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Virtual crystal structure on rigged con gurations

Anne Schilling

ABSTRACT. Riggedcon gurationsarecombinatorialobjectsoriginatingfrom the Bethe Ansatz,thatlabel highestweight
crystalelementsin this notea nev unrestrictedsetof riggedcon gurationsis introducedby constructinga crystalstructure
onthesetof riggedcon gurations.

RESUME. Les con gurationsgrééessontdesobjetscombinatoiresnspires par I'ansatzde Bethe,et qui sonten correspon-
denceaveclesélementgristallinsde plushautpoids.Danscettenote,nousintroduisonde conceptde”con gurationsgréées
géréraliges”, enconstruisantinestructurecristallinedansl'espacedescon gurationsgréées.

1. Intr oduction

This noteis basedon preprint[33] which givesa crystalstructureon rigged con®gurationdor all simply-laced
types.Herewe usethevirtual crystalmethod[29, 30] to extendtheseresultsto nonsimply-lacedypes.

Thereare(atleast)two mainapproacheto solvablelattice modelsandtheir associatedjuantumspinchains:the
BetheAnsatz[6] andthe cornertransfermatrix method[5].

In his 1931 paper|[6], Bethesolvedthe Heisenbeg spin chainbasedon the string hypothesisvhich assertghat
theeigervaluesof the Hamiltonianform certainstringsin thecomple planeasthe sizeof the systemendsto in®nity.
The BetheAnsatzhasbeenappliedto mary modelsto prove completenesef the Bethevectors.The eigervaluesand
eigervectorsof the Hamiltonianare indexed by rigged con®gurations.However, numericalstudiesindicatethat the
stringhypothesigs notalwaystrue[2].

The cornertransfermatrix (CTM) method,introducedby Baxter[5], labelsthe eigervectorsby one-dimensional
lattice paths. Theselattice pathshave a naturalinterpretationin termsof Kashiwara's crystalbasetheory[16, 17],
namelyashighestweightcrystalelementsn atensorproductof ®nite-dimensionatrystals.

Eventhoughneitherthe Bethe Ansatznor the cornertransfermatrix methodare mathematicallyrigorous,they
suggesthe existenceof a bijection betweenthe two index sets,namelyrigged con®gurationson the onehandand
highestweight crystal pathson the other (seeFigure 1). For the specialcasewhenthe spin chainis de®nedon
Vi Vi Vi «)» whereV[ . is theirreducibleGL(n) representatioindexed by the partition (1) for
ui 2 N, abijection betweerrigged con®gurationsand semi-standardoungtableauxwasgiven by Kerov, Kirillo v
and Reshetikhin[21, 22]. This bijection was proven and extendedto the casewhenthe (u;) areary sequencef
rectanglesn [25]. Thebijectionhasmary amazingpropertiesFor exampleit takesthe cochagestatisticscc de®ned
onriggedcon®gurationgo the coenegy statisticsD de®nedon crystals.

Riggedcon®gurationgndcrystalpathsalsoexist for othertypes.In [14, 15] theexistenceof Kirillo v—Reshetikhin
crystalsB"S wasconjecturedwhich canbe naturallyassociateavith the dominantweights , wheres is a positive
integerand ., isther-th fundamentalveightof theunderlyingalgebraof ®nite type. For atensomproductof Kirillo v—

Reshetikhincrystals B = B':Sk B'+st anda dominantweight let P(B, ) be the setof all highest
weightelementof weight in BF,In the samepaperg 14, 15], fermionicformulasM (L, ) for theone-dimensional
con®gurationsumsX (B, ) = 2P (B:A) q° ® were conjectured.The fermionic formulasadmita combinatorial

interpretatiorin termsof the setof riggedcon®guration®RC(L, ) , whereL is themultiplicity arrayof B. A statistic
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FIGURE 1. Schematiorigin of riggedcon®gurationandcrystalpaths

[ Solvable Lattice

preservingoijection : P(B,) ! RC(L,) hasbeenprovenin variouscaseq25, 28,32, 35 whichimpliesthe
following identity

— X X _ —
(1.1) X(B,) = P ® = ¢ = M(L,) .
b2P (B;A) (3 )2RC(L; A)
Sincethesetsin (1.1) are®nite, thesearepolynomialsin . WhenB = BUSk BUs1 of type A, they arenone

otherthanthe Kostka—®ulkespolynomials.

Riggedcon®gurationgorrespondingo highestweightcrystalpathsareonly thetip of anicebeg. In this notewe
extendthe de®nitionof riggedcon®gurationgo all crystalelementdy the explicit constructiorof a crystalstructure
onthesetof unrestrictedriggedcon®gurationgseeDe®nition 4.1). For simply-lacedypes,the proofis givenin [32]
andusesStembridges local characterizatiomf simply-lacedcrystals[37]. For nonsimply-lacedalgebraswe shov
herehow to applythemethodof virtual crystals[29, 30] to constructhe crystaloperatoron riggedcon®gurations.

The equivalenceof the crystalstructureson riggedcon®gurationsandcrystalpathstogetherwith the correspon-
dencefor highestweightvectorsyieldstheequalityof generatindgunctionsin analogyto (1.1) (seeTheoren¥.10and
Corollary 4.11). Denotethe unrestrictedsetof pathsandrigged con®gurationdy P (B, ) andRC(L, ) , respec-
tively. ThecorrespondingieneratingunctionsX (B, ) = M(L, ) areunrestrictedjeneralizeKostkapolynomials
or g-supernomiakoefdcients. A directbijection : P(B,) ! RC(L,) for type A alongthelinesof [25] is
constructedn [7, 8].

Riggedcon®gurationsarecloselytied to fermionicformulas.Fermionicformulasareexplicit expressiongor the
partition function of the underlyingphysicalmodelwhich re ect their particle structure.For moredetailsregarding
the backgroundof fermionic formulassee[14, 19, 20]. For type A we obtain an explicit characterizatiorof the
unrestrictediggedcon®gurationsn termsof lowerboundsonquantunnumbersvhichyieldsanew fermionicformula
for unrestrictedKostkapolynomialsof type A. Surprisingly this formulais differentfrom the fermionic formulas
in [13, 18] obtainedin the specialcasesof B = BS« BbYst andB = B'«i! B+l Therigged
con®gurationscorrespondingo the fermionic formulasof [13, 18] wererelatedto ribbon tableauxandthe cospin
generatindgunctionsof LascouxLeclerc,Thibon[26, 27] in referencg31]. To distinguishtheseriggedcon®gurations
from theonesintroducedn this paperlet uscall themribbonriggedcon®gurations.

The Lascoux—Leclerc—Thibo(LLT) polynomials[26, 27] have recentlymadetheir dehut in the theoryof Mac-
donaldpolynomialsin the seminalpaperby Haiman,Haglund,Loehr[9]. Themainobstaclan obtainingacombina-
torial formulafor the Macdonald—Kstkapolynomialsis the Schurpositiity of certainLLT polynomials. A related
problemis theconjectureof Kirillo v andShimozond 24] thatthe cospingeneratingunctionof ribbontableauxequals
the generalizedKostkapolynomial. A possibleavenueto prove this conjecturewould be a direct bijection between
theunrestrictediggedcon®guration®f this paperandribbonriggedcon®gurations.

Oneof the motivationsfor consideringunrestrictediggedcon®gurationsvas Takagi's work [38] on theinverse
scatteringransform,which providesa bijection betweenstatesn the sl box ball systemandriggedcon®gurations.
In this settingrigged con®gurationgplay the role of action-anglevariables.Box ball systemsanbe producedrom
crystalsof solvablelattice modelsfor algebrasotherthansls [10, 11, 12]. Theinversescatteringiransformcanbe
generalizedo thesl, case[23], which shouldgive a box-ballinterpretatiorof the unrestrictediggedcon®gurations
presentedhere.

Anothermotivation for the study of unrestrictedcon®gurationsums,fermionic formulasand associatedigged
con®gurationss theirappearanci generalizationsf theBailey lemma[ 3, 39]. TheAndrews—Bailey constructior1,
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4] relieson aniterative transformatiorpropertyof the g-binomialcoef®cient,whichis oneof the simplestunrestricted
con®gurationsums,and can be usedto prove in®nite families of Rogers—Ramanujatype identities. The explicit
formulasprovidedin this papemighttriggerfurtherprogressowardsgeneralizationo higherrankor othertypesof
the Andrens—Bailgy construction.

The paperis organizedasfollows. In Section2 we review basicsaboutcrystal basesand virtual crystals. In
Section3 we de®neriggedcon®gurationsThenew crystalstructureon riggedcon®gurationss presentedh sectiord.
Section5 is devotedto type A, wherewe give anexplicit characterizatiof the unrestrictediggedcon®gurationsa
fermionicformulafor unrestrictedK ostkapolynomials,andthe af®ne crystalstructure.

2. Crystals

2.1. Axiomatic de nition. Kashiwara[16, 17] introduceda crystal asanedge-coloredirectedgraphsatisfying
asimplesetof axioms.Let g bea symmetrizabl&Kac—Moodyalgebrawith associatedoot, corootandweightlattices
Q,Q-, P. Let I betheindex setof the Dynkin diagramanddenotethe simpleroots,simplecorootsandfundamental
weightsby oi, hi and ; (¢ 2 I), respectrely. Thereis anaturalpairingh , i : Q- P! Zde®nedoyhh, ji=
5ij .

The verticesof the crystalgraphareelementf a set B. Theedgeof the crystalgrapharecoloredby theindex
setl. A P-weighted/-crystalsatis®eghefollowing properties:

(1) Fixani 2 I. If all edgesareremovedexceptthosecoloredi, the connectedomponentare®nite directed
linear pathscalledthe i-strings of B. Givenb 2 B, de®nef(b) (resp. ¢ (b)) to be the vertex following
(resp. preceding) in its i-string; if thereis no suchvertex, declaref;i(b) (resp. ¢;(b)) to be unde®ned.
De®ney (b) (resp.ci (b)) to bethenumberof arronsfrom b to theend(resp.beginning) of its i-string.

(2) Thereisafunctionwt : B! P suchthatwt(fi(b)) = wt(b) i andgi(b) «&i(b) = hhi , wi(b)i.

2.2. Virtual crystals. Thereexist naturalinclusionsof af®ne Lie algebrasasindicatedin Figures2 and3. Even
thoughtheseembeddingslonotcarryoverto thecorrespondinguantumalgebrasit is expectedhatsuchembeddings
exist for crystals.Notethatevery af®ne algebracanbe embeddednto oneof type AV, DM and E(M) which arethe
untwistedaf®ne algebrasvhosecanonicakimpleLie subalgebras simply-laced.Crystalembeddinggorresponding
to C,(]l),Agi),Dr(fll 4 Aé}]) 1 havebeenstudiedin [29], Wherea$hecrystalembeddingsBrﬁl),Agi) 14 Dr(]lll have
beenestablishedn [30].

Consideran embeddingf the af®ne algebrawith Dynkin diagramX into onewith diagramY. We considera
graphautomorphisnu of Y that ®xesthe 0 node. For type (}]) 1, 0() = 2n i (mod2n). Fortype Dr(fll the
automorphisninterchangeshenodesn andn + 1 and®xesall othernodes.Thereis anadditionalautomorphisnior
typeDil), namely the cyclic permutatiorof thenodesl,2and3. FortypeEél) theautomorphismexchangesiodesl
and5 andnodes? and4. In Figures2 and3 theautomorphisnw is illustratedpictorially by arrows.

Let I* andI” bethevertex setsof thediagramsX andY respectiely, I'Y /o thesetof orbitsof theactionof o
onI¥,and.: X ! IY /o abijectionwhichpreseresedgesandsends)to 0.

EXAMPLE 2.1.

If X isoneof C{"), A% DI*) andy = Af}) |, thenu(0) = 0,u(s) = fi,2n igforl i< nandu(n)= n.
If X = B{Y orAgﬁ) andY = Dﬂl, then(i) = i fori < nandu(n) = fn,n+ 1g.

If X is D or GV andy = D", then.(0) = 0, «(1) = 2and.(2) = 1,3, 4g.

If X is B or F{Y andY = E{", then.(0) = 0, (1) = 1, «(2) = 3, u(3) = f2,4gand.(4) = 1,5g.

To describethe embeddingve endav the bijection . with additionaldata. For eachi 2 I*X we shall de®nea
multiplicationfactor~; thatdependsn the locationof ¢ with respecto a distinguishedarrov (multiple bond)in X.
Remawing thearrowv leavestwo connectedomponentsThefactory; is de®nedasfollows:

(1) SupposeX hasauniquearrow.
(a) Supposehearrow pointstowardsthe componenbf 0. Then; = 1foralli 2 I*.
(b) Supposehearrown pointsawayfromthecomponenof 0. Thenw; istheorderof o for 7 in thecomponent
of 0 andis 1 otherwise.
(2) SupposeX hastwo arrovs. Then~; = 1forl ¢ n 1. Fori 2 f0,ng,v = 2 (whichistheorderof
o) if thearraw incidentto ¢ pointsaway from it andis 1 otherwise.
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FIGURE 2. Embeddingsi", A%, D) ¢ A5 andB{"Y, A% ¢ DY,

EXAMPLE 2.2. Thevaluesof 4; aresummarizedn thefollowing table:

X
Az
DY | ~y=1 for all i
EY
BY [y =2 foro i n 1
=1
GV [y =3 fori= 0,1
12=1
FY [ 4y=2 fori= 0,1,2
=1 fori= 3,4
rﬁl) =1 forl i<n
Y0=Mm=2
Agi) ~i = forO0 i<n
=2
Dfﬁzl 7w =1 for all ¢
Theembedding : PX I PY ofweightlatticesisde@)rgecby
( = A
i2 (i)

Let P be a Y-crystal. We de®nethe virtual crystaloperatorsy, f.’ for i 2 I*X asthe compositeof Y -crystal
operatorsf; , ej givenby
Y Y
(2.1) p= f© and b= e
i2 () j2 ()
Thesearedesignedo simulate X -crystaloperatorsf;, e; for i 2 I* . ThetypeY operatorson the right handside,
may be performedin ary ordet, sincedistinct nodesj, 7% 2 «(i) arenot adjacentn Y andthustheir corresponding
raisingandloweringoperatorcommute.
A virtual crystal isapair(V, P) suchthat:

(1) PisaY-crystal.
(2) Vv Visclosedunderb, p fori 2 I*.
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FIGURE 3. Embeddingsz{", D{¥ ¢« D" andF{", E® ¢+ EV

(3) Thereis an X -crystal B andan X -crystalisomorphism : B! V suchthate;, fi correspondo b, f?
Sometimedy atuseof notation,V” will bereferredto asavirtual crystal.
Let usde®netheY -crystal o
pr;s - B{;( rS
j2 (r)
exceptfor ASY) andr = n in which caseP™ = BY  BIS. Denoteby u(P"'s) the extremalvectorof weight

(s )inbrs,

DEFINITION 2.3. Let V'S bethesubsebf P''s generatedrom u(P"*s) usingthevirtual crystaloperatorsd; and
Ppfori2 I*.
I

CONJECTURE 2.4. [30, Conjecture3.7] Theris anisomorphisnof X-crystals : By® = V' sucthate; and
fi correspondo b and P. respectivelyfor all i 2 X .

In [29] Conjecture2.4is provedfor embeddinge™s", A%, D) ¢ A5 | ands = 1. In [30] Conjecture2.4
is provedfor all nonexceptionaltypeswhenr = 1.

3. Riggedcon gurations

In this sectionwe de®neriggedcon®gurationdor all ai®ne Kac—MoodyaIgebrasTypeéﬁ) requiressomespecial
treatment.We needthe variante, of the multiplicationfactory, whichis e, = ~, exceptfor Aéi) anda = n when
en = 1. Alsosete, = a4 forall a 2 I exceptfor typeAgi) in which casee, arethe simplerootsof type By .

LetL = (Li(a))(a;i )2+ beanarrayof nonneyativeintegerswhereH = f1,2,...,ng Z., calledthemultiplicity
array wheren is the rank of the underlyingalgebraand aweight. Thenan (L, ) -con®gurationis anarraym =
() (ai)zn Suchthat

X X
(3.1) im® e, = iL®
(ai)2H (ai)2H

exceptfor typeAgﬁ). In this casetheright handsideshouldbereplaceddy «(r.h.s) where: is aZ-linearmapfrom the
weightlattice of type C\, to theweightlattice of type B, suchthat

()= B forl a<n
2 B fora=n.
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Thevacang numberof a givencon®guratiorarede®nedas

X 2 i X
@2 o = 200 ] 00 g, g™+ mini, )"
iyen (0al ca) io
An (L, ) -con®guratioris calledadmissibleif g(a) Oforall (a,?) 2 H. Thesetof admissiblg L, ) -con®gurations
is denotedby C(L, ) .

A rigged con guration is a pair (m, J) wherem = (mi(a))(a;i y2H IS anadmissible(L, ) -con®gurationand
J= (Ji(a))(a;i )2n is amatrix of partitionssuchthatthe partition J®) is containedn arectangleof sizem®  p®.
Thesetof riggedcon®gurationgor ®xed L and is denotecby RC(L, ) .

Riggedcon®gurationsanalsoberepresentedsa sequencef partitionssuchthateachpartof eachpartitionis
labeledor “rigged®by a number Letv = (v, v .. (M) pethe sequencef partitionsobtainedfrom m =

(mi(a)) asfollows. Letmi(a)(y) bethenumberof partsin @) of sizei. Thenv is determinedby requiringthat
m(i)i(y) = mi(a) and m]_(a)(y) =0 forj628,Z.
Thevacany numberP,®(v) for eachparti of (@) is then

PP ) = X 2(cajan)

X
Qi)+ min(—, )HLY,
b2 | V(o j aa)

)
i o 8a
whereQ); (p) is thenumberof boxesin the®rst: columnsof the partition p. Therelationto g(a) is
= PR,

A tuple (i, z) wherei is apartof »(@ andz is apartof J@ is calledastring of theriggedpartition (v, J)@). Herei
is thelengthandz thelabelof the string. The colabel of astring (i, ) of (v, J)@) is Pi(a)(u) Z.

EXAMPLE3.L Let = ;+ joftyped?, LV = 7andall otherL® = 0. Then
00
00 00 | __
(v,)) = 00| 11 112RC(L,) ,
oo J11 01
00
wherethe ®rst numberbehindeachpartis thelabelandthe secondneis thevacang number
Thereis alsoastatisticcalledcochargede®nedon riggedcon®gurationsSett = % Thecochageis given
by
X tz (ajap) . . (@) (b
CC(Z/) = — W m|n($al7ebj)mi m]
(a ) (bjyen P (Y2l a
(3.3) X
_1 @) Coooar@ (@)
=3 tamy min(i, j) L; Di
(aji)2H i o

P
for acon®gurationv andcc(v, J) = cc(v) + jJj wherejJj = (a:i )2H tajJi(a)j is thesumof thesizesof all partitions

J® weightedby ¢ .
As mentionedn the introduction,riggedcon®gurationsorrespondo highestweightcrystalelementsLet BS
be a Kirillo v—Reshetikhircrystalfor (r,s) 2 H andB = B"«Sk  Bfk 1385k 1 B"+s1, Associateto B the

multiplicity array L = (Lé'))(,;S)ZH whereL{") countsthe numberof tensorfactorsB’* in B. Denoteby
P(B,) =fb2 Bjwt(b) = ,ei(b) unde®nedoralli 2 Ig

the setof all highestweight elementsof weight in B. Thereis a naturalstatisticsde®nedon B, called enegy
functionor morepreciselytail coenegy functionD : B! Z (see[35, Eqg. (5.1)]for a precisede®nition).

Thefollowing theoremwasprovenin [25] fortypeA,(f)1 andgeneralB = B+« B3t in [32] for type
DY andB = B+l B'+1 andin [35] for type DY andB = Bk BlUst,



CRYSTAL STRUCTURE ON RIGGED CONFIGURATIONS 7

THEOREM 3.2. [25, 32, 35 For a dominantweight, B asaboveand L the correspondingmultiplicity array,

there is a bijection” : P(B,) ! RC(L,) which preserveghe statistics,that is, D(b) = cc(( b)) for all
b2 P(B,) .
De®ningthegeneratingunctions X
(3.4) X(B,) = ¢® and M(L,) = g7,
b2P (B;A) (;J )2RC(L; A)

we gettheimmediatecorollary of Theorem3.2.
COROLLARY 3.3. [25,32 35| Let , B andL asin Theoem3.2.ThenX (B, ) = M(L, ) .

4. Crystal structur e onrigged con gurations

Theriggedcon®guration®f section3 correspondo highestweightcrystalelementsin this sectionwe introduce
the set of unrestrictedrigged con®guratignsRC(L) by de®ninga crystal structuregeneratedrom highestweight
vectorsgiven by elementsin RC(L) =  ,,p+ RC(L, ) by the Kashiwaraoperatorse,, fa. For simply-laced
algebraghefollowing de®nitionwasgivenin [33, De®nition 3.3]. The multiplicationfactorsy for the simply-laced
caseareequalto 1.

DEFINITION 4.1. Let L beamultiplicity array De®nethe setof unrestricted rigged con gurations RC(L) as
the setgeneratedrom the elementsn RC(L) by the applicationof the operatorsfa,e, forl  a  n de®nedas
follows:

(1) De®nee(v, J) by removing ~, boxesfrom a string of length in (v, J)@) leaving all colabels®xed and
increasingthe new label by one. Here k is the length of the string with the smallestnegative rigging of
smallestength.If no suchstringexists,e, (v, J) is unde®ned.

(2) De®ne £ (v, J) by addingy, boxesto a string of lengthk in (v, .J)®) leaving all colabels®xed and de-
creasingthe new labelby one. Herek is the lengthof the string with the smallestnonpositve rigging of
largestlength.If no suchstringexists,adda new stringof lengthoneandlabel-1. If theresultis notavalid
unrestrictediggedcon®gurationf (v, J) is unde®ned.

EXAMPLE 4.2. For (v, J) of Example3.1we have

1-1

A

fl(V7 J)

1
|
cNoloNe]
cNoloNe]
|

and

A

1 |11

f3(1/,J) 00

11
1

1
[eNeoleoloNe]
cNoNoNe]

THEOREM 4.3. Theopefmtorse,, fa of De nition 4.1arethe Kashiwai crystalopeiators.

For simply-lacedalgebrasTheorem4.3 was provenin [33] by usingthe local characterizatiorof simply-laced
crystalsgiven by Stembridgg37]. In the following we shav that, assuminghat the virtual crystalembedding®f
section2.2 hold, Theoren.3is alsotruefor the nonsimply-lacedilgebras.

We de®nevirtual rigged con gurations in analogyto virtual crystals. Here B = B'«Sk B'Stisa

tensomroductof Kirillo v-Reshetikhircrystalsand L = (Li(a)) thecorrespondingnultiplicity array
DEFINITION 4.4. Let X ¢ Y beoneof thealgebraembedding®f section2.2, aweightand B acrystalfor
type X. Let (V, 9) be the virtual Y'-crystalcorrespondindo B. ThenRC"(L, ) is the setof elements(b, JD) 2
RC(P, ()) suchthat:
(1) Foralli 2 Z» o, & = & andf® = B if ¢ andb arein the sames-orbitin IY .
(2) Foralli 2 Zsg,a 2 I*,andb 2 «(a) IY,wehae m}m = 0if j 62.Z andthe partsof A are
multiplesof ~,.
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THEOREM 4.5. [30, Theorem4.2] Ther is a bijectionRC(L, ) ! RCY(L,) sending(v,J) 7! (b,ﬁ’) given
asfollows.Forall a2 I*X,b2 1(a) IY,andi?2 Zsq,

m(t:)i = mi(a) and ﬂ?? = VHJi(a)-
Thecodarge changesby cd(b, J?) = 7o ccy, J).

PROOF OF THEOREM 4.3. Theorend.3wasprovedin [33] for the simply-lacedalgebrasHence assuminghat
the virtual crystalembedding®f section2.2 hold, it suf®cesto checkthate,, fo of De®nition 4.1 satisfy(2.1). By
Theorem4.5 this reducego checkingthat}"’El andb, presere the conditionsof De®nition 4.4. We demonstratehis
for Pa; the agumentdor b, areanalogousLet (b, JD) 2 RCY(L, ) . Sincef, and f, of De®nition 4.1 for simply-
lacedalgebrascommuteif b 2 «(a), point (1) of De®nition 4.4 follows forPa(b, Ji") To prove thatpoint (2) holds, it

suf®cesto checkthatif 4 > 1, thenthevariousapplicationof f5 in }’)a selectthe samestring v, times.Notethatfor
simply-lacedalgebragheapplicationof f, changeshevacanyg numberb,(b) by

(4.1) p” 71 B (0aj )i > k),

wherek is the lengthof the selectedstring. By the de®nitionof k& (seeDe®nition 4.1) andthe factthatall riggings
in the a-th rigged partition have parity v, by point (2) of De®nition 4.4, all riggings of stringsof lengthi > & in

(b, ﬁ’)(‘” aregreateor equalto s+ v,, where sisthesmallestiggingappearingn (b, J?)(a). By (4.1)theriggings

of lengthi > k in (b,ﬁ’)(‘” changeby -2. Hencethe smallestj suchthat s+ v4 2j s jisj = ~a. This

shavs thatv, applicationsof f, selectthe samestring, whichin turn prwesthat}"a(b, Ji") satis®eghe conditionsof
De®nition4.4.

THEOREM 4.6. With thesameassumptionasin Theoem3.2,thegraphgeneatedfrom(v, J) 2 RC(L, ) and
thecrystalopemtors ey, f of De nition 4.1is isomorphicto thecrystalgraph B() of highestweight .

PrRoOF. For simply-lacedtypesthis wasprovenin [33, Theorem3.7]. For nonsimply-lacedypesthis follows
from Theorem&t.3and4.5.

EXAMPLE 4.7. Considetthecrystal B( B oftype A, in B = (BY!) 3. Hereis thecrystalgraphin theusual
labelingandthe riggedcon®gurationabeling:

121 Lo
2 A
221 131 L1 020 s
A A
231 132 o0 s H 0o
21 ll 2 11
331 232 M. - H- 200
1 2 N 2
332 o

THEOREM 4.8. Thecochargeccasde nedin (3.3)is constanion connectedrystalcomponents.

ProOF. For simply-lacedtypesthis wasprovedin [33, Theorem3.9]. For nonsimply-lacedypesthis follows
from Theorem«t.3and4.5.

ExAMPLE 4.9. Thecochageof theconnecteddomponentn Example4.7is 1.
For B = Bk B'tstand 2 Plet
P(B,) =fb2 Bjwt(b)= g.
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THEOREM 4.10. Let 2 P, B beasin Theoem3.2and L the correspondingnultiplicity array. Thenthereis a
bijection :P(B,) ! RC(L,) whichpreserveshestatisticsthatis, D(b) = cc(( b)) forallb2 P(B, ) .

PrROOF. By Theorem3.2thereis suchabijectionfor themaximalelements 2 P (B). By Theoremst.6and4.8
thisextendsto all of P (B, ) .

Extendingthe de®nitionsof (3.4)to
X X
(4.2) X(B,) = ¢® and  M(L,) = g« ),

b2P (B;A) (:3 )2RC(L; A)

we obtainthecorollary:

COROLLARY 4.11 With all hypothesesf Theoem4.10,wehaveX (B, ) = M(L,) .

5. Unrestrictedrigged con gurations for type A,(]l)1

In this sectionwe give anexplicit descriptiorof theelementsn RC(L, \) for typeA,(f) 1- Generallyspeakingthe
elementsareriggedcon®gurationsvherethelabelslie betweerthevacang numberandcertainlower boundsde®ned
explicitly. This characterizatiomvill be usedin section5.2to write down an explicit fermionicformula M (L, A) for
theunrestricteccon®guratiorsum X (B, A\). Section5.3is devotedto theaf®ne crystalstructureof RC(L, A).

5.1. Characterization of unrestricted rigged con gurations. Let L = (Li(a))(a;i 2+ bea multiplicity array
andX = (A1, ..., An) bethen-tupleof nonngativeintegers.The setof (L, \)-con®gurationsC(L, ) is thesetof all
sequencesf partitionsy = (v®)42, suchthat(3.1) holds. As discussedn Section3, in the usualsettinga rigged
con®guration(v, J) 2 RC(L, \) consistof acon®gurations 2 C(L, \) togethemwith adoublesequencef partitions
J = £ (a,i) 2 Hg suchthatthepartition /@ is containedn am®  p® rectangleln particularthis requires
thatpi(a) 0. Theunrestrictediggedcon®gurationgv, J) 2 RC(L, A) cancontainlabelsthatarenegative, thatis,
thelower boundon the partsin Ji(a) canbelessthanzero.

To de®nethe lower boundswe needthe following notation. Let X = (c;,ca,...,cn 1)', Whereck = Ay +
Xct2 +  + An is thelengthof the k-th columnof X% andlet A(\% be the setof tableauxof shape)® suchthat
the entriesare strictly decreasinglongcolumns,andthe lettersin columnk arefrom thesetf1,2,..., ¢k 19 with
Co = C1.

EXAMPLE 5.1. Forn = 4and\ = (0,1, 1, 1), thesetA (1% consistof thefollowing tableaux

313[2] [3]3]2] [3][2]2] [3]3]1] [3][3]1] [3]2]1]
2|2 2|11 2|1 2|12 21 211 .
[1] 1] 11 1] 11 [1]
REMARK 5.2, Denoteby tjx theentryof t 2 A(\9 in row j andcolumnk. Notethatex j+ 1 tjx
¢k 1 j+ 1lsincetheentriesin columnk arestrictly decreasingandlie in thesetf1,2 ... ¢k 109. Thisimplies

tix o« 1 j+1 i 1,sothattherowsoft areweaklydecreasing.

Givent 2 A(\%, we de®nethelower bound as

Xa 9(+1
MP® = xG )t X ta),
j=1 j=1
whererecallthatx(S) = 1if thethestatemenst is trueandx(S) = 0 otherwise.

Let M,p,m 2 Z suchthatm 0. A (M, p, m)-quasipartitiory is atupleof integersy = (1, 2, . - ., tm ) SUCh
thatM  pum  pm 1 u1 p. Eachy; is calleda partof . Notethatfor M = 0 thiswould bea partition
with atmostm partseachnot exceedingp.

Thefollowing theoremshaows thatthe setof unrestrictediggedcon®gurationcanbe characterizedia the lower
bounds.

THEOREM 5.3. [33, Theorem4.6]Let (v, J) 2 RC(L, \). Thenw 2 C(L, \) andJ® isa (M@ (), p@, m®)-
quasipartitionfor somet 2 A(\9). Corversely every(v, J) suchthaty 2 C(L, A) and.J(® isa (@ (1), p» , m¥))-
quasipartitionfor somet 2 A(\9 isin RC(L, )).
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EXAMPLES.4. Letn= 4, A= (2,2,1,1), Lgl) = 6 andall otherLi(a) = 0. Then

w0y = L 20 [(T1oo L] 14

L 103

is anunrestrictediggedcon®gurationn RC(L, \), wherewe have written the partsof J(a) next to thepartsof length

iin partition(® . Theseconchumberis thecorrespondingacang numberpi(a). Thisshavsthatthelabelsareindeed
all weaklybelow thevacang numbers For

4[1]
31 2 A9

ENINEES

we getthelower bounds

e O

Ll 1
which arelessor equalto theriggingsin (v, J).

For type A; wehave A = (A, \2) sothatA = ftg ceptainsjust the single one-columntableauof height A,
®lled with thenumbersl, 2, ..., %. In thiscaseM; () = jil x(i ;1) = 4, whichagreeswith the®ndings
of [38].

The characterizatiorof unrestrictedrigged con®gurationss similar to the characterizatiorof level-restricted
riggedcon®gurationg34, De®nition 5.5]. Whereaghe unrestrictedigged con®gurationsare characterizedn terms
of lowerboundsfor level-restrictediggedcon®gurationshevacang numberasto bemodi®edaccordingo tableaux
in acertainset.

5.2. Fermionic formula. With the explicit characterizatiorof the unrestrictedrigged con®gurationsof Sec-
tion 5.1,it is possibleto derive anexplicit formulafor the polynomialsM (L, ) of (4.2).
Let SA ()% bethesetof all nonemptysubsetof A (1Y) andset

M@ (S) = maxt M@ (1)jt2 Sg  for S2 SA(NY.
By inclusion-exclusionthe setof all allowedriggingsfor agivenv 2 C(L, A) is

( ST j @ isa(M(9), p®, m®)-quasipartition.
S2SA( 9

Theg-binomialcoef®cient ™ P , de®nedas

m+p _ (@mp
m (Dm(@)p’

where(g)n = (1 (1 ¢ (1L ¢"), is the generatingunction of partitionswith at mostm partseachnot
exceedingp. Hencethepolynomial M (L, \) mayberewrittenas
Yo ™ M)

X X a a
5.1) ML) = ( 1)sit! O wm MM ) .
m.

S2SA( 0 2C(L; ) (aji )2H i

calledfermionic formula. By Corollary4.11this is alsoa formulafor the unrestricteccon®gurationsum X (B, A).
This formulais differentfrom the fermionicformulasof [13, 18] which exist in the specialcasewhen L is the multi-
plicity arrayof B = B1Sk BY'S1orB= B'«! Bl

5.3. The Kashiwara operators ey and fy. TheKirillo v—ReshetikhircrystalsB"* areaf®ne crystalsandadmit

the Kashiwara operatorsey and fy. It wasshawn in [36] that for type Ar(]l)1 they canbe de®nedin termsof the
promotion operator pr as
1

eo=pr ' e pr and fo=pr ' fi pr.
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The promotionoperatoiis abijectionpr : B! B suchthatthefollowing diagramcommutedor all a 2 I

B " B
(5.2) fay yfan
B | B

pr
andsuchthatfor everyb 2 B theweightis rotated
(5.3) bha i1, wt(pr(b))i = Ma , Wt(b)i.
Heresubscriptaretakenmodulon.
We arenow goingto de®nethe promotionoperatoron unrestrictediggedcon®gurations.
DEFINITION 5.5. Let(v,J) 2 RC(L, A\). Thenpr(v, J) is obtainedasfollows:
(1) Set(r®,JY = f,' f,2  f," (v, J) wheref, actson (v, J)™ = ;.
(2) Apply thefollowing algorithmp to (v°, J% A, times: Find the smallestsingularstringin (+°, J9™). Let
thelengthbe ¢(("). Repeatedly®nd the smallestsingularstringin (2%, J9® of length¢®)  ¢k+1 for all
1 k < n. Shortenthe selectedstringsby oneandmake themsingularagain.

EXAMPLE 5.6. Let B = B?%2, L thecorrespondingnultiplicity arrayand) = (1,0, 1,2). Then

0= o — P71 1 2R

correspondso thetableaw = 411 i 2 P(B, \). After step(1) of De®nition5.5we have
9= [T 1t H= 100 .

Thenapplyingstep(2) yields

priv,. )= 5 [Jo [] 1

11
2141

LEMMA 5.7. [33, Lemma4.10] Themappr of De nition 5.5is well-de nedandsatis es(5.2)forl a n 2
and(5.3)for0 a n 1.

which correspondso thetableaupr(b) =

Lemma? of [36] statesthatfor a single Kirillo v—Reshetikhircrystal B = B the promotionoperatorpr is
uniquelydetermineddy (5.2)forl a n 2and(5.3)for0 a n 1. HencebylLemma5.7pr onRC(L) is
indeedthe correctpromotionoperatoiwhen L is the multiplicity arrayof B = B"S,

THEOREM 5.8. [33, Theoremd.11]Let L bethemultiplicity array of B = B"S. Thenpr : RC(L) ! RC(L) of
De nition 5.5is thepromotionoperator onriggedcon gurations.

CONJECTURE 5.9. [33, Conjecture4.12] Theoemb5.8is true for any B = B'«:Sk Brist,

Unfortunately the characterizatio36, Lemma7] doesnot sufdce to de®nepr uniquely on tensorproducts
B = Bf«sSk B'+31 In [8] abijection : P(B,\) ! RC(L,)\) is de®nedvia a direct algorithm. It
is expectedthat Conjecture5.9 canbe proven by shawing thatpr and commute. Alternatively, an independent
characterizatiof pr ontensorfactorswould give a new, moreconceptualvay of de®ningthe bijection between
pathsand (unrestricted¥igged con®gurations. A proof that the crystal operatorsf, ande, commutewith  for
a=12,...,n lisgivenin|[8].
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