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1. CANONICAL COHERENT STATES

We start with a brief description of the coherent states generated by a canonical
annihilation and creation operators a and a*. They satisfy canonical commutation
relation [a,a*] = I. We introduce the vacuum state |0) with the property

al0)=0

and define the state space as that spanned by repeated action of a* on |0).
The canonical coherent states are defined for each complex number z € C by
unitary transformation of the vacuum state

&) = "= [0
— ef|z|/26za*€72a |0>
— 67|z|/2€za* |O>
1

(1.1) :e_lzl/2272" [n) .

|
n—o V1V

Here to obtain the second line we used the Baker-Campbell-Hausdorff formula
¢AtB — ~1/21A.B AB
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2 A. VERSHYNINA

when [A, B] commutes with both A and B. In the last line we introduced the

orthonormal vectors |n) = ——(a*)™|0), which are the eigenstates of the number
Vnl

operator N = a*a.

From the definition it follows that for any two complex numbers z; and 2z

o0
1
(z1][22) = e~ V2l 1720 E EZ?Z_Qn (nn)
n=0""

1 2 > 1 2
(1.2) = e zlml Tan—glal,

This shows that the states |z) are not orthogonal.
Let us denote d?z = d( Re z)d(Im z), then consider

77_1/|z> (z| d*z

::nggxﬂ;m!/}f”QZ"/”ww<Md<Re@dUnuﬂ

Introduce polar coordinates z = |z]e?’, then d?z = |z|d|z|df. continuing the calcu-
lation

1 2 )
_ -1 —|z| n+m  i@m—n
=T e z e m) (n||z|d|z|d6.
S [ m) (n 21l

n,m

Since f027r !0(m=n)d0=6nm27 and d|z|? = 2|z|d|z| the last expression simplifies

= [ ) gl
=> In)(n| =1

Here we used that fooo e Taxdr = nl.
Therefore we have the resolution of the identity

(1.3) 1 / |2) (2| d®z = I.

1.1. Eigenproperties of |z). From the CCR it is clear that e=*% ae*” = a + 2.
Then from the definition of the canonical coherent states

alz) = e 1/212F geza” |0)
=3l e207 (g 4 z) |0)
— e 3l2l? gza” 10)
=zl2),

since a |0) = 0.
It follows that (z|a|z) = z, so we may interpret the label z by saying it is the
mean of a in the coherent state |z).
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1.2. Diagonal representation of operators. For any bounded operator or a
polynomial in a and a*, B we may calculate

(1.4) (2| B2y = e 31313 L (| Blm)zn™

nlm!

This series defined an entire function of two variables z and 2’. It is uniquely
determined by its diagonal elements z = 2’ [2]. For example, every monomial z"z™

can be written as a polynomial in « and y, 2 = x + 4y and then uniquely extended

_ m . . . . _ _ m
to 2"z, by determining the coefficients in 2" 2™ and use them to construct z"z""™".

Note that for the conventional basis this is never true.
Define the lower symbol of the operator

(1.5) b(z) == (z| B|z7),

which uniquely determine the operator B5.
The trace of the operator B may be calculated by

= | d%z | 422 E 67%‘2‘2*%‘/‘2—1' 2" (2| B |Z/>
n:
n

Here in the second line we used the resolution of the identity (1.3) twice and again
to get to the last line.
We look at the operators that admit diagonal representation:

(1.6) B=n""! /B(z) |2) (2| d*z,

where B(z) is called the upper symbol of the operator B.

Example 1.1. Consider the polynomial in creation and annihilation operators

_ m %M
B= E dmna™a”™".
m,n



4 A. VERSHYNINA

Then
B=n"1! /demam |12) (2| a*" d*~
=71 /[Z Amn2™2") |2) (2] d*2

=7 [ B2 el P,
where we take B(z) =Y.  dypnz™zZ".
It follows that
b(z") = (| B|')
=7t /B(z)| (2| |2) |2d?2.
From (1.2) we have

(] [2) 2 = eIl P2me

e =2l

Therefore
b(z) = ﬂ_l/B(z)e_‘zl_Z‘zdzz

The trace of B may be represented by
TrB=n"" /b(z)dQZ
:7r*1/d2,z7r*1/dzz’B(z’)e*IZ/*Z|2
:7r_1/sz'B(z')w_l/dQZe_IZ/_ZI2
= W_l/B(Z)dZZ.

To get to the last line we calculated the integral 71 [ d2ze~1¥ =" = o(z—2).
And more generally,

TrAB = fl/<z|AB|z>

! /d2z7r_1 /dzz’A(z’) (z||") (z'| B|z)
1/A(z)b(z)d2,z

and similarly =7~ /a(z)B(z)dQ,z.

:7‘[‘_

Further reading [1].
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2. BLocH COHERENT STATES

The Bloch coherent states (also called Spin coherent states) are similar to the
canonical coherent states. Their definition uses the angular momentum opera-
tors. We consider a single quantum spin of fixed total angular-momentum .J,
J =0, é, 1, g, and shall denote by S = (S, Sy, S-) the usual angular momentum
operators with commutation relations:

[Sz, Syl =4S, and cyclically.

And
S*=S2+5,+52=J(J+ 1)1
Define
St =85, 1S,
then

[S.,5+] = £S5+, and [S4,S5_]=5..
The Hilbert space on which these operators act is C2/+1.
We denote by & the unit sphere in three dimensions:

6 = {(z,y,2)|z* +y* +2° =1},
and by L?(&) the space of square integrable function on & with the measure
(2.1) Q=(0,¢), 0<0<m 0<¢<2m,
(2.2) dSY = sin 0dOdo,

x =sinfcos¢, y =sinfsin¢g, z = cosb.
The eigenstates of S, are
Sels)y=sls), s=—J,..,J.
Let us chose s = J then the state |J) € C?/*! satisfies
Sz Iy =J1J)
and
SilJy=0and S_|J)=1|J—1).

Define the Bloch state |Q) € C2/+! by

(2.3) ) = 3075307154

2 _
— 6zS,e—ln(l-"—|z| )Sze—zS+ ‘J> ,

where z = tan gew. See Appendix on how to get to the second line. Taking into

account that S; annihilates |.J) we obtain

) =(1+ IZ\Q)‘JeZS‘ 7)

= (1+ 2% Z |J—n

J

=1+ Y sz(J|fLin)!

m=—J

J 1/2
(2.4) ST Y M( 2/ ) ).,

M= J+M
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where | M) is the normalized state

—1/2
(2.5) M) = (J i" M) ﬁsiw 1)

such that
S, |M)=M|M).

Writing z in terms of § and ¢ we obtain

J 1/2 ) —
= 3 (j3) () ) e an,
M=—J

2.1. Eigenpropoerties of |Q2). Note that the operator

Rpg = e0e'?S_—50e7S,
is a rotation through an angle 6 about an axis n = (sin ¢, — cos ¢, 0).
Since |J) is an eigenstate of S, |2) is an eigenstate of the rotated S,

(2.6) (Ro.6S-Ry ) 1) = J |9,

since |Q2) = Rg 4 |J).
The overlap between two Bloch states is given by

(2.7 K (90,0) = (@]]9)

0 0  e_s 0 .0
= (cos 3008 > + €149 sin 3 sin —)%7.
In particular |2) is normalized since K ;(£2,9Q) = 1.

We also have
0 0 e 0 . 0
| cos 30085 + €'~ sin ~ sin §)|2
/ / !/

= (cos 0 cos % + cos(¢p — ¢') sin 0 sin %))2 + (sin(¢ — ¢') sin 0 sin 9—))2

2 2 2 2
_ 1+cosfcost' +sinfsind’ cos(¢p — ¢')
B 2
1 o 1
= % = cos® 5@,

where cos ® = cos 0 cos 8’ 4 sin 0 sin 0’ cos(¢p — ¢') is the cosine of the angle between
Q and Q. Therefore

1 \4J
/ 2 _ -
K (Y, Q)] —(0082<I)) .

2.2. Upper and lower symbols. Let M?/+1 be the set of linear transformation
on C?/*1, Define the linear transformation on C2/*1 and, for a given F € L}(&),
define Ap € M?/*1 by
2J+1
dQF(Q) Q) (9.
= [aar@ o) @

In fact, every operator in A € M?2/*! can be written in the form (2.8). In
particular,

2J +1
(2.9) 1== /dQ|Q><Q|.

(2.8) Ap =
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The function F' corresponding to the operator A is called the upper symbol.

Thus, to every operator A there correspond two functions: G4(Q2) and the lower
symbol

(2.10) 94(Q2) = (Q[ A]Q)

In the next theorem we show how the find the upper symbol for a particular
operator.

Theorem 2.1. FEvery operator A in spin space can be expanded in the following
manner:

(2.11) a2l
47

/ dOFA(0) Q) (9,

where Fa(QY) = Tr{AA;(Q)] and for z = tan gew

(2.12)
(=D NI+ N vk
As(Q) = ) (K| SN-K.
(2J+1) NK —J 'J+K)
m=0 r=0 J+N-—-m J*Nfr mlr! (1 + |Z‘2)m+r'

Proof. Define the integral
2J+1
Ticyvg = 2 [ AN 2,590 o) 19) (9.

Observe that from d€? = sin 0dfd¢ (2.2), we have

2 zk 0\ 2m—j—k 0 i+k o
I —— — in — i ip(j—k)
/dQ(1 EED /(cos 2) (sm 2) sm@d@/e do
O\20m—3) ;  ON\2d
= 2775j,k/(cos 5) (sm 5) d(cos9)
14 cos@\m=3 /1 +sinf\J
= 27r6j,k/(T) (T) d(cos )
1
= 47r5j,k/ ™I (1 — x) dx

J1m — 4)!
(2.13)  =dr 5jkﬁ

From the definition of the Bloch coherent state the projection can be written

(2.14)
J

1 27 2/ 27 \'?
Q=Y ( ) ( ) MLy (L)
(1+|2]2) e\ M J+L
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Therefore from (2.13) and (2.12) we get

J

(=17 [(J = No)!'(J + Np)!
Tiio.No = @) \/(J Ko)(J + Ko)! M; J|M> (L]

J+No J—No e J+ K J— K (2] +14+m+7)! 9] \ /2

mz: ; ' <J+No—0 )(J—Noir> mlr! <J+M) ’
1/2 oI —M+rzJ—L+N-K+r

( ) (1 + |z|2)mtr+2]

(=12 [(J = No)W(J + No)! < |

~ an(2J)! \/( Ko)l(J + Ko)! M7LXZ:7J|M> (L]

-Jiwivo(—n“m J + Ko J—Ko \@J+1+m+rl( 27 \/*
= = J+Ng—m/)\J—Ng—r mlr! J+ M
(2] 1/24m5 (J+M+m)(J = M +7)!
J+L MB=NoH Lm0 T 11+ M 4 1)
1y [N+ Mot Onrieo-Noz [M) (L] .
(J = Ko)'(J + Ko)! | = \/(J+ M){(J = M)!(J + L)!(J - L)!

.J§UJ§O(—1)r+m J + Ko J—Ko \(J+M+m(J—M+r)!
J+No—m/)\J—=No—r mir!

m=0 r=0
Note that there is a relation between binomial coefficients

N

()5t 3)

Therefore using this relation for » and m we obtain

T =<—1>”\/ o Ta s MLZ Rr—

(J—MWJ+ M) (No—L—-1\/L—Ny—1
(J—L){(J+ L) J + Ny J—No )’
where we used the fact that M — Ky = L — Ny from the Kronecker symbol.

Since
No—L—-1\/L—-Ng—1 97
= —1 '6
( J+ Ny )( J — Ny ) (=1)™ 0o,

2J +1

7

we have

[ 2 (Vo] 8,(9) 1Ko 192 (92 = No) (ol

And from here
2J +1

Orc, KON, No = /dQ (No| Ay (€) [Ko) (KT1€2) (Q[[N) .
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Multiplying both sides by |No) (K| and summing it over Ny, Ko

IN) (K| = > 6k.x,0N, No [ No) (K|
No,Ko

_ Z 2J+1/dQ(Ng\AJ(QHKOHKHSD (Q|N) [No) (Kol

No, Ko A
2741

/ 49 (K] 9) (2 [N) A (),

since every operator can be written as a sum of its matrix elements

J
A= 3 (NJAIK)IN) (K]
N,K=—J
Therefore
2J+1
IN) (K| = /dQTY[lN> (KA ()]12) (]
and so
2 1
A= J4+ /dQTr[AAJ(Q)] ) ().
™
The proof is based on [4]. O

2.3. Table. In the following table we list some function and their upper and lower
symbols

Operator ¢(Q2) G(Q)

S, J cos 6 (J+1)cosb

Sy J sin 6 cos ¢ (J 4+ 1)sin6 cos ¢

Sy Jsinfsin ¢ (J+1) sm@cos )

S2 J(J = 1)(cos0)2 + 2 (J+1)(J+ 2)(cos0)? — (] +1)

2.4. Remarks. Some final remarks. First, if we consider [€2') (2] € M2/+1 then
as may be seen from (2.4)

J
Tr|Q) (= Y (M][Q) (] |M)
M=—J
(2.15) = (V]| = K,(2,9).
Hence from (2.8)
(2.16) TrAg = 2‘]4; L / d0G(Q)

The second remark is that from the resolution of the identity (2.9) and the
definition of K (2.7)

2J+1
47

Thus, Ky reproduces itself under convolution.

(2.17) / AQK (O, Q) K (Q, Q") = K (2, Q7).
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The third remark is that for any A € M?2/%! we can use the resolution of identity
(2.9) to obtain

Tra = 21 /dQTr|Q) Q| A
4
2J +1 4
=2 [ae Y i) @Al
M=—
2J+1
(2.18) == /dQ QA0
2741

[ aa@an

3. LOWER BOUND TO THE QUANTUM PARTITION FUNCTION

We consider a system of N quantum spins. The Hilbert space is
N N ,
HN — ®H’L — ®(C2J +1.
i=1 i=1
The Hamiltonian, H, can be general, but can always be written as a polynomial in
the 3N spin operators.
The partition function is

(3.1) Z9 = ayTre PH,

where ay = H£i1(2*] {4+ 1)1 is a normalization factor, which is not essential here.
We denote by

N
(3:2) ) = Q)

the complete, normalized set of states on H .
Using (2.18),

79 = (47r)’N/dQN (Qnle PHION).
By the Peierls-Bogoliubov inequality

(e ) = exp (g] X |¢)
for any normalized ¢ € Hy and X selfadjoint. Thus,

(3.3) A (477)_N/dQNexp{—6 (Qn| H |QN)}.

We suppose that the Hamiltonian is H is linear in the operators S° of each
spin. That is we allow multiple site interactions of arbitrary complexity such as
S;Sgszsﬁ, but do not allow monomials such as (SL.)? or S;S;. We shall refer to
this case as the normal case.

From the definition of the lower symbol (2.10) and the table of the lower symbols
the right hand side of (3.3) is precisely the classical partition function in which each

S’ is replaces by J? times a unit vector in &. Le.

(3.4) S’ — Ji(sin 6’ cos ¢, sin 0" sin ¢, cos 0°).
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Thus in the normal case,
(3.5) z9 >z (J, TN,
where Z¢ means the classical partition function for the classical Hamiltonian ob-
tained from the quantum one by the replacing each angular momentum operator
S* by J* times the unit vector (3.4).

4. UPPER BOUND TO THE QUANTUM PARTITION FUNCTION

From the definition of the partition function (3.1)

(4.1) z9 = lim_Z(n),
where
(4.2) Z(n) = anyTr(1— Bn ' H)".

Now denote the upper symbol of the Hamiltonian H by G(2x), so (1 — %ﬂH)
is represented by

(4.3) F,(Qn) =1-Bn"'G(Q).
Therefore by (2.8)

(1—pBntH)" = C’/dQN1.../dQNn H Fo(Qni) Q8 (Qn1| oo |[Qnn ) (Qnn ],
j=1
where C' is a normalization constant. So taking the trace

Tr(1—Bn~ ' H)" C’/dQN1 /dQNnHF ()T (1200} (| 200) ()

Calculating the trace

Tr [Qnn) (1] oo. [ Q) (Qye| = Tr(®|ﬂ | ) (i

)

1=17=1

Q?\/ QJ-‘rl
)

N
=TT 9 ) 0] = TT T 295,900
.
e

where we defined
(4.4) Ly(2,, 5 HKﬁ (1, ).

To get the first equality we used the definition of |Qx) (3.2) and to get to the third
line we used the definition of K; (2.7) and (2.15).
So Z(n) can be represented as an nN-fold integral

(4.5) Z(n) = aN/dQN1 /dQNn HF (N L1 (Qni, Qnitr),
Jj=1

with n + 1 =1 in the last factor, and where L;(Qn+, Q) is defined in (4.4).
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From the definition of L; (4.4)

(4.6) Ly(Qn, Q) = (4m) " Nay!

and from the convolution property for K; (2.17)

(47) /dQNLJ(QN/7QN)LJ(QN,QN//) - LJ(QN/aﬂN/’)o

Now we think of F;, as a multiplication operator and of L; as an integral kernel
of a compact self-adjoint operator on L?(&) in (4.5).
Let B be the operator with an integral kernel B(Qn1,Qpz2), then

B(f)(Qn,) :/B(QNUQNQ)f(QNz)dQsz
for any f € L}(&). And
(4.8) TrB:/dQNB(QN,QN).
The operator B? can be calculated
B*(f)(Qn,) = B(B(f))(Q,) = | B(Qn,, v,) B(f)(Qw,)dQ,
:/B(QNUQNZ)/B(Q]\72,QNS)f(QNS)dQNng]\;2
:/[/B(QNUQNQ)B(QNWQNg)dQNZ}f(QNg)dQNM
so operator B2 has kernel
B?(Qn1, Qys) :/dQNzB(QN1,QN2)B(QNz,QN3).
Similarly operator B™ has kernel
(4.9) B"(Qn1, Qyn+1) :/dQN2...dQNnB(QN1,QN?)...B(QN717QNW,+1).

Then from (4.5) and (4.8) Z,, can be written
(4.10) Z(n) =anTr(F,Ly)".

In general if m = 27, j = 0,1,2, ... the following inequality can be proven by
induction (see [5])

(4.11) |Tr(AB)*™| < TrA?™B*™

whenever A and B are self-adjoint operators.



NOTES ON COHERENT STATES 13

Hence if we take n = 27 in the the definition of Z(n) (4.2) and use (4.11), we
obtain

Z(n) < anTe(F] L)

— o / 4 F () Ly (O, Q)

= a/dQNFfZ(QN)/dQNz...dQNnLJ(QN,QNz)...LJ(QNn,QN)
= a/dQNFg(QN)LJ(QN,QN)

—a [ danE () m) oy

= (N [ v

= (47r)_N/dQN(1 — BT G (QN))".

where in the second equality we used (4.9), in the third equality we used (4.7) n
times and in the fourth equality we used (4.6) and we used the definition of F,
(4.3) in the last equality.

Therefore in the limit n — co we get

(4.12) Z9 < (4m)™N / dQn exp[—BG ()]

In the normal case, when the Hamiltonian H is linear in each S?, the upper
symbol G(Qn) replaces each S* by (J* + 1) times a unit vector in &. Thus

(4.13) 79 <z +1,..JN +1).

And putting the upper (4.13) and lower (3.5) bounds together we get the rela-
tionship between the quantum and classical partition functions for the normal case
Hamiltonian

(4.14) ZOJ, TN <29 < Z29 T +1, .. TN +1).

5. THERMODYNAMICS LIMIT

We consider here only the normal case. Let Hy be a Hamiltonian of N spins
in which each spin has angular momentum one. Replace each spin operator S*
by J~!S? and let S* now have angular momentum .J. We shall denote the result-
ing Hamiltonian by Hﬁ(] ) and the corresponding quantum partition function by
Z3(J)

N(J).

For both quantum and classical partition function Zy(J) we denote the free

energy per spin by

In(J)=—=(NB) "' InZy(J).

Therefore we have the original Hamiltonian HJ% which is a polynomial in S* each
of which has angular momentum 1. Replacing each S? by a unit vector v’ in & we
obtain the classical Hamiltonian H§ and corresponding partition function Z§ and
the free energy per spin f§.
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From the quantum Hamiltonian H](\Q,(J ), that we constructed above as a poly-
nomial in J~!S? we get the classical Hamiltonian by replacing each spin opera-
tor S by Jul, for u' € & and any J. So the classical Hamiltonian becomes a
polynomial in %ui, denote §; = % Then the classical Hamiltonian is de-
noted by H$(8) = Polynom(du'). The corresponding partition function is de-
noted by Z§(J + 1) and the free energy function is denoted by f$(5;). Note that
HE(1) = Hy and f{(1) = f§.

Theorem 5.1. For a particular class of Hamiltonians (see Assumption 1 below)
and with the above construction of the classical free energy function in mind, the
following inequality holds

(5.1) lim lim f2(J) = f¢ = lim f§.

J—o00 N—oo N—oc0

Proof. From the previous sections (4.14) we know that

(5.2) I8 2 fR() = f5(6).
Now we think of §; as a variable 4. Then lim;_, ., is the same as lims_,;. The
classical Hamiltonian H§(8) is continuous in § since it is a polynomial in 4.
We consider a class of Hamiltonians such that N~*H§(8) is equicontinuous in
N, i.e.
Ve > 0 3y > 0 such that YN : ||[H(6 4+ 2) — HS(6)|| < Ne,

whenever |z| < 7 (v is independent of N). The norm is taken the uniform norm on
Gn.
For example, it is enough to assume that:

Assumption 1. For every N we assume that the normal case Hamiltonian Hy
satisfies the following two conditions

e the degree of the Hamiltonian (which is a polynomial in a normal case) do
not exceed some fixed number d and

e the sum of coefficients in Hy is no greater than N (possibly, times some
fized constant).

For example, one cane take the Heisenberg Hamiltonian HS = Zfil SiSitl,
The uniform norm looks like ||HS(8)|| = supg: |Polynom(6Q)|. Since

(5.3) |Polynom((8 + x)Q") — Polynom(6Q%)| < |x|d(6 + 1) N,
the norm can be bounded
1K (8 + ) — HF(6)]| < Ne
whenever |z| < vy < arna=T- Therefore N ~1H is equicontinuous in N.
Note that for |z| < v, any Qn and any value of any *
| Polynom (6Q%)| < §¢N,

SO
e—ﬁédN < o~ BPolynom(sQY) < eBtSdN'

Then
(5.4) |In Z§(6)| = | In(4m) =N / dQ e~ AFolynem(32Y) | < N gsd
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and therefore there is a constant K such that for all N the uniform norm of the
free energy function is bounded above

|5 (0)] < K.

So f§ is uniformly bounded.
To show the equicontinuity of the free energy we use the continuity of the loga-
rithm function. From continuity of logarithm, for the inequality to hold

|In ZG(6 + 2) — In Z§(8)| < NBe,
we need the following inequality to be true
(5.5) |Z$ (6 +x) — Z$(6)] < |Z25(8)| min{e™MPe — 1,1 — e NPeY,
The left hand side in (5.5) is bounded above similarly to (5.3) by
1Z$ (5 + ) — Z5(8)| < |2|NBd(S5 + 1)%eNAE+D?,
The right hand side of (5.5) is bounded below using (5.4) by
e~ VB8 min{e’® — 1,1 — e P},
Therefore from (5.5) we have
1 eNB((5+1)4=5%)
S GG N

d d
SNB(5+1) -5

min{e®® — 1,1 — e P},

Since — 00 as N — oo, for any € > 0 there exists v > 0 independent
of N such that for any N

N6 +2) = fR)| <e

whenever |z| < 7.
So £$(0) is equicontinuous in N.
Hence, by Arzela-Ascoli theorem, the limit function

(5.6) FE8) = lim f5(9)
N —o00
exists and is continuous in ¢. Therefore
. . C s . C
S A T 0a) = iy I (0)

(5.7) = lim f9(6) =: f°.

0—1

Taking 6 =1 in (5.6)

: : C_ 1 C _ ¢C

58 SR I = i I =T

then by (5.2), (5.7) and (5.8) we have

: . C _ rC _ . C
gim i fy () =7 = lin [y

Further reading [3].
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6. APPENDIX

Consider 2 x 2 matrix representation:

Lo (3) (1) 5-(1 )

We would like to find the relationship between w’s and x’s in the formula

O N=
= O

ew+S++w,S,+wZS z,S,elnszZewJFSJr.

e
Writing the exponent as a series

1
eorSrtu-StwsSs N (i S 4w S +w.S.),
n.

n

define A := w; Sy +w_S_ 4+w,S,. To find the n-th power of A we first diagonalize

the operator
1
Sw, w
wo W,

The eigenvalues of A are A = £K = +(wjw_ + %w?)l/Q and eigenvectors are
lw, + K

w_
Then A = VDV !, where

1 1
V—( o o ) andD-( 0 -K )

Then A" = VD"V ~!. Multiplying three matrices

V1,2 =

K71+(7K)n 1 K717(7K)n an(fK)n
An — 2 + oW " K Wi 3K
w— 2K 2 aWz 2K
Therefore
ew+S++w_S_+szz — iAn
n!
n
1 sinh K sinh K
S11 S1n *
i cosh K — Sw, *=

Similarly calculating the matrices we find that

1/2 1/2
ew,S,elnszzeerSJr _ Tz T4 Tz y '

1/2 —1/2 1/2
x,xz/ X5 / +rixr_x;

Therefore we get the relationship between w’s and x’s. In the case of Bloch
coherent states (2.3) we get

1. 1 .
wy = —596_"757 w_ = §9€Z¢7 w, =0
and
50

0 _. 0 .
Ty = —Z =tan ie*“”, Z_ =z =tan §e’¢, z, = (1+|2*)~! = cos 7

The proof is based on [6].
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