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Abstract

Following the ideas of L. Carlitz we introduce a generalization of the Bernoulli and Eulerian
polynomials of higher order to vectorial index and argument. These polynomials are used for
computation of the vector partition function W (s, D), i.e., a number of integer solutions to a
linear system x = 0, Dx = s. It is shown that W (s, D) can be expressed through the vector
Bernoulli polynomials of higher order.

1 Introduction

The history of the Bernoulli polynomials By (x) counts more than 250 years, as L. Euler first studied
them for arbitrary values of the argument. He introduced the Euler polynomials Ex(X), and relation
between these functions was established in the end of nineteenth century by L. Saalschiitz. The
generalization of the Euler polynomials to the so-called Eulerian polynomials Hi (X, p) was made by
Frobenius [7] several years later.

N. Norlund [9] introduced the Bernoulli Blgm)(x|dm) and Euler polynomials Elﬁm)(xldm) of higher

order adding m parameters. Similar extension for the Eulerian polynomials Hlﬁm)(x, p™M|d™) was
made by L. Carlitz in [4].

The Bernoulli and Eulerian polynomials of higher order appear to be useful for the description
of the restricted partition function W (s,d™), which is a number of integer nonnegative solutions
of Diophantine equation d™ - x = s (see [11]). The author showed in [10] that W (s,d™) may be
written as a finite sum of the Bernoulli polynomial of higher order multiplied by prime circulator
introduced by A. Cayley (see [6]). The short derivation of this result is given in Section [3

Carlitz suggested in [5] another extension of the Bernoulli Bi(x) and Eulerian polynomials
Hk (X, p) to vectorial arguments and indices.

In this work we combine both abovementioned approaches to introduce a new class of polynomi-
als, which we call vector Bernoulli Bl(("m)(x|D) and Eulerian HI(("m)(x,p|D) polynomials of higher
order. We define the generating functions for these polynomials, find the recursive and symmetry
relations, and find a new relation between these polynomials. Using the vector polynomials of higher
order in Section [4] we find an explicit formula for the vector partition function W (s, D), defined as
a number of integer nonnegative solutions to the linear system x = 0, Dx = s, where D denotes
a nonnegative non-degenerate integer matrix. It appears that similar to the scalar case the vector
partition function may be written as a finite sum of the vector Bernoulli polynomials of higher order



multiplied by prime circulators of vector index and argument. The solution gives the vector parti-
tion function in every chamber of the system, as well as it determines the shape of each individual
chamber.

2 Bernoulli and Eulerian Polynomials and Their Generalizations

In the Section [2.1] the definition and main properties of the (regular) Bernoulli Bx(x) and Eule-
rian Hx(X, p) polynomials are presented. Their generalization to the polynomials of higher orders
Blﬁm)(xldm) and ngm)(x, p™|d™), recursive and symmetry properties and some useful formulas are
presented in Section Extension of the regular polynomials to vectorial arguments and indices
Br(X) and Hy(X, p) described in the Section 23 Finally, in the Section [Z.4] combining both ex-
tensions we introduce a new class of the polynomials Bl(("m)(x|D) and Hl(("m)(x, p|D) and consider
their properties.

2.1 Bernoulli and Eulerian Polynomials

Define the Bernoulli polynomial Bk (x) through the generating function

t T 1 ¢k
k=0 '

The Bernoulli numbers are defined as By = Bk(0). It is known that the multiplication formula holds

for these polynomials:

rpt—— 1
Bk x+— =p'*By(px);
r=0 P
this relation can be used as an alternative definition [8] of the Bernoulli polynomials. Another
remarkable property of the Bernoulli polynomials is that they can be presented as a symbolic power

e

Bk(x) = (B +x)X = L Bix<,
i=0

where after the expansion the powers of B are transformed into the indices.
The Eulerian polynomials were considered by Frobenius in [7], their generating function reads

1—p T 1
eXt— = Hk(X1 p)_1 (p g 1)
et—p k!
k=0
For p = —1 the Eulerian polynomials reduce to the Euler polynomials Ex(x). The former also
admits the symbolic form

Hik (X, p) = (H(p) + x),

where Hg(p) = H(0, p) are the Eulerian numbers. For p? = 1 we have an additional relation [4]
between the Bernoulli and Eulerian polynomials

rpt—y T

_ = r k
vt pTB x+ - = 1Tka—1(pX.p)- (1)
r=0 P P



2.2 Bernoulli and Eulerian Polynomials of Higher Order

Norlund [9] introduced the Bernoulli polynomials of higher order B (x|d™) adding m parameters

d™ = {d;,d,...,dn} by means of the generating function:
) LI 1>_—(_)| K
ext d_t't = B, (x|dm)t—.
T . k!

The regular Bernoulli polynomials are expressed through the relation
BM (x|d) = d“By(x).

Norlund also found the multiplication formulas

1 1
o 1
B x+ go(dm)|dm =p"*B™(px|d™), o(d™) = d;,

k
r=0 i=1
i — ™1
BI™ (x +r-d™[{pid1, ..., pmdm}) = (e™MBM (x[d™), wpE™ = pi,
ri=0 i=1

where r-d™ = I, rid; denotes the scalar product. Norlund gave the symbolic expression
— 1
B{M(d™) = (x+  di B),
i=1

where again after the expansion powers of 'B are converted into the indices of the Bernoulli numbers.
This relation implies a binomial formula:

o B (Id™BY, (yId) = BV (x+yld ™). @
k=0

The following symmetry relation is valid
B (xd™) = (=)*B{™ (—x — a(d™)|d™), @3)
and the recursive relation holds for the Bernoulli polynomials
(m) my _ (M) my — (m—-1) m—1
By (X +dm|d™) — B (x|d™) = kdmBg_; 7 (X|d™ ). %)

The Eulerian polynomials of higher order H(™(x, p™|d™) were considered by Carlitz in [4].
Their generating function reads

. k

_, &%t —p;

i k=0

and they admit the following symbolic notation:

(m) mjqm k
H 7 pt[d™) = (x+ diH(pi)".
i=1



When p}"' =1, p; 81 jJ=12,...,mwe have the analog of (1)

Pj
1 rl——r—l_ .
ri=0
k! lm
= Gemi_1op Hem0oeTl: ®)
"= !

2.3 Vector Bernoulli and Eulerian Polynomials

Carlitz suggested another extension of the Bernoulli and Eulerian polynomials. He introduced

[5] the Bernoulli polynomials Bk(x) of the vector argument X = {Xi,...,X} and vector index
k = {ky, ..., k} through the generating function
I.il. 1 ¢k
Xt i=1 ti — t
et = Bk,
e i=1 ti — 1 K kl
where the summation is over all ky, ..., kjand x -t = iizl Xjtj is a scalar product. Here and below
we use the notation
[T 1 1
B — — el =
= ', k= Kk, = :
. _ _ Ki
i=1 =1 i=1
The multiplication theorem is established in the form
e
Bk x+- =pKB(px), |kI= ki
r=0 P i=1

The Eulerian polynomials Hy (X, p) of the vector argument and index are defined as

1-p ) i— "
et = Hk(X.p)ﬁ,

and the analog of (@) for pP =1 reads:

rp—y 1,
pl=  p7" By x+ - kiHc_10 (PX, p),
_ p 1—-p.
r=0
where 10 is vector with the components 1§ = &;m, and &m is the Kroneker delta.
Here and below we will use the notion of the vector Bernoulli Bi(X) and Eulerian Hy (X, p)
polynomials remembering that they are scalar functions of their arguments.

2.4 Vector Bernoulli and Eulerian Polynomials of higher order

In this work we make one more step in generalization of the Bernoulli and Eulerian polynomials which

naturally arises from the approaches discussed above. We consider vector Bernoulli B("m)(xle)

k
and Eulerian HS’m)(x, p™|D™) polynomials of higher order, where D™ denotes (I < m) matrix.



The vector Bernoulli polynomials of higher order are defined by means of the generating function:

x-t i=1-1-y I%len)(xle)

e -
j=1€ =1 tiDij — 1 « k!
Denoting the columns of the matrix D™ as {ci,...,Cm}, we can rewrite the above definition as
ot TG g pm (6)
. etGi—1 . k | k!
=1

The analog of the recursive relation (@) reads

(1.m) my RO ey = S g1 -1
BY™(x + cmD™) = B{"™(XID™ = kiDimB{" T (xID™ ) .
i=1

One can check the validity of an analog of symmetry relation (3)

(M) gy o DI —— my_ T——1
By '(XIDT) = (=1)"'B" " (—x—a(DT)|DT), o(DT)= ;.
i=1
Using (@) we obtain the vector generalization of the binomial formula (2)
|ﬂ(I|J111) m1yp (I.m2) m2y — p (Lmi+mgy) m1+ma
B (XIDT)B,L 7 (YIDT?) = Bn (x+y|D )- )

y k

The vector Eulerian polynomials of higher order have the generating function of the form:
™41, tk
eX-t pJ — I%kj]l‘)(x, pmle)

tCi — . ki’
L, €Y% — P k!

J Kk

where p™ = {p1,...,pm}. Consider a relation between the vector Bernoulli and Eulerian polyno-
mials of higher order similar to (&). For p; such that p}"' =1 we have the following expression:

mﬂ;l | L— tk

Pj BS’m)(X +  rjcjl{pici, ..., PmCm})

k rj=0 j=1 k!
™ 1 .
_ =T; — . pjCj - t
= j_lr._opj exp[(x+__lchJ) t] PGt
—1r= i
= I:Iml_j(c. ) L&t 'rl"‘iﬁ
1_p_ dl eCJt_p.
1
| LN | @ K
= T[(pm) I:Iﬁ(cj t) 1 Hk'm)(X, pmle)E (8)
j=1 J k '



3 Restricted Partition Function

The restricted partition function W (s, d™) = W (s, {d1,d,,...,dm}) is a number of partitions of an
integer s into positive integers {dy,d>,...,dm}, each not greater than s. The generating function

for W(s,d™) has a form
T 11 1
- = W(s,d™M) t°,
 1—tdi
i=1 s=0
where W (s, d™) satisfies the basic recursive relation

W (s, d™) — W (s — dm, d™) = W (s, d™ 1) . )

Note a similarity of (@) to the recursive relation (@) for the Bernoulli polynomials of higher order.
Sylvester found a symmetry property of the partition function:

| L—
W(s, dM) = ()" W (=s —o(d™),d™), o@dM)= d. (10)
i=1

He proved [12] a statement about splitting of the partition function into periodic and non-periodic
parts and showed that the restricted partition function may be presented as a sum of ”waves”, which
we call the Sylvester waves  —
W(s,d™ = W, dm), (11)
j=1
where summation runs over all distinct factors of the elements of the set d™. The wave Wj(s,d™) is
a quasipolynomial in s closely related to prime roots p; of unity. The wave Wj(s,d™) is a coe [cieht
of t™1 in the series expansion in ascending powers of t of the generator
E—
F(s,t) = = L1 (12)
. To1— p‘_jke—dkt
Pi k=1 ]

The summation is made over all prime roots of unity p; = exp(2min/j) for n relatively prime to
J (including unity) and smaller than j. It is easy to check by straightforward calculation that the
recursive relation

F"(s.t) = F"(s — dm, 1) = F" (s, 1) (13)

holds for any generator ij(s,t), impliyng the validity of (@) for each Sylverster wave Wj(s,d™).
The generator satisfies the following symmetry property

F"(s,t) = (—)™F(=s — o(d™), —t),

which implies the validity of (IQ) for the residue of ij(s,t).

In [11] the explicit expression for the Sylvester wave of the arbitrary period is given through
the Bernoulli and Eulerian polynomials of higher order. Using (B) it was shown in [I0] that it is
possible to express the Sylvester wave as a finite sum of the Bernoulli polynomials of higher order
only. Here we present a short derivation of this result.

Assuming that the vector d™ has w; components divisible by j, sort the elements of d™ in such
way that the j-divisible integers come first. The generator (I2) can be written as a product

L1 st p: °
Fj (S, t) = |_@j_l —dit X |_m_| ] d: o .
Pj i=1(1 —e™%) i=ooj+1(1 - pj'e_ M)



Consider a modified generator F™(s,t) = m(d™t™F"(s, ), for which using the notation pd™ =
{p%,p%,...,pm} we have

~ [ I | R ™ 14
F_m(s t) — tm_(.l)J p__s It . e(S+0(dm))t L
TEANS | - edit — 1 - edit_psii
Pi i= I=wj+1 J
1 m ™1 i _adi
=t o(d™™%) U a(s+o@mt —pt dif;
adit — 1 ; di —_ i
oj i=1 & L i—oy+1 € =P 1)
C 1 mo; wal
= e e T gl (14)
Pj n1=0
) LI Yohy ‘frm!_ ) m—wj 12
L_ . HO9) (s + o(d™), i |dm_‘*’j)m
2

—_ 1
i=wj+1 1 Pi" ny=0

Now we employ (&), noting that for w +1 < i< m all p; = J, to obtain

S . n
I'Impj . T%ij)(s + O'(dm), p;:l J |dm—ooj)%
2

1—pfh "
i=wj+1 pj n>=0

T ) C—
- m—o; + i _Pi B wwj+)nz(5 +0(d™) +r-dTTO M),
J : ri=0

n>=0

Inserting the above expression into (I4) and using () we obtain

J
pj ri=0 n

5 O oo m q n
Em(s,t) = j~(me p, s T o™ g (m (s+o(dm)+r.dm“”1|d}“)%, (15)

where we use a shorthand notation d}“ for j-modified set of summands defined as union of subset
d®i of summands divisible by j and the remaining part d™~ % multiplied by j

d_;:n = dmj I:j]jm_wj = {dl1 ld(Oj1jd&)j+l! e 1jdm}1

so that dj" is divisible by j. From (I3) the expression for F{"(s, t) follows:
1 T3 oo m
n(dm;jmei oy e 1o L gl (@ ran- ) —

pj ri=0 n

tnm

F(s,t) = . (16)

Setting in (I8) n = m — 1 we arrive at the expression for the Sylvester wave:

1 J't:’ - I:__I_dm_w._ gm
Wj(s,d™) = (m — D)l n(dm) ™ Bro(s +o(d™) +r-d™ i |dM) D; s=r I—o(d™)
ri=0 Pj
Introduce a notation 1
wis) = 0§
Pi

for the prime radical circulator (see [6]). For prime j it is given by

“5G). s=0 (mod j)
Yi®=16). s20 (modj),

7



where @(J) and p(j) denote Euler totient and Mdobius functions. Considering J as a product of

powers of distinct prime factors 1

i= s

k
one may easily check that for integer values of s
—1 1
I:o(kl1 S
ij (S) = Pk l'IJDk o—1

K K

where Wy (s) = 0 for non-integer values of s.
Noting that for j-modified set djfn we have
™ 1
ndM =i"nd™, o@M=odM+G-1)  d
i=wj+1

and using the prime circulator notation we can write the Sylvester wave in a form

1 ) Ea— _ _
. my — m my _ . AM—0j 1MW, (c — . 4M—®
Wi, 0™ = gy B o) —rdT AR~ d),

The polynomial part of the partition function corresponds to j = 1 and equals to

1

Wi, d™) = o D)

B™ (s +a(@™)|d™). (17)

The polynomial part for the j-modified set djfn for j > 1 reads

1

Wi(s, dj") = (m — 1) n(df")

B (s + a(dM)|dM). (18)
Thus, the Sylvester wave for j > 1 can be written as a linear superposition of the polynomial part
of the j-modified set multiplied by the corresponding prime circulator:
It/
Wj(s,d™) = Wi(s —r-d™ 4, dfMWj(s — r-d™%). (19)

ri=0

It is easy to see that for j = 1 one has dI" = d™, W1(s) = 1 and w; = m, so that summation signs
disappear, and ([@9) reduces to ([17).

4 Restricted Vector Partition Function

Consider a function W (s, D™) counting the number of integer nonnegative solutions x = 0 to the
linear system D™ x = s, where D™ is a nonnegative integer (I xm) matrix. The function W (s, D™)
is called vector partition function as it is natural generalization of the restricted partition function
to the vector argument.

The generating function for the vector partition function reads

1 1
=  W(E,DMtI= W(s,{ci,...,.cmPt®, (20)

— 1Ci
_ 1=t



where c;j denotes the i-th column of the matrix D™. It is easy to see that the vector analog of the
recursive relation (@) holds

W (s,D™) — W (s — cm, D™) = W (s, D™ ). (21)
The symmetry property established in [I] is just a vector generalization of (10):
K om ™ 1
W(s,D™) = (-1)" AP W (=s —o(D™),D™), o(DM = ci. (22)

i=1
Similarly to the Sylvester splitting theorem (1)) we write the vector partition function as a sum
of vector Sylvester waves

1 1
W (s, D™M) = Wj(s,D™) = Wij(s,D™M), (23)
i Ji,
where j denotes I-dimensional vector (ji,...,ji1). The summation for each jx runs over all distinct

factors of the elements of the matrix D™. The vector analog of the generator (I2) is written in the
form (see [3])
1 eStpS

—1 J

FM(s, t) = L _
pae ' — pbig—city’
pj]_'pjz ..... pJI |=:|_(1 pj e )
where
Ci — B i
pi = Py (24)
k=1
It satisfies the relation similar to (I3)
FM(s,t) —F"(s —cm, t) = F"7'(s, 1)
for any generator ij(s, t). The following relation aslo holds
ij(s, t) = (—1)ijm(—s —a(DM),-1).
The multidimensional residue of the generator gives Wj(s, D™) as the coe [cieht of t1= ki —1 t[l,

and each vector wave satisfies the relations (Z1) and (22).

Let an equality pjCi = 1 holds for w; columns of the matrix D™, and sort the matrix in such
way that these w; columns come first, so that 1 < i < w;. Introduce a homogeneous polynomial of
degree m

™ 1 1
Pm(t,D™) = (ci-0)= Cn(D™MtY,
i=1 IN|=m
and construct the modified generator
FM(s,t) = Pm(t, D™F™(s, 1),

which can be written as

_ ACi
— oo T30 G-t

FM(s,t) = p . :
> i it — it—p% ] —pf
Pin i=1 e ! i=wj+1 e Pj 1 Pj
I:I m—w; tnl
=s=0 (D™ w; .
= g 0O 'ﬁ?‘l’(mm)m
pjn ni 1
I (i:l -t Ci I tl '_ . o no
x ﬁ HE (s + o(D™), pl" D™ )
) 1—p" J ny!
i=wj+1 J nz



where elements of the vector p™~%i are p}’i 8 1 given by (24) for wj+1 < i< m. Using the relation
() with p; such that pj** = 1 we can write

-t Pi o n»2
L—(Cl )pj %‘1 COJ)(S + O'(Dm), pjlu |Dm—ooj)%
2:

— ~Ci nz
i=wj+1 pj n2
1 'j'if'—:ri'ci (1m—a;) 1 2
= o P; Bn, (s+ FiCil{Pw;+1Cw;+1, - - - » PmCm}) —.
m(p™~*) ! T ny!
n2 ri=0 i=wj+1 2

Employing the binomial formula () we obtain Ifjm(s,t) in the form

- R .0 3 - TN m— R,
FMs. 1) = — o BI™(s+o(DM) +r D™ YDM . p s PTY
m(p™~%) _ n! j

n rij=0 Pij
where Djf“ is the j-modified matrix of the form

DE“ = {Clv sy C(.A)l p(,OJ+1CC0J+1| e .pmcm}-

Noting that for the j-modified matrix DJ[“

1
Pm(t, Dj") = n(p™ " *)Pm(t,D™), o(Dj") =o(D™) + (pi — Dci,

i:&)j+l
and using the vector prime circulator notation

—
l'IJC(S) = l'I')Ck(sk)1
k=1

we write for the generator ij(s, t)

tn
F"(s,t) = P} (t, D) Bna"“)(s +0(Df") —r- D™ DMWj(s — r- DY) .
n rj=0 n:
In the above expression only terms with |n] = m — | contribute to the vector Sylvester wave

Wij(s, D™), which is found also as a constant term of ij(s,t)tl, equal to a fraction with both
numerator and denominator being homogeneous polynomials of degree m

: (B | - L
Wij(s,D™) = lim P (t, D) Bn’m)(SqJDJm)LPj(SgT- s’=s+0o(D") —r D™,
[nj=m—1ri=0 '

It is convenient to write each vector Sylvester wave Wj(s, D™) as a sum of quasipolynomials,
which we call partial vector Sylvester waves:

—
Wj(s, D™) = W (s, D™). (25)

In|l=m-I

The number of dilerknt partial waves is found as a humber of representations of an integer m — |

as a sum of | nonnegative integers, i.e., it is equal to
-1
Wm-—11)= )

10



The partial wave W;'(s, D™) is found as (In| = m —1)

Pi
. tn+1
Wy'(s,D™) = lim P *(t, DJ") Bna’m)(s +0(D") = r- D™D )Wj(s — r - D).
- ri=0 ’
Using a parametrization t = at we compute the above limit as
Pi n+1
'ﬂ——g—l a
W(s,D™) = Py *(a, D" BIM(s + o(D") —r - D™ UIDMW(s —r- Dm_‘”i)T

ri=0

Pi
= Cn(a,D") Iﬂ—B—EWI‘”)(S +0(D") —r- D™ |DMWj(s — r- D™%),

ri=0

where
an+l

my —
Cn(o D) = Db @ DMy’

[nf=m-—1.

We define the polynomial part of the vector partition function for j = 1, the corresponding
partial polynomial is equal to

WJ'(s,D™) = Cn(ar, DMB{'™ (s + o(D™)|D™). (26)

The partial polynomial part for the j-modified matrix DJm reads

W{'(s, DJ") = Cn(at, D")BA™ (s + o (D)D),

and similarly to the scalar case the partial vector Sylvester wave Wj”(s, D™) for arbitrary j B 1 can
be written as a linear superposition of the partial polynomial part for the matrix Djf“ multiplied by
the corresponding prime circulator:

 a—
W/(s,D™) = W] (s—r D™ %, DMWj(s—r D™ %), (27)

ri=0

Combining (Z325) and (Z7) we arrive at the final expression of the restricted vector partition
function as a linear superposition of the vector Bernoulli polynomials of higher order multiplied by
the vector prime circulators:

I I 1
W (s, DM) = Wi'(s —r- D™, DMWj(s — r- DY), (28)

j In|J=m—Iri=0

where W{'(s, DJ") is given by

C(n+1

n my —
Wi(s, D) = NIPm(ct, D)

BY"™ (s + o(DI)|DM). (29)
It also can be written in the form of a mixture of partial waves

L1
W (s, D™M) = Cn(a,D™W"(s,D™), (30)

In|l=m—I

11



where the superposition coe Lciehts depend on the vector a and the partial wave is given by

Wn Dm — =1/ AM—Wwj B(lvm) + Dm —r. Dm—u)j Dm (UN . Dm—wj
(s,D™) (P )BT (s +o(Dj) —r IDj¥j(s—r )-
j ri=0

In the scalar case we have | =1, D™ =d™,n=m—1, and Pm(a,d}“) = n(dj“)am. Thus, the
expression (29) reduces to (18], and noting that in the scalar case all pj = j, one finds that (7))
transforms into (19).

We present several examples of application of the formula (28) and show that it gives not only
the vector partition function but also enables to find the chamber structure of the system.

4.1 Example 1

Consider computation of the vector partition function for the matrix (m = 3,1 = 2)

|:1|20|:|
D3 = 101 s = (s1,S2),

first using the partial fraction expansion suggested in [2]. An idea of the method is based on the
definition of the generating function (Z0). It is easily seen that W (s, D) can be computed as the
constant term in the expansion of the following expression:

1 1

1 T4
W (s, D™) = const —
( ) t._ 1-to

(31)

Assuming all but one (say t;) components of the vector t to be constant expand the r.h.s. in @I)
into the partial fractions in t;. This expansion contains both analytic and meromorphic parts w.r.t
t; = 0. The meromorphic part doesn’t contribute to the t;-constant term, so it can be dropped.
The constant term of the analytic part depends on the remaining components of t, so that such
expansion eliminates t;. Applying this procedure repeatedly we eliminate all components of t and
arrive to the result.

Assume t; constant and make partial fraction expansion w.r.t. t,, obtaining

- So+1
1 1 1 t?
5 = -1 + MMP,
QL-t)A -ttt 1—-t; 1—-t 1-tit
where MMP stands for the meromorphic part. Thus we have
1 1
1 1 52+t
W(s,D3) = consty, consty, 1

1—-)I -t 1-t, 1-ut

e

= const
Ot Ty — e
Finding that fora =0
1 - 1 1+2a (=12 a 3+ (-1)32
t = t + + +MMP =+ —r——,
Ot T Ty —oe - O™ a—n2 T aa—v  a@+1) 2 4
we obtain (note that s; = 0)
] ]
const 1 = S_l + L_]‘)Sl
- -otsr ~ 2 4

12



and —1
] ]
1 0, S1—S,—1<0,

const = —(—1)s1—S
- -t L s EEDR 2 g —5,—120.

Combining these results we arrive at the final expression for the partition function

S1 + 3+(—1)Sl

3y — )
W(S, D ) - 522_'_1 + (fl)sl +(_1)Sl—82
2 4 !

S1—S,—1<0,

32
S1—S,—1=0. (32)

It is easy to check that the expressions in ([32)) coincide for s; =s; and s; = s, — 1.

Turning to the formula (30) and having |n|] = 1, we find that there are two partial waves
corresponding to ny = (1,0), n, = (0,1). Computing the polynomial P3(a, D%) = 2010,(01 + O>)
we obtain the coe [ciehts:

aq
2(ay +ap)’

(0]

C D3) = S ——
a0 (a, D) 2(a, + 03

Con(a, D) =
Finding o(D?®) = (3,2) and using (Z8) we have for the partial polynomial parts
1 3 1
Wi9(s,D%) = Cugp(@,D%) si+5 , Wi*P(s,D%) =Cop(@,DY)(s2+1).  (33)

In addition to the polynomial contributions there are nonzero terms corresponding to j; = (2,1)
and j, = (2, 2), while the term with j = (1, 2) doesn’t contribute to the final result.
The ji-modified matrix DJT reads (p3 = 2)

I:2|02|:|
3 —
Den= 12 -

where the columns are sorted already. In order to use (Z7)) we first compute the partial polynomials
for the j;-modified matrix:

e it
1,0 0,1 2
w96, Dzy) = Cao (e, D) El +1, WG, D,1)) = Cop(@, D) 274
and find
e oy 3
W(Zyl)(s, D) = W;'((s1 — 1,52 = 1), Diyq))Wa(s1 — 1),
r=0
arriving at
1,0 1 0.1 1
W5 (s, D%) = 5C0(@, D¥)Wa(s), W51 (s, D% = 5Con (et DI)Wa(s1). (34)
The jo-modified matrix D7} reads (p2 = ps = 2)
I:ZIO 2
3 —
Pea= 022

Repeating the computation we start with the partial polynomials for the jo.-modified matrix:

S 1 S 1
1,0 _ 1 0,1 _ 2
W9, DY, ) = Croy(at, D) T W (s, D% 5)) = Co1y(at, D?) Z+5

13



The formula (7)) takes form

" o ol 3
W'y (s, D7) = Wy '((s1 = 11,82 = r1 = 12), D5 ) )Wa(s1 — r1)Wa(sz — r1 — ro),
ri,ro=0
and we obtain
1,0 0,1
WG(s,D%) =0, Wiy)(s,D%) = —C(o 1(0r, D?)Wa(s1)Wa(s2). (35)

Combining the expressions (33), (34) and (35) we arrive at the final result
W (s, D?) = C(1,0y (a1, D)W (s, D?) + Cg 1y (ax, D)W OV (s, D), (36)
where

3 1
WED(s, DY) = 51+ + ZWa(sa),

WO, DY) = s;+1+ %”’z(sl) + %”’z(sl — ).
Noting that W,(s) = (—1)° one can check by straightforward computation that the case a,/a; =0

produces the first line in (32), while a1/a, = 0 gives the last line. We see that proper choice of the
vector a corresponds to the selection of the chamber.

4.2 Example 2

Consider another example for | =2, m =4 and

I:1|210
D* = 1101 S = (S1,82).

The straightforward computation using the partial fraction expansion gives the following result (see

[2D):

[l R
B +s+ G s1 <5y,
W (s, D% = %52 52+252 + 31*532 + EDR g0 —1<s; <5 +1, (37)
352 +1, Sy < s1/2.

As |[n| = 2, we have three partlal waves corresponding to n; = (2,0),n, = (1,1),n3 = (0,2).
Computing the polynomial P4(a, D*) = aia.(ay + a,) (201 + o) we find the coe [ciehts:

2
o7

2(0g + az)(201 + az)’
a, 03

(01 +02)(2a; + a2)’

o3

2(ap + az)(201 + az)

Finding o(D*) = (4,3) and using (28) we have for the partial polynomial parts
1 1

Cao(a, D% =

Cap(a, DY) =

Coo.2)(a, D% =

7
W, D) = Ceo( DY) sf+dsi+s
L1 38, 11I:I
WiV DY) = Capn(@ DY) sisp+ S5 +25+ (38)

]
w5, D% = Cgy(a, DY % +35,+2 .
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In addition to the polynomial part only the term corresponding to j = (2,1) produces nonzero
contribution to the vector partition function, while two other terms with j = (1,2) and j = (2,2)
don’t contribute into the result. The j-modified matrix DJTn reads (p3 = ps = 2)

ALY
Den= 1120

We first compute the partial polynomials for the j-modified matrix:

) 1
(2.0) _ 4y ST, 3s1
Wl (S D(2 1)) = C(2,0)(0(, D ) — + T +2 ,
S1S S 3s 11 -
1,1 182 1 2
W26 Dn) = Cap(@ DY) ZZ+5+=E+ 0
S ; 1
0,2
W:E )(S D(2 1)) = C(O,Z)(a’ D4) ZZ + S, + g ,

and use (Z7) to have

nj 4 nj — — _ 4 _ _
Wiy (s, DY) = W1 ((s1 = r3 —ra,s2 = r3), D5 1y)Wa(s1 — I3 — 1),

r3=0r4=0
and obtain
((2210))(S D% = %C(z,O)(GyD“)Wz(Sl),
WED(s,DY) = ZCan(a, DYWa(s), (39)
Wi, DY = o.

Combining the expressions (38) and (39) we arrive at the final result

W (s, D*) = Cp,0y (a1, DYW GO (s, D*) + C(y 1y (cx, DHYW ED (s, D*) + C (g 9 (ar, DHYW O2 (s, DY),

with
@O(s. DY) = 2 L
W95, D% = sf+4s;+ 5+ §W2(Sl),
3s 11 1
W(l’l)(S, D4) = 515, + Tl + 255 + 7 + Zw2(51)1

wO2(s, D% = s3+3s,+2.

We find that the case a/a; = 0 produces the first line in (37]), while a;/a, = 0 corresponds to the
last line. The second line is obtained as a real part of W (s, D*) for ax/a; = —1 % i. Thus, we see
again that the choice of the vector a corresponds to selection of the chamber.

4.3 Example 3

It should be noted that the formula (28) remains valid also in the case m = |. To illustrate it
consider the case m =1 = 2 with
I:ll2 1
D? = 1o @+ S=(s15%)



The solution of the corresponding linear problem reads x; = S5, X2 = (S1 —S2)/2, thus the number
of solutions equals to one for even nonnegative dilerknces s; — s, and zero otherwise. This can be

written as 1
[1+(=1)>7%2)/2, s;=sy,

2y —
W(s DY) = 0, S1 < So.

(40)

(m,m)

As m =1 we have n =0 = (0,0), and all By (lejf“) = 1. The polynomial part is found as

(0]

0 2\ —
R 5L

(41)
In addition to the polynomial part only the term corresponding to j = (2,2) produces nonzero
contribution to the vector partition function, while two other terms with j = (1,2) and j = (2,1)
don’t contribute into the result. The j-modified matrix DJTn reads (p = 2)

|:2|2|:|
2 —
D= o -

and the corresponding term is found

s 1 s

Wa(sy —nWa(s2 —r) = m(_l)sl_sz- (42)

0 2 =
W(zyz)(s’ D(2,2)) - m r=0

Combining (@I) and (@2)) we arrive at the expression
a2

W(S, D2) = 72((11 ” az)

1+ (=D

This result also can be obtained from (38) applying to it the recursive relation (1) with cz = (0, 1).
It is easy to check that the choice a;/a, = 0 corresponds to the first line in (@0Q), while ax/a; =0
produces the second one.

4.4 Example 4
Finally consider the case m = 4,1 = 3 with

1
2100
D*=Lgh12 L1 s=(sy,57,53).
0010

The straightforward computation using the partial fraction expansion gives the following result
1
B+ (—1)srrsatse) I:IL(_SI) =+, 52283 S1 =S +s3—2<0,

W (s, D% = $+ (-pypreerss) SCUT psmsa gy >g5, 5 —sp+55—220, (43)
) Sy < S3.

There are three partial waves corresponding to n; = (1,0,0), n, =(0,1,0), n;y = (0,0,1). We drop
the computation details and present the final result in the form

Og[L + (—1)+2 73]
8(az + 02)(0z + a3)

W (s, D*) = [Bay + 4ap + (—1)% (ay + ap) + (—1)%(az + a3) + 20 - s].

The comparison of the real part of the above expression with (@3)) leads to the following values of the
vector a — the first line in (@3) corresponds to a,/a; = 0, asz/a; = =i, the second one is obtained
with ax/a; = i, a3/a; = 1 1 dand the last line is given by az/a; = az/a; = 0.

16



4.5 Discussion

The formula (28) provides an exact solution of the vector restricted partition problem through the
vector Bernoulli polynomials of higher order. It also can be written in the form of a mixture of
partial waves (30) and the superposition coe [ciehts depend on the vector a. It appears that proper
choice of this vector parameter produces the solution in one of the system chambers. The procedure
for selection of the vector a will be published elsewhere.

Knowledge of the vector a for each chamber gives way to determine chamber boundaries. The
partition function (as well as its Sylvester waves) in two adjacent chambers should coincide at their
boundary. Thus, setting the corresponding values to a and equating the real part of resulting
expressions for W (s, D) one obtains the linear relations between components of the vector s which
determines the location of the boundary.

Thus, the formulas (Z8) and (@30) appear to be the most general as they not only give the
expression for the vector partition function in every chamber of the system, but also determine
shape of each individual chamber.

The derivation of ([Z8) was made in assumption that the matrix D is non-degenerate. The
degeneracy of the matrix related to linear dependence of its columns doesn’t aledt the solution
of the problem. It happens only if the matrix rows are linearly dependent. This dependence
leads to e [edtive reduction of the row number | and to additional linear conditions imposed on the
components of the vector s. These conditions should be satisfied to have nonvanishing value of the
vector partition function. This way the original problem is reduced to the non-degenerate case.
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