Homework 1
1.7.1. (a) We are looking for A(z) =) ., a,z™, which is
04z +22° +32° +--- .

But we can almost recognize this as the derivative of ﬁ since if we differ-
entiate 1 +x + 22 + 23 + 2* + - - - term by term we obtain

D( )=0+1+2z+ 3% +42° +---.

11—z
If we then multiply this by z, we get the desired generating function. Hence,

1 x
l—x): (1—x)%

(b) Here v and 3 are assumed to be constants. Hence, by linearity we
obtain

A(z) :Z(an+ﬁ)x”:a2nx"+52x”: i ixx)2 + lfx'

n>0 n>0 n>0

(c¢) The same trick as in (a) will work here if just apply differentiation
and multiplication by x to ﬁ twice. We obtain

=2Dr(1—2)? = o((1—2) 2 +2z(1—2)?).

1
A(z) => n*a" = 2DaD
(x) n°a" = zDxDy

— X
n>0

(d) Putting together the previous three parts and using linearity, we ob-
tain

Az) = Z(an2+ﬁn+7)x” = aZnQ:E”—l—ﬁan”—i—va”

n>0 n>0 n>0 n>0

1 Bx 1
_og(xDacD)l_I—i- (1—I)2+71—x'

(f) Here we are looking for A(x) = ) . (3"z" = -(37)". But this is
simply a geometric series:




1.7.3. For these problems, we are given that f(z) =} ., a,2".
(a) Here ¢ is assumed to be a constant. Hence, we are adding

C

ctex+ert+eat - =
l—=

to f(x).

(b) Here « is assumed to be a constant. Hence, by linearity we have

Zaanx —aZan =af(x

n>0 n>0

Hence the ogf of our sequence is o f () + 1.

(c) This sequence can be obtained by just differentiating and then multi-
plying by z as in 1.7.1 (a). Hence, we have

xDf(x —xDZan 2(0 + ay + 2a0x + 3azx® + - - -)
n>0

= a1 + 2a92° + 3azx® + - -

(e) This sequence is obtained by removing the constant term. Hence, we
have

f(x) = ag = f(z) = f(0).

(g) This sequence is obtained by removing all the odd terms of the power
series. Since (—z)?" + z?" = 222" but (—xz)**! + 2?1 = 0, we have

—x)+ f(x 1
f(=2) + [(=) )2 fz) _ 5((ao—cLl:)ﬁLaz:z:Q—agx?’—l—---)+(ao+a1$+agzzc2+a3933+- )
:a0+a2x2+a4x4—|—---
as desired.



