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Virtual crystal structure on rigged con�gurations

AnneSchilling

ABSTRACT. Riggedcon�gurationsarecombinatorialobjectsoriginatingfrom theBetheAnsatz,that labelhighestweight
crystalelements.In this noteanew unrestrictedsetof riggedcon�gurationsis introducedby constructingacrystalstructure
on thesetof riggedcon�gurations.

RÉSUMÉ. Lescon�gurationsgrééessontdesobjetscombinatoiresinspiŕespar l'ansatzdeBethe,et qui sontencorrespon-
denceaveclesélémentscristallinsdeplushautpoids.Danscettenote,nousintroduisonsle conceptde”con�gurationsgréées
géńeraliśees”,enconstruisantunestructurecristallinedansl'espacedescon�gurationsgréées.

1. Intr oduction

This noteis basedon preprint[33] which givesa crystalstructureon riggedcon®gurationsfor all simply-laced
types.Hereweusethevirtual crystalmethod[29, 30] to extendtheseresultsto nonsimply-lacedtypes.

Thereare(at least)two mainapproachesto solvablelatticemodelsandtheir associatedquantumspinchains:the
BetheAnsatz[6] andthecornertransfermatrix method[5].

In his 1931paper[6], BethesolvedtheHeisenberg spinchainbasedon thestringhypothesiswhich assertsthat
theeigenvaluesof theHamiltonianform certainstringsin thecomplex planeasthesizeof thesystemtendsto in®nity.
TheBetheAnsatzhasbeenappliedto many modelsto provecompletenessof theBethevectors.Theeigenvaluesand
eigenvectorsof theHamiltonianareindexedby riggedcon®gurations.However, numericalstudiesindicatethat the
stringhypothesisis notalwaystrue[2].

Thecornertransfermatrix (CTM) method,introducedby Baxter[5], labelstheeigenvectorsby one-dimensional
lattice paths. Theselattice pathshave a naturalinterpretationin termsof Kashiwara's crystalbasetheory[16, 17],
namelyashighestweightcrystalelementsin a tensorproductof ®nite-dimensionalcrystals.

Even thoughneitherthe BetheAnsatznor thecornertransfermatrix methodaremathematicallyrigorous,they
suggestthe existenceof a bijection betweenthe two index sets,namelyriggedcon®gurationson the onehandand
highestweight crystal pathson the other (seeFigure 1). For the specialcasewhen the spin chain is de®nedon
V(� 1 ) 
 V(� 2 ) 
 � � � 
 V(� k ), whereV(� i ) is the irreducibleGL(n) representationindexed by the partition (µi ) for
µi 2 N, a bijection betweenriggedcon®gurationsandsemi-standardYoungtableauxwasgiven by Kerov, Kirillo v
andReshetikhin[21, 22]. This bijection wasproven andextendedto the casewhen the (µi ) areany sequenceof
rectanglesin [25]. Thebijectionhasmany amazingproperties.For exampleit takesthecochargestatisticscc de®ned
on riggedcon®gurationsto thecoenergy statisticsD de®nedoncrystals.

Riggedcon®gurationsandcrystalpathsalsoexist for othertypes.In [14, 15] theexistenceof Kirillo v–Reshetikhin
crystalsBr ;s wasconjectured,which canbenaturallyassociatedwith thedominantweights� r wheres is a positive
integerand� r is ther-th fundamentalweightof theunderlyingalgebraof ®nite type.For atensorproductof Kirillo v–
ReshetikhincrystalsB = Br k ;sk 
 � � � 
 Br 1 ;s1 and a dominantweight � let P(B, �) be the set of all highest
weightelementsof weight� in B. In thesamepapers[14, 15], fermionicformulasM (L, �) for theone-dimensional
con®gurationsumsX(B, �) :=

P
b2 P (B ;Λ) qD (b) wereconjectured.The fermionicformulasadmita combinatorial

interpretationin termsof thesetof riggedcon®gurationsRC(L, �) , whereL is themultiplicity arrayof B. A statistic
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FIGURE 1. Schematicorigin of riggedcon®gurationsandcrystalpaths

preservingbijection � : P(B, �) ! RC(L, �) hasbeenprovenin variouscases[25, 28, 32, 35] which implies the
following identity

(1.1) X(B, �) :=
X

b2 P (B ;Λ)

qD (b) =
X

(�;J )2 RC(L; Λ)

qcc(�;J ) =: M(L, �) .

Sincethesetsin (1.1)are®nite, thesearepolynomialsin q. WhenB = B1;sk 
 � � � 
 B1;s1 of typeA, they arenone
otherthantheKostka–Foulkespolynomials.

Riggedcon®gurationscorrespondingto highestweightcrystalpathsareonly thetip of aniceberg. In thisnotewe
extendthede®nitionof riggedcon®gurationsto all crystalelementsby theexplicit constructionof a crystalstructure
on thesetof unrestrictedriggedcon®gurations(seeDe®nition4.1). For simply-lacedtypes,theproof is givenin [32]
andusesStembridge's local characterizationof simply-lacedcrystals[37]. For nonsimply-lacedalgebras,we show
herehow to applythemethodof virtual crystals[29, 30] to constructthecrystaloperatorson riggedcon®gurations.

Theequivalenceof thecrystalstructureson riggedcon®gurationsandcrystalpathstogetherwith thecorrespon-
dencefor highestweightvectorsyieldstheequalityof generatingfunctionsin analogyto (1.1)(seeTheorem4.10and
Corollary 4.11). Denotethe unrestrictedsetof pathsandriggedcon®gurationsby P(B, �) andRC(L, �) , respec-
tively. ThecorrespondinggeneratingfunctionsX(B, �) = M (L, �) areunrestrictedgeneralizedKostkapolynomials
or q-supernomialcoef®cients. A direct bijection � : P(B, �) ! RC(L, �) for type A alongthe lines of [25] is
constructedin [7, 8].

Riggedcon®gurationsarecloselytied to fermionicformulas.Fermionicformulasareexplicit expressionsfor the
partition functionof theunderlyingphysicalmodelwhich re�ect their particlestructure.For moredetailsregarding
the backgroundof fermionic formulassee[14, 19, 20]. For type A we obtain an explicit characterizationof the
unrestrictedriggedcon®gurationsin termsof lowerboundsonquantumnumberswhichyieldsanew fermionicformula
for unrestrictedKostkapolynomialsof type A. Surprisingly, this formula is different from the fermionic formulas
in [13, 18] obtainedin the specialcasesof B = B1;sk 
 � � � 
 B1;s1 andB = Br k ;1 
 � � � 
 Br 1 ;1. The rigged
con®gurationscorrespondingto the fermionic formulasof [13, 18] wererelatedto ribbon tableauxandthe cospin
generatingfunctionsof Lascoux,Leclerc,Thibon[26, 27] in reference[31]. To distinguishtheseriggedcon®gurations
from theonesintroducedin this paper, let uscall themribbonriggedcon®gurations.

TheLascoux–Leclerc–Thibon(LLT) polynomials[26, 27] have recentlymadetheir debut in thetheoryof Mac-
donaldpolynomialsin theseminalpaperby Haiman,Haglund,Loehr[9]. Themainobstaclein obtaininga combina-
torial formula for theMacdonald–Kostkapolynomialsis theSchurpositivity of certainLLT polynomials.A related
problemis theconjectureof Kirillo v andShimozono[24] thatthecospingeneratingfunctionof ribbontableauxequals
thegeneralizedKostkapolynomial. A possibleavenueto prove this conjecturewould be a direct bijectionbetween
theunrestrictedriggedcon®gurationsof this paperandribbonriggedcon®gurations.

Oneof themotivationsfor consideringunrestrictedriggedcon®gurationswasTakagi's work [38] on the inverse
scatteringtransform,which providesa bijectionbetweenstatesin thesl2 box ball systemandriggedcon®gurations.
In this settingriggedcon®gurationsplay the role of action-anglevariables.Box ball systemscanbe producedfrom
crystalsof solvablelattice modelsfor algebrasotherthansl2 [10, 11, 12]. The inversescatteringtransformcanbe
generalizedto thesln case[23], which shouldgive a box-ball interpretationof theunrestrictedriggedcon®gurations
presentedhere.

Anothermotivation for the studyof unrestrictedcon®gurationsums,fermionic formulasandassociatedrigged
con®gurationsis theirappearancein generalizationsof theBailey lemma[3, 39]. TheAndrews–Bailey construction[1,



CRYSTAL STRUCTURE ON RIGGED CONFIGURATIONS 3

4] reliesonaniterativetransformationpropertyof theq-binomialcoef®cient,which is oneof thesimplestunrestricted
con®gurationsums,andcanbe usedto prove in®nite familiesof Rogers–Ramanujantype identities. The explicit
formulasprovidedin thispapermight triggerfurtherprogresstowardsgeneralizationsto higher-rankor othertypesof
theAndrews–Bailey construction.

The paperis organizedas follows. In Section2 we review basicsaboutcrystalbasesandvirtual crystals. In
Section3 wede®neriggedcon®gurations.Thenew crystalstructureonriggedcon®gurationsis presentedin section4.
Section5 is devotedto typeA, wherewe give anexplicit characterizationof theunrestrictedriggedcon®gurations,a
fermionicformulafor unrestrictedKostkapolynomials,andtheaf®necrystalstructure.

2. Crystals

2.1. Axiomatic de�nition. Kashiwara[16, 17] introducedacrystal asanedge-coloreddirectedgraphsatisfying
asimplesetof axioms.Let g beasymmetrizableKac–Moodyalgebrawith associatedroot,corootandweightlattices
Q, Q_ , P . Let I betheindex setof theDynkin diagramanddenotethesimpleroots,simplecorootsandfundamental
weightsby αi , hi and� i (i 2 I), respectively. Thereis a naturalpairingh�, �i : Q_ 
 P ! Z de®nedby hhi , � j i =
δij .

Theverticesof thecrystalgraphareelementsof a setB. Theedgesof thecrystalgrapharecoloredby theindex
setI . A P -weightedI-crystalsatis®esthefollowing properties:

(1) Fix ani 2 I . If all edgesareremovedexceptthosecoloredi, theconnectedcomponentsare®nite directed
linear pathscalledthe i-strings of B. Given b 2 B, de®nefi (b) (resp. ei (b)) to be the vertex following
(resp. preceding)b in its i-string; if thereis no suchvertex, declarefi (b) (resp. ei (b)) to be unde®ned.
De®neϕi (b) (resp.εi (b)) to bethenumberof arrowsfrom b to theend(resp.beginning)of its i-string.

(2) Thereis a functionwt : B ! P suchthatwt (fi (b)) = wt (b) � αi andϕi (b) � εi (b) = hhi , wt( b)i .

2.2. Virtual crystals. Thereexist naturalinclusionsof af®neLie algebrasasindicatedin Figures2 and3. Even
thoughtheseembeddingsdonotcarryoverto thecorrespondingquantumalgebras,it is expectedthatsuchembeddings
exist for crystals.Notethateveryaf®nealgebracanbeembeddedinto oneof typeA(1), D(1) andE(1) which arethe
untwistedaf®nealgebraswhosecanonicalsimpleLie subalgebrais simply-laced.Crystalembeddingscorresponding
to C

(1)
n , A

(2)
2n , D

(2)
n+1 ↪! A

(1)
2n � 1 havebeenstudiedin [29], whereasthecrystalembeddingsB(1)

n , A
(2)
2n � 1 ↪! D

(1)
n+1 have

beenestablishedin [30].
Consideran embeddingof theaf®ne algebrawith Dynkin diagramX into onewith diagramY . We considera

graphautomorphismσ of Y that ®xesthe 0 node. For type A
(1)
2n � 1, σ(i) = 2n � i (mod 2n). For type D

(1)
n+1 the

automorphisminterchangesthenodesn andn + 1 and®xesall othernodes.Thereis anadditionalautomorphismfor
typeD

(1)
4 , namely, thecyclic permutationof thenodes1,2and3. For typeE

(1)
6 theautomorphismexchangesnodes1

and5 andnodes2 and4. In Figures2 and3 theautomorphismσ is illustratedpictorially by arrows.
Let IX andIY bethevertex setsof thediagramsX andY respectively, IY /σ thesetof orbitsof theactionof σ

on IY , andι : IX ! IY /σ a bijectionwhichpreservesedgesandsends0 to 0.

EXAMPLE 2.1.
If X is oneof C

(1)
n , A

(2)
2n , D

(2)
n+1 andY = A

(1)
2n � 1, thenι(0) = 0, ι(i) = f i, 2n � ig for 1 � i < n andι(n) = n.

If X = B
(1)
n or A

(2)
2n � 1 andY = D

(1)
n+1, thenι(i) = i for i < n andι(n) = f n, n + 1g.

If X is D
(3)
4 or G

(1)
2 andY = D

(1)
4 , thenι(0) = 0, ι(1) = 2 andι(2) = f 1, 3, 4g.

If X is E
(2)
6 or F

(1)
4 andY = E

(1)
6 , thenι(0) = 0, ι(1) = 1, ι(2) = 3, ι(3) = f 2, 4g andι(4) = f 1, 5g.

To describethe embeddingwe endow the bijection ι with additionaldata. For eachi 2 IX we shall de®nea
multiplicationfactorγi thatdependson the locationof i with respectto a distinguishedarrow (multiple bond)in X .
Removing thearrow leavestwo connectedcomponents.Thefactorγi is de®nedasfollows:

(1) SupposeX hasauniquearrow.
(a) Supposethearrow pointstowardsthecomponentof 0. Thenγi = 1 for all i 2 IX .
(b) Supposethearrow pointsawayfromthecomponentof 0. Thenγi is theorderof σ for i in thecomponent

of 0 andis 1 otherwise.
(2) SupposeX hastwo arrows. Thenγi = 1 for 1 � i � n � 1. For i 2 f 0, ng, γi = 2 (which is theorderof

σ) if thearrow incidentto i pointsaway from it andis 1 otherwise.
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FIGURE 2. EmbeddingsC(1)
n , A

(2)
2n , D

(2)
n+1 ↪! A

(1)
2n � 1 andB

(1)
n , A

(2)
2n � 1 ↪! D

(1)
n+1

EXAMPLE 2.2. Thevaluesof γi aresummarizedin thefollowing table:

X

A
(2)
2n � 1

D
(3)
4 γi = 1 for all i

E
(2)
6

B
(1)
n γi = 2 for 0 � i � n � 1

γn = 1

G
(1)
2 γi = 3 for i = 0, 1

γ2 = 1

F
(1)
4 γi = 2 for i = 0, 1, 2

γi = 1 for i = 3, 4

C
(1)
n γi = 1 for 1 � i < n

γ0 = γn = 2

A
(2)
2n γi = 1 for 0 � i < n

γn = 2

D
(2)
n+1 γi = 1 for all i

Theembedding	 : P X ! P Y of weightlatticesis de®nedby

	(� X
i ) = γi

X

j 2 � (i )

� Y
j .

Let bV be a Y -crystal. We de®nethe virtual crystaloperatorsbei , bfi for i 2 IX asthe compositesof Y -crystal
operatorsfj , ej givenby

(2.1) bfi =
Y

j 2 � (i )

f 
 i
j and bei =

Y

j 2 � (i )

e
 i
j .

Thesearedesignedto simulateX-crystaloperatorsfi , ei for i 2 IX . The typeY operatorson the right handside,
may be performedin any order, sincedistinct nodesj, j0 2 ι(i) arenot adjacentin Y andthustheir corresponding
raisingandloweringoperatorscommute.

A virtual crystal is a pair (V, bV ) suchthat:

(1) bV is aY -crystal.
(2) V � bV is closedunderbei , bfi for i 2 IX .
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FIGURE 3. EmbeddingsG(1)
2 , D

(3)
4 ↪! D

(1)
4 andF

(1)
4 , E

(2)
6 ↪! E

(1)
6

(3) Thereis anX-crystalB andanX-crystalisomorphism	 : B ! V suchthatei , fi correspondto bei , bfi .

Sometimesby abuseof notation,V will bereferredto asavirtual crystal.
Let usde®netheY -crystal

bV r ;s =
O

j 2 � (r )

B j;
 r s
Y

exceptfor A
(2)
2n andr = n in which casebV n;s = Bn;s

Y 
 Bn;s
Y . Denoteby u( bV r ;s ) the extremalvectorof weight

	( s� r ) in bV r ;s .

DEFINITION 2.3. Let V r ;s bethesubsetof bV r ;s generatedfrom u( bV r ;s ) usingthevirtual crystaloperatorsbei and
bfi for i 2 IX .

CONJECTURE 2.4. [30, Conjecture3.7] There is an isomorphismof X-crystals	 : B r ;s
X

�= V r ;s such thatei and
fi correspondto bei and bfi respectively, for all i 2 IX .

In [29] Conjecture2.4 is provedfor embeddingsC (1)
n , A

(2)
2n , D

(2)
n+1 ↪! A

(1)
2n � 1 ands = 1. In [30] Conjecture2.4

is provedfor all nonexceptionaltypeswhenr = 1.

3. Riggedcon�gurations

In thissectionwede®neriggedcon®gurationsfor all af®neKac–Moodyalgebras.TypeA
(2)
2n requiressomespecial

treatment.We needthevarianteγa of themultiplicationfactorγa which is eγa = γa exceptfor A
(2)
2n anda = n when

eγn = 1. Also seteαa = αa for all a 2 I exceptfor typeA
(2)
2n in whichcaseeαa arethesimplerootsof typeBn .

Let L = (L(a)
i )(a;i )2H beanarrayof nonnegativeintegerswhereH = f 1, 2, . . . , ng� Z> 0, calledthemultiplicity

array, wheren is the rankof theunderlyingalgebraand� a weight. Thenan (L, �) -con®gurationis anarraym =
(m(a)

i )(a;i )2H suchthat

(3.1)
X

(a;i )2H

i m
(a)
i eαa =

X

(a;i )2H

i L
(a)
i � a � �

exceptfor typeA
(2)
2n . In thiscasetheright handsideshouldbereplacedby ι(r .h.s) whereι is aZ-linearmapfrom the

weightlatticeof typeCn to theweightlatticeof typeBn suchthat

ι(� C
a ) =

(
� B

a for 1 � a < n

2� B
a for a = n.
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Thevacancy numbersof a givencon®gurationarede®nedas

(3.2) p
(a)
i =

X

(b;j )2H

�
2(αa j αb)
γb(αa j αa )

min(eγai, eγbj)m(b)
j +

X

j � 0

min(i, j)L(a)
j .

An (L, �) -con®gurationis calledadmissibleif p
(a)
i � 0 for all (a, i) 2 H . Thesetof admissible(L, �) -con®gurations

is denotedby C(L, �) .
A rigged con�guration is a pair (m, J) wherem = (m(a)

i )(a;i )2H is an admissible(L, �) -con®gurationand

J = (J (a)
i )(a;i )2H is a matrix of partitionssuchthatthepartitionJ

(a)
i is containedin a rectangleof sizem

(a)
i � p

(a)
i .

Thesetof riggedcon®gurationsfor ®xedL and� is denotedby RC(L, �) .
Riggedcon®gurationscanalsoberepresentedasa sequenceof partitionssuchthateachpartof eachpartition is

labeledor “riggedº by a number. Let ν = (ν (1), ν(2), . . . , ν(n )) be the sequenceof partitionsobtainedfrom m =
(m(a)

i ) asfollows. Let m(a)
i (ν) bethenumberof partsin ν(a) of sizei. Thenν is determinedby requiringthat

m
(a)
�


 a i (ν) = m
(a)
i and m

(a)
j (ν) = 0 for j 62eγaZ.

Thevacancy numberP (a)
i (ν) for eachparti of ν(a) is then

P
(a)
i (ν) =

X

b2 I

�
2(αa j αb)
γb(αa j αa)

Qi (ν(b)) +
X

j � 0

min(
i

eγa
, j)L(a)

j ,

whereQi (ρ) is thenumberof boxesin the®rst i columnsof thepartitionρ. Therelationto p
(a)
i is

p
(a)
i = P

(a)
�


 a i (ν).

A tuple(i, x) wherei is a partof ν(a) andx is a partof J
(a)
i is calleda stringof theriggedpartition(ν, J)(a). Herei

is thelengthandx thelabelof thestring.Thecolabelof a string(i, x) of (ν, J)(a) is P
(a)
i (ν) � x.

EXAMPLE 3.1. Let � = � 1 + � 3 of typeA
(2)
6 , L

(1)
1 = 7 andall otherL(a)

i = 0. Then

(ν, J) =

0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

1 1
0 1

2 RC(L, �) ,

wherethe®rst numberbehindeachpartis thelabelandthesecondoneis thevacancy number.

Thereis alsoastatisticcalledcochargede®nedonriggedcon®gurations.Sett_a = j � (a)j 
 a


 0
. Thecochargeis given

by

cc(ν) =
X

(i;a );(b;j )2H

t_
a

γb
�

(αa j αb)
(αa j αa)

min(eγai, eγbj)m(a)
i m

(b)
j

=
1
2

X

(a;i )2H

t_
a m

(a)
i

� X

j � 0

min(i, j)L(a)
j � p

(a)
i

�(3.3)

for acon®gurationν andcc(ν, J) = cc(ν) + jJ j wherejJ j =
P

(a;i )2H t_
a jJ (a)

i j is thesumof thesizesof all partitions

J
(a)
i weightedby t_

a .
As mentionedin the introduction,riggedcon®gurationscorrespondto highestweightcrystalelements.Let Br ;s

bea Kirillo v–Reshetikhincrystalfor (r, s) 2 H andB = B r k ;sk 
 Br k � 1 ;sk � 1 
 � � � 
 Br 1 ;s1 . Associateto B the
multiplicity arrayL = (L(r )

s )(r ;s)2H whereL
(r )
s countsthenumberof tensorfactorsBr ;s in B. Denoteby

P(B, �) = f b 2 B j wt (b) = � , ei (b) unde®nedfor all i 2 Ig

the setof all highestweight elementsof weight � in B. Thereis a naturalstatisticsde®nedon B, calledenergy
functionor morepreciselytail coenergy functionD : B ! Z (see[35, Eq. (5.1)] for a precisede®nition).

Thefollowing theoremwasprovenin [25] for typeA
(1)
n � 1 andgeneralB = Br k ;sk 
 � � � 
 Br 1 ;s1 , in [32] for type

D
(1)
n andB = Br k ;1 
 � � � 
 Br 1 ;1 andin [35] for typeD

(1)
n andB = B1;sk 
 � � � 
 B1;s1 .
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THEOREM 3.2. [25, 32, 35] For � a dominantweight,B asaboveandL thecorrespondingmultiplicity array,
there is a bijection � : P(B, �) ! RC(L, �) which preservesthe statistics,that is, D(b) = cc(�( b)) for all
b 2 P(B, �) .

De®ningthegeneratingfunctions

(3.4) X(B, �) =
X

b2 P (B ;Λ)

qD (b) and M(L, �) =
X

(�;J )2 RC(L; Λ)

qcc(�;J ),

we gettheimmediatecorollaryof Theorem3.2.

COROLLARY 3.3. [25, 32, 35] Let � , B andL asin Theorem3.2.ThenX(B, �) = M (L, �) .

4. Crystal structur eon rigged con�gurations

Theriggedcon®gurationsof section3 correspondto highestweightcrystalelements.In thissectionweintroduce
the set of unrestrictedrigged con®gurationsRC(L) by de®ninga crystal structuregeneratedfrom highestweight
vectorsgiven by elementsin RC(L) =

S
Λ2 P + RC(L, �) by the Kashiwara operatorsea, fa . For simply-laced

algebrasthefollowing de®nitionwasgivenin [33, De®nition3.3]. Themultiplicationfactorsγa for thesimply-laced
caseareequalto 1.

DEFINITION 4.1. Let L bea multiplicity array. De®nethesetof unrestricted rigged con�gurations RC(L) as
the setgeneratedfrom the elementsin RC(L) by the applicationof the operatorsfa, ea for 1 � a � n de®nedas
follows:

(1) De®neea(ν, J) by removing γa boxesfrom a stringof lengthk in (ν, J)(a) leaving all colabels®xedand
increasingthe new label by one. Herek is the lengthof the string with the smallestnegative rigging of
smallestlength.If nosuchstringexists,ea(ν, J) is unde®ned.

(2) De®nefa(ν, J) by addingγa boxesto a string of lengthk in (ν, J)(a) leaving all colabels®xed andde-
creasingthe new label by one. Herek is the lengthof the string with the smallestnonpositive rigging of
largestlength.If nosuchstringexists,adda new stringof lengthoneandlabel-1. If theresultis notavalid
unrestrictedriggedcon®gurationfa(ν, J) is unde®ned.

EXAMPLE 4.2. For (ν, J) of Example3.1we have

f1(ν, J) =

� 1 -1
0 0
0 0
0 0
0 0

1 1
1 1
1 1

1 1
0 1

and

f3(ν, J) =

0 0
0 0
0 0
0 0
0 0

1 1
1 1
1 1

� 1 -1
0 0

.

THEOREM 4.3. Theoperatorsea , fa of De�nition 4.1are theKashiwara crystaloperators.

For simply-lacedalgebrasTheorem4.3 wasproven in [33] by usingthe local characterizationof simply-laced
crystalsgiven by Stembridge[37]. In the following we show that, assumingthat the virtual crystalembeddingsof
section2.2hold,Theorem4.3 is alsotruefor thenonsimply-lacedalgebras.

We de®nevirtual rigged con�gurations in analogyto virtual crystals. HereB = Br k ;sk 
 � � � 
 Br 1 ;s1 is a
tensorproductof Kirillo v-ReshetikhincrystalsandL = (L(a)

i ) thecorrespondingmultiplicity array.

DEFINITION 4.4. Let X ↪! Y beoneof thealgebraembeddingsof section2.2, � a weightandB a crystalfor
type X . Let (V, bV ) be the virtual Y -crystalcorrespondingto B. ThenRCv (L, �) is the setof elements(bν, bJ) 2
RC(bL, 	(�)) suchthat:

(1) For all i 2 Z> 0, bm(a)
i = bm(b)

i and bJ (a)
i = bJ (b)

i if a andb arein thesameσ-orbit in IY .
(2) For all i 2 Z> 0, a 2 IX , andb 2 ι(a) � IY , we have bm(b)

j = 0 if j 62eγaZ andthe partsof bJ (b)
i are

multiplesof γa .
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THEOREM 4.5. [30, Theorem4.2] There is a bijectionRC(L, �) ! RCv (L, �) sending(ν, J) 7! (bν, bJ) given
asfollows.For all a 2 IX , b 2 ι(a) � IY , andi 2 Z> 0,

bm(b)
�


 a i = m
(a)
i and bJ (b)

�


 a i = γaJ
(a)
i .

Thecochargechangesbycc(bν, bJ) = γ0 cc(ν, J).

PROOF OF THEOREM 4.3. Theorem4.3wasprovedin [33] for thesimply-lacedalgebras.Hence,assumingthat
thevirtual crystalembeddingsof section2.2 hold, it suf®cesto checkthatea , fa of De®nition 4.1 satisfy(2.1). By
Theorem4.5 this reducesto checkingthat bfa andbea preserve theconditionsof De®nition 4.4. We demonstratethis
for bfa; theargumentsfor bea areanalogous.Let (bν, bJ) 2 RCv (L, �) . Sincefa andfb of De®nition 4.1 for simply-
lacedalgebrascommuteif b 2 ι(a), point (1) of De®nition4.4 follows for bfa(bν, bJ). To prove thatpoint (2) holds,it
suf®cesto checkthatif γa > 1, thenthevariousapplicationsof fa in bfa selectthesamestringγa times.Notethatfor
simply-lacedalgebrastheapplicationof fa changesthevacancy numberbp(b)

i by

(4.1) bp(b)
i 7! bp(b)

i � (αa j αb)χ(i > k),

wherek is the lengthof theselectedstring. By thede®nitionof k (seeDe®nition 4.1) andthe fact thatall riggings
in the a-th riggedpartition have parity γa by point (2) of De®nition 4.4, all riggingsof stringsof length i > k in
(bν, bJ)(a) aregreateror equalto � s+ γa, where� s is thesmallestriggingappearingin (bν, bJ)(a). By (4.1)theriggings
of lengthi > k in (bν, bJ)(a) changeby -2. Hencethesmallestj suchthat � s + γa � 2j � � s � j is j = γa . This
shows thatγa applicationsof fa selectthesamestring,which in turn provesthat bfa(bν, bJ) satis®estheconditionsof
De®nition4.4. �

THEOREM 4.6. With thesameassumptionsasin Theorem3.2,thegraphgeneratedfrom(ν, J) 2 RC(L, �) and
thecrystaloperatorsea , fa of De�nition 4.1is isomorphicto thecrystalgraphB(�) of highestweight� .

PROOF. For simply-lacedtypesthis wasproven in [33, Theorem3.7]. For nonsimply-lacedtypesthis follows
from Theorems4.3and4.5. �

EXAMPLE 4.7. ConsiderthecrystalB( ) of typeA2 in B = (B1;1)
 3. Hereis thecrystalgraphin theusual

labelingandtheriggedcon®gurationlabeling:

121

221

231

331

332

131

132

232

1

2

2

1

1

1

2

2

0 ;

� 1 ;

0 � 1

1 � 2

� 1
� 1

� 1

1 � 1

� 1
� 1 0

� 2
� 1

0

1

2

2

1

1

1

2

2

THEOREM 4.8. Thecochargecc asde�nedin (3.3) is constantonconnectedcrystalcomponents.

PROOF. For simply-lacedtypesthis wasproved in [33, Theorem3.9]. For nonsimply-lacedtypesthis follows
from Theorems4.3and4.5. �

EXAMPLE 4.9. Thecochargeof theconnectedcomponentin Example4.7 is 1.

For B = Br k ;sk 
 � � � 
 Br 1 ;s1 and� 2 P let

P(B, �) = f b 2 B j wt( b) = � g.
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THEOREM 4.10. Let � 2 P , B beasin Theorem3.2andL thecorrespondingmultiplicity array. Thenthere is a
bijection� : P(B, �) ! RC(L, �) which preservesthestatistics,that is, D(b) = cc(�( b)) for all b 2 P(B, �) .

PROOF. By Theorem3.2thereis suchabijectionfor themaximalelementsb 2 P(B). By Theorems4.6and4.8
this extendsto all of P(B, �) . �

Extendingthede®nitionsof (3.4) to

(4.2) X(B, �) =
X

b2P (B ;Λ)

qD (b) and M (L, �) =
X

(�;J )2 RC(L; Λ)

qcc(�;J ),

we obtainthecorollary:

COROLLARY 4.11. With all hypothesesof Theorem4.10,wehaveX(B, �) = M (L, �) .

5. Unrestricted rigged con�gurations for type A
(1)
n � 1

In thissectionwegiveanexplicit descriptionof theelementsin RC(L, λ) for typeA
(1)
n � 1. Generallyspeaking,the

elementsareriggedcon®gurationswherethelabelslie betweenthevacancy numberandcertainlowerboundsde®ned
explicitly. This characterizationwill beusedin section5.2 to write down anexplicit fermionicformulaM (L, λ) for
theunrestrictedcon®gurationsumX(B, λ). Section5.3 is devotedto theaf®necrystalstructureof RC(L, λ).

5.1. Characterization of unrestricted rigged con�gurations. Let L = (L(a)
i )(a;i )2H be a multiplicity array

andλ = (λ1, . . . , λn ) bethen-tupleof nonnegativeintegers.Thesetof (L, λ)-con®gurationsC(L, λ) is thesetof all
sequencesof partitionsν = (ν(a))a2 I suchthat (3.1) holds. As discussedin Section3, in theusualsettinga rigged
con®guration(ν, J) 2 RC(L, λ) consistsof acon®gurationν 2 C(L, λ) togetherwith adoublesequenceof partitions
J = f J

(a)
i j (a, i) 2 Hg suchthatthepartitionJ

(a)
i is containedin am

(a)
i � p

(a)
i rectangle.In particularthis requires

thatp(a)
i � 0. Theunrestrictedriggedcon®gurations(ν, J) 2 RC(L, λ) cancontainlabelsthatarenegative, that is,

thelowerboundon thepartsin J
(a)
i canbelessthanzero.

To de®nethe lower boundswe needthe following notation. Let λ0 = (c1, c2, . . . , cn � 1)t , whereck = λk+1 +
λk+2 + � � � + λn is the lengthof the k-th columnof λ0, andlet A(λ0) be the setof tableauxof shapeλ0 suchthat
theentriesarestrictly decreasingalongcolumns,andthe lettersin columnk arefrom thesetf 1, 2, . . . , ck � 1g with
c0 = c1.

EXAMPLE 5.1. For n = 4 andλ = (0, 1, 1, 1), thesetA(λ0) consistsof thefollowing tableaux

3 3 2
2 2
1

3 3 2
2 1
1

3 2 2
2 1
1

3 3 1
2 2
1

3 3 1
2 1
1

3 2 1
2 1
1

.

REMARK 5.2. Denoteby tj;k the entry of t 2 A(λ0) in row j andcolumnk. Note that ck � j + 1 � tj;k �
ck � 1 � j + 1 sincethe entriesin columnk arestrictly decreasingandlie in the setf 1, 2, . . . , ck � 1g. This implies
tj;k � ck � 1 � j + 1 � tj;k � 1, sothattherowsof t areweaklydecreasing.

Givent 2 A(λ0), we de®nethelower bound as

M
(a)
i (t) = �

caX

j =1

χ(i � tj;a ) +
ca +1X

j =1

χ(i � tj;a +1),

whererecallthatχ(S) = 1 if thethestatementS is trueandχ(S) = 0 otherwise.
Let M, p, m 2 Z suchthatm � 0. A (M, p, m)-quasipartitionµ is a tupleof integersµ = (µ1, µ2, . . . , µm ) such

thatM � µm � µm � 1 � � � � � µ1 � p. Eachµi is calleda partof µ. Notethatfor M = 0 this would bea partition
with at mostm partseachnotexceedingp.

Thefollowing theoremshows thatthesetof unrestrictedriggedcon®gurationscanbecharacterizedvia thelower
bounds.

THEOREM 5.3. [33, Theorem4.6]Let(ν, J) 2 RC(L, λ). Thenν 2 C(L, λ) andJ
(a)
i is a (M (a)

i (t), p(a)
i , m

(a)
i )-

quasipartitionfor somet 2 A(λ0). Conversely, every(ν, J) such thatν 2 C(L, λ) andJ
(a)
i is a (M (a)

i (t), p(a)
i , m

(a)
i )-

quasipartitionfor somet 2 A(λ0) is in RC(L, λ).
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EXAMPLE 5.4. Let n = 4, λ = (2, 2, 1, 1), L(1)
1 = 6 andall otherL(a)

i = 0. Then

(ν, J) = � 2 0
0 3

0 0 � 1 -1

is anunrestrictedriggedcon®gurationin RC(L, λ), wherewehavewritten thepartsof J
(a)
i next to thepartsof length

i in partitionν(a). Thesecondnumberis thecorrespondingvacancy numberp(a)
i . Thisshowsthatthelabelsareindeed

all weaklybelow thevacancy numbers.For

4 4 1
3 3
2
1

2 A(λ0)

we getthelowerbounds

� 2
� 1 0 � 1,

whicharelessor equalto theriggingsin (ν, J).

For type A1 we have λ = (λ1, λ2) so that A = f tg containsjust the singleone-columntableauof heightλ2

®lled with thenumbers1, 2, . . . , λ2. In this caseMi (t) = �
P � 2

j =1 χ(i � tj; 1) = � i, which agreeswith the®ndings
of [38].

The characterizationof unrestrictedrigged con®gurationsis similar to the characterizationof level-restricted
riggedcon®gurations[34, De®nition 5.5]. Whereastheunrestrictedriggedcon®gurationsarecharacterizedin terms
of lowerbounds,for level-restrictedriggedcon®gurationsthevacancy numberhasto bemodi®edaccordingto tableaux
in a certainset.

5.2. Fermionic formula. With the explicit characterizationof the unrestrictedrigged con®gurationsof Sec-
tion 5.1,it is possibleto deriveanexplicit formulafor thepolynomialsM (L, λ) of (4.2).

Let SA (λ0) bethesetof all nonemptysubsetsof A(λ0) andset

M
(a)
i (S) = maxf M

(a)
i (t) j t 2 Sg for S 2 SA (λ0).

By inclusion-exclusionthesetof all allowedriggingsfor a givenν 2 C(L, λ) is
[

S2S A (� 0)

(� 1)jSj+1f J j J
(a)
i is a (M (a)

i (S), p(a)
i , m

(a)
i )-quasipartitiong.

Theq-binomialcoef®cient
� m +p

m

�
, de®nedas

�
m + p

m

�
=

(q)m +p

(q)m (q)p
,

where(q)n = (1 � q)(1 � q2) � � � (1 � qn ), is the generatingfunction of partitionswith at mostm partseachnot
exceedingp. HencethepolynomialM (L, λ) mayberewrittenas

(5.1) M (L, λ) =
X

S2S A (� 0)

(� 1)jSj+1
X

� 2 C(L;� )

qcc(� )+
�

( a;i ) 2H m ( a )
i M ( a )

i (S)
Y

(a;i )2H

�
m

(a)
i + p

(a)
i � M

(a)
i (S)

m
(a)
i

�

calledfermionic formula. By Corollary4.11this is alsoa formula for theunrestrictedcon®gurationsumX(B, λ).
This formulais differentfrom thefermionicformulasof [13, 18] which exist in thespecialcasewhenL is themulti-
plicity arrayof B = B1;sk 
 � � � 
 B1;s1 or B = Br k ;1 
 � � � 
 Br 1 ;1.

5.3. The Kashiwara operators e0 and f0. TheKirillo v–ReshetikhincrystalsBr ;s areaf®necrystalsandadmit
the Kashiwaraoperatorse0 andf0. It wasshown in [36] that for type A

(1)
n � 1 they can be de®nedin termsof the

promotion operator pr as

e0 = pr � 1 � e1 � pr and f0 = pr � 1 � f1 � pr.
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Thepromotionoperatoris a bijectionpr : B ! B suchthatthefollowing diagramcommutesfor all a 2 I

(5.2)

B
pr

� � � � ! B

f a

?
?
y

?
?
y f a +1

B � � � � !
pr

B

andsuchthatfor everyb 2 B theweightis rotated

(5.3) hha+1 , wt(pr(b)) i = hha , wt( b)i .

Heresubscriptsaretakenmodulon.
We arenow goingto de®nethepromotionoperatoronunrestrictedriggedcon®gurations.

DEFINITION 5.5. Let (ν, J) 2 RC(L, λ). Thenpr(ν, J) is obtainedasfollows:

(1) Set(ν0, J0) = f � 1
1 f � 2

2 � � � f � n
n (ν, J) wherefn actson(ν, J)(n ) = ; .

(2) Apply the following algorithmρ to (ν0, J0) λn times: Find thesmallestsingularstring in (ν0, J0)(n ). Let
the lengthbe`(n ). Repeatedly®nd thesmallestsingularstringin (ν0, J0)(k) of length`(k) � `(k+1) for all
1 � k < n. Shortentheselectedstringsby oneandmake themsingularagain.

EXAMPLE 5.6. Let B = B2;2, L thecorrespondingmultiplicity arrayandλ = (1, 0, 1, 2). Then

(ν, J) = 0
� 1

� 1
� 1 2 RC(L, λ)

correspondsto thetableaub = 1 3
4 4

2 P(B, λ). After step(1) of De®nition5.5wehave

(ν0, J0) = � 1 1
0

� 1
� 1

� 1.

Thenapplyingstep(2) yields

pr(ν, J) = ; 0 � 1

whichcorrespondsto thetableaupr(b) = 1 1
2 4

.

LEMMA 5.7. [33, Lemma4.10]Themappr of De�nition 5.5is well-de�nedandsatis�es(5.2)for 1 � a � n � 2
and(5.3)for 0 � a � n � 1.

Lemma7 of [36] statesthat for a singleKirillo v–ReshetikhincrystalB = B r ;s the promotionoperatorpr is
uniquelydeterminedby (5.2) for 1 � a � n � 2 and(5.3) for 0 � a � n � 1. Henceby Lemma5.7pr on RC(L) is
indeedthecorrectpromotionoperatorwhenL is themultiplicity arrayof B = B r ;s .

THEOREM 5.8. [33, Theorem4.11]LetL bethemultiplicity array of B = B r ;s . Thenpr : RC(L) ! RC(L) of
De�nition 5.5is thepromotionoperator on riggedcon�gurations.

CONJECTURE 5.9. [33, Conjecture4.12]Theorem5.8is true for anyB = B r k ;sk 
 � � � 
 Br 1 ;s1 .

Unfortunately, the characterization[36, Lemma7] doesnot suf®ce to de®nepr uniquely on tensorproducts
B = Br k ;sk 
 � � � 
 Br 1 ;s1 . In [8] a bijection � : P(B, λ) ! RC(L, λ) is de®nedvia a direct algorithm. It
is expectedthat Conjecture5.9 canbe proven by showing that pr and � commute. Alternatively, an independent
characterizationof pr on tensorfactorswould give a new, moreconceptualway of de®ningthebijection � between
pathsand (unrestricted)rigged con®gurations.A proof that the crystal operatorsfa and ea commutewith � for
a = 1, 2, . . . , n � 1 is givenin [8].
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