New Expressions for Level-restricted Kostka Polynomials

Anne Schilling^1 and Mark Shimozono^{2 ⋆}

1 Department of Mathematics, MIT, Cambridge, MA 02139, U.S.A.

anne@math.mit.edu

2 Department of Mathematics, Virginia Tech, Blacksburg, VA, U.S.A.

mshimo@math.vt.edu

Abstract. We show that the bijection between tableaux and rigged configurations introduced by Kirillov and Reshetikhin is well-behaved with respect to level-restriction. In particular we give an explicit characterization of the image of level-restricted tableaux under this bijection which yields new expressions for level-restricted Kostka polynomials. We conjecture that the bijection is also well-behaved with respect to skew shapes and give an explicit characterization of the image under the bijection. Type ^A branching functions can be expressed in terms of limits of levelrestricted Kostka polynomials, thereby also yielding new expressions for these branching functions.

1 Introduction

The Littlewood–Richardson coefficients are tensor product multiplicities defined as c^λ_R = dim Hom_{sln} (V^λ : V^{R1} ⊗ · · · ⊗ V^{RL} ),

where λ = (λ_1, λ_2, . . .) is a partition, R = (R_1, . . . , R_L) is a sequence of partitions, and, for ν a partition, V^ν is the irreducible integrable highest weight module of highest weight ν over sl_n.

There are two natural generalizations of the Littlewood–Richardson coefficients. There exist polynomials c^λ_R(q) which specialize to c^λ_R when q = 1. For example in ref. [21] such q-analogues were introduced as multiplicities for graded GL(n)-modules supported in the closure of a nilpotent conjugacy class. Lascoux, Leclerc and Thibon [16] defined a q-analogue of c^λ_R as the generating function of ribbon tableaux with spin statistic. In ref. [17] these polynomials were shown to be parabolic Kazhdan–Lusztig polynomials for affine symmetric groups. Conjecturally [12], the q-analogues of refs. [21] and [16] coincide when R is a sequence of rectangles. When R is a sequence of rectangles the polynomials of [21] give rise to generalized Kostka polynomials. Generalized Kostka polynomials can also be defined as generating functions of Littlewood–Richardson tableaux with a charge statistic [19, 20], generalizing the charge of Lascoux and Schützenberger [15]. This is the definition used here.

⋆ Partially supported by NSF grant DMS-9800941.

There also exist level-restricted analogues of the Littlewood–Richardson coefficients c^λ_R (see for example [4, 8, 10]). In the setting of Kashiwara’s [9] crystal base theory level-restricted Littlewood–Richardson coefficients occur naturally by extending the U_q(sl_n)-crystal structure to a U_q(^sl^′_n)-crystal structure [10]; here ^sl^′_n is the derived algebra of the affine Kac–Moody algebra ^sl_n. In ref. [5] the level-restricted Littlewood–Richardson coefficients are defined as multiplicities of an induction product of modules over Hecke algebras at a root of unity. Level-restriction is also a very important concept in the context of restrictedsolid-on-solid models in statistical mechanics [2] and fusion models in conformal field theory [22].

In this note we consider the two generalizations together giving rise to levelrestricted generalized Kostka polynomials K^ℓ_{λR}(q), where ℓ is the level (in fact, we will only consider in detail level-restricted Kostka polynomials which correspond to all R_i being single rows; but the general case of R_i being rectangular is very similar, see [18]). In refs. [3, 6, 7, 14, 19, 23] fermionic formulas for K^ℓ_{λR}(q) for special λ (and R) were conjectured. Fermionic formulas originate from the Bethe Ansatz and usually involve (relatively small) sums of products of q-binomial coefficients. Here we present fermionic formulas for all λ (proven in ref. [18]). Their structure is considerably more complex than the conjectured special cases.

Type ^A branching functions can be expressed as limits of level-restricted Kostka polynomials. It is possible to take these limits explicitly in the fermionic expressions for the level-restricted Kostka polynomials, thereby yielding new expressions for these branching functions.

Our technique for finding and proving new formulas for the level-restricted (generalized) Kostka polynomials proceeds via a bijection between tableaux and rigged configurations first introduced in ref. [11]. In ref. [13] it was shown that this bijection is well-defined and there it was used to prove a fermionic formula for the (generalized) Kostka polynomials. In order to get a handle on the levelrestricted (generalized) Kostka polynomials one needs to characterize the image of level-restricted tableaux under this bijection. This is done in Section 3 and yields immediately the desired new expressions for the level-restricted (generalized) Kostka polynomials given in Section 4. In Section 5 we mention that one can obtain new expressions for type ^A branching functions from those of the level-restricted Kostka polynomials, and we present a conjecture for the explicit characterization of rigged configurations corresponding to “skew” tableaux.

For simplicity of presentation we restrict ourselves to the case that all R_i are single rows. The general rectangle case as well as all the details omitted here can be found in ref. [18] on which this extended abstract is based.

Acknowledgements

We are deeply indebted to Anatol Kirillov for stimulating discussions. We would also like to thank Peter Bouwknegt, Srinandan Dasmahapatra, Atsuo Kuniba, and Masato Okado for helpful discussions.

2 Level-restricted Tableaux

Lascoux and Schützenberger [15] showed that the Kostka polynomials K_{λμ}(q), labeled by a partition λ and an array of nonnegative integers μ, can be expressed as the generating function of column-strict tableaux with charge statistics K_{λμ}(q) = ∑ T ∈CST(λ;μ) q^{c(T )}.

Here CST(λ; μ) is the set of all column-strict tableaux of shape λ and content μ, and c(T ) is the charge of tableau T .

From now on let us always assume that λ has n parts, some of which may be zero. Let ℓ be a positive integer. Level-ℓ restricted tableaux are defined as follows [5]. Let T ∈ CST(λ; μ). The tableau T may be viewed as a sequence of shapes ∅ = λ^{(0)} ⊂ λ^{(1)} ⊂ . . . ⊂ λ^{(L)} = λ where λ^{(j)} is the shape of the subtableau of T based on the subalphabet {1, 2, . . . , j}. Then T is restricted of level ℓ if λ^{(j)}_1 − λ^{(j−1)}_n ≤ ℓ for all 1 ≤ j ≤ L. (1)

Example 1.

1. The sequence of shapes for the tableau

T = 1 1 5 2 3 4 (2)

is given by ∅ ⊂ ⊂ ⊂ ⊂ ⊂ .

Hence, for n = 3, T is restricted of level 2. On the other hand, the tableau

1 1 4 2 3 5 is not level-2 restricted since its sequence of shapes is given by ∅ ⊂ ⊂ ⊂ ⊂ ⊂ .

2. In the case of standard tableaux, that is, when μ = (1^{|λ|}) so that each letter occurs only once, write ST(λ) = CST(λ; μ). For the set of level-ℓ restricted standard tableaux ST^ℓ(λ) the above conditions simplify slightly.

Let S ∈ ST(λ) and associate the chain of shapes λ^{(j)} as above. Since passing from λ^{(j−1)} to λ^{(j)} adds only one additional cell, the condition (1) simplifies to λ^{(j)}_1 − λ^{(j)}_n ≤ ℓ for all 1 ≤ j ≤ L.

The level-ℓ restricted Kostka polynomials are defined as the generating functions of level-ℓ restricted tableaux with charge statistics K^ℓ_{λμ}(q) = ∑ T ∈CST^ℓ(λ;μ)

q^{c(T )}. (3)

3 Level-restricted Rigged Configurations

In 1988 Kirillov and Reshetikhin [11] introduced a bijection between columnstrict tableaux and rigged configurations. Recently it was shown that this bijection is well-defined and preserves the statistics [13]. In particular this led to a proof of a fermionic formula for the (generalized) Kostka polynomials. Here we show that the bijection is well-behaved with respect to level-restriction which yields new expressions for the level-restricted (generalized) Kostka polynomials.

3.1 Rigged Configurations

Let us review the definition of rigged configurations.

A (λ; μ)-configuration is a sequence of partitions ν = (ν^{(1)}, ν^{(2)}, . . .) with the size constraints |ν^{(k)}| = ∑ j>k λ_j for k ≥ 0 where by convention ν^{(0)} = μ. If λ has at most n parts all partitions ν^{(k)} for k ≥ n are empty. For a partition ρ, define m_i(ρ) to be the number of parts equal to i and

Q_i(ρ) = ρ^t_1 + ρ^t_2 + . . . + ρ^t_i = ∑ j≥1 min{i, ρ_j },

the size of the first i columns of ρ. The definition of Q_i(ρ) also extends to arrays of numbers ρ using the second expression. The vacancy numbers for the (λ; μ)- configuration ν are the numbers (indexed by k ≥ 1 and i ≥ 0) defined by

P^{(k)}_i (ν) = Q_i(ν^{(k−1)}) − 2Q_i(ν^{(k)}) + Q_i(ν^{(k+1)}). (4)

In particular P^{(k)}_0 (ν) = 0 for all k ≥ 1. The (λ; μ)-configuration ν is said to be admissible if P^{(k)}_i (ν) ≥ 0 for all k, i ≥ 1, and the set of admissible (λ; μ)- configurations is denoted by C(λ; μ). Following [12, (3.2)], set cc(ν) = ∑ k,i≥1 α^{(k)}_i (α^{(k)}_i − α^{(k+1)}_i ) where α^{(k)}_i is the size of the i-th column in ν^{(k)}. Define the charge c(ν) of a configuration ν ∈ C(λ; μ) by c(ν) = ||μ|| − cc(ν) − |P | with ||μ|| = ∑ 1≤i<j≤L min{μ_i, μ_j } and |P | = ∑ k,i≥1 m_i(ν)P^{(k)}_i (ν).

Observe that c(ν) depends on both ν and μ but cc(ν) depends only on ν.

Rigged configurations can be defined as certain labelings of the rows of the partitions in a configuration. For this purpose one should view a partition as a multiset of positive integers. A rigged partition is by definition a finite multiset of pairs (i, x) where i is a positive integer and x is a nonnegative integer. The pairs (i, x) are referred to as strings; i is referred to as the length of the string and x as the label or quantum number of the string. A rigged partition is said to be a rigging of the partition ρ if the multiset consisting of the lengths of the strings, is the partition ρ. So a rigging of ρ is a labeling of the parts of ρ by nonnegative integers, where one identifies labelings that differ only by permuting labels among equal-sized parts of ρ.

A rigging J of the (λ; μ)-configuration ν is a sequence of riggings of the partitions ν^{(k)} such that for every part of ν^{(k)} of length i and label x,

0 ≤ x ≤ P^{(k)}_i (ν). (5)

The pair (ν, J) is called a rigged configuration. The set of riggings of admissible (λ; μ)-configurations is denoted by RC(λ; μ). Let (ν, J)^{(k)} be the k-th rigged partition of (ν, J). A string (i, x) ∈ (ν, J)^{(k)} is said to be singular if x = P^{(k)}_i (ν), that is, its label takes on the maximum value.

Define the cocharge and charge of (ν, J) ∈ RC(λ; R) by cc(ν, J) = cc(ν) + |J| c(ν, J) = c(ν) + |J| |J| = ∑ k,i≥1 |J^{(k)}_i |

where J^{(k)}_i is the partition inside the rectangle of height m_i(ν^{(k)}) and width P^{(k)}_i (ν) given by the labels of the parts of ν^{(k)} of size i.

3.2 The Bijection

There are several variants of the bijection between tableaux and rigged configurations. Here we use the rowwise quantum number bijection ψ : CST(λ; μ) → RC(λ; μ).

The map from CST(λ; μ) to RC(λ; μ) is defined recursively on |T |, the number of cells in T ∈ CST(λ; μ). The empty tableau maps to the empty rigged configuration. Now start with T ∈ CST(λ; μ) with |T | > 0. Write T^− for the tableau obtained by removing the rightmost largest letter from T (which occurs in row r, say) and λ^− for the shape of T^−. Let μ^− = (μ_1, μ_2, . . . , μ_{L−1}, μ_L − 1). Since T^− ∈ CST(λ^−; μ^−), by induction ψ(T^−) = (ν, J) is defined. Let s^{(r)} = ∞. For k = r − 1 down to 1, select the longest singular string in (ν, J)^{(k)} of length s^{(k)} (possibly of zero length) such that s^{(k)} ≤ s^{(k+1)}. With the convention s^{(0)} = μ_L − 1, it can be shown that s^{(0)} ≤ s^{(1)} as well. Then ψ(T ) := (ν, J) is obtained from (ν, J) by lengthening each of the selected strings by one, resetting their labels to make them singular with respect to the vacancy numbers in the definition of RC(λ; μ), and leaving all other strings unchanged.

Example 2. Take μ = (2, 2, 2, 2, 1), λ = (3, 3, 2, 1) and

T = 1 1 3 2 2 4 3 5 4 so that T^− =

1 1 3 2 2 4 3 4 and r = 3. The rigged configuration corresponding to T^− is 0 0 0 0 0 ∗ 0

0 ∗ 0 0 0 0 0

where the labels are written to the right of each part and the vacancy numbers to the left. The selected strings are indicated by ∗. Hence the rigged configuration corresponding to T is 0 0 0 0 0 0 1 1 0 0 0 0 .

The following theorem is a variant of [13, Definition-Proposition 4.1 and Theorem 9.1].

Theorem 1. The bijection ψ : CST(λ; μ) → RC(λ; R) is well-defined and preserves the statistics. That is, for T ∈ CST(λ; μ) we have c(T ) = c(ψ(T )).

An immediate corollary is the following.

Corollary 1. For λ a partition and μ an array of nonnegative integers K_{λμ}(q) = ∑ (ν,J)∈RC(λ;μ) q^{c(ν,J)}.

3.3 Rigged Configurations and Level-restriction

Here we introduce the most important new definition in this note, namely, that of a level-restricted rigged configuration.

Say that a partition λ is restricted of level ℓ if λ_1 − λ_n ≤ ℓ, recalling that it is assumed that all partitions have at most n parts, some of which may be zero. For a shape λ restricted of level ℓ define ℓ̃ = ℓ − (λ_1 − λ_n), which is nonnegative by assumption.

Set λ^′ = (λ_1 − λ_n, . . . , λ_{n−1} − λ_n)^t and denote the set of all column-strict tableaux of shape λ^′ over the alphabet {1, 2, . . . , λ_1 − λ_n} by CST(λ^′). Define a table of modified vacancy numbers depending on ν ∈ C(λ; μ) and t ∈ CST(λ^′) by

P^{(k)}_i (ν, t) = P^{(k)}_i (ν) − λ_k −λ_n∑

j=1 χ(i ≥ ℓ̃ + t_{j,k}) + λ_{k+1}−λ_n ∑ j=1 χ(i ≥ ℓ̃ + t_{j,k+1}) (6)

for all i, k ≥ 1, where χ(S) = 1 if the statement S is true and χ(S) = 0 otherwise, and t_{j,k} is the (j, k)-th entry of t. Finally let x^{(k)}_i be the largest part of the partition J^{(k)}_i ; if J^{(k)}_i is empty set x^{(k)}_i = 0.

Definition 1. Say that (ν, J) ∈ RC(λ; μ) is restricted of level ℓ provided that

1. ν^{(k)}_1 ≤ ℓ for all k.

2. There exists a tableau t ∈ CST(λ^′), such that for every i, k ≥ 1,

x^{(k)}_i ≤ P^{(k)}_i (ν, t).

Let C^ℓ(λ; μ) be the set of all ν ∈ C(λ; μ) such that the first condition holds, and denote by RC^ℓ(λ; R) the set of (ν, J) ∈ RC(λ; μ) that are restricted of level ℓ.

Note in particular that the second condition requires that P^{(k)}_i (ν, t) ≥ 0 for all i, k ≥ 1. Example 3. Let us consider Definition 1 for two classes of shapes λ more closely:

1. Vacuum case: Let λ = (a^n) be rectangular with n rows. Then λ^′ = ∅ and P^{(k)}_i (ν, ∅) = P^{(k)}_i (ν) for all i, k ≥ 1 so that the modified vacancy numbers are equal to the vacancy numbers.

2. Two-corner case: Let λ = (a^α, b^β ) with α + β = n and a > b. Then λ^′ = (α^{a−b}) and there is only one tableau t in CST(λ^′), namely the Yamanouchi tableau of shape λ^′. Since t_{j,k} = j for 1 ≤ k ≤ α we find that P^{(k)}_i (ν, t) = P^{(k)}_i (ν) − δ_{k,α} max{i − ℓ̃, 0} for 1 ≤ i ≤ ℓ and 1 ≤ k < n. We wish to thank Anatol Kirillov for communicating this formula to us [14].

Our main result is the following. The proof is given in full detail in [18].

Theorem 2. The bijection ψ : CST(λ; μ) → RC(λ; μ) restricts to a well-defined bijection ψ : CST^ℓ(λ; μ) → RC^ℓ(λ; μ).

This theorem states that the image of level-restricted tableaux under the bijection are rigged configurations whose riggings lie below certain maxima. In other words, for a given configuration these riggings form an order ideal in the set of all riggings. The maxima are labeled by certain column-strict tableaux (see Definition 1 and equation (6)).

Using the definition in (3), Theorem 1 and Theorem 2 one obtains the following formula for the level-restricted Kostka polynomial:

Theorem 3. Let ℓ be a positive integer. For λ a partition restricted of level ℓ and μ an array of nonnegative numbers not exceeding ℓ, K^ℓ_{λμ}(q) = ∑ (ν,J)∈RC^ℓ(λ;μ) q^{c(ν,J)}.

Example 4. Consider n = 3, ℓ = 2, λ = (3, 2, 1) and μ = (2, 1^4). Then 0 0 0 1 and 1 2 0 (7)

are in C^ℓ(λ; R) where again the vacancy numbers are indicated to the left of each part. The set CST(λ^′) consists of the two elements 1 1 2 and 1 2 2 . Since ℓ̃ = 0 the three rigged configurations 0 0 0 0 , 0 0 0 and 0 1 0

are restricted of level 2 with charges 2, 3, 4, respectively. The riggings are given on the right of each part. The last rigged configuration corresponds to the tableau in (2). Hence K^2_{λμ}(q) = q^2 + q^3 + q^4.

In contrast to this, the Kostka polynomial K_{λμ}(q) is obtained by summing over both configurations in (7) with all possible riggings below the vacancy numbers. This amounts to K_{λμ}(q) = q^2 + 2q^3 + 2q^4 + 2q^5 + q^6.

4 New Expressions for Level-restricted Kostka Polynomials

Let us first briefly review how the fermionic expressions for the Kostka polynomials can be obtained from Corollary 1. Recall that c(ν, J) = c(ν) + |J| where |J| = ∑ k,i≥1 |J (k) i | and J^{(k)}_i is the partition inside the rectangle of height m_i(ν^{(k)}) and width P^{(k)}_i (ν) given by the labels of the parts of ν^{(k)} of size i. The generating functions of partitions with at most m parts each not exceeding p is given by the q-binomial [ m + p m ] [1, Theorem 3.1]. The q-binomial is defined as [ m + p m ] = (q)_{m+p} (q)_m(q)_p

for m, p ∈ N and zero otherwise where (q)_m = (1 − q)(1 − q^2) · · · (1 − q^m). Hence Corollary 1 implies the following explicit expression for the Kostka polynomials:

Theorem 4. For λ a partition and μ an array of nonnegative integers K_{λμ}(q) = ∑ ν∈C(λ;μ) q^{c(ν)} ∏ k,i≥1 [ P^{(k)}_i (ν) + m_i(ν^{(k)}) m_i(ν^{(k)}) ] .

Similarly to the Kostka polynomial case, one can rewrite the expression of the level-restricted generalized Kostka polynomials of Theorem 3 in fermionic form.

Lemma 1. For all ν ∈ C^ℓ(λ, μ), t ∈ CST(λ^′), 1 ≤ k < n and i ≥ ℓ we have P^{(k)}_i (ν, t) = 0.

This lemma can be proven using [12, (11.2)].

Let SCST(λ^′) be the set of all nonempty subsets of CST(λ^′). Furthermore set P^{(k)}_i (ν, S) = min{P^{(k)}_i (ν, t)|t ∈ S} for S ∈ SCST(λ^′). Then by inclusionexclusion the set of allowed rigging for a given configuration ν ∈ C^ℓ(λ; μ) is given by ∑

S∈SCST(λ^′) (−1)^{|S|+1}{J|x^{(k)}_i ≤ P^{(k)}_i (ν, S)}.

Using again the fact that the q-binomial [ m + p m ] is the generating function of

partitions with at most m parts each not exceeding p and using P^{(k)}_ℓ (ν, S) = 0 by Lemma 1 the level-ℓ restricted generalized Kostka polynomials has the following explicit expression.

Theorem 5. K^ℓ_{λμ}(q) = ∑ S∈SCST(λ^′) (−1)^{|S|+1} ∑ ν∈C^ℓ(λ;R) q^{c(ν)} ℓ−1∏ i=1 n−1∏ k=1 [ m_i(ν^{(k)}) + P^{(k)}_i (ν, S) m_i(ν^{(k)}) ] . (8) In the vacuum case, that is, when λ = ((^{|λ|}_n )^n), the set SCST(λ^′) only contains S = {∅}. In this case (8) simplifies to K^ℓ_{λμ}(q) = ∑ ν∈C^ℓ(λ;R) q^{c(ν)} ℓ−1∏ i=1 n−1∏ k=1 [ m_i(ν^{(k)}) + P^{(k)}_i (ν) m_i(ν^{(k)}) ] . (9)

When μ = (1^{|λ|}) this proves [3, Theorem 1]^1. For general μ equation (9) settles [6, Conjecture 5.7].

5 Branching Functions of Type ^A and a Conjecture for “Skew” Shapes

The new expressions for the level-restricted Kostka polynomials (8) can be used to derive new expressions for certain type ^A branching functions by taking appropriate limits. The branching functions are formal power series defined as b^Λ′_{,Λ”}(q) = ∑ k≥0 q^kc^{Λ−kδ}_Λ′_{,Λ}′′ where Λ, Λ^′, Λ^{′′} are dominant integral weights of levels ℓ^′ + ℓ^{′′}, ℓ^′, ℓ^{′′}, δ is the null root and c^{Λ−kδ}_Λ′_{,Λ}′′ is the multiplicity of the irreducible highest weight U_q(^sl_n)- module V (Λ − kδ) in the tensor product V (Λ^′) ⊗ V (Λ^{′′}). Details can be found in ref. [18].

It turns out that the limits of the level-restricted Kostka polynomials only yield the branching functions for Λ^{′′} = ℓ^{′′}Λ_0 and special choices of Λ^′. To get a more complete set of branching functions it is necessary to look at level-restricted Kostka polynomials for “skew” shapes.

It appears that the bijection ψ is not only well-behaved with respect to levelrestriction, but also with respect to skew shapes. First evidence of this was given in [11] when the skew shape is λ/ρ, where ρ is rectangular.

For the branching functions “skewing” by ρ corresponds to fixing a subtableau of shape ρ. In fact the choice of the subtableaux does not matter. Computer evidence suggests that under the bijection the effect of a fixed subtableau on the rigged configurations is to impose minima on the set of riggings. Recall that level-restriction imposes maxima on the set of riggings via the modified vacancy numbers.

Here we give an explicit conjecture for the set of minima in the case that the fixed subtableau is the unique tableau T_ρ of shape ρ and content R_ρ = ((1^{ρt1} ), (1^{ρt2} ), . . .). Note that this tableau is a Littlewood–Richardson tableau since its content consists of single columns. We denote the set of Littlewood– Richardson tableaux of shape λ and content R by LRT(λ; R). For a definition see [12, 13, 19]. For partitions ρ ⊂ λ define the set of Littlewood–Richardson tableaux with fixed subtableau T_ρ as

LRT(λ, ρ, R) = {T ∈ LRT(λ, R_ρ ∪ R)|T restricted to shape ρ equals T_ρ}.

Furthermore denote by RC(λ, ρ, R) the image of LRT(λ, ρ, R) under the bijection ψ (for the definition of ψ for a sequence of rectangles see [13]). Set ρ^′ = (ρ_1 − ρ_n, . . . , ρ_{n−1} − ρ_n)^t. For all t ∈ CST(ρ^′) define the set of minima as

M^{(k)}_i (t) = ρ_k −ρ_n∑

j=1 χ(i ≤ ρ_1 − ρ_n − t_{j,k}) − ρ_{k+1}−ρ_n ∑ j=1 χ(i ≤ ρ_1 − ρ_n − t_{j,k+1}). 1 We believe that the proof given in [3] is incomplete.

Conjecture 1. Let λ, ρ be partitions such that ρ ⊂ λ and R a sequence of rectangles. Then (ν, J) ∈ RC(λ, ρ, R) if and only if there exists a t ∈ CST(ρ^′) such that x ≥ M^{(k)}_i (t) for all x, i, k such that (i, x) ∈ (ν, J)^{(k)} and P^{(k)}_i (ν) ≥ M^{(k)}_i (t) for all i, k ≥ 1.

Note in particular that the second condition is automatically satisfied when (i, x) ∈ (ν, J)^{(k)} since P^{(k)}_i (ν) ≥ x ≥ M^{(k)}_i (t).

References

1. G. E. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and its Applications, Vol. 2, (Addison-Wesley, Reading, Massachusetts, 1976).

2. R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press, London (1982).

3. S. Dasmahapatra, On the combinatorics of row and corner transfer matrices of the A^{(1)}_{n−1} restricted face models, Int. J. Mod. Phys. A 12 (1997) 3551–3586.

4. O. Foda, B. Leclerc, M. Okado and J.-Y. Thibon, Ribbon tableaux and q-analogues of fusion rules in WZW conformal field theories, preprint math.QA/9810008.

5. F. M. Goodman and H. Wenzl, Littlewood–Richardson coefficients for Hecke algebras at roots of unity, Adv. Math. 82 (1990) 244–265.

6. G. Hatayama, A. N. Kirillov, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Character formulae of ^sln-modules and inhomogeneous paths, Nucl. Phys. B536 [PM] (1999) 575–616.

7. G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Remarks on fermionic formula, preprint math.QA/9812022.

8. V. Kac, Infinite dimensional Lie algebras, 3rd ed., Cambridge Univ. Press, 1990. 9. M. Kashiwara, On crystal bases of the q-analogue of universal enveloping algebras, Duke Math. J. 63 (1991) 465–516.

10. S.-J. Kang, M. Kashiwara, K. Misra, T. Miwa, T. Nakashima and A. Nakayashiki, Perfect crystals of quantum affine Lie algebras, Duke Math. J. 68 (1992) 499–607.

11. A. N. Kirillov and N. Y. Reshetikhin, The Bethe Ansatz and the combinatorics of Young tableaux, J. Soviet Math. 41 (1988) 925-955.

12. A. N. Kirillov and M. Shimozono, A generalization of the Kostka–Foulkes polynomials, preprint math.QA/9803062.

13. A. N. Kirillov, A. Schilling and M. Shimozono, A bijection between Littlewood– Richardson tableaux and rigged configurations, preprint math.CO/9901037.

14. A. N. Kirillov, private communication.

15. A. Lascoux and M.P. Schützenberger, Sur une conjecture de H.O. Foulkes, CR Acad. Sci. Paris 286A (1978) 323-324.

16. A. Lascoux, B. Leclerc and J.-Y. Thibon, Ribbon tableaux, Hall–Littlewood functions, quantum affine algebras, and unipotent varieties, J. Math. Phys. 38 (1997) 1041–1068.

17. B. Leclerc and J.-Y. Thibon, Littlewood–Richardson coefficients and Kazhdan- Lusztig polynomials, preprint math.QA/9809122.

18. A. Schilling and M. Shimozono, Fermionic formulas for level-restricted generalized Kostka polynomials and coset branching functions, preprint math.QA/0001114.

19. A. Schilling and S. O. Warnaar, Inhomogeneous lattice paths, generalized Kostka polynomials and An−1-supernomials, Commun. Math. Phys. 202 (1999) 359–401.

20. M. Shimozono, A cyclage poset structure for Littlewood-Richardson tableaux, preprint math.QA/9804037.

21. M. Shimozono and J. Weyman, Graded characters of modules supported in the closure of a nilpotent conjugacy class, preprint math.QA/9804036.

22. E. Verlinde, Fusion rules and modular transformations in 2D conformal field theory, Nucl. Phys. B 300 (1988) 360–376.

23. S. O. Warnaar and P. A. Pearce, A-D-E polynomial and Rogers–Ramanujan identities, Int. J. Mod. Phys. A 11 (1996) 291–311.