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Background Compressive Spectral Clustering Matrix Completion

Spectral Embedding

Spectral Clustering [Shi and Malik]
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Spectral Embedding

Spectral Clustering [Shi and Malik]

Define a local distance between two data points d(xi , xj ).
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Spectral Embedding

Spectral Clustering [Shi and Malik]

Define a local distance between two data points d(xi , xj ).

Construct a graph, vertices are data points and edge weights
are given by the Gaussian kernel :

Wi ,j = e
−d(xi ,xj )

2

2σ .
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Spectral Embedding

Spectral Clustering [Shi and Malik]

Define a local distance between two data points d(xi , xj ).

Construct a graph, vertices are data points and edge weights
are given by the Gaussian kernel :

Wi ,j = e
−d(xi ,xj )

2

2σ .

Let P = D−1W
︸ ︷︷ ︸

random walk

and A = D− 1
2WD− 1

2
︸ ︷︷ ︸

symmetric rw

where D(i , i) =
∑

k Wi ,k .
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Spectral Embedding

Spectral Clustering [Shi and Malik]

Define a local distance between two data points d(xi , xj ).

Construct a graph, vertices are data points and edge weights
are given by the Gaussian kernel :

Wi ,j = e
−d(xi ,xj )

2

2σ .

Let P = D−1W
︸ ︷︷ ︸

random walk

and A = D− 1
2WD− 1

2
︸ ︷︷ ︸

symmetric rw

where D(i , i) =
∑

k Wi ,k .

Partition the data using the coordinates of the top k
eigenvectors vks, of the affinity matrix A.
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Spectral Embedding
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Spectral Embedding
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Spectral Embedding

Why it works

The second eigenvector y of P is the real valued solution of
normalized graph cut problem e(x ,xc)

e(x ,xc) +
e(x ,V )
e(xc ,V ) ,

min
x

Ncut(x) = min
y

yT (D −W )y

yTDy

[Shi and Malik].

The entries, Pi ,j = P(x(1) = xj | x(0) = xi) , are the one step
transition probabilities of moving from xi to xj .

The first few eigenvectors of the normalized Laplacian
L = I − A are discrete approximations of the eigenfunctions of
the Laplace-Beltrami operator on a low dimensional manifold,
when the data is sampled uniformly. [Belkin and Niyogi]
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Compressed Sensing

original 50% rand. Fourier Coef. reconstructed CS meas.
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Compressed Sensing

Solving underdetermined Ax = b where x is r -sparse.

Used for exact recovery of sparse signals using fewer
measurements than the ambient dimension.

Compressed sensing provides a bound on the error derived
from making these few measurements of a signal.
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Compressed Sensing

restricted isometry property [Candès and Tao]

The restricted isometry property (RIP) holds for all r -sparse
vectors x with parameters (r , δ) if

(1− δ)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δ)‖x‖2.
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Compressed Sensing

restricted isometry property [Candès and Tao]

The restricted isometry property (RIP) holds for all r -sparse
vectors x with parameters (r , δ) if

(1− δ)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δ)‖x‖2.

Random Bernoulli [Candès, Romberg and Tao], Gaussian, and
partial Fourier matrices [Rudelson and Vershynin] satisfy the RIP
with exponentially high probability.
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Compressed Sensing

restricted isometry property [Candès and Tao]

The restricted isometry property (RIP) holds for all r -sparse
vectors x with parameters (r , δ) if

(1− δ)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δ)‖x‖2.

Theorem - Gaussian matrices [Rudelson and Vershynin]

Let Φ be a m × n Gaussian measurement matrix, and let r ≥ 1,
0 < δ < 1, and 0 < ǫ < 0.5. Then with high probability the matrix
1√
m
Φ satisfies the restricted isometry property with parameters

(r , δ) provided that the number of measurements m satisfies

m ≥ r

ǫ2
log

( n

ǫ2r

)

.
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Can equivalent spectral clustering be done in the compressed
domain?
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Method

Compressive Spectral Clustering

Let Φ be a random m × n matrix, with Gaussian N (0, 1)
entries.
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Method

Compressive Spectral Clustering

Let Φ be a random m × n matrix, with Gaussian N (0, 1)
entries.

Define d̃(xi , xj) = ‖Φxi − Φxj‖2 using m compressed sensing
measurements, where m << n.

Hunter, Strohmer Low dimensional embedding with compressed, incomplete and inaccurate



Background Compressive Spectral Clustering Matrix Completion

Method

Compressive Spectral Clustering

Let Φ be a random m × n matrix, with Gaussian N (0, 1)
entries.

Define d̃(xi , xj) = ‖Φxi − Φxj‖2 using m compressed sensing
measurements, where m << n.

Construct a graph with edge weights

W̃ (xi , xj ) = exp

(

−‖Φxi − Φxj‖22
2σ

)

.
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Method

Compressive Spectral Clustering

Let Φ be a random m × n matrix, with Gaussian N (0, 1)
entries.

Define d̃(xi , xj) = ‖Φxi − Φxj‖2 using m compressed sensing
measurements, where m << n.

Construct a graph with edge weights

W̃ (xi , xj ) = exp

(

−‖Φxi − Φxj‖22
2σ

)

.

Define Ã = D̃− 1
2 W̃ D̃− 1

2 where D̃i ,i =
∑

k W̃ (xi , xk).
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Method

Compressive Spectral Clustering

Let Φ be a random m × n matrix, with Gaussian N (0, 1)
entries.

Define d̃(xi , xj) = ‖Φxi − Φxj‖2 using m compressed sensing
measurements, where m << n.

Construct a graph with edge weights

W̃ (xi , xj ) = exp

(

−‖Φxi − Φxj‖22
2σ

)

.

Define Ã = D̃− 1
2 W̃ D̃− 1

2 where D̃i ,i =
∑

k W̃ (xi , xk).

Use the first k eigenvectors of Ã as a k low-dimensional
representation of the data and coordinates for clustering.
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Method

traditional spectral clustering x → A → vi
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Method

traditional spectral clustering x → A → vi

compressive spectral clustering Φx → Ã → ṽi .
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Method

traditional spectral clustering x → A → vi

compressive spectral clustering Φx → Ã → ṽi .

‖Φxi − Φxj‖ ≈ ‖xi − xj‖ by the RIP

vi ≈ ṽi ?
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Method

traditional spectral clustering x → A → vi

compressive spectral clustering Φx → Ã → ṽi .

‖Φxi − Φxj‖ ≈ ‖xi − xj‖ by the RIP

vi ≈ ṽi ?

Question

Can the first k eigenvectors of Ã provide the same spectral
coordinates as the first k eigenvectors of traditional spectral
clustering?
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Perturbation of Eigenvectors

Earlier results have shown that spectral clustering using the second
eigenvector is robust to small perturbation of the data.

Theorem [Stewart]

Let Ã = A+ E be a perturbation of A and let λi and vi be the i th

eigenvalue and eigenvector of A and ṽi be the i th eigenvector of Ã
respectively, then

‖ṽ2 − v2‖ ≤ 1

λ2 − λ3
‖E‖+ O

(
‖E‖2

)
.
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Perturbation of Eigenvectors
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Perturbation of Eigenvectors
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Perturbation of Eigenvectors

(V1V2)
H A (V1V2) =

(
Σ1 0
0 Σ2

)

,

and
(

Ṽ1Ṽ2

)H

Ã
(

Ṽ1Ṽ2

)

=

(
Σ̃1 0

0 Σ̃2

)

.
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Perturbation of Eigenvectors

(V1V2)
H A (V1V2) =

(
Σ1 0
0 Σ2

)

,

and
(

Ṽ1Ṽ2

)H

Ã
(

Ṽ1Ṽ2

)

=

(
Σ̃1 0

0 Σ̃2

)

.

Canonical Angles

Let Vm and Ṽm be subspaces spanned by the orthonormal
eigenvectors vi , . . . , vi+m and ṽi , . . . , ṽi+m. And let γ1 ≤ . . . ≤ γm
be the singular values of [vi · · · vi+m]

T [ṽi · · · ṽi+m]. Then the
values,

θi = cos−1 γi

are called the canonical angles between Vm and Ṽm. Define Vm

and Ṽm to be close if the largest canonical angle, θ1, is small.
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Perturbation of Eigenvectors

Let λi , vi , λ̃i , ṽi be the i th eigenvalues and eigenvectors of A and
Ã respectively, and let Θ be the canonical angles between the
column space of Vk = [v1, v2, . . . , vk ] and Ṽk = [ṽ1, ṽ2, . . . , ṽk ].

Theorem [Davis and Kahan]

If there is an α > 0 such that

|λ̃k − λk+1| ≥ α

and
λ̃k ≥ α

then

‖ sinΘ‖F ≤ 1

α
‖AṼk − ṼkΣ̃k‖F .
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Perturbation of Eigenvectors

Corollary

Let PVk
and P

Ṽk
be the orthogonal projection on to Vk and Ṽk . If

there is a α > 0 such that λk − λk+1 ≥ α and λk ≥ α, then,

‖PVk
− P

Ṽk
‖F ≤

√
2

α
‖A− Ã‖F .
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Perturbation of Eigenvectors

Corollary

Let PVk
and P

Ṽk
be the orthogonal projection on to Vk and Ṽk . If

there is a α > 0 such that λk − λk+1 ≥ α and λk ≥ α, then,

‖PVk
− P

Ṽk
‖F ≤

√
2

α
‖A− Ã‖F .

Theorem

Let Vk be the matrix formed by the top k column eigenvectors of
A and Ṽk , the matrix formed by the top k eigenvectors of Ã
defined above. If Q is the orthogonal matrix that minimizes
‖Ṽk − VkQ‖F , then

‖Ṽk − VkQ‖2 ≤ (1 +
√
2)

1

α
‖A − Ã‖F .
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Perturbation of Eigenvectors

Corollary

Let PVk
and P

Ṽk
be the orthogonal projection on to Vk and Ṽk . If

there is a α > 0 such that λk − λk+1 ≥ α and λk ≥ α, then,

‖PVk
− P

Ṽk
‖F ≤

√
2

α
‖A− Ã‖F .

Theorem

Let Vk be the matrix formed by the top k column eigenvectors of
A and Ṽk , the matrix formed by the top k eigenvectors of Ã
defined above. If Q is the orthogonal matrix that minimizes
‖Ṽk − VkQ‖F , then

‖Ṽk − VkQ‖2 ≤ (1 +
√
2)

1

α
‖A − Ã‖F .

Ṽk can be made arbitrarily close to a unitary transform of Vk
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Compressive Spectral Clustering

Assume that there is an underlying r -sparse representation
yi = Bxi of the data xi .

Theorem

Let Wi ,j = e−
‖xi−xj ‖

2
2

2σ and A = D−1/2WD−1/2 where

Di ,i =
∑N

k=1 W (xi , xk). And let Ã = D̃− 1
2 W̃ D̃− 1

2 where

D̃i ,i =
∑N

k=1 W̃ (xi , xk). If W̃i ,j = e−
‖Φxi−Φxj‖

2
2

2σ where the xis are
r -sparse and Φ satisfies the RIP with

δ =
ǫ

4maxi ,j

{
‖xi−xj‖22

2σ

} ,

then for 0 < ǫ < 1,
|Ãi ,j − Ai ,j | ≤ ǫ.
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Compressive Spectral Clustering

Theorem

Let v(i) be the i th row of the matrix Vk = formed by the top k
column eigenvectors of A and ṽ(i) be the i th row of Ṽk formed by
the top k eigenvectors of Ã from taking compresses measurements.
If there exists an α > 0 such that λk − λk+1 ≥ α and λk ≥ α, then

‖ṽ(i)− v(i)Q‖2 ≤ (1 +
√
2)

N

α
ǫ

where Q is the orthogonal matrix that minimizes ‖Ṽk − VkQ‖F .

The first k eigenvectors of compressive spectral clustering
provide the same spectral coordinates as the first k
eigenvectors of traditional spectral clustering.
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Results
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Results
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Results

traditional spectral clustering x → A → vi

compressive spectral clustering Φx → Ã → ṽi .

‖Φxi − Φxj‖ ≈ ‖xi − xj‖ → viQ ≈ ṽi

The first k eigenvectors of compressive spectral clustering
provide the same spectral coordinates as the first k
eigenvectors of traditional spectral clustering.

Question

Can this be extended to incomplete data via matrix completion?
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Matrix Completion

Can we recover a matrix M ∈ R
n1×n2 from a small subset of its

entries?
In general this is impossible.
Surprisingly we can recover many matrices of interest from
“incomplete” sampled entries, via convex programming.

Hunter, Strohmer Low dimensional embedding with compressed, incomplete and inaccurate



Background Compressive Spectral Clustering Matrix Completion

Matrix Completion

Which Matrices?

M = e1e
∗
n =








0 . . . 0 1
0 . . . 0 0
... . . .

...
...

0 . . . 0 0








rank 1

can not be recovered from a sampling set.
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Matrix Completion

Which entries are observed?

M = xy∗ =










× × . . . × × ×

× × . . . × × ×
... . . .

...
...

× × . . . × × ×










outer product

Mij = xiyj

If a single row (or column)is not sampled → recovery is not
possible.
What happen for almost all sampling sets?
Ω subset of entries selected uniformly at random.
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Matrix Completion

M = e1x
∗ =








x1 x2 . . . xn
0 0 . . . 0
...

... . . .
...

0 0 . . . 0








rank 1

can not be recovered from a sampling set.

intuition

The column and row space can not supported on a small set of the
indices.

The singular vectors can not be aligned with basis vectors.
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Matrix Completion

strong incoherence property [Candès, Recht and Tao]

A matrix X obeys the strong incoherence property with
parameter µ if the following hold.

1 Let PZ be the orthogonal projection onto the singular vectors
z1, ..., zr of X ∈ R

N×n of rank r . For all pairs
(a, a′) ∈ [N]× [N] and (b, b′) ∈ [n]× [n],

∣
∣
∣〈ea,PZea′〉 −

r

N
1a=a′

∣
∣
∣ ≤ µ

√
r

N
,

∣
∣
∣〈eb,PY eb′〉 −

r

n
1b=b′

∣
∣
∣ ≤ µ

√
r

n
.

2 Let Ξ be the ”sign matrix” defined by Ξ =
∑

i∈[r ] ziy
∗
i . For all

(a, b) ∈ [N]× [n],

|Ξa,b| ≤ µ

√
r√
Nn

.
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Matrix Completion

Theorem [Candés and Plan]

Let X ∈ R
N×n be a fixed matrix of rank r obeying the strong

incoherence property with parameter µ. Suppose we observe a
fraction p = (# of entries observed)/(Nn) of entries of X with
locations sampled uniformly at random with noise
‖PΩ(X )− PΩ(X̂ )‖F ≤ δ. Then with high probability the solution
to the matrix completion problem X̂ satisfies,

‖X − X̂‖F ≤ 4

√

(2 + p)min(N, n)

p
δ + 2δ.

Perfect recovery of most low-rank matrices can be achieved with
O(r × N log2 N) samples [Candès and Tao].
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Matrix Completion

Theorem

Let Wi ,j = e−
‖xi−xj ‖

2
2

2σ and A = D−1/2WD−1/2 where

Di ,i =
∑N

k=1 W (xi , xk). And let Ŵi ,j = e−
‖x̂i−x̂j ‖

2
2

2σ and

Â = D̂− 1
2 Ŵ D̂− 1

2 where D̂i ,i =
∑N

k=1 Ŵ (xi , xk). Assume the data
matrix X obeys the strong incoherence property with parameter µ
under the same assumptions of Candés-Plan. If

4

√

(2 + p)min(N, n)

p
δ + 2δ ≤ ǫ

16maxi ,j

{
‖xi−xj‖2

2σ

}

then with high probability,

|Âi ,j − Ai ,j | ≤ ǫ.
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Matrix Completion

Theorem

Let v(i) be the i th row of the matrix Vk = formed by the top k
column eigenvectors of A and v̂(i) be the i th row of V̂k formed by
the top k eigenvectors of Â from taking compresses measurements.
Given there is a α > 0 such that λk − λk+1 ≥ α and λk ≥ α, if

4

√

(2 + p)min(N, n)

p
δ + 2δ ≤ ǫ

16maxi ,j

{
‖xi−xj‖2

2σ

}

then with high probability

‖v̂ (i)− v(i)Q‖2 ≤ (1 +
√
2)
Nǫ

α
.

The first k eigenvectors of spectral clustering with matrix
completion provide the same spectral coordinates as the first
k eigenvectors of traditional spectrral clustering.
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Results
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Conclusion

traditional spectral clustering x → A → Vk

compressive spectral clustering Φx → Ã → Ṽk .

spectral clustering with matrix completion x̂ → Â → V̂k .

Vk ≈ ṼkQ1 ≈ V̂kQ2

v(i) ≈ ṽ(i)Q1 ≈ v̂(i)Q2

Theorem

The first k eigenvectors of the adjacency matrix formed from
compressed sensing measurements or matrix completion provide
the same spectral coordinates as the first k eigenvectors of
traditional spectral clustering.
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Thank you

For more information

E-mail: blakehunter@math.ucdavis.edu

Web: http://www.math.ucdavis.edu/~blakehunter
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Thank you

Diffusion Distance

W induces a distance between two data points, based on their
dynamic proximity.

D2
t (xi , xj) =

∑

k

λ2tk (ψk(xi )− ψk(xj))
2

Diffusion Map

the mapping x 7→ (λm1 ψ1(x), λ
m
2 ψ2(x), . . . , λ

m
k ψk(x))

gives k dimensional parametrization of the geometry and
density of the data

normalized graph Laplacian

first non-trivial eigenvector ≈ optimal normalized cut

connection to the underlying potential U(x) and geometry of
Ω
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