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INTERNAL DLA AND THE STEFAN PROBLEM

BY JANKO GRAVNER! AND JEREMY QUASTEL?

University of California and University of Toronto

Generalized internal diffusion limited aggregation is a stochastic
growth model on the lattice in which a finite number of sites act as Poisson
sources of particles which then perform symmetric random walks with an
attractive zero-range interaction until they reach the first site which has
been visited by fewer than « particles, at which point they stop. Sites on
which particles are frozen constitute the occupied set. We prove that in
appropriate regimes the particle density has a hydrodynamic limit which
is the one-phase Stefan problem. This is then used to study the asymptotic
behavior of the occupied set. In two dimensions when the walks are inde-
pendent with one source at the origin and a« = 1, we obtain in particular
that the occupied set is asymptotically a disc of radius K+/t, where K is the
solution of exp(—K?2/4) = wK2, settling a conjecture of Lawler, Bramson
and Griffeath.

0. Introduction. Internal diffusion limited aggregation is a stochastic
growth model in which a set in the integer lattice grows by addition of bound-
ary sites hit by random walks produced within the set. The model also goes by
the names anti-DLA and diffusion limited erosion. It has been used in physics
as a model of erosion processes, but its introduction into the mathematical lit-
erature was from the unlikely direction of an algebraic construction. Diaconis
and Fulton [7] consider a vector space whose basis elements are finite sub-
sets of the lattice, and introduce a smash product making it a commutative
algebra. The product {x} x A of a singleton {x} with a set A containing it is
given by >, p(x, y)(A U{y}), where p(x, y) is the probability that y is the
first site in the complement of A visited by a symmetric nearest-neighbor ran-
dom walk starting at x. For general finite sets A and B, the smash product is
AxB={x,}#{x,_1}*---*x{x;} *(AUB), where ANB = {x, ..., x,}, the key
observation being that this is independent of the ordering {x{, ..., x,}. It can
now be extended to general vectors by linearity and gives a well-defined prod-
uct. The construction admits many generalizations, but already in this simple
case there is the very interesting question of the behavior of the.random set
A, obtained from A, = {0} by successively adding on the first point y in the
complement visited by a symmetric nearest-neighbor random walk starting at
the origin.
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In [3], Bramson, Griffeath and Lawler studied the asymptotic shape of A,
and found that in any dimension d, A, is asymptotically a ball B(0,r) of
radius r = ayn'? around the origin, where a,; = (dI'(d/2)/2)"¢//7, so that
B(0, r) has volume n. More precisely, they proved that, for every § > 0, with
probability 1, for sufficiently large n,

B(0, (1 - 8)agn'?) c A, c B(0, (1+ 8)ayn*?).

In another version of the model, particles are produced at the origin as a
Poisson process at rate 1 and perform continuous-time random walks jumping
at rate 1 to each nearest neighbor, until they hit the boundary, at which time
the hitting site is added to the set. Now one has a set A, and a configuration
of particles on it together performing a continuous-time Markov process. In
dimensions d > 3, [3] showed that the set has an asymptotic shape which is
still a ball of radius a,¢!/? around the origin. Their proof relies on the fact that
t'/4 grows slowly enough in d > 3 that particles essentially hit the boundary
before the next particle is produced, and therefore the model can be reduced
to the discrete-time case.

In dimensions 1 and 2, however, the methods of [3] break down, and in fact,
computer simulations show a nontrivial density of particles in the occupied
region. They conjectured that in two dimensions the set grows as K/t with a
constant K which could, in principle, be computed with the following heuristic
argument. Assume that the occupied set A, is asymptotically a ball B(0, K+/t)
around the origin. The expected number of particles that hit the boundary
before time T is then, after Brownian scaling,

1
(0.1) T/ PO( sup (t+s)"V2|V2B, = K)dt,

0 0<s<l—t¢
where B, is a standard Brownian motion starting at the origin. (We use the
convention that random walks jump at rate 1 to each nearest neighbor and
therefore the diffusion approximation is +/2 B;.) On the other hand, the number
of particles which hit by time T is clearly

0.2) TmK2.

Bramson, Griffeath and Lawler conjectured that the correct growth rate is the
unique K for which these expressions coincide.

In this article we prove the conjectures of [3] by showing that internal DLA
has a hydrodynamic limit which is the one-phase Stefan problem. This is then
used to study the asymptotic shape of the occupied set. For example, in the
two-dimensional case described above, the occupied set grows as K+/t, where

exp(—K?%/4) = mK?,

which one can check is the unique K for which (0.1) and (0.2) coincide by
solving the heat equation in two dimensions with a source at the origin and
Dirichlet boundary conditions on an expanding circle of size v/%.

Our approach yields somewhat weaker shape theorems than the methods
of [3] but has the advantage of being rather robust: it works in all dimensions
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and extends readily to interacting versions of the model. In particular, we
consider particles produced at rates of order ¢~ at various sites in R?, then
performing interacting random walks on the reduced lattice £7¢ at rates of
order 2. The interaction is zero-range: the jump rate of a particle depends
on the number of particles at that site. We also choose some positive integer
a and decree that the first « particles at a site are frozen. The set of frozen
sites is the occupied set A, (¢) and we show that it is asymptotically a ball of
radius of order

tl/d, d>2,
(tlogt)¥2, d=1.

We comment briefly on the relation between our scaling and that in [3].
If we consider time ¢ = 1 in our model and some small &£ > 0, then we will
have created O(s¢) particles which have each taken O(s?) steps of size
g, producing an occupied set which is a ball of order 1. This corresponds to
taking times of order 2 in [3], at which time-order ¢ 2 particles will have
been created and the occupied set will be a ball of radius O(1) only if we
rescale the lattice width to be O(£*¢). In d > 3, therefore, our model is in
some sense a renormalized version of the model in [3], with each of their
particles corresponding to 2~ of our particles. The surprise is that the size
of the occupied set is the same in both models, which means that the dynamics
is essentially unaffected by this renormalization.

The convergence to the Stefan problem is proved using a fairly standard
method in hydrodynamics, the H_; method, with technical modifications to
deal with the lousy ergodicity properties of the model, and the singular behav-
ior of the Stefan problem at creation points. The H_; method was developed
in [18] and [5] to study the metastability and nonequilibrium properties of
conservative Ginzburg-Landau models. It is probably the easiest method in
hydrodynamic scaling limits; however, it is restricted to gradient systems. In
particular, it completely avoids the use of entropy arguments and the two-
block estimate, which in the internal DLA models seem to be hopeless. In
fact, the only type of ergodicity result needed as input is the characterization
of the translation-invariant, invariant measures for the process in infinite
volume which is proved using coupling methods of [1, 13]. This unfortunately
forces us to assume the attractiveness (monotonicity) of the dynamics. We
should also remark that the H_; method as presented in this paper works for
internal DLA if the nearest-neighbor walk is replaced by any symmetric finite-
range random walk. Then one obtains ellipses as limiting shapes. Although
one expects the same phenomena for mean-zero asymmetric models, they will
require a different approach. The free random walk, or zero-range dynam-
ics of the live particles can also be replaced by symmetric simple exclusions.
Alternatively, the number of particles « frozen at a site can be replaced by
a stationary random field. The method yields comparable results in all these
cases.
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1. Notation and results. We now describe the generalized internal DLA
model. Particles are moving on the lattice 7. We let 1, denote the number
of particles at x € £Z%. The rate of jumping of particles from x to nearest-
neighbor site y is e 2a(7, ), where a(n) = g(n — a) for n > « and a(n) = 0 for
n < a corresponding to the freezing of the first « particles. g(n) are the rates of
an attractive zero-range process and are assumed to satisfy, for some C < oo,

Cl<gn+1)—gn)<C

for all n. We will also assume that g(n) is approximately linear, that is,
|g(n) — Kn| < C for all n = 0,1, ..., for some finite C and K. Of course,
by rescaling time we can and will assume K = 1 so the assumption is that,
foralln=0,1,..., for some finite C,

|g(n) —n| < C.
Particles are created at a finite number of sites x; = |x;| at rates ¢;, i =
1,...,n. We use x to denote locations on R?, x to denote locations on £Z¢ and

| x| to denote the closest point of ¢Z to x. The generator of the process is
L = 8_2L0 + 8_ch7
where

(1.1) Lof(n) =Y_a(n)(f(n™*) = f(n)),

x,e

where e denote the basis vectors of length ¢ in our lattice and 13> = 7 yt+1
ifz=y,n, —1if z = x and 7, otherwise, and

Lof(m) = Y ei(F(n™) — F(m).
i=1

where ¥ = 1, + 1 if z = x and 5} = 7, otherwise. The corresponding zero-
range process, with generator

(1.2) Lif(0) =2 8(L)(F(E™ ) = F(0)),

has as invariant measures the product measures with marginal probability
that ¢, = n given by

Z (y)y"/lg(n)--- g(1)]

for each x. The factor Z(y) is the normalization to make it into a probability
measure. The parameter vy is related to the density p by the formula

p=vZ'(yv) Z(y).
Define

v —a), ifu=>a,
/\(u)_{O, if0<u<oa.
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Note that from the assumptions on g(n) we have, for some finite C,
(1.3)  C7Huy —us| < [M(ug) — A(us)| < Cluy — uyl, Uy, Uy € [a, 00).

The upper bound actually holds trivially for all u;, u,. Note also that the
assumptions imply that |y(p) — p| < C for all p and therefore

(1.4) IA(u)—u| < C

for all u.
The Stefan problem corresponding to our microscopic system is to find func-
tions p(x, t) and s(x) on R? satisfying

ap
= = Ay(p) + Z ¢;8, in the region {p > 0},
i=1

p=0, on s(x) > ¢,
Vop - Vs = —a/y'(0), on s(x) =t,

(1.5)

where V,p denotes the gradient taken from the inside of the region s(x) < t.
The initial condition is p(x,¢) = 0. Note the last equation can be rewritten
Vov(p) - Vs = —a. The set s(x) < ¢ is the occupied set at time ¢, and the
density p(x, t) evolves according to the nonlinear heat equation with Dirichlet
boundary conditions on the occupied set, whose boundary in addition moves
in the outward normal direction at a rate proportional to Vy(p). Physically, p
corresponds to the density of live particles in our model and {(x, ¢): s(x) < ¢}
to the occupied region.

We make the following entropy transformation to obtain a weak formu-
lation of the problem. Let p be a classical solution. Let ¢ be a smooth test
function with compact support in [0, T') x R%. Multiplying by ¢ and using
Green’s identity,

/ /[p— +7(p)A¢] dxdt+f0T /S(x):tQDV‘y(p) W—ldet

T n
3 t’ i dt:O
+/0 igclw( X;)
Using Vy(p) - Vs = —a on s(x) = ¢, the middle term gives
T de
/ /s(x) . |Vs| = —afﬁD(S(X),X)dx :/o /a1p>0(9_thdt'

Let

_Jp+a, ifp>0,
"(p)—{o, if p= 0.

We conclude that

T J T n
(1.6) /0 / |:’y(p)Aqo n o(p)a—ﬂ dxdt + /0 S cio(t,x;)dt =0
i=1



INTERNAL DLA AND THE STEFAN PROBLEM 1533

for all smooth test functions ¢ with compact support in [0, T') x R%. Now let p
satisfy (1.6) and define

u=o(p).
Note that y(p) = A(z). Thus u is a weak solution of

(9 n
(1.7) 2 AW+ Y ey
Jt i1

in the sense that, for each smooth test function ¢ with compact support in
[0, T) x R?,

T J T n
(1.8) /0 [[A(u)AgoJruﬂ—ﬂ dxdt—l—[o i;cigo(t,xi)dtzo.

We will call such a p a weak solution of the Stefan problem. We will prove
below an existence and uniqueness theorem for such weak solutions. Note that
even in the simple case of two creation sites, at some time the clusters will
meet and the weak solution will fail to satisfy (1.5) in a classical sense. We
will not pursue the issue here of in what sense weak solutions satisfy (1.5)
but refer the reader to the extensive literature (see, e.g., [16]).

The main results of this paper are the hydrodynamic limit for the particle
density and the consequent shape theorems:

THEOREM 1.1. For each t > 0, as € — 0, the empirical density field &¢
Y xeezd M5(1)6, of the generalized internal DLA process converges weakly in
probability to the unique weak solution u(t) of the Stefan problem (1.5).

To state the shape theorems, let us introduce some notation. Let A7 be the
occupied set in the generalized internal DLA process with creation at rate ¢~¢
at the origin. Note that A} is in the occupied set when creation and diffusion
occur at the same rate, hence it corresponds to the occupied set for the model
in [3]. In all dimensions we denote by B(x, r) the Euclidean ball of radius r
centered at x.

DEFINITION. The distance dist(A, o7) between a set A C ¢Z¢ and a Borel
set o7 C R? is defined as follows. Let A = U, /q ]_[;-izl[x, x+ ee;) be the natural
embedding of A in R?, where e; are the unit vectors in the positive coordinate
directions. We define

dist(A, o) = |A A /|,

where || is Lebesgue measure and ./ A 2 denotes the symmetric difference
AU — A NDB.

THEOREM 1.2. (i) In any dimension d and for each t > 0,

dist(Af, 4) — 0
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as ¢ — 0 in probability, where o/, = {x: s(X) < t} is the occupied set in the
Stefan problem (1.5).

In the following results about the occupied set of Stefan problem (1.5), we
will assume that the creation of particles is at the origin, at rate 1, that is,
n=1and x; =0in (1.5).

(ii) Assume d = 1. There exist constants K, and K, such that, for suffi-
ciently large t,

(1.9) B(0, K1y/2tlogt) C o/ C B(0, Kyy/2tlog t).

If g(n) = n (the case of independent random walks), then, for arbitrary é > 0
and K; =1-06 and Ky = 1+ 8, (1.9) holds for sufficiently large t, and it
continues to hold with probability 1 if o/, is replaced with Al.

(iii) Assume d = 2. There exists a constant K such that

o/, = B(0, K\/t)
and
dist(A}/v/t, B(0, K)) — 0
in probability, as t — co. In the case g(n) = n, K is the solution of
exp(—K?/4) = maK>.

(iv) Assume d > 3. There exist constants K, and K4 such that, for suffi-
ciently large t,

(1.10) B(0, K, t"%) c o7, ¢ B(0, Kyt'/?).

If g(n) = n, then, for arbitrary 6 > 0 and K; = (1 —98)ay and K, = (14 6)ay,
(1.10) holds for sufficiently large t, and it continues to hold with probability
1 if o is replaced with A}. Here, a; = (dI'(d/2)/2)Y¢/ /7, where T is the
gamma function.

When g(n) = n, (1.10) for A} was proved already in [3]. (The random walks
in this paper have different rates, but the argument applies unchanged.) In
the case of zero-range dynamics, strengthening (1.9) or (1.10) to make K;
and K, arbitrarily close remains an open problem, and so does proving (1.9)
or (1.10) for A} instead of 7.

2. Stefan problem. In this section we prove some preliminary results
about the Stefan problem which we will need. Although these results use fairly
standard methods, we were not able to find any references in the vast litera-
ture on the Stefan problem (see references in [16]) dealing with the seemingly
natural situation of delta function sources. The Stefan problem that arises
from the internal DLA models that we are considering are nonstandard in
two ways: the delta function sources and the nonlinearity of the heat equation
inside the occupied region. These break the variational structure and this is
why there is some work to do.
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Let P%(t) be the number of particles created at x up to time ¢ in the internal
DLA process. Of course, P2(¢) is just a Poisson process with rate s~ %c; if x = x;
and vanishes otherwise. Let A, be the lattice Laplacian on Z¢,

[As‘d)]x =z Z [¢x+e - d)x]
le|]=¢
We consider the following lattice approximation to the Stefan problem,
u®
Jt

(2.1 = A Mu®) 4+ dP?
on 7%, with u®(0) = 0. This system is a well-defined realization by realization
of the Poisson process. We can and will identify u® with the function on R?
whose value on the box of side length & centered at x € eZ¢ is u?.
Let g be the solution of
(9 n
2.2) = Ag+Y ey,
Jt i ’
with ¢(0) = 0. Note that (2.2) can be solved explicitly and the solution is
qx,t)=%"4 fot p(X —x;,t — s)c; ds, where p(x, t) is the heat kernel on R?.
The main result of this section is

THEOREM 2.1. The solutions u® of the lattice version of the Stefan
problem (2.1) converge weakly to the unique weak solution u of the Stefan
problem (1.7) with u(0) = 0 satisfying

g 2
(2.3) /O lu(t) — @02y dt < oo

Furthermore, the convergence is strong away from the creation points
X150, X,.

The theorem will be proved in Lemmas 2.2-2.8. The reason it is not quite
straightforward is that the nice space in which to look for the limit equation
to hold is H_; and we have to face the fact that the Dirac delta functions
are simply not there if d > 2. The same problem comes up when we try to
prove uniqueness. The idea behind the uniqueness result is that, if © and v
are two solutions of (1.7), the H_; norm contracts at rate [(u—uv)(A(u)—A(v)),
which is positive because A is nondecreasing. But in dimensions d > 4, the
solutions to our Stefan problem are not even L? functions due to the Green’s-
function—like singularities at the creation points. So we have to identify and
subtract the singularities. In fact, the singularities behave in the same way as
for the linear heat equation with delta function sources, which can be solved
analytically (this is why we made the assumption that the jump rates are
not far from linear). In dimensions 1 and 2, the solution is always in L? and
grows, at rate ¢/2 in d = 1 and logarithmically in d = 2. In d > 3, one
can check easily in the linear case y(u) = u that the solution grows to the
solution of AA(uy,) = —X°}; ¢;0x., and in the nonlinear case one expects the
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same behavior. Let us make this more precise. We compare the solution of (2.1)
with the “free” problem on £7¢,

& &
(2.4) jt —A,q° +dP°,  ¢°(0)=0.

The solution ¢2(¢) is given explicitly by > ", fot pj_xi(t —5) dP;i(s), where
pe(t) is the heat kernel on £Z?. For any 1 < p < d/(d — 2) if d > 8, any
l<p<xifd=2andanyl1l < p <ooifd =1, and any T > 0, there exists
a finite constant C,(T') so that, forall e >0and 0 <¢ < T,

(2.5) E[ed > [qi(t)]p] < C,(T).

It is also clear that, for any § > 0 and any T > 0, there exists a finite constant
C(6,T) such that, foralle >0and 0 <t < T,

(2.6) E[sd 3 [q;(t)]z]gc(a,T).

|x—2x;|>8

Note thatlimgs_,, C(8, T) < coonlyin d < 3. These computations are a little bit
standard so we only sketch the idea. By the local limit theorem, lim, ., , .4
e 9ps(t) = (4mt)"¥2exp{—x?/4t}, and from this and the well-known error
estimates for the convergence, or more directly from discrete versions of the
Nash inequality (see [6]), one can show that Y, |e~? ps(¢)|? < C¢t~4(P~1/2,
Now one can use Jensen’s inequality to take out the time integral against the
Poisson process and obtain the desired estimates.
Let ||-||_; denote the H_; norm on f: ¢Z% — R defined by

&

d—2
(27) ”f”z—l = Sl;p {28d Z fx¢’x - Z [¢x+e - d)x]z}

2

x, le|]=¢

The supremum can be taken over functions ¢ with finite support. Note that
the norm can only be finite if }", f, = 0. The H_; norm can be adapted to
remove this restriction, but we will not since all functions we deal with will
automatically sum to 0. Let g, be the kernel of —A;!, that is, at least for
functions f with finite support which sum to zero,

(2.8) [- 82 f] =" S gux = )1y
y

then we also have

(2.9) I£12, =Y g.(y — 2)f ,fx
X,y

Equations (2.7) and (2.9) are equivalent definitions of the H_; norm. If one
is finite, then the other is as well and they are equal. In d > 3, g, is the
Green’s function, g (x) = Y22, p,(0, x), where p, are the n step transition
probabilities of a simple random walk on ¢Z%. In d < 2, it is the potential
kernel’ ga(x) = th—>oo Zrly:O pn(o’ x) - pn(x’ x)
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LEMMA 2.2. Let u® be the solution of (2.1) and let q° be the solution of (2.4).
Then for each T > 0, there exists a finite sure constant C independent of & such
that

(2.10) [ 170~ 4@y dt = C.
PrROOF. We have
I (0) = O = 2 [[ 13 (1 = a2) (A (u) - g2) s
We use the bounds |A(u) —u| < C and ¢? ¥, u, £ Y, ¢° < C to bound this by
—2/()ted§xj(u; —q°)’ds+C.

We conclude that the absolute value of the first term is bounded by a constant
independent of ¢. O

REMARK. In dimensions d < 3, both terms in (2.10) are in £ uniformly in &
so the lemma is easier. This is proved as follows. If g, = f(f pi(t—s)ds, then by
Schwarz’s inequality, g2 < [3[pi(s)]2s~¢ ds [, ¢ ds. Since || p*(s)|[» < Cs~/2,
we have that || g| ;2 is finite if we can choose —1 < ¢ < (2—d)/2, that is, if d < 3.
For (2.4), one has the integral against a Poisson process instead of Lebesgue
measure, but the same result holds with probability 1. For (2.1), one has the
added complication of the nonlinearity. In this case, the corresponding “free”
problem is dq®/dt = A,y(q®) + dP°. We can write A,y(q®) = > . a, .luf,. —
uf], where a, .., =[v(q5..)—v(p3)1/(q5..—q;) are bounded above and below.
So dq°/dt = A,y(q?) is the forward equation for a reversible random walk
and therefore one knows that the transition probabilities are bounded above
and below by Gaussians, by standard parabolic estimates for divergence form
diffusion equations [6]. Therefore, the above argument shows that the solution
of the inhomogeneous equation dq°/dt = A,y(q®)+dP? is square integrable in
dimensions 3 and lower. Finally, the same estimate holds for solutions of (2.1)
by comparison with this case, because u® < ¢° + a.

LEMMA 2.3. Let u® be the solution of (2.1). Then for each & > 0, there exists
a constant C(8) < oo depending only on & and u, such that

(2.11) E[/OT el > Y e AMul,) - A(u;)}zdt] < C(5).

Je—x;[25 le]=e

REMARK. The idea of the lemma is that if one has a solution of Ju/dt =
AX(u), then the rate of contraction of the L? norm is 2 [ A'(w)|Vu|? dx, so the
time integral of this term can be controlled.



1538 J. GRAVNER AND J. QUASTEL

ProOF. Let J(x) be a smooth function vanishing in a neighborhood of
the x;. We have

2 t
e [ui(t)] J(x) = 2[ e S utANw?)d ds.
X 0 X
After a summation by parts, the last term becomes
t ¢
—/0 23V, utV, Muf)J ds — fo eT2Y Ul V, AUV, J ds,
x,e x, e

where V, .f, = fii. — [+ Applying Schwarz’s inequality and using the
assumptions on A, we see that, for some 0 < ¢ and C < oo, this is bounded
above by

—c/tgdfzz(v A(uf))2st+C/tgd*2z[ue (v, .J)J " ds
0 = g, e 0 s x+e g, e .

Now we choose a smooth J which is unity on |x — x;| > §, vanishes on a
neighborhood of the x; and has e~ 2(J(x+e)—J(x))%J ~1(x) uniformly bounded
in . (Note this can be done since f(r) = r? satisfies |f’|> < Cf.) By the
previous lemma and (2.6), u® have a uniform bound in L? in any region not
containing the creation points x;. Hence the last term is bounded independent
of £&. We conclude that the first term is also bounded independent of &, which
is what was to be proved. O

For fixed 8 > 0, define for random functions f on 7%, | f|% = sup E[&? x
Y. f¢.], where the supremum is over ¢ on eZ¢ with 23" \,_; [¢,\, —
¢.?<1,||¢]le <1,and ¢ =0 on |x —x;| < 8. Let B denote the corresponding
Banach space. A comment on spaces is in order. Many of the spaces used in
this paper are defined for functions on ¢Z¢ and may at first seem to depend
rather strongly on ¢. However, these are all really standard Sobolev spaces of
functions on R?. We always use the natural map of a function f on £Z¢ to a
function 7 on R? obtained by setting the latter equal to the former on a box of
side length & about the lattice point. To keep the connections to the particle
systems concrete, we have decided to always write explicitly the Sobolev norms
in terms of the original lattice functions.

LEMMA 2.4. Let g < X be any smooth function with bounded first and sec-
ond derivatives, and let u® be the solutions of the lattice version of the Stefan
problem (2.1). Then g(u®) are precompact as elements of the Banach space

L2([0, T]; B) with norm [ |If(s)|% ds.

ProoF. By Rellich’s theorem, it comes down to obtaining a uniform
bound on
J,

2
g(u(s)) iiB ds.

T

Q_»l%

I
I
| s
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(See [15] for a proof which applies in this context.) Take any ¢ with || ¢, < 1,
e12Y  toe1lPrie — ¢.]> < 1 and ¢ = 0 on |x — x;| < 5. We have (9/dt)s?
Y8, =&Y, g'(u2)A ANus)d,. Summing by parts, this becomes

72N g (Ul ) Ve AUV, b + Vo AUV, 8 (u5),.
X

By Schwarz’s inequality, the assumptions on ¢ and the bounds on g’ and g’,
we can control this by a constant plus a constant multiple of

72 Y [V, A
=115, lel=s

By the previous lemma, this establishes the precompactness. O

From the L2 or L? bounds, and the fact that A(z) < Cu, it is easy to extract
subsequences of u® and A(u®) converging weakly on [0, '] x R? to u and A,
respectively. What is not straightforward is that the convergence is strong
away from the creation points and that A = A(u). It is proved below.

LEMMA 2.5. AMu®) — A(u) strongly.

PROOF. Let ¢ be a smooth function which vanishes on any ball of radius
8/2 around the creation points and is 1 on the complement of the union of
balls of radius 6 around the creation points. Let p, = p(x, a) be the heat
kernel on R?. Let g < A be a smooth approximation to A with two bounded
derivatives. From the previous lemma, we can obtain a limit g in L2([0, T']; B).
In particular, for each fixed a,

T
lim [ [1(68(u*) ~ 62) * pal* dxdt = 0.

It is easy to check that the inequality [ |f * p, — f1?dx < a [ |Vf]? dx holds
for any function for which it makes sense. Also, since g < A is smooth with
bounded derivative, Lemma (2.3) holds with A(u?) replaced by g(u?) with a
possible change of the constant C(8) to C(8, g). Together these give

[ 108w ~ 650« p,* dxdt = Ca,

where C < oo again depends on g and § but not on &. When we pass to the weak
limit, by lower semicontinuity of the norm we have fOT f\x—xilzé [Vg|2dxdt <
C(8, g) as well, so the above estimate holds with g(u?) replaced by g. We can
therefore write

T T
_/ f |g(u8)_§|2dxdt S/ /|¢g(u€)_¢g(us)*pa|2dxdt
0 Jlx—x;|=5 0
T
&) — G 2
+ [ [ 18— 8)« pol* dxd

[ [16g+p,— saP axdr
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Each term vanishes in the limit as ¢ — 0; then a — 0. This proves the strong
convergence of g(u®) to § away from the creation points. Now we can choose
g(u) of the form described uniformly close to A(x) to conclude that A(u) — A
strongly away from the creation points as well.

Next we want to show that A = A(u). If A(z) had a Lipschitz inverse,
this would follow directly from the strong convergence away from the creation
points. However, A(«) is not even invertible, so it requires an argument. Recall
that A(u) = y(u — @) for u > o and 0 for u < «, where vy is a nice invertible
function with y(0) = 0. Suppose that f is a Lipschitz function with f(0) =0
and f(A) < y~1(A)+a. Because f is Lipschitz, we have that f(A(u)) converges
strongly to f(X). Because f(A) < y"1(A) + a, we have that f(A(z?)) < u?® for
each & > 0. Taking limits, we get f(A) < u. Taking the supremum of the left-
hand side over such f, we get y"1(1) + @ < u whenever u > 0. On the other
hand, u® < y~1(A(u?))+a for each & > 0, and taking limits gives u < y " 1(A)+a.
The two inequalities together suffice to identify A = A(u). O

LEMMA 2.6. uisa weak solution of the Stefan problem (1.7) satisfying (2.3).

PRrROOF. Since we know now that A(z®) — A(u) strongly, we can simply
take limits in the weak formulation of the microscopic Stefan problem to see
that u is a weak solution of (1.7). From (2.10) we obtain

T
L 1) = @* @Oz di < C.
Since u® —q° converge to u — q weakly, (2.3) follows by lower semicontinuity. O

LEMMA 2.7. There is at most one solution of the Stefan problem (1.7)
satisfying (2.3).

PROOF. Suppose u and v are two such solutions. From (2.3) we obtain

T
[ 105) = 0@l d < .

By a well-known theorem [14], if V ¢ H C V'’ are separable Hilbert spaces
with V and V’ being in duality relative to the inner product of H and we have
a curve u(t): 0 <t < T satisfying u € L?(0, T; V) and v’ € L?(0, T; V'), then
u is almost everywhere equal to a function continuous from [0, T'] into H and
for 0 <t <y < T, u(t)|% — llu(t)ll} = 2 [{*(u(?), w'(2)) dt. Therefore,

T
() = (D) qary < =2 [ [ (= 0)(Aw) = M) dx dt.

Since A is nondecreasing, we conclude that ||u(T) — v(T)||z_,ge) = 0. This is
true for every T > 0 and therefore u = v. O

LEMMA 2.8. u® — u strongly away from the creation points.
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PROOF. First note that for our solution, the Lebesgue measure of the
mushy region 0 < u < a must be zero, because if u is a weak solution, then so
is u —uly_,-,y and then uniqueness tells us that uly_,- = 0.

Now let f,,(v) =uvifu >a+1/n, f,(u) =0if u < @ and f, is linear in
between. Each function f, is Lipschitz continuous and they approximate the
function f(z) = ul(u > a). We write u® = f, (u®)+(u®— f,(u*)). By the strong
convergence of A(u?) to A(u) away from creation points, we have that f,(u*)
converges strongly to f, (z) as e — 0 there, too. Since u® converges weakly to
u, the final term u® — f,(u?) converges weakly to u — f, (v). By the previous
paragraph, this converges to 0 as n — oo. Choosing a diagonal sequence,
we can therefore have f,,)(¢®) - ul(u > @) strongly and u® — f,,,(v®) —
0 weakly. However, all terms are nonnegative, and a nonnegative sequence
converging weakly to zero, must in fact converge strongly. From this we infer
the strong convergence of the sequence u? away from the creation points, and
this completes the proof. O

One of the nice consequences of having the lattice approximation to the
Stefan problem is that it allows us to prove very easily comparison principles
for solutions even though the creation rates are singular. For example, passing
to the limit after an easy computation on the lattice level using the maximum
principle, we obtain the following result which will be useful in Section 4.

LEMMA 2.9. Let u be the weak solution of (1.7) with bounded initial con-
dition u, and let v be a subsolution (respectively, supersolution) satisfying

19 n
(2.12) 07—1; —AMv) <) 8y, v(0,%) = vy(x) (resp. >).
i=1
If vy < ug, then v < u(resp. >).

3. Hydrodynamic limit. Recall the definition (2.7), (2.9) of the H_; norm
[-|l_; on €Z¢. The main result of this section is

THEOREM 3.1. Let m° be the configuration of the generalized internal DLA
process and let u® be the solution of the discretized Stefan problem (2.1) with
the same initial condition. Then

lim E[|n°(T) — u*(T)|,] = 0.
Here and in the rest of the section, E denotes expectation with respect to

the generalized internal DLA process 1°(-). The theorem will be proved in
Lemmas (3.2)—(3.11).

LEMMA 3.2. Let n® be the configuration of the generalized internal DLA
process and let u® be the solution of the discretized Stefan problem (2.1) with
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the same initial condition. Then

B (D) - (DI =2 [ Vs, ul) i+ MAT),
where
(3.2) V(n,u)=—(n—u)(a(n) — Muw)) + a(n)

and M?(t) is a martingale.

PrROOF. This is an explicit computation. We compute
dl(my —u)(my —uy)] = [[Ag(a(nx) — Mu)(ny —uy)

+ (n. — u)[A(a(ny) — A(u,y))]

— & 1(Jx — y| = D)(a(n,) +a(n,))

+ 672 (x = y) Y(a(n,) + a(n.0)| de+dM,,,

where M, are martingales, and then use the fact that [-A,g°], = e O

Now consider the generalized IDLA process running in a finite box A with
reflecting boundary conditions and no creation. The set of invariant measures
will be denoted ,uﬁ running over the parameter set 8 € B. They are described
as follows. For each N > «|A|, there is exactly one invariant measure with N
particles. Under that measure, each n, > « and the configuration n,—«a, x € A
is distributed according to the canonical invariant measure for our reference
zero-range process with N — a|A| particles. On the other hand, if N < «a|A|,
then for each configuration of N particles in A with no more than « particles at
each site, the Dirac mass at that configuration is invariant. So the parameter
set B consists really of each fixed configuration with no more than « particles
per site, together with each N > «a|A]|.

LEMMA 3.3. The marginal on A of any translation-invariant, invariant

measure for Ly on 7% is a mixture of the ,uf.

The proof of this lemma is given in Section 5. We now continue with the
proof of Theorem 3.1

LEMMA 3.4. Let V be as in (3.2) and let n be a translation-invariant,
invariant measure for the process. Then for any u,

E,[V(no,u)] < 0.

PrROOF. Let A be a box around the origin and let u, be the marginal of u on

A. By the previous lemma, w, is a mixture of the extremal invariant measures

,UL/B\ on A. Let f(n) be any function of whole numbers which vanishes if n < «
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and let Mﬁ be an extremal invariant measure on A with density vg. Let v, be
an invariant measure for the zero-range dynamics, that is, a product measure
with marginals v,(n, =n) = Z7'(y)y"[g(n)--- g(1)]"'. We have

0,
E sl (o)l = {E [£(no — )]+ O(AIY) if vy > a.

Vy(vg—a)

In the second case, the error O(|A|™!) comes from changing the measure ,uﬁ
with fixed density to the product measure ([11, section 6] is a good reference
for the equivalence of ensembles in this context). Note that both a(n) and
na(n) vanish if n < a. Furthermore, if v > «,

E, . la(no)] = A(v),
E,  [moa(no)] = (v + DA(v).

Letting |A| — oo, we have

E,[V(n0, )] = = [(v5 = u)(Mvg) = Aw)) dY,

where Y is a probability measure on the parameter set for the extremal
invariant measures. This is nonpositive since A is nondecreasing. Note the
apparent lack of uniformity in the argument is easily resolved: except for
small densities, the extremal invariant measures on A are parameterized by
the density itself, and because of the stationarity of u one has an easy cutoff
of large densities uniform in A. O

Consider the right-hand side of (3.1). If we take the expectation, the mar-
tingale disappears and because of the time averaging we will be evaluating
V(m,, ) under an invariant measure. In fact, we can do some spatial aver-
aging as well so that the resulting measure is also translation invariant. By
Lemma 3.4, the result is nonpositive, giving the hydrodynamic limit. This
argument is made precise in Lemma 3.10. However, there are several cutoffs
needed first. Lemma 3.5 provides a basic estimate that will be used repeatedly.
Lemma 3.6 cuts off the bad points near the creation sites where the density
is unbounded. Lemma 3.7 cuts off large values of V, and Lemma 3.8 provides
for the averaging in space and time in order to obtain a translation-invariant,
invariant measure when we look at the limit of the distribution around a
macroscopic site as we let £ — 0.

LEMMA 3.5. (i) Let 1< p<2ifd<3andl1<p<d/(d—2)ifd=>4. For
each T > 0, there is a constant C,(T) < oo such that, for all & > 0,

E[/OT st[nfc(t)]pdt} < C,(T).
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(ii) There exists a function C(8) < oo for each & > 0 such that, for all € > 0,

T

E[/O DS [nfc(t)]zdt:|§C(6).

|x—x;|>8

PrROOF. Follows from the similar bound on z and Lemma 3.1 which
implies that the expectation of the L? norm of the difference of z and 1 can
be controlled. O

LEMMA 3.6. Let V be as in (3.2). Then
T

(3.3)  E[|In°(T) — u(T)|2,] < 2¢¢ 3 /E[V(n;,u;)]dt+nl(5,g,T),

e ;][50

where for each T > 0,

lim suplim sup Q,(8, ¢, T) = 0.
6—0 e—0

Proor. Let Q,(8,¢,T) = CE[[OT g? > fx: |x—x;|<5} Mx dt], where C is large
enough that a(n) < Cn. Replacing a(n) by A(n) in (3.2) gives something neg-
ative and the error can be bounded by a finite multiple of n. We can estimate
O, by part 1 of Lemma 3.5 and Chebyshev’s inequality. O

LEMMA 3.7. Let ¢,)(x) = xif x < £ and ¢,(x) = £ if x > £ be the cutoff at
level ¢. Let

(3.4) Vi(n, x) = —d.((n — x)(a(n) — A(x))) + d.(a(n)).
Then
E[|In*(T) — u*(T)|*]

<2s ) /OTE[V@(nfC(t),ufc(t))]dt+02(€,e,8,T),

|x—2x;|>8

(3.5)

where

lim sup lim sup lim sup Q5(¢, ¢, 6, T) = 0.

5—0 {—00 e—0

PROOF. Since one of the error terms from (3.3) is negative, all we have to
show is that

{—0 &—0

lim sup lim supE[ [+ Sloitatn) - atn,) dt} ~o0,

which follows from Lemma 3.5 and Chebyshev’s inequality. O
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LEMMA 3.8. Let V, be as in (3.4) and let u be the unique solution of
the Stefan problem (1.5). For each o > 0, let B (y,t) = {(x,s) € 7% x
[0,T]: |x —y| <o, |s—t| < o}. Then

E[|n*(T) = u*(T)|2,]

T
(3.6) s2f || AV en, 0 ELV(nis). u(y. )] de dy

+Q3(e,0,¢,8,T),
where for each T > 0,
lim sup lim sup lim sup lim sup Q3(¢, 0, ¢, 6, T) = 0.
§—0 o—0 {—00 &e—0

Here Av denotes the average.

PROOF. After a summation by parts, the error term becomes

T
Q= [ [ Avgeses,wa ELVe(ni(s). u(y. 0) = Vi(nils). ui(s)] di dy.

The y integral stays away from the creation sites x; by 6 — . From the
special form of V, and using the bounds a(n) < Cn and )’ < C, and Schwarz’s
inequality, for each ¢ > 0,

[Vo(n, w(y)) = Vi(ns, us)]
<N ((m2)? + (u)” + u(y)®) + £ (uly) — us)®.

Since 8 > 0 goes to zero last, we can use the uniform L2 bounds on 1° and
u® away from the creation sites [(2.6) and Lemma 3.5] to show that the part
of Q)3 coming from the first term on the right-hand side of (3.7) is bounded by
some C’/~! uniformly in & and o for each § > 0. The second term vanishes
in the limit as ¢, then o are sent to zero, by the strong convergence of the
lattice approximations to the Stefan problem away from the creation points
(Theorem 2.3). Finally, we can send { — oo to obtain the lemma. O

(3.7

The following lemma provides us cheaply with the cutoff of large space that
we will need.

LEMMA 3.9. There are constants C; < oo and C, > 0 depending only on
the walk rate g(-), the creation rates c; and on T such that, for all ¢ > 0,

E[ad 3 nx(T)} < C;M'exp{-CyM?}.
|x[=M

PROOF. Let X! denote the positions at time ¢ of all the particles with
the convention that a particle is held at its creation site up to the time it
is created. Clearly, the left-hand side is just the normalized number of such
particles outside of |x| < M at time T. If we let Yi = X! up to the time
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that X' reaches its resting place, and then walk at rate ¢ 2 after that, then
the left-hand side is clearly bounded by ?E[#i | supy,-y |Yi| > M| which,
since there are less than C3¢~¢ such particles, is clearly bounded by

C3sup P< sup |Yi| > M).
i 0<t<T
Let ¢; be the creation time of particle i and note that after its creation it
behaves as a symmetric random walk with jump rate e 2a,, where a, is
bounded above and below away from zero and adapted to the o-field of the
entire process. Make a random time change 7;(¢) after time ¢; so that, after
its creation Y. ) has jump rate £~2. Then the probability can be rewritten in
terms of a standard random walk X, running at rate e~2 as P( SUPQ<f<r-1(T)—t,

|X,| = M), which, because 7,(¢) is bounded below by C ¢ for some C, > 0, is
bounded above by

P( sup |X,|> M)
0<t<CsT

for some finite C5. It is now standard to show that this is controlled by the
term on the right-hand side of the lemma. O

From now on it will be convenient to think of our configuration 1 on Z¢
instead of £Z? because we want to study the limiting measure. Note, however,
that time is still sped up by a factor of 2. Let u®(¢, dn) be the distribution
of the n at time ¢ and let

(3.8) IL_L(;‘, U'(Y> t dT)) = Av(x, s)EBa(y,t)TxlU“a(S’ dn)7

where 7, is the shift acting on measures: 7, u(f(n)) = w(f(7,m)), where
[7x1]y = M4;,- Then we can write

(8.9)  Av(, 9en. (v E[Vi(n.(s), u(y, t)] = Eﬂs,a(y,t)[vﬁ(%’ u(y. t))]-

Here we have used the notation B, (y, ¢) to be consistent with the statement
of Lemma 3.8, but now sites x are on the unscaled lattice Z¢ so the side length

of the box is really o™ 1.

LEMMA 3.10. For each y € R? with |y — x;| > 6 and any t € [0, T] and
0 < o < 8, the set of measures 1, ,(y,t), € > 0, defined in (3.8) is tight with
respect to the weak topology on the set of configurations NZ* and any weak

limit is a translation-invariant, invariant measure of the internal DLA process
(without creation).

PROOF. Let c,, x € Z%, be any positive weights with > c, = 1. The sets
Y c.m, < M are weakly compact and expand to fill the whole configuration
space. By Chebyshev’s inequality,

P, o (Y, t)(Zcxnx > M) < M‘lEﬁw(y’ t)[Zcxnx:| <CM1lsd
X X
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from the fact that the expected number of particles is less than some constant
multiple of ¢~¢. This establishes the tightness.

Since it is constructed as the limit of large averages of bounded measures,
the translation invariance of the limit measure is immediate.

We now prove that such a limit measure p must be invariant. Let f be
any bounded local function and let L, be the generator of the internal DLA
process without creation and without the speed up of time (1.1).

E;L[LOf(n)] = il_l,% AU(x,s)EBU(y,t)E[LOf(Txns)]'
By the translation invariance of the dynamics,

Av\x—y|§(r8*1E[LOTxf] = E[LO{Av\x—y\g(rsflTxf}]'
By the definition of the generator,

1 t+o
55 | ElLo{Aviyicpermaf}(s)] ds

= 2—E[Ale y|<o’s’1T f]|t+o-

82—d

t+o
[ E[LfAv, g f}] ds.

20 t—o

Note, however, that the last term always vanishes for o < § and small enough
£ since the support of 7, f never contains any of the creation sites. Therefore,
the right-hand side is bounded by C&?. Therefore, we have E,[Lyf] = 0 for
any bounded local function and we conclude that w is invariant. O

LEMMA 3.11. limsup,_ o E[[|n*(T) — uS(T)||2_1] =0
PrOOF. By Lemma 3.8, we have that the left-hand side is bounded above by

lim sup lim suphm sup// Liy-—x=00Ea, w0 Ve(no, u(y, £))] dt dy.

5,00 -0
d>0

The first thing we want to do is pass the limit in & through the integral.
It is simple to check from the assumptions on a(-) that V, is the sum of a
nonpositive term and a term which is bounded by a constant multiple of 7.
For the integral corresponding to the nonpositive term, commutation of the
limit in & and the integration in ¢ and y is a direct application of Fatou’s
lemma. For the term which is bounded by a constant multiple of 7,, we break
it into the integration over |y| < M and over |y| > M. For fixed M, we can
pass the ¢ limit through the first piece by the bounded convergence theorem,
since V, is bounded for each fixed ¢. Then we can use Lemma 3.9 to estimate
away the second piece as M — oco. By the previous lemma, we therefore have
that the left-hand side of the lemma is bounded above by

T
limsuplimsup [ [ 1y x5) Euy. o[ Ve(no, uly, )] de dy,

8,00 {— 00
>0
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where for each y and ¢, u(y, ) is a translation-invariant, invariant measure
for the dynamics without creation. Referring to (3.4), we can see that V, is the
sum of two monotonic functions in £. By the monotone convergence theorem,
and by part 2 of Lemma 3.5, which bounds each term separately, we can take
the limit in ¢ through the time and space integrations. The resulting integrand
is the expectation of V with respect to a translation-invariant, invariant meas-
ure for the dynamics without creation, which vanishes by Lemma 3.4. This
completes the proof of the hydrodynamic limit. O

4. Shape theory. This section is devoted to convergence results for the
occupied sets in the internal DLA and Stefan problems. We will denote by
A? C &7¢ the occupied set {x: n, > 0} and by o/ = {x: p(x,t) > 0} the
occupied set of the Stefan problem (1.5). Recall that we defined the distance
between a set on £7¢ lattice and a set in Euclidean space to be the Lebesgue
measure of the symmetric difference of the natural embedding of the first with
the second.

THEOREM 4.1. For every t > 0,
}:i_l)% dist(Af, ,Q/t) =0
in probability.

REMARK. What follows immediately from the hydrodynamic limit is that
macroscopic densities on the occupied set A and the occupied set in the
Stefan problem .7 agree. On the other hand, convergence in dist means (1)
that on the complement of a slightly larger set than the occupied set in the
Stefan problem, the density of particles is going to zero and, (2) that on a
slightly smaller set than the occupied set in the Stefan problem, the density
of “holes” is going to zero. Note that the first statement follows immediately
from the weak convergence, but the second does not because the density could
be macroscopically correct while on the microscopic scale there could be clus-
ters of free particles surrounded by seas of holes. The proof of Theorem 4.1
given below utilizes a bootstrapping argument to demonstrate that this does
not happen. Actually, computer simulations leave no doubt that Al/vt — o4
a.s. in the even stronger Hausdorff metric.

LEMMA 4.2. Let A C Z% be a box of side length L = as! centered at 0
and let T be a concentric box of side length A/2. Let 0 < k; < 1 and 0 <
kg < oo be fixed. Let H C A of cardinality k,L%. Let N = k,L% parti-
cles start at xq,...,xy € I and perform zero-range dynamics with killing
on the boundary. In other words, the generator of the process is Lf(n) =
e 2y, . 8(n)(f(n™*r¢) — f(n)), where the sum is over x € A and |e| = 1
with the convention that if x € A and x +e ¢ A, then n}*" = n, unless
y = x in which case %t = n, — 1. Assume that for some ¢ < oo, g(n) < cn.

X
Let p,, (&) denote the probability that none of the particles are in H at

e XN
time a®. Let p(8) = sup,, . mPx,, .. xy, (). Thenlimsup, o & log p() < 0.
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PROOF OF LEMMA 4.2. Suppose first of all that the particles move indepen-
dently. In other words, g(n) = cn for some c. It is not hard to show that there
exists y > 0 so that the probability for a particle starting in I" and killed on the
boundary of A to be in H at time a? is at least y, uniformly over all such initial
points x and target sets H. We could call such an event a success. By standard
large deviation results for any r < 1, the probability p, to have fewer than
r Ny successes satisfies limy_, ., N~'log py < 0, and the probability we seek
is certainly smaller.

Now we do the same computation in a different way again assuming that
g(n) = cn. Define the empirical density field p?(¢, x) to be the number of
particles at x at time ¢ on the tile of side length £ containing ex. Let P, be the
distribution of the field p®(¢), 0 < t < co. The event whose probability we want
to compute is a subset of the event A that, given initial mass concentrated in
[—a/4,a/4]%, the empirical density field vanishes at time a? on some subset
H c [-a/2, a/2]? of Lebesgue measure k;a? > 0. Fix H and note that, for each
& SUP, . Px,, .. xy, H(€) 18 achieved at some N points in I', so let us then
start the system with the N particles at those points. The corresponding set of
initial measures p®(x, 0) dx will be tight. Suppose that for some subsequence
&1, we have p°(0, x) dx = p, for some measure p,. Since the particles move
independently, it is straightforward to show that then p®:(¢, x)dx = p(¢, x)dx,
where p is the solution of the linear heat equation d,p = cAp on [—a/2, a/2]¢
with initial data u, and Dirichlet boundary conditions. Let ¢ be a smooth test
function on R? with support in A. The quantity M (¢) = exp Z .(t), where

Z.(t) = [ $()[p(t, ¥) - p(0, ¥)] dx
_ee2-d /Ot / p(s, x) Y ePCHeN=6() gy g

is a martingale under P, and hence has expectation 1. By standard arguments
(see [10]), one obtains from this the large deviation lower bound

liminf e log P, (B) = ~ inf [dthow — eapll?,
where ||f||2_1, 1 =supy{[fodx—[ |[Vo|?p dx} and B is any open set of time-

dependent density functions. We conclude from this, and from the previous
computation, that

. 2
Jnt J el —eolf g, > 0

This is really done in two steps. First we enlarge A to A slightly by consider-
ing density functions with initial data in a slightly larger set than [—a /4, a/4]¢
and which vanish at time a? on some subset H C [—a/2, a/2]¢ of Lebesgue
measure slightly smaller than x;a?. Repeating the previous arguments, we
obtain the lower bound above for the infimum over the interior of K, which
contains A.
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In the general case g(n) < cn, M (¢) is a submartingale. Its expectation is
therefore bounded by 1, and in particular we have

lim sup &¢ log E¥+[exp Z ,(¢)] < 0.
k— o0
By standard arguments (see [10]), we can conclude from this the (nonoptimal)
large deviation upper bound
lim sup ¢ log P, (A) < — ot / dtldp — edpll? . 1y

k—o00

which is strictly negative by the previous argument. O

PROOF OF THEOREM 4.1. A free particle here will mean one at a site where
there are more than « particles and the number of holes at a site x is &« — 7,
if n, <a.

Let ¢ be a fixed time and let y > 0 be arbitrary. Choose § > 0 and 7 > 0
and let 75 , C R? be the set where the solution of the Stefan problem (1.7) is
larger than a+27+18 at time ¢ — 7. Note that from the definition of .o, we have
Cs., — o as 7,8 — 0. Divide the set & , into boxes of side length a = /7,
throwing away those that are not completely contained in & .. It suffices to
show that the probability that the density of holes at time ¢ on a fixed such
box is less than y approaches 1 as ¢ goes to zero.

Let n be a positive integer. From the hydrodynamic limit we know that
there are at least §(as')? free particles in a smaller box of side length a/2
with the same center as our fixed box at each time ¢,...,¢,_;, where ¢;, =
t — [(n — i)/n]7, with probability which goes to 1 as ¢ — 0. The positive
integer n will be chosen large but bounded independent of ¢ later in the proof.

We study how many holes are removed in our fixed box in the time interval
[¢;, i+1]- Our box has side length L = ae~! sites and we know there are N =
8L free particles in a concentric box of side length L/2. We can pretend that
only these N particles are able to remove holes, and furthermore that any free
particle which leaves the box in which it started is annihilated immediately,
for the true number of holes which is destroyed is only decreased in this way.
Furthermore, we can pretend that our N particles only interact with each
other and not with any other stray particles: let ¢, denote the total number
of free particles at x and let £, denote the subset of these that come from
our original group of N. If the ¢, particles each jump at rate g(¢,)/¢, and
the other ¢, — &, each jump at rate (g(¢,) — g(£,))/({, — &), then the total
jump rate is g({,) as required and the first N only interact among themselves.
(Note that this relabeling is just the standard first-class/second-class picture
and depends on the attractiveness of the system.) Let M denote the number of
holes in our box (counted according to multiplicity). We also need only consider
the case. M > yL¢, for otherwise there is nothing to prove.

To summarize: each of our N particles moves according to a random walk
with zero-range jump rates in the time interval [¢;, ¢; ;] until either (1) it hits
a hole, in which case the particle is removed and the hole multiplicity at that
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site is reduced by one, or (2) it reaches the boundary of the larger box, in which
case it is also removed from the system. The initial conditions consist of N, M,
the positions of the N particles and the position of the M holes. These will
be fixed for the estimates which we now derive, which are very rough and
hold uniformly over all initial conditions, as well as all environments for the
particles.

For ¢y > 0 with ¢gN < M, let G denote the event that fewer than ¢y N
holes are filled during the specified time interval. If G happens, then there
must exist a subset H of the original M holes, with cardinality less than ¢y N,
so that all holes in the complement HC are unfilled, and there must exist a
subset W of the original N particles, with cardinality less than ¢V, so that
all particles in W¢ avoid all the holes in H€.

Now, let us choose any two subsets H and W of the original holes and par-
ticles, of cardinalities less than ¢y N. By the previous estimate, the probability
that all particles in W¢ avoid all the holes in H® is bounded above by e—¢1%
for some c¢; > 0 for sufficiently small ¢.

The number of possible choices for H and W is ZC‘)N*l (M) (1;7 ). Using that

i, j=1 \i
M < aL? and the bound (}}) < exp{2klog(n/k)} for large n and k with k& < n/2,
we can bound this by N2exp{c, N}, where c, = 2¢,log(a/(c25)). Choosing c,
sufficiently small, we can bound this in turn by exp{c;N/2}. Hence we have
shown that there are constants ¢, > 0 and c¢3 = ¢;/2 independent of the
environment, the initial conditions and & such that

P(G) < exp{ — cg8L%}.

Now we choose n large enough that ncy N > M, or in particular n > a/éc, and
we repeat the process in each of our time intervals, stopping if we ever have
M < yL%, and we say we are successful in the interval if G does not happen;
in other words, if the number of holes filled is greater than or equal to ¢y IV, or
if we have stopped already. If we have success in every single interval, then
for sure we have density less than vy in our box at time ¢. But by the previous
estimate, the probability of success in every single interval is at least

(1 —exp{—csdL?})".

Since L = ae~! and a, c5 and n are independent of ¢, this goesto 1as e — 0. O

We now turn to applying Theorem 4.1 to obtain the desired shape theorems.
Throughout the rest of this section, we will assume that the creation is at the
origin only, at constant rate ¢; = 1. Recall that A C &Z¢ is the occupied
set in the diffusively scaled microscopic model and &7, = {x: p(x,¢) > 0} is
the occupied set in the Stefan problem (1.5). When d = 2, the creation and
diffusion have the same scaling factor and so we obtain the following result.

COROLLARY 4.3. Assume that d = 2. As t — oo, dist(A}/\/Z, o) — 0in
probability as t — oo.
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We now show that in d = 2, .94 is a circular disc with the conjectured radius
by constructing an explicit radially symmetric solution of (1.5).

Putting the equation into polar coordinates, the problem is to show that
there exists a constant K € (0, 00), and a function p(r, ¢) which is smooth in
the interior of {(r, ¢): r < K+/t} and satisfies

2
j—i = (% + %%)v(p) + %50,
with boundary conditions
p(KVt,t) =0,
Ka
2Vty'(0)’

We look for self-similar solutions of the form p(r, t) = v(r¢~/?). Writing s =
rt712 F =y~ ! and u = y(v), one gets

z—’:(Kﬁ, £ = —

u’(s)+ (1 + %SF’(u)(S))u’(S) + %80 =0,
4.1) s s

u(K)=0, u/(K)z—%aK.
It follows that, off s =0, (su') = —%SZF/(u)u/ and therefore,
’ 1 2 K1 2 v i
(4.2) su'(s) = —aK +/ 507 F (W)(0)/ (o) do.

In addition, #(K) = 0 and su/(s) - —1/(27) as s — 0. Recall first that F’
is bounded above and below by positive constants and note that (4.1) implies
that ¥’ < 0. Moreover, (4.2) and Gronwall’s inequality imply that, for some
constant C (which depends only on y), —1aK?exp(CK?) < su'(s) < —3aK>.
As su'(s) is also increasing on (0, K), it has a limit as s — 0, which varies
continuously between 0 and —oco as K varies between 0 and co. Therefore,
there exists a K such that lim,_ ,su'(s) = —1/(27), and therefore K can be
chosen so that a solution of (4.1) exists [such a solution must be unique, since
it produces a solution of (1.5)].

When y(u) = u, and therefore F'(v) = 1, (4.1) can be explicitly solved,
giving

_ %/4) d
u(s) —/s 2—7789XP(—3 /4) ds,
which forces K = K(«) to be the solution of

(4.3) exp(—K2/4) = raK?2.

For example, to two significant digits, K = 0.54ifa =1, K =0.39ifa =2 and
K ~1//ma as a — oo. It is amusing to note that, for « = 1, the upper bound
on K obtained by pretending that all particles are killed is 1/,/7 ~ 0.56. Thus
the system conspires to keep a particular fraction (27%) of the particles alive.
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In particular, Lemma 4.2 now implies the following shape theorem.

THEOREM 4.4. In dimension d = 2, there exists a constant K, such that
dist(A,(t)/~t, B(0, K)) — 0

as t — oo. In the linear case y(u) = u, K is given by (4.3).

Now we address the long-term behavior of both the particle system and
the Stefan problem in dimensions other than 2. For constant creations at a
single site, there are now no self-similar solutions. One way to circumvent
this problem is to make the creation rate variable with time. Assume that the
creation rate at the origin c; is a function of ¢ and satisfies c;(¢)t(?-2/2 — 1
as t — oo. Then, after speeding up time by factor £~2, and sending £ — 0, the
macroscopic equation becomes

dp

P _ A d-2725
p y(p) + 0

or in polar coordinates,

ap ? 14 U'(d/2) 1_q,a-2)2
o _ (2 L2 td-2725
at <5r2 ts ar>7(p) t g " 0

where I is the gamma function. The convergence is proved in the same way
as for constant creation rate. A self-similar solution p = v(rt~'/2) exists for
any vy (with the same proof as before). In the case y(u) = «,

_Idd/2) %, I'(d/2)

v(s)_m i s=dexp(—s?/4)ds, where Wexp(—Kz/@:aK‘i.

Now we study the problem of long time behavior in dimensions different
from 2 in the case of constant creation rate at the origin. It is proved in [3] that
when d > 3, y(u) = u and @ = 1, the asymptotic behavior of A} is the same
as when the source is discrete; that is, with probability 1, for every é > 0,

(4.4) (1=8)tY?. B0, K))nz? c Al c (1+ 8)t"¢. B(0, K),

eventually in ¢. Here, K¢ = (dI'(d/2))/27%/2, so that B(0, K) has unit volume.
Our first theorem shows that the occupied set in the Stefan problem expands
at the same rate.

PROPOSITION 4.5. Assume that d > 3, y(p) = p, a = 1 and & > 0 is fixed.
For sufficiently large t,
(1-8)tY?.B(0,K) c o c (1+8)tY?. B(0, K),

with the same K as in (4.4). In the case of general v, there exist two constants
0 < K; < K, <, so that

tY4. B(0, K;) C o, c tY¢. B(0, K»).
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PROOF. The idea is to construct sub- and supersolutions of the Stefan
problem (1.5) out of the explicit solution

(r,t) = /Ot(47'rs)_d/2 exp (—r?/4s)ds =

o0
2—d/ d/2—2 —s
r s e *ds
47d/2 r2/4¢

of the heat equation Jv/dt = Av+§,. Consider first the case y(p) = p. We have

rl—d

27d/2

rlfd
=5z ([(d/2)+ O(r?t=2)).

2 o0
—(r,t)=— / sld=2/2¢75 dg
Jar r2/4¢

(4.5)

Let us take a ball of radius CtY¢. The rate of expansion of the boundary
is Ct/9-1/d. Note that this coincides with [—(dv)/(dr)](Ct/?, t) up to order
t1/4-4/2 exactly when C = K, where K¢ = (dI'(d/2))/27%? as in (4.4), that is,
exactly when the ball has volume ¢. Define

p(r,t) =v(r,t) — v(CtY%, t)

for r < CtY/? and v = 0 outside the ball. If C > K, then, after a certain time,
p is a supersolution of the Stefan problem, and if C < K, then it is eventually
a subsolution. The proposition then follows from Lemma 2.9.

For the case of general vy, note that the spatial coupling term Ay(p) can be
written as V- DV, where from the assumptions, v = D is uniformly bounded
above and below away from zero. Aronson’s estimates [6] tell us that there are
positive finite constants c;, cs, b1, by such that

¢1(4ms) " exp (=by|x — yI?/4(t — 5))
< P(s, X, £,) < cy(4ms) 2 exp (=by|x — y[2/4(t — 5)),

where p(s, X, ¢,y) is the solution at (y, ¢) of the corresponding heat equation,
starting from a Dirac mass at x at time s. Therefore, the flux across the
boundary of the ball of radius Ct'/?¢ is bounded above and below in terms of
the corresponding flux in the linear case (4.5). But now we can repeat the
same argument as in the linear case to obtain the upper and lower bounds. O

In one dimension, the proportion of created particles which are killed con-
verges to 0 as time progresses. Therefore, as pointed out in [3], the rate of
boundary expansion is of much slower order than ¢. Again, [3] have a conjec-
ture in the linear case which we now state and prove as a theorem.

THEOREM 4.6. Assume that d = 1, y(u) = u and o = 1. Then for every
e > 0, with probability 1, for sufficiently large t,

(4.6) (1—e)/2tlogt-[-1,1]1NZ C Al c (1+ ¢)y/2tlogt-[—1,1].



INTERNAL DLA AND THE STEFAN PROBLEM 1555

ProOF. Choose 1 < ¢; < ¢ < 1+ &. Let N, be the number of parti-
cles created during the time interval [0, ¢] which exit [—c./2tlogt, c\/2tlog t]
before time ¢. Moreover, let p; , be the probability of the event that a random
walk started at the origin at time s € [0, ¢] visits a site outside [—c\/2tlog ¢,
c\/ 2tlog t] during the time interval [s, t]. Observe first that p, , < p, , by a
simple coupling. Next, let S,, be the discrete-time simple symmetric random
walk started at 0, and W, the standard Brownian motion. Then, by elementary
large deviations,

Po.: < 2P(max{S,: 0 < k < 2c;t} > cv/2tlogt) + e P,

for some B > 0. Using first the Skorohod embedding, and then the reflection
principle, we obtain

Po.. < 2P(max{W,: 0 <t < 2¢,t} > c\/2tlogt) + e~ P

<4P(Wy,, > cy/2tlogt) + e P
<C. £/Ca) - . t*c/z,

for large t. Let N be the number of particles created during the time interval
[0, ¢]. Then

P(N,>t) < P(N,>+t,N, < 2t)+ P(N, > 2t).
Here, P(N, > 2¢) is exponentially small and
P(N, > Vt, N} < 2t) < exp(—v?) E(exp(N,)1y,~5;)
< exp(—vt)(1+2p,, t)Zt
<exp(-— Vt+ Ctl_c/z).

Thus, by the Borel-Cantelli lemma, P(N, < v/ eventually) = 1. Hence, even
if all of N, particles get killed outside [—c,/2¢log ¢, c\/2t log t] by time ¢, A} is
with probability 1 eventually included in [—c\/ 2tlogt —24/1, c\/ 2tlog t +2+/1].
The upper bound in (4.7) now follows since (1 + & — c)\/ 2tlog ¢t eventually
exceeds 24/7.

To prove the lower bound, let A} =[-L,, R,]. We will first show that, with
large probability, at least one of L, and R, must be at least ¢,/2tlogt, for
some small ¢. Then we will show that both L, and R, must satisfy this lower
bound; in the final step we will bootstrap ¢ close to 1.

To this end, fix ¢ < 1 — 2¢ and let ¢; = ¢/(1 — 2¢). Let us momentarily
consider the free particle system with creation only, without killing. In this
case, let N, (resp. N}) be the number of particles created in [0, ], whose
position is at least c\/ 2tlogt (resp. at most —c\/ 2tlogt) at time ¢. Again,
P(N, < cy/2tlogt) < E(exp(cy/2tlogt — N,)), and normal approximation can
be used to show that

(4.8) E(exp(—N,)) < exp(—C'gtl_c%/Z)’
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so that P(N ;> c\/ 2tlog ¢t eventually) = 1 and by symmetry the same is true
for N, replaced by N,. The natural coupling between the internal DLA and
the free particle system is the one in which the particles in the internal DLA
are tagged but allowed to continue to diffuse. Under this coupling, if N, and
N, are both larger than c¢,/2tlog ¢, then R, v L, > ¢\/2tlogt.

From the previous paragraph, it follows that for large enough ¢, R,V L, >
Cs\/ 2tlog t. Assume, for example, that L, > ca\/ 2tlog t. Now make particles
created after time st execute free random walks, and define N} to be the num-
ber of particles created in [et, 2¢¢], which satisfy the following two conditions:

1. the particle’s position at time ¢ is at least c\/ 2tlogt, and
2. the particle does not go below —L,, during the time interval [&t, ¢].

Once again, one can use the Skorohod embedding and the reflection princi-
ple for Brownian motion to show that a single particle will satisfy (1) and (2)
above with probability at least st/ 2 and so (4.8) holds with N, replaced by
N} and ¢ replaced by 2. Thus it follows that, with probability 1, for large ¢,
R, AL, > cs/2tlogt.

For the final bootstrapping step, notice that what we proved so far implies
that R, A L,, > cs?\/tlogt for t large enough. Then repeat the argument in
the previous paragraph with s replaced by &2 to show that R, AL, > ¢,/2tlog ¢
with probability at least exp(—Ce3¢1-¢/2). O

Again, it turns out that o7 has exactly the same rate of expansion.

PROPOSITION 4.7. Assume thatd =1, y(v) = vand a =1, and fix an ¢ > 0.
Then, for large t,

(1—¢)y/2tlogt-[—1,1] C o C (1+&)y/2tlogt-[—1,1].

In the case of general vy, there exist two constants 0 < K, < K, < 00, so that
K,J/tlogt -[-1,1] C o C Ky\/tlogt-[-1,1].

PROOF. With notation as in the proof of Proposition (4.5), we need to prove
that for large ¢,

Jv —_— log ¢
(4.7) -~ 5(C\/2tlogt, t) > C\/Z_t’

when C < 1, while the inequality is reversed when C > 1. This follows from
the fact that the integral on the left of (4.7) is asymptotic to a constant mul-
tiple of ¢~C/2(log ¢)~1/2. The case of general y again follows as in the proof of
Proposition (4.5) by using Aronson’s estimates. O

REMARK. Theorem 4.6, as well as the upper and lower bounds obtained
in Propositions 4.6 and 4.7, can easily be extended to the case of multiple
creation sites or a > 1, thereby proving the shape theorems in these cases
as well.
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5. Invariant measures. In this section we prove Lemma 3.3, which iden-
tifies the infinite volume invariant measures of our degenerate zero-range pro-
cesses. We use the methods of [1], [13], with appropriate modifications to deal
with the degeneracy.

The family of measures u? on configurations n € {0, 1, .. .}Zd comprises the
following two sets of measures:

1. for every u > «a, the translation-invariant product measures in which, for
every x, 11, > a and {, = 1, —«a is distributed as the marginal for the grand
canonical invariant measure for the zero-range dynamics L; from (1.2) with
density p = u — a, and

2. all Dirac masses on configurations in {0, 1, ..., a}Zd.

It is clear that any such uf is invariant. What we need is the converse.

THEOREM 5.1. Any invariant, translation-invariant measure for L defined
in (1.1) is a mixture of uP. More precisely, any extremal invariant, translation-
invariant measure is one of uP.

The only methods available at the present time to prove such a result rely
on either attractiveness.or duality. Since there is no useful duality available
in our context, we have to assume attractiveness and use a method based on
coupling. The coupled process makes the usual attempt to “move the two pro-
cesses in unison as much as possible.” Formally, the generator of the coupled
process is given by

Zf(n7 f) = Z lnx>§x(a(nx) - a(gx))(f(nxy7 f) - f(na g))

+ 1, ¢ (a(éx) —am))(f(n, €)= f(n, §))
+a(n, A E)(F(™, &%) = f(m, §)).

Note that we do not really need to require the rates of the zero-range process
performed by the particles on top of the occupied set to be strictly increasing for
the arguments in this section to hold. This assumption was made to minimize
technical difficulties elsewhere in the proof.

In the statements of Lemmas 5.2-5.5, we assume that v is an invariant,
translation-invariant measure for the coupled process.

LEMMA 5.2. For any two neighboring sites xy and y,,
(5.1) o{(n, §): N, < & &y, < My <My} =0.
PrROOF. Let f(n, §) = (§;, — My, )+ Then
Lf= Y 1, - (a(n.) - ale ) F (0 €) - f(n. §)

xX~xg

+1, ¢ (a(éy) —a(n ))(f (0, €°%) = f(n, §))



1558 J. GRAVNER AND J. QUASTEL

+ a(ny, A € (075, €9%) = f(n, €))

+1, ¢ (a(n,) — a(ED)(f (0™, &) — f(n, £))

+1, ¢ (a(€) —a(n)(f (0, E5°) — f(m, §))

+a(n, A E)(f(m™, %) — f(n, §))
=30

xX~xg

M g, — (a(E) — a(ng))(-1)
+0

(ID) + 1y g6 o (@(02) = a(£))(=1)

() F 1y e o (@(E2) = a(m))(+D)
+0,

where ~ denotes nearest neighbors on the lattice. Then

Bo( X expression ) == & T(a(h) - al0)i(e,, = b ni, = ).

x~Xg xX~Xo k>{

while

E,;( > expression (III) ) =) D(a(k)—a()v(é, =k, m, =1L, & =my).

x~x) x~xg k>{
Therefore, by translation invariance,

E(Lf) < E,,( > expression (II) )

X~xg

== Z(a(é) - a(k))l_/(gyo = k’ MNyy = L, é:xo > nxo)‘

k<t

However, as # is invariant, E;(Lf) = 0. Since the rates a(¢) are strictly
increasing for ¢ > a, v(¢,, = k,m,, = ¢, &, > m,) = 0 whenever k < ¢
and a < ¢, which is equivalent to the statement of the lemma. O

LEMMA 5.3. For any two neighboring sites x, and y,
(5.2) 17{(1;, §): Ny, > A Ny, < a} =0.
PROOF. This time, let f = (n,, — @),. Then

Zf: Z (a(nxo)lnx0>a(_1)+a(nx)1nmza(+1))'

x~xg
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Therefore,

EyLf)= 3 Y a(k)(~(ny, = k) + (0, =k, 1y, = a))

x~xg k>a

=— Y > a(k)i(n, =k, < ).

xX~xo k>a

This implies that, for each & > a, ¥(n, =k, 7, <a)=0. O
We will shorten max n = max{n,: x € Z%} and minn = min{n,: x € Z%}.
LEMMA 5.4. »(maxmn > a, minn < a) =0.

ProoF. It suffices to show that (5.2) holds for arbitrary sites x, and y,.
To this end we will prove, by induction on %2 > 1, that (5.2) holds for all x,,
yo for which ||x — yoll; = &, where |x||; = X%, |x;| is the L distance on the
lattice. To prove the £ — 1 — & step, take a y; with |xo — y;]l; = £ —1 and
ly1 — yolli = 1. Choose the function f = lny1>amx0<a' Then, by the induction
hypothesis, f = 0 7-a.s., and therefore, Lf > 0 v-a.s. However, E,(Lf) = 0,
thus so is E; of the part of Lf which corresponds to a particle jumping from
o to ¥; in 7. That is,

0= Eﬁ(a(nyo)l"’n 2N <a)

=Y a(k)p(n,, =k n, =a,mn, <a

k>a

=Y a(k)ﬁ(nyo =k, n,, < a),

k>a

the last inequality being the consequence of Lemma 5.3 applied to y, and y;.
Thus v(n,, =k, n,, <a)=0forany k > a. O

LEMMA 5.5. The two marginals of v are monotonely coupled, that is,

P((Nyeze {(Me — @)1 = (6 — @), })
U(Neeza {(ne — @) < (6, —a),}) =1

PROOF. This proof is very similar to the previous one, so we just point out
the main steps. It suffices to prove that (5.1) holds for arbitrary sites x, and
¥o, that is, for ||xg— y¢|l; = & for £ > 1. Again, take a y; with ||xq—y,[; = k-1
and ||; — ¥ol| = 1, and choose the function f = lny1>§y1,§x0>nxo,a<nyl' As before,

the induction hypothesis implies that E; of the part of Lf which corresponds
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to a particle jumping from y, to y; in 5, but not in &, is 0:
0= E;((a(ny,) — a(é, )L, ¢, [(07°7, €))

= Z(a(k) - a(g))ﬁ(nyo = k, fyo = Z’ nyl Z fyls é:xo > nxoa a S nyl)
k>t

=Y (a(k) —a(0)v(n,, =k, &y =€, & > M@ <71y,

k>t
by Lemma 5.3. It follows that

0= ﬁ(nyo = éryo’ My, = & f350 Z Mxp> & = nh)
= 77(77y0 > §y07 nyo > a, fxo > nx0)7

by Lemma 5.3. This completes the proof. O

PrROOF OF THEOREM 5.1. Assume that u; is an extremal invariant
translation-invariant measure for the process. Pick another extremal invari-
ant translation-invariant measure uy (to be specified later). Then there exists
an extremal invariant translation-invariant measure » for the coupled process,
with marginals u; and uy (Lemma 4.3 in [1]).

By Lemma 5.4, one can decompose the measure u; as follows:

pi(n € ) = pi(n € -[minn < a)u(minn < o)
+u1(n € - [maxn > a)u;(maxn > a)
+u1(n € - [n = )ui(n = @)
=pi(n € -|maxn < a-n # a)u;(miny < a)
+pi(n € [minn > @, n # a)u;(maxn > a)
+u1(n € - [n = a)u(n = a).

The three conditional measures above are invariant and translation invariant.
Since u; is extremal, one of the three nonconditional probabilities above must
be 1. If either u;(minn < a) =1 or u;(n = @) = 1, then p;(maxn < a) =1,
so there is nothing to prove. If u;(maxn > «) = 1, then 1, > « for every x
p1-a.s. Assume this for the rest of the proof.

Now let u; be an extremal invariant measure with u = E, (1) > a. More-
over, let u, be the extremal measure w, from subset (1) of the family u”; that
is, p, is the product measure in which, for every x, n, > e and {, = 0, — «
has the marginal distribution of the grand canonical invariant measure for the
nondegenerate zero-range process L; defined in (1.2). Then, by Lemma 5.5 and
the fact that v is extremal (see the proof of Lemma 4.5 in [1]).

(5.3) ’7( Nyezd {nx = gx}) =1 or 17( Nyezd {Tlx = gx}) =1

As pq and py have the same density, E;(7n, — &,) = 0 for every x. This forces
1, = &, v-a.s. in either case of (5.3), that is, »({(n, £): n = £}) = 1. In partic-
ular, u; = p,. O
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Notes added in proof. (i) Internal DLA models, and Stefan problems, can
be classified, as subcritical, critical or supercritical according to whether

¢
142 / c(s)ds
0

goes to 0, remains bounded or goes to oo, as t goes to oo, where c(¢) is the
(time-dependent) creation rate at the origin. In this scheme, [3] study the sub-
critical regime and we study the critical regime for internal DLA. The [3]
method for continuous-time models is by comparison with discrete time. One
can consider also the “soft” version of their models, say in d > 3 with ran-
dom walk at rate £ 2 and creation at the origin at rate £¢. In this article,
we proved the hydrodynamic limit for such models are Stefan problems and
one can check easily that they are of subcritical type. Then one can reverse
the comparison argument of [3] to infer the shape theorem for the original
discrete- or continuous-time internal DLA from that of the “soft” version. In
this way, the hydrodynamic limit method can imply shape theorems for the
subcritical cases even though they have no hydrodynamic scaling themselves.
We know of no results in the supercritical case except in one dimension.

(ii) Since this paper was submitted, related work has been done by
BenArous and Ramirez and by Funaki. BenArous and Ramirez have an inde-
pendent proof of the one-dimensional case using order statistics. They also
study the large deviations of the lifetime of a tagged particle in the subcritical
case with random obstacles: the first &, particles at x are frozen, where ¢ is a
stationary random field. Funaki studies a model similar to ours without the
creation.

(iii) After we completed this work, we were shown the article [4], which
studies a model related to ours in one dimension, also making the connection
with a Stefan problem. Unfortunately, some of the details of their argument
remain unclear to us, in particular the crucial final sentence of the proof of
their Proposition 2.1.
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