S.Novikov!

Discrete Connections on the Triangulated Manifolds
and difference linear equations

Abstract: Following the authors works [1, 2, 3], we develop a theory
of the discrete analogs of the differential-geometrical G L, -connections over
the triangulated n-manifolds. We study a nonstandard discretization based
on the interpretation of DG Connection as the linear first order (“triangle”)
difference equation in the simplicial complezes acting on the scalar functions
of vertices. This theory appeared as a by-product of the new type of dis-
cretization for the special Completely Integrable Systems, such as the famous
2D Toda Lattice and corresponding 2D stationary Schrodinger operators. A
nonstandard discretization of the 2D Complex Analysis based on these ideas
was developed in the recent work [[]. A complete classification theory is con-
structed here for the Discrete DG Connections based on the mizture of the
abelian and nonabelian features.

I.General Definitions: The Discrete DG Connections.

Let M be a n-dimensional simplicial complex.

By the Discrete Differentially-Geometrical (DG) Connection we
call any set of coefficients 0 # br.p € k*, k = R,C, assigning a nonzero
number to every pair consisting of the n-simplex 7" and its vertex P € T'.

Every DG-connection defines a first order difference Triangle Operator
(Q mapping the space of k-valued functions of vertices ¥p into the space of
functions of n-simplices:

(QI/J)T = Z br.pYp

PeT

Such operators played an important role in the works [1, 2, 3]. For the
needs of the theory of discrete DG Connections only the linear Triangle

!Landau Institute for Theoretical Physics, Kosygina str. 2, Moscow 117940, Rus-
sia and IPST, University of Maryland-College Park, MD, 20742-2431, USA, e-mail
novikov@ipst.umd.edu; the first version of this work was completed during the stay in
Korean Institute for the Advanced Studies (KIAS), Seoul, S.Korea in November 2002; it
was partially supported by the NSF Grant DMS-0072700. The author made several im-
provements in February 2004, in particular, concerning the reconstruction of the discrete
connection for n > 3.



Equation is important

Q=0

well defined up to the Abelian Gauge Transformations

Q — frQgp', vp — gpyp

where f # 0,9 # 0. Beginning from now we denote vertices by the letters
I I

Therefore for every n-simplex T with vertices i, € (ig, ..., !,) only the
ratios are essential ,uz;- = bp/br.; where br,; are the coefficients of DG con-
nection associated to the vertices of the simplex T. We assume beginning
from now that the DG Connection is given by the set of nonzero
numbers ,ug for all n-simplices and pairs of their vertices. Obviously

we have

THES WHITHES WIHITATESS

Let T,T" be a pair of n-simplices such that ¢,j € TNT'. We define a

Gauge-Invariant Coefficients
T, T TT'
Hijlyi = Pij

Lemma 1 The whole set of the gauge invariant coefficients p;ng' can be re-
covered from the Minimal Subset such that T and T' are the closest neigh-
bors, i.e. the intersections T NT' are the (n — 1)-dimensional faces. There
are "trivial” sets A and B of relations on these quantities:

A.For every triangle [ijl} € TNT' we have

i on okt =1

B.For every closed path TyT; ... TnTy in the Poincare dual cell subdivision

of the triangulated manifold M where n-simplices T define the vertices, all

pairs T, N Tp41 define the edges (they are dual to the n — 1-faces), and the
edge < 1j > belongs to all T,,, we have

N T
pip+l
”ﬂi]‘ =1

p=1



Proof. For the simplicial manifold M every pair of n-simplices T, T" such
that 7,7 € TNT' can be joined by "path” Ty = T,T,...,T,, = T' where
4,] € TgNTiq1 forall k =0,...,m — 1, and T, N T4, are (n — 1)-simplices
for all values of k. We have by definition

s
piTjT = ]I a
k=0
Our trivial set A of the relations for these quantities follows from the same
relations for the quantities uz;, uz;-' as above. In order to prove the set of rela-
tions B we point out that any such closed path in the dual cell decomposition
can be obtained as a product of elementary paths Tj ... T,, corresponding to

the simplicial stars of every n — 2-simplices < ij >C o C St(zj). We have

here
St(g) = T()UUTm
and the relation

pg}’T‘ ... pz;’"T" = uﬁ’uﬁ /,L;T';‘ .. .,u};p =0

Lemma is proved.

Problem: Is it possible to recover the whole DG connection from the
Minimal Subset of the abelian gauge-invariant coefficients pg;T'? Which in-
variants of DG connection should be added if it is impossible?

We are going to solve this problem for the 2D and 3D manifolds n = 2,3
where the whole set of the additional invariants is easy to find out: let us
choose any set of the closed combinatorial " framed” paths vi, ..., v,, a1, ..., @,
representing the basis of the homology group H;(M, Z). We define the fol-
lowing abelian gauge-invariant Topological quantities:

T
p(y) = Hﬂz,fﬂ
Y
for every closed ”framed path” +; consisting of edges through the vertices
0,1,...,L,I+1,...,mg =0, equipped by such triangles (n-simplices) T; that

Li+1]CT.
We are going to prove below the following

Theorem 1 For any n > 2 the set of invariants
{0, ulye), mlas)}
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is complete where © # j, piT]-T', [ij]] cTNT'.
For the compact oriented 2-manifolds the only nontrivial relation on these
quantities is

[T P57 =1,0T = [i] +...,0T" = [ji] + ..., T T = [i7]
lijleM

Here [ij] means all edges in the manifold M, the 2-simplices T, T" are oriented
as prescribed by the global orientation.

For the compact oriented n-manifolds the complete set of relations on
these quantities can be described in the following way: there are trivial rela-
tions A for every 2-simplez [ijl] = A C TNT" where

o ol e =1
and the relations B for every closed path in the Poincare dual cell decomposi-
tion corresponding to the boundaries of the dual 2-cells. For the description
of the nontrivial relations we choose the set of integral 2-chains

1y eeny Zbgy Uty ey utorl}

where zy, ..., zp, 18 the basis of the group Hy(M, Z) and us represent the basis
of cycles mod my, i.e. Ou; = mgag. Let all chains z,u be presented as sums
S Ay with “framing” Ty for every oriented 2-simplex Ay, 0Ty = Ag + ...
The nontrivial relations have the following form: The product

I e

lij)=Ak ) Ay

is equal to one for the cycles z; it is equal to u(Ous)* = plag)™ for the
torsion part u,.

For n = 3 exactly one global relation between these relations follows from
the following identity:

TT' _
: Pij = 1

isleM
in the compact oriented 3-manifold M where orientation in the 3-simplices
T,T' is induced by the one in M, T = [ijl], 0T" = [jil].

For n > 2 any set of quantities

o" () w(as) k=1, .., b1, s = 1, ..., torsion,
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satisfying to this set of trivial and nontrivial relations can be realized by the
discrete DG Connection uniquely up to the abelian gauge transformation.

II. The Nonabelian Curvature.

By definition, the Nonabelian Curvature for the discrete GL, Con-
nection of the type described above is the obstruction to the existence of full
n-dimensional space of the local solutions to the triangle equation Q¥ = 0 in
the whole simplicial stars of the vertices. However, on the manifold M it is
enough to consider only the obstructions to the existence of local solutions in
the simplicial stars St(o) for all (n — 2)-simplices 0 = {0,1,...,n — 2].
The whole set of vertices in this star contains also the complementary set
p,p=1,2,..., m where the number m depends on . The n-simplices in this
star are exactly the following

Tp = [U>p~ lvp]

where p is counted here modulo m. Every n-simplex T, contains in its bound-
ary a pair of faces inside of this star:

[va - 1] U[Uv p] C an

We start with initial data taking vy, ..., ¥n_2, ¥, as an arbitrary n-vector
n. From the equation Q¥ = 0 in the simplex T}, we obtain the value

q=n—2
— Tp+1 Tp+1 _
1/}11—}—1 - Z Mq;-{—lwq + /'Lpl;)-{—l,(/jp’q € g,p = 17 e,
q=0

)

Ve =1g,q=0,..,n—2
Tp+1)

or n — Ay(n) = n' where A, is a lower triangle matrix with (1, ..., 1, u,2%,
along the diagonal. It has only the last nontrivial row except diagonal which
is equal to (fopt1,-.-n—2p+1, ppt1). For simplicity we omitted in these
formulas the simplices ¢,T,4+1. Their presence is assumed. The full cyclic
product of these matrices gives us by definition a Nonabelian Curvature
Operator around the (n — 2)-simplex o:

Kop = Ap+m—1Ap+m~2 ~Ap1Ap



of the same algebraic form as all matrices A;. Here s is counted modulo m.
Its diagonal part is equal to

s=p+m-—1 T
L.l p, = H — i = det Koy
S=p

Its last row is equal to

aU,O,p) ey a’cr,n-?,pa Uo
We call coefficients a, 4, and p, the Local Curvature Coefficients where
g€ o,p€(1,2,...,m). We say that our Discrete DG Connection is Locally
Unimodular, i.e. belongs to the group SL, if det K(o) = p(o) =1 for

all 0. The Connection is Locally Flat if K, = 1 for all 0. These definitions
imply immediately the following

Lemma 2 The local curvature operators are equal to the unit matriz if and
only if our linear equation Q¢ = 0 has ezractly n-dimensional space of so-
lutions on the universal covering space. Its coefficients can be computed by
formula

Tp-1 To-m+2 Tp—m+1
q

— 5 Ty P Tp Tp-1
Coqp = :U’q,l;) + Hp—1,plt p—1 +... 'u‘p—l,pﬂ’p-Q,p—1"-lup—m+1,p~m+2uq,p—m+1

In particular these coefficients transform as multiplicative 1-chains under the
abelian gauge transformations

;= hi@j, h; # 0,4 — ¢iaﬂ;€' - (hi/hj)ﬂz?;‘

bo = Hoy Coqp = (hg/hp)ogp
We can see now how to organize the simplest gauge invariant expressions.

Lemma 3 The quantities

*

Ty
O“Tqulf“p,q = Qsgp

are gauge invariant. They are connected with each other by the formula

* *

amq,P+1 = _ao,q,p/(/’l’g‘gug‘5+1) + (1 - H’U)



*

All quantities o}, , and p, can be expressed through the gauge invariant
coefficients pZ}T' = ufjufﬁ»’,T, T' € St(o), by the formula

k=m-—1

j=k

Tp—it1,Tp—

ac*f,q,p = kz: (_1)k [Ioppp-jf;l o
=0 j =

p=m
H pg;z;7Tp+1 = (—1)mua’ q= 07 1’ ey, T — 2
p=1
so we have n — 1 different expressions for the same quantity p.

Corollary 1 For the locally unimodular (i.e. locally SL,) connections the
condition as,, = 0 does not depend on the initial point p € ST(o), so the
property to be locally flat in the star ST (o) depends on the n — 2-simplez o
only.

Corollary 2 For the generic connections such that oy, # 0 for all o,p, all
data pg;-T' can be reconstructed from the gauge invariant coefficients of the
local nonabelian curvature Qg g oo lo-

Proof of the lemma. Starting with the equation expressing o, 4, through
the collection of p-s in the previous lemma, we multiply both its sides by
the quantity /L;}’q. After the elementary manipulations, we are coming to the
expressions for a* which easily implies all statements of this lemma. Let us
avoid here these elementary calculations.

For the proof of the first corollary, we point out that the condition p, =1
implies that

Oy pi1 = ! P;{,pﬁf '
where always p # 0, so our corollary obviously follows.

In order to prove second corollary, let us point out that under the as-
sumption of this corollary, we represent p as a ratio of the nonzero numbers

Tpr+! _ * *
Ppp+1 = aa,q,p/{aa,q,pﬂ ~ 1+ po}

This formula proves our corollary.

III.The Abelian (Framed) and Nonabelian Holonomy Groups.



The Abelian Framed Holonomy Representation we define for the
Framed Combinatorial Paths starting and ending in the same point. By
definition, a Framed Combinatorial Path is a sequence of edges equipped
by the n-simplices containing these edges

v =< iO7il7 "'7ik7ik+1) 37’N - iOIT()yTl? ""TkJ "‘,TN—I >

where [i,ik+1] C Tx. The Abelian Framed Holonomy u(7y) for the framed
path v is equal to the product

T,
p(y) = H(_Mi:,ikH)
k
There is a natural multiplication of the framed combinatorial paths vy;y, and
a whole associative semigroup of them 2 = Q, (M, ip). We have an Abelian
Framed Holonomy Representation

QfT(M, Zo) — k*

For every framed path there is a natural Inverse Framed Path !
consisting of the same edges and n-simplices but the order of passing them
is reversed. The inverse framed path leads to the inverse framed holonomy.
We factorize this semigroup by the relations

< 0,47 >=<14,j|T >< j,i|T >=1

< J|T >< jk|T >< ki|T >=1

for the vertices i, j, k belonging to the same n-simplex T. Our relations
mean exactly that such pieces can be removed from any path if you meet
these vertices one after another as the closest neighbors. We call factor by
these relations of the semigroup Qy,.(M, i) by the Framed Fundamental
Group

m{"(M, i0) = Q;r(M,40)//(Relations)

For the Abelian Framed Holonomy we need only the factor-group by the
commutation relations
{7 (M, 40)//(aba™'b™") = H{" (M)

We call this factor a Framed Homology Group written in the multiplica-
tive form.



Lemma 4 The framed homology group is generated by the framed paths <
i, 7,4|T,T" > and by the arbitrary closed framed paths v, whose image in the
ordinary homology group (the unframed part) generates it.

Remark 1 For the choosing generators of the framed fundamental group we
have to fix for every vertez j a framed path 6; joining the vertices 0 and t.
As usually, we consider the set of closed paths (&) < i,5,i|TT' > (6; ') as
the additional generators in the framed fundamental group. In this work we
are dealing with the abelian case only.

The Abelian Framed Holonomy leads to the representation

HIT(M) = k*

The ordinary homology we obtain as a factor-group
H{"/ /(< 5|T >< i|T' >) = Hi(M)
with factorized holonomy representation

wi Hy(M) = k*// {57}

for all 4,5, T,T".

In order to define a Full Nonabelian Holonomy Representation we
introduce an important notion of a Thick Path as a sequence of the oriented
n-simplices k =< Ti,...,Tx > such that the next one is attached to the
previous one along the common n — 1-dimensional face A where they induce
the opposite orientations. For the Irreducible Thick Path the intersections
TeNTri1 = Ag should be exactly equal to the n — 1-dimensional faces for
al k = 1,...,N -1, ie. Ty # Tyy,. By definition the Closed Thick
Paths with period N are defined by the condition that the last n — 1-
dimensional out-simplex Ay coincides with the initial simplex Ag. There is
also a notion of the Periodic Thick Paths where these sequences are infinite
and periodic. We can obviously multiply closed thick paths with the same
initial and final n — 1-simplex Ay. The notions of the inverse thick path and
of the trivial (empty) thick path are natural. Therefore we are coming to the
Associative Semigroup of the Closed Thick Paths Qt(M, AF~").

Let us construct a geometric model of the Abstract Thick Paths. We
start with the standard linear n — 1-simplex &A¢ = [0,1,...,n — 1] C R""!
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multiplied by the real line R going along the n-th axis z,. Our abstract thick
path k4 will be defined by the word A = a;...a;¢ of any length N = 3°2¢rs
in the free associative semigroup with n generators ag, ...,a,-;. As a first
step, we take a vertex ig of the initial n — 1-simplex Ay for z, = 0 and shift
it along the nth axis on the positive distance. We get new vertex i;. Now
we construct a linear n-simplex T} with vertices [0,...,n — 1,4g]. It contains
in the boundary an original in-simplex Ay = [0, ...,n — 1] and a new linear
n — 1-simplex Ay = [0, ..., 4, ...n — 1} (the first out-simplex) where exactly
one vertex 7y is replaced by the shifted one i5. Now taking the out-simplex
A, as a new in-simplex instead of Ay, we perform this operation once more:
we take one of the vertices of the out-simplex ¢} € A; and shift it along the
corresponding axis up on the level higher than 7. It may be the same vertex
(it should appear exactly ry times here as in the word A), or another one if
we already passed all rq steps. After that we construct a linear n — 1-simplex
A, as a out-simplex for the n-simplex T, and so on. Finally we are coming
to the realization of the whole word A as a ”prism” over A, consisting of
the n-simplices such that all their vertices are located on the z,-lines Ry
over the original vertices & € A""! with monotonically increasing heights
z, except of the vertices of the initial Ay. This is an abstract model of
thick path with combinatorics defined by the word A consisting of the linear
n-simplices with vertices located in the union of the n "angle lines” only.
For every number k = 0,1,...,n — 1 there is a subsequence of n-simplices in
the thick path Tl(k) C k4 with shifts up along the coordinate z, over the
vertex with number & in the vertices j; = € Rg,l = 0,1,2, ..., Ny such that
2’;;3*11\@ = N, and Ny = > ,rs where i, = k. We call these sequences
< J0s J1, ...,ijlTo(k), ...,T,(Ji) > the abstract angle framed paths.

Any thick path can be realized in the manifold M with the initial oriented
n — 1-simplex 4, is given. An initial oriented simplex Ay uniquely determine
the irreducible thich path with given combinatorics. All n-simplices T}, should
be attached to the previous oriented n—1 out-simplex Ak_; inducing in it the
right orientation, and Ty # Tj_, in the irreducible case. For the realization
of the reducible thick path we should indicate the ”turning points” in the
sequence of simplices. An irreducible thick path will be determined by the
combinatorics of the word A only. Topology of the triangulated manifold
M determines which paths with the initial face A = Ay are in fact closed.
The set of closed thick paths started in the face Ay we denote by
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QHick (M, Ag). For the closed thick path the corresponding angle framed
paths will not necessarily be closed in the manifold M:

Lemma 5 There is a natural homomorphism into the permutation group S,
P QMR (M Ag) — S,

induced by the permutation of the vertices of the n — l-simplex after the
identification of the initial in-simplex Ay and the last out-simplex in the closed
thick path.

The kernel of this representation will be denoted ker P = Q&¥ck (M, Ay). Let
a closed thick path x € Q"(M, Ay) in the manifold M be given starting
and ending in the n — I-face Ay, and let 0,1,...,n — 1 be its vertices. For
any Discrete DG connection with coefficients ug} we define a Nonabelian
Holonomy Representation along the closed thick path x with permutation
P.:

Starting from the initial data n = (v, ..., ¥n_1) € R}, we step by step
calculate the values of function ¢ in the vertices of the thick path x from the
equation Q¢ = 0. For the thick path k = (T ...T}) it leads to the linear
map )

Kn : RZO —)RZN :KTN ---KT1
where
Kr: R% — R2,
is the one-step map from the in-face into the out-face for the n-simplex T
provided by the DG connection.
By the Nonlinear Holonomy Map we call a product

K, = P.K,
So the correspondence k — K, generates a holonomy representation
K QMR (M, Ag) — GLn(k)
Lemma 6 The Holonomy Representation is a Homomorphism
QMHR(M, Ag) — GL, (k)
K, K, = Ky, Ky,
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For the proof of this lemma we point out that K = PK. From the definition
of K we have: ) 3
(P,;leP,ﬂ)KM = K,

because the basis of vertices of the n — 1-simplex Ag is shifted by the per-
mutation Py after passing the first closed path x,. Therefore we obtain
finally ) )

Kyor, = (PKsz)Px_llePme = Ky, Ky,
Lemma is proved.

For the unique nontrivial closed thick path in the simplicial star £ C
ST(o) surrounding n — 2-dimensional simplex o, this holonomy map reduces
to the "Nonabelian Curvature Map” K, , defined in the previous paragraph
where A = [o,p]. This simplest path corresponds to the most elementary
word A = a}* rotating n-simplices around the n — 2-simplex ¢ opposite to
the vertex j € A.

Lemma 7 For every closed thick path x, determined by the word A and
matial n — 1-simplex Ay the determinant of the Nonabelian Holonomy Map
has a form

k=n-1
detKAO 2(—-1)N H Nk(""fA)
k=0
where
l:Nk Tk
:U‘k(’ﬁA) = H —'uizl,it+1
=0

is the product along the "angle” azis Ry going up with the variable z,, from the
vertez corresponding to k € Ay in the abstract model of the thick path. The

quantities ju(k4) are equal to the Abelian Framed Holonomy Representation
of the framed paths

’YA,IC :< ]0’ ""ijlTOk7 -..,Tﬁk—l >
called the "angle” paths of the thick path k4

pr(ka) = u(’m,k)

The product of all angle paths is closed.

If all local curvature operators K, , are equal to the unit matriz for all
n — 2-simplices o, then the Nonabelian Holonomy depends on the class of
thick path in the fundamental group m (M) only.
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Lemma 8 All matriz elements o;j(k, Ag) of the operators K = PK of the
Nonabelian Holonomy transform under the abelian gauge transformations as
one-dimensional multiplicative cochains ai; — hi/hjoy; where 1,7 are the
vertices of the initial n — 1-simplex Ay where

K — HKH_l,H = diag(hl,...,hn_l)

For the local Nonabelian Curvature Operators we have P = 1,y = [0, D]
where o is an arbitrary n — 2-simplex, and p = 1,...,m is a verter in its
simplicial star p € ST(0). All gauge-invariant polinomial in the variables
aij(/{A),u;f';-T' can be expressed as polinomials from the the framed abelian
holonomy of the closed paths in M.

Proof of this lemmas presents no difficulties. For the proof let us point out
that our matrix elements ¢;; can be expressed as the sums of the products of
the quantities '“z?;l,j: along the paths easily visible as the paths monotonically
going up (see Fig) in the abstract model of thick path, starting in the simplex
Ag and ending in the upper n — l-simplex (who coincides with Aq for the
closed paths in the manifold.) Therefore after the gauge transformations
only the boundaries of the paths will give contribution, so only the ends i, j
remain in the final answer. At the same time, all gauge invariant expressions
presented as polynomials of the path integrals of the quantities x can be
expressed through the holonomy of the closed paths (no free ends can be left
for the gauge invariant expression). Our lemma is proved.

Example 1 Let us consider an interesting ezample of the Canonical Con-
nection on the triangulated manifolds M where all connection coefficients
are equal to one in every simplex by, = 1. We have also ug; = —1. This
connection has been considered in [{]. It appeared also in the work [5] in the
different terminology for the needs of the coloring problem. Its image belongs
to the group S,y but we normally realize this group linearly S,.1 C GL, us-
ing the imbedding R™ C R™! as a subspace invariant under the permutation
of all coordinates ¢; where Y- 1; = 0,1 =0,...,.n—1. Ezactly that corresponds
to the canonical connection in the work [{]. Starting from any n — 2-simplex
Ag, we construct a Coloring of the Vertices by the n+1 colors uy, ..., u,
along the thick path with combinatorics corresponding to the word A. Assign-
ing to the initial vertices of the in-simplex Ay the colors ug, ..., Un_y, we can
see that the final coloring of the vertices of the out-simplez is uniquely defined
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by two factors: by the combinatorics of the word A and by the realization of
this final out-simplex in the manifold M, i.e. by the permutation P(k). We
denote a nonabelian holonomy map associated with this connection by the

can __ r-can
K" = PK¢

Lemma 9 For any closed thick path k with combinatorics corresponding to
the word A = af;’...agg the resulting permutation corresponding to the holon-
omy of the canonical connection is given by the formula
can ro
K =P quy

zon

where 1 = 0,1,....,n — 1 and 7,, is a permutation of the points i,n only,
Tfn 1. The permutation P in this formula permutes only the numbers
0,1,...,n — 1 leaving the index n invariant.

Proof of this lemma follows immediately from the definition of the abstract
model of the thick path.

ITI. Solution of the Reconstruction Problem for the case n = 2
Flat connections. The case n > 2.

Consider now any oriented trangulated 2-manifold M with the vertices
2,7, ..., 2-simplices T, T', ... and with the discrete DG Connection. Our field
is k = R, C only.

Theorem 2 All coefficients ,u;f; of the discrete DG Connection over the field
k can be recovered up to abelian gauge transformation from the abelian framed
holonomy representation

w: HT(M) — k*
where the framed abelian holonomy image of the group H{T(M) 1s generated
by the elements py; = plLpl =< 1,5,iTT >* and by the images of the
generators of the ordinary homology group p(vs), u(a,) € k*.

Proof. Let us describe the reconstruction process. Introduce the new
quantities by the following formula:

= —ul]/ pir = [ij] + ..., 0T" = [ji] + ...
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where some specific value of the square root is chosen. If our manifold is
oriented, we choose the orientation of the triangles T', T to be the same as the
global orientation of manifold, and 0T = [ij]+.... In that case we forget about
the indices 77" in the formulas, so we have A\ = —pi;/ /Py = /— i/ 1k
where
pi = Pjir hig = A

Nonuniqueness of choosing the square root we resolve by choosing square
roots separately defining ,/—uiTj in every triangle 7" with requirement

v Tl iV — s = 1

. We shall return to these details later.

Lemma 10 For the coboundary of the k*-valued multiplicative cochain A =
(Aij) defined by the formula

dMT) = AOT) = A\ uhu, T = [ijl]

we have
dN(T) = (pispupu) /" = p~'*(T)

Therefore for every finite triangulated domain D in the manifold M following
integral formula is true expressing the integral of the ”Curvature” (p(T))~'/?
along the domain D through the framed abelian holonomy of the boundary
curves 0D = U, v, with framing by the triangles looking in the external di-
rection to the domain D:

1 (u5) 7 = (u(@D)) ™
TeD

In particular, for the compact oriented manifold M we have

[T (7)™ =1

TeM

The proof of this lemma follows immediately from definition of the quantities
pi; and A;; taking into account the equality p;;p5; = —1 and our agreement
that suf; = pi; for the right orientation leading to the conclusion that pj; = pl;
where T" # T', and p;; = pyjpt5; = pj;. Our Lemma is proved.
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As a corollary, we are coming to the following conclusion: knowing p;;
we can reconstruct an unknown cochain A. After that we define our DG
Connection by the formula

tij = = Aij/Dij

By definition, this is a solution of our system. A cochain ) is nonunique:
any cocycle 6 may be used to change it: X = )4, i.e. Ai; = Aydi; where
0505001 = 1 for ever triangle [i5{]. It is obvious that there is nothing except
the set of all 1-cocycles ¢ and all possible changes of signs in the definition
of the square roots of p;; what may lead to the same set of the data, {pij}.
Making an arbitrary abelian Gauge transformations p;; — i = (hi/hj) pi;
we change A by the cocycle é;; = hi/h;, i.e. by the coboundary. Changing
signs of the square roots

(0i)/* = —(piy)

we change A by the same signs, so the resulting value of u remains unchanged.

Changing A by the cocycle § nonhomologous to zero, we also change p by

the same 6, i.e. 4 — ué = 1. Therefore our framed abelian holonomy along
the closed contours will be changed by the integrals

w(y) = () I1 65
[ijler

Now we are fixing 7 by the requirement of the theorem that the framed
abelian holonomy is prescribed along some basis 7, of the homology group
H{(M). Our theorem is proved.

Lemma 11 Let A[7 = pL/\/pFT" and AT — M6, nk — pLés; where
0 1s an ordinary multiplicative cocycle. Then the framed abelian holonomy
is changed by the ” multiplicative integral” of § along the same closed paths.
The operators of Nonabelian Holonomy along the Thick Paths are changed
in the following way:

K, C'HK.H™!

where C' = 6, is a value of the 1-cocycle § on the element k € w1 (M) of the
fundamental group, Ay is an initial n — 1-simplez of the thick path k and
H= dz'ag(izo, o iLn‘l) is the diagonal matriz whose entries are well-defined
up to the common nonzero multiplier, and le/ltL] = 0j;.
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Proof. The framed abelian part of this lemma is obvious from definitions
of A and 4. In order to prove nonabelian part, we consider this Discrete DG
Connection on the special abelian covering 7 : M — M such that our cocycle
became exact 7*6 = dh. Consider any closed thick path x starting and
ending in the n — 1-simplex Ag of the manifold M and realizing a generator
v € H\(M). Without any losses of generality, we may think that our cocycle
4 has nontrivial "multiplicative integral” along this basic element only, and
that our covering is cyclic. On the covering space M we choose a covering
n — l-simplex A, m(A) = Ay. After that we get a unique covering thick path
Kk starting in A. This path is a covering path over the closed path x with
period NV, i.e. it consists of the sequence of n-simplices ..., T3, ..., Tn_1, T, -..
such that 7(73) = 7(Tnys), and Ty NTn € (7)71(Ap). The monodromy
map on the covering space R = 4 : M — M transforms thick covering path
into itself, and R(T}) = Ty, R(A) = Ty_1NTx. Consider the function A
in the covering thick path. It is nonperiodic: we have R*(ﬁ) = Ch where
C = Iljijjey &ij by definition. In the covering path our DG Connections both
are periodic and gauge (abelian) equivalent to each other but the equivalence
1s nonperiodic. According to the lemma 6 (above) we can see that the matrix
elements of our Nonabelian Holonomy Operator transform by the following
formula

Q5 — hi/R*(hj)aij,i,j € Ao
because our thick path starts at A and ends at R(A) in the covering space.
At the same time, we have R*(h) = Ch.This is exactly the statement of our
lemma. Lemma is proved.

Theorem 3 For every data piTjT' on the orientable 2-manifold M correspond-
ing to flat GLy connections (i.e. with trivial nonabelian local curvature) |
there emist exactly one SLo-connection up to abelian gauge transformation
and changing sign.

Remark 2 The existence of SL,-connection follows from the same argu-
ments also for all n > 2, but the uniqueness for n > 2 will be proved later
using some additional arguments not presented yet(see below).

Proof of this theorem follows from the previous lemma: we may change
determinant on the Nonabelian Holonomy Group multiplying pi; by the 1-
cocycle 6;;. Let us point out that after making determinant equal to 1, we
may also change sign of the holonomy.
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The first Chern Number: Let now n = 2. Consider the case k = C
and assume that |arg[,o;f’;T']| < /2. We define an integer-valued cohomology
class ¢, € H*(M, Z) by the formula for the cochain:

1

er(T) = 5 arg|(o(T))™/?)

From the equality

[I(p(T))"2 =1

T
for the closed oriented manifold we obtain the result
all)=rez
TeM

Our condition permits us to make such unique choice that
| arglp(T) 2| < r

in all cases. With this agreement we are coming to the well-defined integer
number.

IV.Multidimensional Discrete DG Connections.

Consider now any n > 2. We expect that all DG Connection can be
reconstructed from the framed abelian representation. Let a closed oriented
triangulated manifold M be given, and s; are the numbers of k-simplices.
We know a few number of general relations for these numbers:

s _n+ ls
n—1 — 9 n
k=n
Yo (—L)fsp = n(M)
k=0

where n(AM) is the Buler characteristics. In particular, = 0 for the odd
dimensions n = 2t 4 1. Let us present the numbers s, in the form:
(n+1)! .

S =
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The meaning of this is following: every n-simplex has exactly (n + 1)!/(k +

L)!(n — k)! faces of the dimension k. If every k-simplex belongs exactly
to m; n-dimensional simplices, one can deduce that this number Sk can
be computed exactly as it is written here. For example, we have always
Mp_1 = 2 in the manifolds, 3 < m,_» < m,_3 < ... < my. In general, this
formula gives definition of the numbers my as some sort of the mean value
of the number of n-simplices containing a random k-simplex.

Example 2 As a simplest ezample we take sphere M = S* = 0An41 as a
boundary of the (n + 1)-simpler. In this case m,_ =k + 1.

Let us try to count a number of parameters in our reconstruction problem.

Lemma 12 The number (i) of independent quantztzesu " modulo the abelian
gauge transformations is equal to ns, — sy + 1 = ().

Proof. In every n-simplex T = [0, 1, ..., n] we have exactly n-dimensional
manifold of the quantities ] with (multiplicative) basis ul, according to
the relations indicated in their definition above. Different n-simplices are
completely independent. Applying the abelian gauge transformations we
extract exactly sy — 1 parameter because the constant function leads to the
trivial gauge transformation. This argument implies the statement of our
lemma.

For every n > 2 we define the number (p) equal to the (multiplicative)
dimension of the set of all quantities p T" plus b = bg. where b is the rank of
the Betti number b; for the real posmve holonomy representation k* = R,
and it is equal to the larger number b} = b, + torsion, for k* = C*. We
present it by the expression

(p)=(Mn—-1)sp1 —(n—2)s,2+b+R

where R is the remaining part.

In order to explain meaning of this phrase, let us point out that by the
same reason there exist exactly n — 1-dimensional space of quantities p
every n — l-simplex T'(\T". However, they are not independent for dlfferent
pairs of neighbors T', T". According to the lemmas above (see local nonabelian
curvature) there are n — 1 different expressions for the quantity ulo) =
det K in the star St(o) of every n — 2-simplex ¢ depending on the vertex
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of this simplex o. It is very probable that the number of remaining relations
does not depend on triangulation (at least for n = 3. What is important is
that these relations are not independent for n > 2 in general as we shall see
below. Therefore some unknown number R enters our calculation making
the answer totally unclear.

Example 3 Consider the simplest case n = 2 where everything is already
known. The number (u) is described by this formula for allm > 2. For the
number (p) we have (p) = s; — 1 +b where b = 2g and R = —1 because there
exist a nontrivial global relation [1;r.pep p = 1. Taking into account the
relations sy = 3/2s3, (M) = s5 — s, + 59 = 2 — 2g, we are coming to the
equality

() = (p)

for the closed oriented 2-manifolds. The neighboring oriented pairs TT' are
chosen such that 0T = [ij] + ...,0T" = [ji] + ... It corresponds to the fact
established above that for the reconstruction of the DG Connection we have
to winclude in the data also values of the framed abelian holonomy on the set
of 2g closed paths presenting the basis of the Hy (M) except all p;;.

The case n > 3

Example 4 For the case n = 3 we have (1) = 3s3 — 54 + 1 and 8y =
253,83 — S3+ 8, — 59 = 0. Therefore we obtain as a corollary of the relation
3s3—s0+1=2sy — 5, +b+ R that

R+b=1
For the homological 3-spheres we have b =0 and R = 1.

We are going to prove below that the framed abelian holonomy uniquely
determines the DG Connection up to the abelian gauge transformation for all
n 2 3. Therefore the dimension prealzebe generated by all pIT" generated by
the DG Connections is equal for n > 3 to the number () — b. For example,
we have for n = 3:

prealizable — 383 — sg + 1—-b= 232 — 81 + R
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where R = 1 —b. The space of all functions with formal properties of the
quantities like pTT" and general local relations indicated above for n = 3 has
dimension equal to 2s; — s, plus something depending on the topology of
the manifold M only. Looking on the right-hand side of this relation, we
expect to find out exactly one global dependence between the s; already
known general "local” relations for these quantities in the simplicial stars of
all n — 2-simplices, plus exactly b "global” relations depending on the
l-cycles in the n-manifold M as a minimal possibility. We shall describe
these relations below for the closed oriented 3-manifolds. Let now n > 3.

Theorem 4 Let k* = C*.

I. For every integral 2-cycle z = > Ag,a; € Z presented as a sum of
the oriented 2-simplices in the n -manifold M there is a relation between
the quantities pz;T/ € C*: Let an arbitrary "framing” be chosen along this

2-cycle, i.e. with every 2-simplex Ay C 2 we associate an n-simplez T such
that OT = Ay + .... This relation has a form

I e=t

[ij]EAk n ACz

II.For every 1-dimensional "torsion cycle” a € H,(M, Z) of the order r
(i.e. a” =1 in the multiplicative form) there is a relation between the abelian
framed holonomy u(a) along the framed path a and the quantities pz;-T'. Let an
integral chain (simply, a formal sum of the oriented 2-stmplices) u = 3, Ay
with some framing Ty, 0Ty, = Ag+... is given such that du = a”. The relation

has a form
Ty Ty ;
II = wdw) = ula)
[i7]€Ak () Ap Cu

, and (9u) is a boundary 1-chain with induced framing. The product along the
chain u is defined representing our chain u through the pairs of 2-simplices
Ag, Ay whose intersection is ezactly the edge [i7] entering them with the
opposite orientations.

Corollary 3 For the closed oriented 3-manifolds M we have by = b, by the
Poincare duality. Therefore we have b = by + torsiony, and the number of
relations is equal to the rank b of the topological part of the framed abelian
holonomy.
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The proof of this theorem follows from the integral formula:

Lemma 13 For every integral 2-chain w = ¥, A with given framing of the
2-simplices following ”Integral Formula” is true:

II 7= 11 -4

li]€Ac ) A Cw [ij]€dw
The first Chern class

As a by-product of this theorem we define a first Chern class
c1 € HX (M, Z)
in the same way as for n = 2 above: we put

(er,2) = (2m)™ Y arglp ] € Z
liflets ) Ay

for every cycle z; For the cycles modulo finite order we define
(c1,u) = (2m)7 ! Zargpz}kT"' € Z/rZ

as in the theorem above. The topological properties of these quantities in the
discrete case should be especially discussed. We avoid this discussion here.

Reconstruction of the Connection for n > 3

Let us start with the case n = 3. Consider now a three-dimensional ori-
ented manifold M. For every simlicial star St(o) of one dimensional simplex
o = (1j) C M we reconstruct the quantities fi4; up to the unknown constant
4, T € St,, from the equations

P = i p=1,2,...q(0)

These equations are solvable because the trivial set of relations B is satisfied
(see Lemma 1). Here the simplices T, € St(co) are numerated in the natural
cyclic order modulo g(c) where T,;; = T}. So we know the quantities



Wherg 6i;05; = 1, if solution pf; = (u%)~" exists. Let us consider the necessary
equation

Highguhty; = ~1
We are coming to the conclusion that our problem is solvable if and only if
following three requirements are satisfied: 1.The quantity

b, = AT
is in fact cochain depending only on the oriented simplex [ijl] = A, i.e.
Rl2jl)af73l)] = 1; 2. This cochain is closed; 3.This cochain is exact.

Proof of the Statement 1: We define this quantity on the oriented mani-
folds M for the 3-simplices T of the right orientation such that 9T = [ijl]+....
This agreement makes it well-defined as a function of oriented simplices. In
order to prove that fi[ijl] = a[jil]™!, we use the identity

T TT' TT' _
Py P P =1

for the pair of oriented simplices such that A = TN7’". We know that
pIT = fiL ik, This equality immediately implies our result. The statement
1 is proved.

Proof of the Statement 2. For every 3-simplex T' we consider a full prod-
uct of the quantities 4[A;] along the boundary simplices A,,s = 1,2,3,4. It
is easy to see that for every edge ij C T we have exactly two multipliers in
this product equal to /13;- and ﬂJTZ We use here the result of the statement 1
expressing everything through the quantities 37 for the faces of any orien-
tations (other 3-simplices are not needed). This property implies our result.
The statement 2 is proved.

Proof of the Statement 3. We know already that this is a multiplicative
cocycle with values in C*. As everybody knows, its exactness requires the
conditions formulated in the Theorem above where the homological relations
for the connection coefficients were found. Therefore the statement 3 follows
from the homological arguments.

Using this result, we easily reconstruct our connection ,uiTj: we take any
solution to the equation

dé = [[A]

and put ug = 6jiﬁiTj. This solution satisfies to all requirements and define
exactly the same local part of the framed abelian holonomy representation.
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This set of quantities can be choose modulo closed 1-cocycle dij — 4;; such
that their ratio is closed. This degree of freedom should be used in order to
make the proper adjustment of the global part of framed abelian holonomy
along the basis of the first homology group. The exact part of this cocycle
is responsible for the abelian gauge transformations. These arguments finish
our problem.

Nonorientable case can be easily reduced to the oriented one using the
orientable 2-covering in the same way as for the case n = 2.

For the manifolds M of all dimensions n > 3 we develop the same recon-
struction process as for n = 3.

Step 1. Consider the simplicial star St(ij) of the edge tj. Solve the
equations

P = islis;

in the star. This problem can be solved uniquely up to unknown constant -
fy; = By, 64365 = 1

This is true because pg;T' is a 1-cocycle in the dual cell decomposition of the
star St(ij) where T are the vertices (see the relations B in Lemma 1). So our
condition for the solvability of that intermediate problem is H'(St(ij), k*) =
1. It is certainly true in the manifolds.

Step 2. In order to solve the equation y
T we need to prove that this quantity

T

Ll pt = —1 for every n-simplex

figg; = A1)
is in fact a well-defined multiplicative cocycle independent on T. This state-
ment follows from the requirement

iy ol g =1
where p[T" = L% So we conclude that AT[ijl]ji"'[jil] = 1 for every pair
T,T'. The proof that this 2-cochain is closed is the same as for the case
n=3.

Step 3. In order to prove that this cochain is exact we use an analog of
the same relations for the quantities p integrated along the cycles (see the
Theorem above). This theorem gives us the set of relations which leads to the
property of any cocycle to be exact in the elementary homological algebra.
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After that all arguments coincide with the case n = 3. Our reconstruction
process is finished.

In particular, we see that the Uniqueness Theorem for all n > 2 follows
from our results:

Theorem 5 The framed abelian holonomy representation determines com-
pletely the Discrete GL,-Connection {,uz;} on the triangulated n-manifold M
up to the abelian gauge transformation. The set of conditions on the data of
the framed abelian holonomy representation found in this work is necessary
and sufficient for the reconstruction.
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Abstract

A non-traditional approach to the discretization of differential-geometrical con-
nections was suggested by the authors in 1997. At the same time we started
studying first order difference “black and white triangle operators (equations)” on
triangulated surfaces with black and white coloring of triangles. In this work, we
develop the theory of these operators and equations, showing their similarity with
the complex derivatives 9 and 0.

Introduction

Do there exist any natural difference analogs of the operators d and @ on
the complex plane? No theory of difference “first order” operators that have
some properties similar to those of @ and @ has been developed before; the
attention of the literature is paid only to discrete analogs of the Laplace—
Beltrami operator, which are “second order” operators. However, in papers
[1, 2, 3] we already studied some “first order” difference operators, starting
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from the problem of finding a discrete analog of the Laplace transforma-
tion for a standard two-dimensional second order linear differential equation.
Our operators were originally defined on the equilateral triangular lattice in
the space R? (see [3]). In [1, 2] these definitions were extended to arbitrary
“black and white” triangulations of two-dimensional surfaces without bound-
ary. The “black (white) triangle” equations, which have naturally appeared
in the theory, are studied here with respect to their analogy with the op-
erators 0 and 0. It turns out that their properties partially imitate some
properties of complex derivatives on two-dimensional manifolds.

1 First order triangle operators on triangu-
lated surfaces. Discrete connections

Let M be a two-dimensional manifolds without boundary endowed with a
triangulation 7. Let K be a family of triangles from 7 such that, for any
vertex P of T, there is at least one triangle T € K adjacent to P. Let us fix
some numeric coefficients by p defined for any triangle T' € K and its vertex
PeT.

Definition 1. By a first order (or triangle) operator on M associated with
the family K and coefficients br,p we call an operator Q* defined by the
formula

(@ ¢)r = Z brpip. (1)
PeT
The operator Q% is well-defined as a linear map of the space of all functions
Yp of a vertex P into the space of functions or = (Q*¢)r of a triangle T
from the selected family K.

Remark 1. In 1997 (see [1]) we considered operators on multi-dimensional
manifolds as well, but in this paper we focus_only on the two-dimensional
case, where an analogy with the operators 9,  takes place.

The maximal family: discrete connections. In the case of the maximal

family IC equal to the set of all triangles of the triangulation 7, the theory
of the equation

Q %y =0 (2)
naturally leads to the notions of a discrete connection and curvature. The
coefficients by p play the role of the connection coefficients. Following [1], we
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now introduce the local holonomy (or the curvature) of the connection {brp}
at a vertex P, which is an operator R? — R? defined by a matrix of the form

(1K
fr= (0 k%) ' ®)
It is constructed as follows.

Let us enumerate all the vertices and triangles included in the star of
a vertex P as shown in Fig. 1. We will be constructing a local solution of

Figure 1:

equation (2) in the star of P, starting from arbitrarily chosen values of ¥ at
vertices P, P;. We will have

1

¢P2 — —b_,I:_P(le’PwP + le,lepl)’
1,072
1
z/)p3 = _bT . (ng,P’d)P + sz,Pz'sz)ﬁ
2,3
~ 1 ! !
Yp, = by p (br.,pYP + b1, PP, = kpyop + kpthp,,

where

n—1
an,P L an_ P
Kp = S (- 1) '“
k=0

an,Pl et an——kxPn-—k+1
K = (—1)n bry,pbry,py - b b,
P —_ .
bTx,szTz,Ps et an,Pl

(In the formula for kj, we assume P, = P,.)



Thus, having started from arbitrary values Yp,¥p,, after a full turn
around the vertex P, we come to new ones

("ZPvJ;PH) (wP '(/)Pl) (1 ://> :

We say that the connection {br,p} has zero curvature at the vertex P if, for
any ¥p, ¥p, we have (yp,p ) = (¥p,p,), i.e., if we have

Kn=0, kb=1.

FErample 1. Assume that all the connection coefficients are equal to one,
brp = 1, and the number np of triangles adjacent to a vertex P is even,
np = 2lp. Then the holonomy of the connection {br p} at the vertex P is
trivial. Indeed, we have
(1 0
(o 1)

1 -1 T —1\""
(d)P)ka.f,l) - ('l/)PﬂﬁPk) (0 __1) 5 KP - (O _1)

The global holonomy of a discrete connection {bT p} is defined for any
“thick” path -, which is a sequence of triangles T3, ...,T,, such that, for all
J=1,...,m—1, the triangles T; and T}, have a common edge k; = T;NT 44,

whose vertices are denoted by P;, P! (see Fig. 2). This is done as follows.

Figure 2: A thick path

" 1" "o __ pun "o pit _ pn
Pl PZ PB_P4 PS_PG“P”(

P Pl=Py=P; P{=P P} P;
Start from a solution (vp, Ypy, ¥pr) of equation (2) in the triangle 73:

br, pYp + le’prsz, + bTx,P” —0.

We assume that 1p and Ypr are chosen arbitrarily, and Ypr is found from the
equation. Then we extend the solution along ~y successwely to the triangles
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15,13, ..., te., to the vertices P}, Py, P;, Py, .... This can be done in a
unique way. If v is a loop, i.e., Tmyy = T4, then, having passed over v, we
will obtain a new solution (vp, Yp;, ¥pr) of (2) in the triangle 7). Thus, we
have constructed the holonomy operator R, : R* — R2:

(%DP,U)P;) = ({/;P,JPI’) = (¢Yp, (TR

Lemma 1. The global holonomy of any discrete connection {bpr} with zero
curvature 1s a well defined homomorphism m (M, T,) — GL(2, R).

Proof. For any two adjacent triangles T, 7", i.e., ones having exactly one
common edge, we denote by Ry the extension operator of a solution of (2)
from the triangle 1" to T": ™) s T = (7). Ry 1. By definition, we have

Ry=Rpm, ... Rp,_ 1, Ry
Clearly, the correspondence y R, is multiplicative:
Ry oy, = Ry o Ry,
and consistent with the inversion:
Ry = (Bw)hl-

We have only to check the invariance of R, under a homotopy of the path ~.
Any homotopy of v can be reduced to finitely many insertions and re-
movals of fragments like this:

L, TTT,... & LT,
L TTT T T o LT,
where T,T", ..., T™ are triangles from the star of a vertex listed in the order

we meet them when walking around the vertex. The holonomy operator R,
is unchanged under the first operation in view of Ry Ry v = id, and it does
so under the latter in view of the triviality of the local holonomy. O

Theorem 1. For any triangulation T of a surface M and any homomor-
phism p : m (M) — GL(2,R) there exists a zero curvature discrete connection
{brp} that generates the representation p.



See Appendix for a proof of this theorem.

In the sequel, we will consider in detail only one special case in which the
star of each vertex of 7 consists of an even number of triangles and all the
connection coefficients are equal to 1, brp = 1. As we have already seen,
in this case, the connection {br p} has zero curvature, and hence, defines a
homomorphism p : (M) — GL(2,R). We call this connection canonical.

Proposition 1. The holonomy group of the canonical connection associated
with a triangulation all whose vertices have an even valence is a subgroup of
the group S5 C GL(2,R) generated by matrices

(RNCE!

Proof. Let v be a thick path 11,75, . .., Tm+1 = T1. Let us color the vertices
of Ty into three distinct colors, say, a, b, ¢, and then continue the coloring so
that all three vertices of any triangle T;, 7 = 2,3,..., have different colors
(see Fig. 3). At the same time, we extend a solution ¥ from the triangle

Figure 3: Coloring vertices in three colors

Ty to T3,T3,.... Since the sum of the values of ¥ over the vertices of any
triangle must be zero, we will have 1p = 1p: for any two vertices P, P’ of
the same color. We denote by 1,, ¥, ¥, the values of Y at vertices of the
corresponding color. We have v, + v, + ¢, = 0.

After passing over 7, we come to another coloring of the vertices of Ty,
which is obtained from the original one by a permutation from S3. The group

. . a b ¢ a b c
S3 is generated by the permutations (b a c> and (C b a)‘ For the first

permutation, we have

() = () = () (1 1),
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for the latter one, we have
. | -1 0
(1/)a,'l/fb) = (_wa - T/Jbﬂ/}b) = (d’a’ ,l/)b) : <_1 1) .

g

In the case of {brp} the canonical connection, we call equation (2) the
triangle equation:

(Q¥)r = wp =0. (5)

PeT

In order to construct a solution, we have to take initial values Wq, ¥y invariant
under all holonomy operators. According to Proposition 1, there are three
cases:

Case 1 : the holonomy group G is isomorphic either to Sj or S5 (the group
of even permutations); the representation G — GL(2, R) is irreducible;

Case 2 : the holonomy group is isomorphic to Zs; up to multiplicative
constant, there is exactly one invariant vector:

Case 3 : the holonomy group is trivial; all vectors from R? are invariant.
Thus, we have proved the following.
Theorem 2. The space of “covariant constants”, i.e., of solutions of the
triangle equation, 1s:

two-dimensional if the holonomy group is trivial;

one-dimensional if the holonomy group is isomorphic to Z,;

trivial in the other cases.

Now consider the operator L = Q*Q, where (Q is the first order operator

associated with the canonical connection on the surface M. The operator L
can be written as follows:

L =-26d+ 3np = —2A + dnp, (6)

where np is the “potential” equal to the valence of a vertex, d,d are the
boundary and coboundary operators, respectively, d = §*.



Proposition 2. The operator L has a non-trivial space of zero modes L) = 0
if and only if the holonomy group of the canonical connection is either trivial,
in which case the space of zero modes is two-dimensional, or wsomorphic to
Ly, in which case it is one-dimensional. These modes 1) satisfy the equation

Qv =0,

Remark 2. For T a uniform triangulation, i.e., such that all vertices have
the same valence np = 2/ = const, the zero modes of L are eigenfunctions of
the Laplace-Beltrami operator A with maximal eigenvalue.

[t is interesting to compare our constructions with some results previously
obtained in graph theory (see [4]). Let us consider the Poincare dual graph
I' of our triangulation. Vertices of I correspond to triangles of 7. This
graph I' is “dichromatic” in the graph-theoretical terminology if and only if
there exists a coloring of triangles of 7 in black and white such that any
two adjacent triangles have different colors. The Laplace—Beltrami operators
on dichromatic graphs I' were studied in [4]. The space Lr of functions
depending on vertices of I" splits into the direct sum

Lr =Ly ® Ly,

where Ly, (respectively, £,) is the space of functions of black (respectively,
white) triangles of T

In 1] we studied operators Quy : Ly — Ly, and the operators Q, = A
adjoint to them, associated with the coloring. They were needed for a gen-
eralization of the Laplace transformation. This was a new type of first order
difference operators, except in the following case: for an equilateral trian-
gular lattice with the natural coloring, both spaces Ly, Ly are canonically
isomorphic to the space of functions depending on vertices (see below). In
our previous work [1], “second order Schrédinger operators” of the form
L = Quw@QY, and L' = Q}, Q.1 acting on the spaces £, and Ly, respec-
tively, were discussed.

It is easy to see that the standard graph-theoretical Laplace—Beltrami
operator on the dual graph I" has a matrix of the form:

0 wa) 2 (waQ+ O ) !
Ap = , A2 = wh =Ll
r < fo 0 0 QhQw)  "®

So the results obtained in the work of P.Sarnak [4] involve, in fact, the
operators of the type (w1, but not of the type studied in the present work.
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Let us ask the following

Question: when a triangulation 7 of a surface M admits a black and white
(or b/w) coloring of triangles such that any two adjacent triangles are of
different colors?

The answer, which is obvious, is given in the following Lemma.

Lemma 2. A b/w coloring of a triangulation T ezists iof and only if any
thick loop v = (T,..., Tyn, Trpy1 = Tv), where T; N Ty, is an edge for all
t=1,...,m, has an even length: m = 2k.

Thus, we have the following three homomorphisms py, ps, p3 : T, (M) —
ZQI

1) the parity p; of the global holonomy, (M) — S3 — Zo;
2) the orientation homomorphism py;

3) the parity homomorphism ps of the number of triangles in a thick loop.
Lemma 3. We have pp; = ps.
We skip the easy proof.

Corollary 1. a) Let M be orientable; then a b/w coloring of T exists if and
only 1f the holonomy group of the canonical connection associated with T is
either trivial or isomorphic to the group Sy of even permutations;

b) Let M be non-orientable; then a b/w coloring exists if and only if the
holonomy group is isomorphic to Zy and we have P1L = pa.

In the case p; = 1, we fix a b/w coloring of T and consider the first order
operators @y and @, of the form (1) associated with the families of black
and white triangles, respectively. The corresponding equations Qpi = 0
and Qwi = 0 are called black triangle equation and white triangle equation,
respectively. Clearly, we have

Qi Qs = —0d+ 5 np = Q3 Q. 7

2 Maximum principle

As before, let M be a surface endowed with a triangulation 7. Let M' Cc M
be a surface (with boundary) that has a form of a finite simplicial subcomplex

9



of M. Assume that M’ is orientable and the holonomy of the canonical
connection of M’ is globally trivial.

As we saw in the previous Section, there exists a b/w coloring of triangles
from M’ such that any two adjacent triangles have different colors. Also,
there exists a coloring of vertices into three colors, a, b, ¢, such that all three
vertices of any triangle are of different colors. The space V of covariant
constants is two-dimensional and consists of functions ¥p that depend only
on the color of a vertex P, and the values 1,, vy, 1. of 1 at vertices of the
corresponding color satisfy the relation v, + ¥ + 10, = 0.

Let K be the set of black triangles in M'. For any solution ¢ of the
black triangle equation Q% = 0, we define a mapping ¢ : K — V = R?
from the set of black triangles to the space of covariant constants on M’ as
follows. For a black triangle T C M', we define ¥/(T') to be the covariant
constant that coincides with 1 on vertices of T. In other words, @(T) =
(¥p. (1), Yo, (1), YPoT) ), Where Py(T), Py(T), P.(T) are vertices of T of colors
a, b, c, respectively.

Let us denote by 9_M' the set of triangles in M’ that are adjacent to the
boundary dM’, i.e., such that T'C M' and TNOM' # .

Theorem 3 (Maximum principle). For any solution ¢ of the black tri-
angle equation on a submanifold M' C M, the image ¥/(K) of the set of black

triangles wn the space of covariant constants s contained in the conver hull
of the image of the boundary ¥(0_M').

Proof. We assume that 1 is not a covariant constant, in which case the
assertion is trivial because the image ¢(K) is just one point 1) € V.

Since the complex M’ is finite, the convex hull C of 12;(IC) is a polygon
in the plane V' 2 R2. The assertion means that the corners of C are the
images of boundary triangles 7 € KN (0_M'). In order to prove this, we are
going to show that the image of any internal black triangle, i.e., a triangle
T € K\(0-M"), is not a corner of C.

For an internal black triangle T C M’, let us denote by 11, ..., Ty the six
black triangles that are at distance 2 from T in the sense of thick paths and
are arranged as shown in Fig. 4. (The pairs of triangles (71, Tg), (13, Ts),
(T4, Ts) may coincide, which will not affect the proof.) If T is an internal
triangle of M’, then all six triangles T},..., T lie in M’. Without loss of
generality we may assume that vertices are colored as showing in Fig. 4.

There are three families of parallel straight lines in the space of covariant
constants: 1, = const, 1, = const, and . = const. If two black triangles

10



Figure 4:

T,T" C M' have a common vertex of color € {a,b,c}, then the points
w(T) w(T’) € Vliein a Stralght line 1, = const. In Fig. 5, one of possible

arrangements of points 1(T ), ¢(T1), . ,w(Tﬁ), which are marked simply as
0,1,2,3,4,5,6, respectively, is shown. It is easy to see that, for any other

Figure 5:
Yy = consty 1. = const,
= constg
2 Wy = const /
Y, = consty
3
5
1/ ¥ 6 P, = const;
0

possible arrangement, the point (T ) lies between either {b\(Tl),zl)\(TG), or
D(T2), $(Ts), or B(T4), P(Ts). 0

In the particular case M’ = M, we come to the following

Corollary 2. Let M be a closed triangulated surface such that the holonomy
group of the canonical connection is trivial. Then the only solutions of the

black (or white) triangle equation on M are covariant constants, which form
a two-dimensional space.

11



3 'Triangle equations in the Euclidean geom-
etry

From now on, we will consider the case when our surface M is the Euclidean
plane R? triangulated so that all triangles are equilateral. Its vertices form
a two-dimensional lattice £ C R?, ¢ = Z2?. We denote by ¢, and ¢, the basis
shifts of the lattice. Each triangle of this triangulation is either of the form
(Pt - P,ty - P) (in which case we call it white and denote by T}¥), or of the
form (P,¢;" - P,t;' - P) (in which case we call it black and denote by TS)
see Fig. 6.

1

Figure 6: Black and white coloring of the Euclidean plane

Thus, in this case, there is a natural one-to-one correspondence between
vertices of the triangulation and black (white) triangles: P <> T8 (respec-
tively, P <> Tp). Due to this correspondence, we can think of operators
Qv, Qw of the form (1) associated with the set of black or white triangles,
respectively, as ones mapping the space of functions on the lattice Z?2 to itself.
In other words, Qy, Q. have the form

QW = Tn + Yot1 + Znto, (8)
Qb = Up + Unt;l + wntglu

where n = (ny,n;) € Z* Notice, that operators of “black” type Q, are
(formally) conjugated to operators of “white” type Q. as we have t;-L = tj’l.
Consider a real self-adjoint second order (Schrodinger) operator

(Ly)p = Z bppppr,  bpp = bp p, 9)
P/

12



where bp pr > 0 holds if either we have P = P’ or (P, P') is an edge, and we
have bp pr = 0 otherwise. In other words, L is an operator of the form

L = an + baty + ety + dot] o + ent] + futs '+ gutity (10)
It admits a unique factorization of the form

L=0Q¢Qy+Up (11)

and of the form
L=QiQu+ Ve, (12)

where all coefficients of @y, and Q,, are positive.

[nteresting classes of such operators and their spectral theory in the space
L,(Z?) are studied in [1, 3]. In particular, the attention is paid to zero modes
of the operator Qy Qy, (respectively, Q@ Qw), which are functions 1 € £,(Z?)
such that Qpy = 0 (respectively, @Qw¥ = 0). Explicit solutions are found in
the case of coefficients of the form exp(l;(n)), where [;(n) = l;1n; + ljon,,
J = 1,2, are linear forms:

Qw = 1+ "™t + de2™t, = Q(c, d). (13)

Especially interesting is the case when l;; + l;; = h is independent of 4, j. In
this case, the operators Q(c, d) satisfy the relation

Qle, d) Q(c,d) — 1 = ¢*(Q(c/a* d/g*)Q(c/¢*, d/¢*) Y = 1), (14)

where ¢ = et = ¢l22 = eli2+l21)/2  Tp some cases, these relations allow to
establish a wonderful property of the spectrum of operators L = Q*Q and
L' = QQ% in the Hilbert space £5(Z?) similar to that of the famous “Lan-
dau operator” in the magnetic field, though there is nothing like a physical
magnetic field in our situation. This phenomena are coming only from the
nature of the discrete systems.

A pair of operators (Qp, Q) defines a discrete connection on the plane
R? as described in Section 1. As shown in [1], this connection has trivial
local holonomy in the special case l;; + {;; = 0.

It is also noticed in [1] that operators Qy = 1 + ynt; + 2,t, and Qy, =
1+ vt + wyt,; ! define a connection of zero curvature if and only if there
exists an everywhere non-zero function f such that

(Qu =@ —1)=1) = f-(Q — 1)(Qu ~ 1) — 1). (15)
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4 Discrete analog of the operators 0 and 0

Recall that we consider an equilateral triangular lattice ¢ = Z2 in the Eu-
clidean plane R? and the corresponding b/w triangulation: the triangles
T = ((n1,n2), (n1 + 1,n,), (ny, na + 1)) are white, and the triangles TP =
{(n1,m2), (N1 = 1,n3), (n1, ny — 1)) are black, where n = (ny, n,) € Z2.

We will consider the following operators on the space of functions on ¢:

Q=1+t +t, Qt =1+t +t,1 (16)

which are formally conjugate to each other, and show that they have many
properties similar in a sense to those of the operators = 9/9z and 8 = 0/0z
on the complex plane.

We denote by H the kernel of the operator Q*. It will play a role of
the space of holomorphic functions. It consists of functions Y on ¢ that have
zero sum over all the vertices of any black triangle: Q*¢ = 0. We have not
found any natural algebra structure on H, but we have constructed analogs
of polynomials, the Taylor expansion, and the Cauchy formula. A discrete
version of the maximum principle, which was considered in Section 2 in a
more general situation, also takes place.

Now we introduce the space Py of “polynomials of degree < k", which
are solutions of the following system of equations:

Q' =0, Q'y=o0. (17)
Proposition 3. The dimension of the subspace Py equals 2k + 2.

Proof. By definition, P is the space of functions 1 satisfying both equations
QY=0, Q=0 (18)

It means that ¢ is a covariant constant with respect to the canonical con-
nection of our triangulation. As we have seen in Section 1, in the case of
trivial holonomy, the space of covariant constants is two-dimensional. Thus,
we have

Notice that, since the operators @ and Q' commute, the space H of
“holomorphic” functions is invariant under Q: Q(H) ¢ H. We claim that
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we also have Q(H) D H, i.e., for any function ¢ € H, the following system
of equations is consistent:

Qv=9p, Q" Y=0 (19)

Indeed, the system defines an affine discrete connection on the plane similar
to the canonical connection from Section 1. One can easily check that the
local holonomy of this connection is trivial if and only if we have Qtp = 0,
which holds by assumption. The rest of the argument is the same as in the
case of linear discrete connection.

Thus, the restriction of Q to the space H is a linear operator whose
image is the whole space H and the kernel is two-dimensional. It follows
immediately that

dim(Pk+1/Pk) = 2.

]

Remark 3. One can show that, for any v € Pi\Pi_1, there exists a degree

k —1 polynomial u,_,(z, z) with complex coefficients such that the following
holds

i

¥ = Re (ae%%*m)(zk + uk_l(z,E))) : (20)

2mi
where n = (ny,n3), 2 =1, +e3 ny, a € C.

Now we introduce an analog of the Taylor expansion for functions from
H. We will need to consider “big black triangles” T)¥) = ((n1,n9), (ng ~
2k = 1,m2), (n1,m9 — 2k — 1)), where n = (n;,ny) € £. A big black triangle
18 homothetic to an ordinary black triangle and has 2k + 2 vertices of the
lattice in each side.

We need the following preparatory lemma.

Lemma 4. For any “holomorphic function” ¢ € H,anyn el and k >0,

there erists a unique “degree < k polynomial” Pk € Pi such that py coincides
with ¢ in Trsk).

Proof. We prove the existence by induction. For k = 0, the assertion is true,
since there always exists a covariant constant po coinciding with ¢ in just
one black triangle.

Assume that the assertion is proved for k = [ — 1. Then we can find
pi-1 € Py such that p_; = Q1 wherever in T(i_l) As we have already

1~1,n271)'
seen, we can find a function ¢ € H such that Qp = pi—1, and a covariant
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constant py € Py such that py =9 — p in TP = T’,EO). We set p; = ¢ + py.

B%/ C())nstruction, we will have: p, € P, p; = ¢ in T,&O’ and Qp, = Q¢ in
-1

(n1—1na—1)

Thus, the difference p, — ¢ satisfies the following

Q" (p1 — ¢) = 0 everywhere, Q(p, — ) =0 in T4V

(n1—1,n2—1)?

which means that the sum of the values of the function p, —1) over the vertices
of any triangle, black or white, contained in TV is zero. Since P =1 in 70
this implies that the function p; — ¢ is identically zero in T,Sl).

The uniqueness of the “polynomial” p; follows from the dimension ar-
gument: the dimension of Py is 2k + 2 by Proposition 3, and the 2k + 2
values of 9 at vertices lying in one side of ngk), say, points (n, — j, ny), where
J=0,1,...,2k + 1, can be arbitrary as implied by the following lemma. O

7

Lemma 5. Let Yy, ,,, be the following subset of the lattice ¢:

Yo =An,n2)} U{(n1 - 4,m2), (ni,no+34), (ny+ jng — Nzt (21)

where n = (ng,ny). Let V,, be the linear space of all real functions on Y.
Then, for any n € ¢ the restriction map H — V,, is an 1somorphism.

In other words, in order to get a solution to the equation Q1Y = 0 one
can set values of ¢ in all points from Y, arbitrarily, and then the equation
will prescribe the values of ¢ in all the other points.

Proof. The three rays with the origin n at which all the points from Y}, lie, cut
the plane into three parts, which are cyclically interchanged under rotation
by 27 /3 around n. Consider one of these parts U = {(n, — j,, 1, +72) }i jas0-
All black triangles in U have the form T(2L1-j1+1,n2+j2)’ where ji, jo > 0. The
corresponding equations are:

¢’n1—j1,n2+j2 = _d)nl—(jl‘l),mﬂ'z - wm-(jl—l),mﬂjz-l)- (22)

They allow to express recursively the value of 9 at any point from ¢NU via
the values of ¥ at ¢ N OU.

A similar situation takes place in the other two parts of the plane that
are obtained from U by rotation by 27/3 around n. The recursion process is
illustrated in Fig. 7, where the vertices from ¥, are marked by bold circles.

O
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Figure 7: Recursive construction of 1

There is a canonical way to assomate three “polynomials of degree k”
Pk,1> Pk,2, Pr,3 with any big black triangle T by setting them to be identically

zero everywhere in T except at vertices lying in one of the sides where they
are equal to 1, namely:

Pra(ng =2k — 1+ j,ny) = (=1)"*k
Pe2(n1,ne — 7) = (—1)7*; (23)
Pea(ny — j,no — 2k — 1+ 5) (—1)7%k

Il

J=0,1,...,2k+1. In Fig. 8 the values of pi; in T" are shown for k = 1,2
The pictures for p; o and py 3 are obtained by rotation by 27 /3. Obv10usly,

Figure 8: “Polynomials” py ; in Ték); k=1,2

we have

ka,i = Pk—1,i, (24)



where py ; is associated with T( na)> and p;_;; with T (k= 11) na—1)-
The polynomials py ; are hnearly dependent:
Pk -+ Pr2+ Prs € Proa, (25)

where we assume that the polynomials are associated with the same big
triangle . Thus, in order to get a basis in the space of polynomials we
have to select a big triangle T for each k and a pair of polynomials py ;, py 5,
i,7 € {1,2,3}. We do it as follows.

For a big triangle T((n)m), we define its two-side extension of type (12),
(k+1) (k+1) (k+1)
(23), or (31) to be the big triangle T 1 ms41); T tingy © r T nat1ys TE

spectively (see Fig. 9).

Figure 9: Two-side extensions

type (12) type (23) type (31)

Let us fix a sequence of big triangles T(0), T(1), ... such that
1) T(0) is an ordinary black triangle;

2) T(k + 1) is a two-side extension of T'(k) (thus, T(k) = T¥ for some
n € {);

3) the union {J, T(k) is the whole plane R2.

Such a sequence will be called admissible.

With an admissible sequence of triangles we associate a basis 1/11
J=0,1,..., in the space @, Py of polynomials in the following way. If T(k)
is the two- qlde extension of T'(k — 1) of type (i7), we set 4} and 97 to be the
polynomials py; and py ; associated with the triangle T(k). We also denote

by T*(k) the (ordinary) black triangle Tm_k’nz_k), where T'(k) = T((T’:l n2)-

By construction, we have z/);- = 0 everywhere in T'(k) if k¥ < j. Thus, any

series of the form
oo

> (gt + aiu}) (26)

k=0
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converges everywhere in ¢, since, by the definition of admissible sequence, for
any n € ¢, we have n € T'(k) for any sufficiently large k.

Theorem 4. For any admissible sequence of triangles T(0),T(1),... and
any “holomorphic” functiony € H, there exists a unique series of coefficients
g, 0, @y, F, 03,03, ... such that the series (26) converges to the function
¥. Moreover, the coefficients oy, of can be found from the knowledge of the

value of the “kth derivative” Q¥i at the vertices of the triangle T®(k).

Proof. The first assertion of the theorem follows from the fact that we can
approximate 1 in the triangle T'(k) by a “polynomial” of degree k and from
leITc)lo T(k) = R2

It is straightforward to check that, if ¢ is identically zero in T(k), then
Q"¢ is identically zero in T®(k). Thus, @’} is not identically zero in T®(k)
if and only if j = k. This implies the latter assertion of the theorem. O

Now we construct an analog of the Cauchy formula for recovering a solu-
tion ¢ of the equation Q%4 = 0 in a domain from the knowledge of ¢ at the
boundary of the domain.

By a domain we will always mean a closed domain D in the plane such
that D is a simplicial subcomplex of our regular triangulation. For a black or
white triangle T', we will write T € 8, D if we have T ¢ D and TNdD # .

Consider the following function (the famous Pascal triangle, see Fig. 10).

<—1>"1+"2( m ) iy mp > 0,

Gning) = ny+ngp (27)

otherwise,

Lemma 6. The function G is a fundamental solution to the black triangle
equation, i.e., we have

Q'G =4, (28)

where § 1s the delta-function

5n:{1 if n = (0,0),

0 otherwise.
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Figure 10: The function G

Proof. The formula (27) can be rewritten in the form

Gn = Z ((—tl_l - tZ_I)kd)n . (29)
k=0
Applying Q" = (1 4+ t7' +t;') to both sides of (29) we obtain (28). 0

Proposition 4. Let 1) be a “holomorphic function” in a finite domain D,
i.e., a solution of the equation Q*y =0 in D. Then, for any n € DN, the
following holds

¢n - Z (Q+w)mGn—m7 : (30)

T,E,’lea_*.D
where we set Yy = 0 for allm ¢ D.

Note that the right hand side of (30) involves only the values of ¥ at the
boundary 0D.

Proof. Notice that, if T® ¢ 9,D, then we have (@ Y)m = 0. Indeed, if
TP C D, then the equality holds by assumption, and if T2 N D = &, it holds,
since 1) is assumed to be identically zero outside D. So, the right hand side
of (30) can be written as

D Q@ Y)mGrm, (31)

megé
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Denote this sum by {/;n.

We may assume without loss of generality that the domain D is contained
in the sector ny,my > 1. Then, for any n = (n;,ny) such that T> € 0,D, we
have n;,n5 > 0. This implies

Un =1 =0 if ny; <0 orny <0, (32)

From (28) we have

(@YW =) = (@ )0 — D QM) m(QT )

mel

= (Q+w)n o Z(Q+w)m5nAm

mel

= (Q"Y)n — (Q"¥)n = 0.

Thus, the function 1) — {/; belongs to H and, according to (32), vanishes
at ¥y. It follows from Lemma 5 that ¢ — 1) = 0. J

In this proof, we have used two properties of the function G: the first
one is relation (28), and the second one is that G = 0 outside the sector
ni,ng 2 0. However, the latter is not needed as will follow from the next
lemma.

Lemma 7. For any function v : £ — R with finite support and any ¢ € H
we have

Z(Q-i_w)m@n»m =0 (33)

mel
foralln e ¢.

Proof. Denote by 7 the following operator:
(1) = V.
We will have
D Q) mtnm =D (@) (70)m

mel mel

- Z ¢m(QT‘P)m—n

mel

- Zd)m(’rQ-‘r({Q)m—n = 0.

mel
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We used here the relation 7Q7 = Q* and the fact that the operators Q and
Q" are formally conjugate to each other. O

Corollary 3. The assertion of Proposition 4 takes place for an arbitrary
function G satisfying (28).

Appendix

Proof of Theorem 1. Any representation p : m (M) — GL(2,R) can be ob-
tained by specifying a flat linear connection in the trivial two-dimensional
vector bundle over the 1-skeleton of 7. This means that, to each ori-
ented edge (P, P'), we associate a 2 X 2 matrix Rpp so that, for any tri-
angle <P Pl P"> Of T we have Rpp/r = RPP/RPI P and Rppl = R_, .
For a fixed vertex P, a representation of m (M, Po) is obtained by puttmg
p(v) = Rpp, - .. - Rp,_,p,Rp,p,, where the path  consists of the edges
(PO,Pl),...,(Pm_l,Pm), (P, Py). Clearly, any representation can be ob-
tained in this way. Moreover, the representation is not changed under a
“gauge transformation” Rpps 1— CPRP’p/C}_)/I, where C'p, P # P,, are arbi-
trary 2 x 2 matrices, and Cp, = id.

Let us fix a vertex Py connected with Py by an edge of 7. By a gauge
0 1
10
nected domain containing Py, P§. Consider a local covariantly constant sec-
tion of the vector bundle, i.e., a vector function vp = (vp1,Upg) On vertices
from D such that vp - Rpp = vp for any edge {P,P"y C D. Since we have
Upy2 = Up1, the section vp can be recovered from the knowledge of vp,, UpS1-
The space of covariantly constant local sections is two-dimensional.

By forgetting the second coordinate, we obtain a two-dimensional space
of functions wpy, which can be turned into the space of covariant constants
of a flat discrete connection associated with 7. This can be done by putting

transformation, we can achieve Rpypy = Let D be a simply con-

br.p, = ca3, brp, = csidaz, brp, = ciady, (34)

where T' = (Py, P,, P3) is a triangle of 7" with a fixed enumeration of vertices,
Cij = (RP“P].)QI, di; = det(RPipj). Changing the enumeration will result in the
multiplication of all three coefficients (34) by the same constant, which has
no effect on the corresponding discrete connection. Applying a generic gauge
transformation with Cp, = id we can always make all the coefficients (34) be
non-zero.
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The discrete connection {brp} obtained in this way has the following
property. If we set ¥p,, p: arbitrarily and extend 1p by solving equation (2)
along a thick path, we will obtain the same function as if we set vp, =
(Yo ¥py), apply the parallel transport along the same path by using the
connection 2, and then forget the second coordinate of the obtained vector
function. ‘ d
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