use to
calculate the normalized volume of wp_1(y, P) — y is

Al'nlin(zp_1(y, P) —y) = A' N7p_1(0,lin(P)) = A' N (V! Nlin(P)) = A' N Ap.

Hence, we can apply the induction hypothesis to 7p_1(y, P) — y and translate the result to
mp-1(y, P). We then get

VolAmAP(er_l(y, P)) = Z VOlAkomAP (”D—ko (z, wp—1(y, P))).

zen P~k (ATNAp)+y
zelnt(r P=%0) (rp_1 (v, P)))

One checks that for any z € Vj,, we have that z € 7P~%) (A N Ap) + y if and only if z €
7 P=k0) (A p) and the first coordinate of z is y. Furthermore, z € Int(r P =% (zp_1(y, P))) =
Int(p_1(y, w P~k (P))) if and only if the first coordinate of z is y, and z € Int(wr P—%0) (P)Y).
Also, if z € 7 (P—%o) (wp-1(y, P)), then mp_y,(z, mp_1(y, P)) = mp_,(z, P). Therefore, we
have

Vol (P) = Z Z Vol 4o\ 4, (TD—ko (2. TD-1 (v, P)))

yer P=D(Ap)NInt(x P-D(P))  zexP~*0)(A'nAp)+y
zelnt(r P=*0) (rp_1 (v, P)))

= Z Z VOlAkonAP (”kao (z, P)).

yer P=D(Ap)NInt(r P=D(P)) zerx P—*0) (A p)Nnt(xr (P~ (P))
7PV @)=y

Furthermore,

7 ®0=D (Int( P40 (P))) = 7 ®0=D (7 (P=k0) (ng(P))) = 7 P~D (Int(P))
:Int(n(D_l)(P)),
which means that Int(x®~D(P)) contains all possible first coordinates of points in

Int(r P=ko) (P)).
Therefore, (8.1) follows. O
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9. Proof of Theorem 1.3

We first recall a result which we will use to prove Theorem 1.3.
Let P C V be a nonempty polyhedron and let v € P be a point. We define the feasible cone
of P atv by

fcone(P,v) ={y | v+ €y € P for some € > 0}.

For any face F of P and any two interior points v, w of F, one checks that fcone(P,v) =
fcone(P, w). Therefore, we can define the feasible cone of P along F by

fcone(P, F) :=fcone(P,v), for some (equivalently all) v € Int(F').

In the context of toric varieties, Danilov asked in [6] whether there exist numbers o (P, F)
depending only on fcone(P, F) such that for an integral polytope P,

i(P)= Z a(P, F)Volay,, (F). 9.1)
FE@}()(P)

This was first proved to be true by McMullen [11]. Morelli [12] was the first to supply an explicit
and computationally efficient way to choose (P, F). In [13], Pommersheim and Thomas gave
a canonical construction of @ (P, F) from the Todd class of a toric variety. In 2005, Berline and
Vergne [5] gave the first algorithmic construction of (P, F) in the primary space. We follow
the notation of [3].

For any integral polytope P, since «(P, F') depends only on fcone(P, F) and fcone(P, F) =
fcone(m P, m F), we immediately have that

i(P.m)= Y a(P,F)Vol,, (F)ymim"), (9.2)
FE?}()(P)

Therefore, the coefficient of m‘ in the Ehrhart polynomial of P is given by the sum of
a(P, F) Vol (F) over all faces of dimension £. In particular, because the constant term of
i(P,m) is 1, and the normalized volume of a point is 1, we have that

Z a(P,v)=1.

vevert(P)
Applying the above identity to (9.1) and (9.2), we get the following corollary.

Corollary 9.1. If P is an integral polytope, then

i(P)—1= Z a(P, F) Vol g,y (F),
FeZ>1(P)
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and

i(P.m)y—1= )" a(P,F)Volay; (F)m™™".
FeZ>1(P)

Lemma 9.2. Suppose P C V is a d-dimensional polytope whose k-faces are all affinely integral.
Let F be a face of P of dimension greater than k. Then

() wp_k(y, F) is a (dim(F) — k)-face of wp—_i(y, P), for any lattice point y in Int(r P~0 (F)).
(i) a(mp—k(y, P),wp-k(y, F)) is invariant under different choices of lattice points y in
Int(x =0 (P)).
Proof. (i) follows from Corollary 7.6.
By Corollary 7.10, wp_r(y, P) is integral. One checks that fcone(wp_r(y, P), tp—_i(y, F))
is exactly fcone(P, F) N vk which is independent of the choice of y. Then (ii) follows. O

Given this lemma, we are able to give the following definition.

Definition 9.3. Suppose P C V is a d-dimensional polytope whose k-faces are all affinely inte-
gral. Let F be a face of P of dimension greater than k. We define

Bx(P, F) :=a(7p_i(y, P), mp—r(y, F)),
for some (equivalently all)y € AN Int(r P9 (F)).

In the following lemma, we give formulas connecting numbers of lattice points of slices to
Br (P, F)’s and normalized volumes of faces F' of dimension at least k + 1.

Lemma 9.4. Suppose 0 < k <d < D and P C 'V is a k-integral d-dimensional polytope. For
any positive integer m, we have that

Z (i(mp-k(y, P)ym) — 1) =m~* Z Bi(P. F) Vol gy, (Fym3m(),
ye ANz (P=k) (P) FeFsi1(P)

(9.3)

Hence,

Y (o P)=1)= > B(P.F) Vol (F). (9.4)

ye ANz (P=h(p) FeFp+1(P)

In particular, if k =d — 1, then

> (i (Tp—@=1)(y. P)) — 1) = Vol g, (P). (9.5)
ye AN (D—d=1)(p)
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Proof. If k = 0, then (9.3) follows from Corollary 9.1 and the observation that the left-hand
side of (9.3) is i(P,m) — 1, and Bo(P, F) = (P, F). Hence, we can assume k > 1. By Corol-
lary 7.10, wp_x(y, P) is integral, for any y € A N 7P~M(P). If y is on the boundary of
a@P=bp), by Lemma 7.3(ii), mp—_¢ (y, P) is just one point. Therefore, i (mp_¢ (y, P),m) — 1 =
0. Using this and Corollary 9.1, we have that the left-hand side of (9.3) is equal to

Z Z a(mp_i(y. P), Fo) Vol A sy (Fo)mdimFo)
yeANInt(x P=R (P)) Fo€ F1 (p—k (¥, P)

(9.6)

However, by Corollary 7.6, we can rewrite (9.6) as

Z Z [a(mp—k(y. P). tp—k(y. F))

yeANInt(r P—0 (P)) FeFspi1(P)
yelnt(z P=0 (F))

x Vol gk gy (TD=k (Y Fy)mdm( 4]
B Z Z ﬁk(P’ F) VOlAkmAl'm(F) (nD—k (y7 F))mdlm(F)_k

yeANInt(z(P-k(P)) FeFsiq1(P)
yelnt(n(D’k)(F))

However, for any face F € #>;41(P), it follows from the hypothesis that P is k-integral that
F is k-integral as well. By Corollary 7.2, we have that dim(x P9 (F)) = k = dim(z PP (P)).
Hence, Int(r =0 (F)) ¢ Int(x P~% (P)). Therefore, we can simplify the above formula further
and conclude that

> (i(rpily. P)m) 1)

yeANz (P=h(p)

= Z ,Bk(P, F) VOlAkﬂAlin(F) (7TD—k (y’ F))mdim(F)—k
FeZ241(P)
yeANInt(z P—R (F))

=m* Z Bi(P, Fym“mF) Z Vol 4k A (TD-k(y. F)-
FEeF 51 (P) yeANInt(xP=0(F))

Since any face F € F»i41(P) is k-integral, and any k-integral polytope is (k — 1)-integral
and in k-general position. Therefore, by Theorem 1.5 and Corollary 7.4(i), the identity (9.3)
holds. (9.4) is obtained from (9.3) by plugging in m = 1.

Finally, in the case of k = d — 1, note that the only face F in .#>4(P) is P, so (9.5) would
follow from (9.4) given the identity

Bi—1(P, P)=a(mp_@a—1(y. P).tp_@a-1)(y, P)) = 1.

However, in the construction of « (P, F) in [5], «(Q, Q) is always 1 for any rational polytope.
So we have the above identity. O
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Remark 9.5. It is possible to give a proof of (9.5) that makes no use of the results of [5]. In fact,
we only need the simple fact that the normalized volume of any 1-dimensional integral polytope
is equal to the number of lattice points minus 1, and then we can prove (9.5) with arguments
similar to those we used in proving (9.3) (but without involving S (P, F)).

Proposition 9.6. Suppose 0 < k <d < D and P C V is a k-integral d-dimensional polytope.
Then

i(P)=i(xP P+ > (P, F)Volay, (F). 9.7)
FeZs41(P)

In particular, if k =d — 1, then
i(P)=i(mrP=“=D)(P)) + Vol oy, (P). (9.8)

Proof. It is clear that

iPy= > i(moa(y. P))

ye ANz D=k (P)

=i(xPPP))+ > (i(mpy. P)) = 1).

yeAnz (P=h(P)

Then the proposition follows from Lemma 9.4. O
Using (9.8), we are able to generalize the results in [8§—10] to fully integral polytopes:

Corollary 9.7. Suppose 0 < d < D and P C V is a d-dimensional fully integral polytope. Then

d
i(P)=Y Vol (x P~ (P)). (9.9)
j=0

Hence, the Ehrhart polynomial of P is given by

d
i(P.m)=" Vola,(x P~ (P))m’. (9.10)
j=0

Proof. It is clear that the corollary holds for d = 0. Now we assume d > 1.

P is fully integral, so P is (d — 1)-integral and aff(P) is integral. Therefore, by Proposition 9.6
and Corollary 3.10(i), we have that i (P) = i (x(P~@=1)(P)) + Vol a,,, (P), and 7P~ in-
duces a bijection between aff(P) N A and A,. Because aff(P) contains a lattice point, aff(P) N A
and Ajincpy only differ by a lattice point. Hence, 7P~ induces a bijection between Ajin(p)
and Ay,. Therefore, we conclude that

i(P)=i(x P~ (P)) + Vol (P~ (P)).
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However, it follows from Corollary 7.2 that x®@ _(d_l))(P) is a (d — 1)-dimensional fully
integral polytope. Therefore, we obtain (9.9) by recursively applying the above identity.

Finally, by Lemma 3.12, the dilation m P of P is fully integral, for any positive integer m.
Thus, (9.10) follows. O

Proof of Theorem 1.3. If k = d, the theorem follows from (9.10). Now we assume k < d. Let
m be a positive integer. By Lemma 3.12, m P is a k-integral polytope. For any F € F#>1(P),
one checks that gy (mP,mF) = Bx (P, F) and lin(m F) = lin(F). Hence, by Proposition 9.6, we
have that

i(P.m)=i(xPO(P).m)+ Y Bu(P, F) Vol (mF)
FeEF>41(P)

=i(@PPy.m)+ > B(P, F)Volay,, (F)mi™F).
FeZ541(P)

By Corollary 7.2, 7P=%(P) is a k-dimensional fully integral polytope. Therefore, we con-
clude our theorem using (9.3) and (9.10). O
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