MIDTERM EXAM

This is the midterm exam for Math 167, Fall 2007. The exam has
100 points, and you have 50 minutes to complete this exam. You may
not use any notes or books, nor any calculating or computing devices.
Please give as much justification as you can for all of your solutions.

1. (30 points) Consider the Az = b system given by

1 1 1 T by
-1 0 1 Ty | = bQ
0 -1 =2 I3 bg

(a) Give two descriptions of the column space C(A) of A. One de-
scription should be a basis for C(A). The other should be a set of defin-

Y1
ing equations that the components yy, yo, y3 of any vector |y2| € C(A)

Y3
must satisfy.
By definition, the column space C'(A) of A is {b = Az : z € R*} and

row reducing the extended matrix gives

111 by
01 2  bytb
0 0 0 by+ (by+by)

so the last row tells us that we must have b; 4 by 4 b3 = 0 in order for

b
this system to be consistent. Hence, C'(A) = { [ba| : by + b2 + b3 = 0}.
bs
Also, we have that C'(A) is the span of the columns of A. To reduce
1
this to a basis, we remove | 1 | because this can be written in terms
—2
of the other two columns:
1 1 1
1| =—-1(-1]+2]0
-2 0 -1
1
The remaining two vectors are linearly independent because if 1 | —1 |+
0

0
zo | 0 | = |0 then we must have 1 = 0 = x5 (by considering the
0



2

second and third components of the vectors). Hence, C'(A) has a basis
that consists of the first two columns of A.

(b) When does the system Az = b have at least one solution?
This system has a solution when b is in the column space of A. This
means that b; 4+ by + bs must be 0, by part (a).
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2. (30 points) Let M5 be the vector space of all 2 x 2 matrices. Let
T : Myyo — Msyo be the matrix transpose function, so 7' is defined by
T(A) = A"

(a) Show that T is a linear transformation.
We check that for any pair of 2 x 2 matrices and A € R we have

ol df+ s penle a5

_|Aa+e )\b—l—ft_ Aa+e Ae+yg
| Ae+g MAh| [N+ f M+h

e [Tl enf i)

(b) Give a basis for Myys.
Every vector in My, can be written uniquely as a linear combination

of
o] Jo1l ool oo
€11 = 0 0 ;€12 = 00 , €21 = 1 0 , €22 = 0 1|

In fact, [ﬁ Z] = aeyy + bejy + ceay + degs. Hence, {eq1, €12, €01, €90}

forms a basis for Myys.

(c) Find a matrix for 7" with respect to the basis you gave in (b).

Since we found 4 basis vectors for Msys in (b), we are looking for
a 4 x 4 matrix. The columns of the matrix are the result of applying
T to the basis vectors. We have T'(e11) = ey and T'(e) = e while
T(e19) = €91 and T'(eg1) = eq2. Hence, the matrix of T with respect to
the basis we chose in (b) is:

o O O
O = OO
OO = O
_— o O O

(d) (BONUS: 10 points) Let S = {al : a € R} be the 1-dimensional
subspace of Mo that consists of multiples of the identity matrix. Find
the matrix (with respect the the basis you gave in (b)) that projects
“vectors” A € Msyo onto the subspace S.



The projection to the line spanned by I is given by the formula %
1
With respect to the basis in (b), we write I as the vector 8 . Then,
1
the matrix % is
1 0 0 1
1410 0 0 0
210 0 0 O
10 01
a b : L(a+d) 0
2
Hence, [C d] projects to { 0 %(a+d) . In other words, the

projection takes an arbitrary 2 x 2 matrix and sends it to the multiple
of the identity that is the average of the diagonal values.
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3. (30 points) Find the best least-squares fit for the model y; =

at? + bt; + c of the following data points:

t -2 -1 1 2
y o 1 1 3

We first translate the model into a matrix equation A

4 =2 1 5)
A= 1 11 1 andy = 1
4 2 1 3
a
solution for |b
c
a
A'A | b| = Aty. Row reducing, we obtain:
¢
34 0 10 34
0 10 0 —-4| —
10 0 4 10
10 10/34 1
01 0 —2/5| —
10 2/5 1
1 0 0 1
01 0 —2/5
0025 0

so the best fit model for the data is y = % — %t.

a
b| =y where
c

. By the theory of least-squares, the best

is given by solving the associated normal equations



4. (10 points) Please circle TRUE or FALSE:

(a) (TRUE or FALSE) If the columns of A are linearly independent
then Ax = b has exactly one solution for every b.
This is false, because b may not lie in the column space of A when

10 0
A is not square. For example, [0 1 BI] = |0| has no solution.
0 of L™ 1

(b) (TRUE or FALSE) If P is the matrix A(A'A)"' A’ then P = 1.
This is the formula for a projection matrix. When A is not square,
the projection matrix is not I but still has the given form.

(¢) (TRUE or FALSE) If Az = b is solvable for any b and A is an
n X n matrix then the rowspace of A is R™.

This is true, because the column space must be all of R", so the
nullspace is {0}. The rowspace is the orthogonal complement of the
nullspace, so it must be all of R".

(d) (TRUE or FALSE) If the column space of A contains only the
zero vector then A is the zero matrix.

This is true, since if A were not zero, then some column vector b
of A would be nonzero, and Az = b would have a nontrival solution,
implying that the column space of A is nontrivial.

(e) (TRUE or FALSE) If P is the matrix of a projection from R" to
a subspace S then P3 = P.

This is true, because projection matrices satisfy P? = P (once we
project to the subspace S then any further projections have no effect
because we're already on the subspace), so P" = P for all n.
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