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Resumeé

e Bose-Einstein Condensation (BEC) of the Free Bose-Gas and
Generalised-BEC a /la van den Berg-Lewis-Pulé.

e One-particle Integrated Density of States (IDS). Examples:
BEC in Magnetic fields, BEC in "weak” (scaled) potentials,
BEC in the Interacting Bose-gas with a spectral gap in (I)DS.

e Homogeneous Random Potentials: self-averaging, one-particle
IDS, Lifshitz tails and existence of the Generalised-BEC.
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e N.B. (Random) external potentials may reduce the critical
dimensionality for the condensation in the Perfect (not Free!)
Bose-Gas (PBG) to d. =1 !

e Localization of the Bose-condensation: the Kac-Luttinger
conjecture and Generalized BEC in extended states.

e What Random Boson Point Fields (Permanental Pro-
cesses) could say more about the condensation in ” Weak Har-
monic Traps’” or scaled external potentials 7

e Impact of particle-particle interaction (non-perfect boson gases).
Transformation of the Generalized BEC by particle interactions.
e [ he Van-der-Waals interacting bosons in a "weak’ external
potential.

e Bose-condensation with the Second Critical Point.
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0. Introduction and Motivation
(a) Bose-Einstein Condensation of a Free Gas: (Einstein-
Uhlenbeck-F.London: 1925-38), Generalised BEC (Casimir (1968),
van den Berg-Lewis-Pulé (1978).
(b) Condensation of Perfect Gases: Non-Translation-Invariant
Condensation in a Restricted Geometry (Pulé-Verbeure-Z,
Martin-Z: 2002), Condensation in Traps (Lieb-Solovej-Seilinger-
Yngvason: 1999) and (Beau-Tamura-Z: 2012), in Magnetic
and Electrical fields (Briet-Cornean-Z: 2004, Pulé-Verbeure-Z:
2003-07), in Random Potentials (Bru-Dorlas-Lenoble-Pastur-
Jaeck-Pulé-Z: 1999-2010), for Attractive Boundary Condi-
tions (van den Berg-Lewis-Pulé 1976 and Vandevenne-Verbeure-
Z 1999), Scaled (Weak) Potentials (van den Berg-Lewis-Pulé-
Jaeck-Z 1976-2010)
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(c) Dynamical (or non-conventional) Bose Condensation
due to Interaction (van den Berg-Dorlas-Lewis-Pulé: 1990 (HYL
model) and Bru-Z (WIBG): 1998-2008)
(d) Mean-Field and Full Diagonal interacting Bose-gas,
Fluctuations and Large Deviations: (Davies-Lewis-Pulé-Buffet-
Dorlas-de Smedt-Fannes-Verbeure-Spohn-Lieb-Lebowitz Bru-Z...),
van-der-Waals limit:(Buffet-de Smedt-Pulé (4 one particle spec-
tral gap) 1983-2009) and (de Smedt-Z (+ weak scaled poten-
tial): 1987...)
(e) Interacting Bose-gas with Spectral Gap: (Buffet-de Smedt-
Pulé:1983) and (Lauwers-Verbeure-Z: 2003)
(f) Condensation of Non-Perfect Gases = Interacting (+
Non-Free): There are only few results like Condensation in
Traps in the Gross-PitaevskKii limit 4+ some cases of trun-
cated interactions... (Yngvason-Seiringer-Z 2012).
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0*. Motivation: revised for the Analysis Seminar
1. In fact the "solution” of the Einstein-Uhlenbeck controversy
(1925-38) by F.London in 1938 is an application:
e Of an elementary real analysis: uniform / non-uniform conver-
gence (sup-norm) in the thermodynamic limit (a ballot on the
van der Waals Centenary Conference, 1937);
e Of a "scaling limit” (physicists terminology).
2. EXAMPLE: Take the sequence fp(x) = z" for z € [0,1],n €
N. Then limp—oo fn(x) = 0 point-wise on [0,1) and
e there is a uniform convergence: |iMy—oco SUP[g 5] fn(z) = O for
0 <1 but noton [0,1): limp—eo SUP[0.1) fn(x) =1
e For any a € [0,1) there is a sequence {zn(a) T 1},>1 such that
limp—oo fn(zn(a)) = a ("scaling limit").
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Ch.1 BEC and GENERALISED CONDENSATION
I Generalized BEC of the Free Bose-Gas
1.1 Free Bose-Gas in R3
e Conventional (one-mode) BEC of the free boson gas:
take cubic box N = L x L x L, |[AN| =V with periodic boundary
(p.b.) conditions for single-particle Hamiltonian tp := (—A/2)p -
e Generalized BEC: take a parallelepiped N = L1 x Lo x L3 of the
same volume with sides of length L; = VY, 4 =1,2, 3, such that
a1 > ar > az >0 and a; +a>+ a3 = 1, with the periodic bound-
ary conditions for single-particle Hamiltonian ta := (=A/2)p
on the boundary of A (Casimir boxes (1968), van den Berg-
Lewis-Pulé (1978)).
e Dual set \* of momenta w.r.s. to the p.b.:

d
N = {k; :=2mn;/VY :in; € Z};E? , spec(tpn) = {e = Zl kJQ'/Q}kE/\*
J:

5
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e Grand-Canonical (3,u1) Free Bose-Gas without QM:
(a) Independent random variables k — N, € NU {0}, k € A*, in
the probability space €2 := Xpca+$2k.
(b) For bosons the one-mode random occupation numbers are:
N, > 0 (for fermions: N, =0,1).
(c) Probabilities (N.B. for bosons: u < 0, since g, > 0) :

Prg  (Ny,) := e PNk /= (8, 11) | ke A*,
(d) Expectations for k € N*:

1
Bg,u(Ng) = eBlep—1) — 1

(e) Expectation value of the total density of bosons in A:

1
oA(B, 1) = % > Eg, (Ng).
LEN*
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e Proposition 1.1 Generalized BEC # Conventional BEC.

e Dual set N\* of momenta w.r.s. to the p.b.:

2T d

N = {k,] = Wn] : n; € Z}?z% and E - — Z k]2/2
J=1
e Cube: a1 = ap =a3=1/3, V =1I13. If u <0 and /\/R3:
1 1 1
p = limpp(B,p) :=1lim —{— + > — }
A A VieBu_1 ke{/\*\{o}}eﬁ(ek ©n) — 1
_ —1
— im % Z {65(2?=1(27mjv 1/3)2/2—,“) _ 1}
L—oo L njEZ\{O}

1 —1
= G /R3 d%{eﬁ(’fz/Q—M) - 1} =:3(8, ).
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e For d > 2 the free Bose-gas critical density

pc(B) = ,li}”oj(ﬁ’“) :
is finite.

e Then if p > p.(B) = BEC at £ = 0 (ground-state):

po(B) == p — pc(B) .
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1.2 Saturation Mechanism (conventional BEC condensation):
Let ua(3, p) be solution of the equation

p=pAB, ) & p=paB,un(B,p)).
o limpa un(B,p < pe(B)) = pa(B,p)< 0 or
o lima upa(B,p > pe(B8)) =0, and
po(8) = p— pe(B) = tim = {e= I Gzre( 1} 71
1 1

un(Brp > () = = Gy Fo(1/V)

o Since g, = ¥.9_,(27n;/V1/3)2/2, the BEC is in k=0-mode:

lim 1 {65(&5]@7&0_:“/\(5”0)) _ 1}_1 =0,
NV

e This is a well-known conventional (type I) BEC.
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1.3 Saturation Mechanism (generalised condensation):
e The Casimir Box: Let a1 = 1/2, i.e. ap +az=1/2.
Since ey, 0,0 = (2mn1/V1/2)2/2~ 1/V, then again the solution of

p=pAB 1) & p=paB,un(B,p)).

has the asymptotics up(8,p > pe(B8)) = —A/V +0(1/V), A >0,
although the number of modes producing condensate is infinite:

1 1 1 1

lim ¢ —— + = > —
A | Ve BualBr) — 1 VkE{/\*an#O,n2=n3:O}€B(€k a(B.p)) — 1
= p—pc(B) > 0.

.1 _ —1
im = {65(6’“#0 HALB:P)) 1} # 0, for ep+0 =€k, 0,0~ vA(B,p) ,

1 —1
||/r\n V {eﬁ(€k#O_NA(ﬁap)) _ 1} — O7€O,k2’3;&ON (QWn]/VaJ)Q/Q > ,LL/\(ﬁap)'
10
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e Generalised BEC type II [van den Berg-Lewis-Pulé (1978)]:

~1
b — pe(B) im L 3 {em(zml/v1/2>2/2—uA<ﬁ,p>>_ 1}
ny1EL
1

= 2 )22+ A

ni1EZ
Here A > 0 is a unique root of the above equation.
e N.B. For a1 = 1/2 the BEC is still mode by mode microscopic,
but infinitely fragmented —quasi-condensate. Experiments with
rotating condensate (2000) and chaotic phases (2008).
e The van den Berg-Lewis-Pulé Box: a1 > 1/2.
e Proposition 1.2 No macroscopic occupation of any level:

lim & {eBler—nn(B0)) _ 1}—1 —0
NV

11
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e Generalised BEC type III [van den Berg-Lewis-Pulé (1978)]:
a1 >1/2ie ar+az <1l/2.
o Since e, 00 = (2mn1/V1)2/2 ~ 1/V2%1 2a7 > 1, then the
solution pa(B,p) has a new asymptotics: ppa(B,p > pe(B)) =
—B/V% 4+ 0(1/V?), with B > 0.
e 10 this end we first must consider the particle density due to
summation in kq{-modes:

1

> - _
veln 00y I 1

) i e~ 3B8(er—nn(B.p)) —
ke{A*:(n1,0,0)} s=1

== <[~

io: 5B (B,p) 3 —sB((2m)2n2/2V201)

Vszl n1=0,%+1,£2,...

12
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e N.B. We are not care very much about a» + a3z < 1/2 and
about summation over the modes k», k3, since for npy 3 # 0

1 1 B
Ilm_ Z 6/8(8]{)_“/\(/87p)) 1 - pC(ﬁ)? P > pC(ﬁ)

A Vké{/\*:(nl,ng;&O,ng;éO)}
the Darboux-Riemann integral-sum converges to p.(3).
e For k1 summation we apply the Jacobi identity, with parameter
\ = sB27V 201 :

) I ST B C SRV
n1=0,£1,4+2,... VA £=0,+£1,42....
Z 6—8,8((271')27%%/2‘/2&1): Vel Z e—(7T£2V20‘1/8527T) _
n1=0,+1,42.... Vv 3527T§:o,i1¢2,...

therefore, only the £ = 0 term survives in the Iimit V — oo |
13



VIGRE Quantum Phase Transitions UCD - June, 2012
e Thus for the generalized BEC density of the type III one
obtains:

p—pc(B) =
—1
| ~12 ]V el
Il/r\‘n {(2%6) { 17872 1% }V5
e This limit is nontrivial only for 6§ =2 (1 —ay) < 1:

0 < p— pe(B) = (2n8)~1/2 /Ooodﬁ e PBE ¢=1/2

e The parameter B = B(3,p) > 0 is the unique root of the
equation:

S e () ).

s=1

1

p— pc(B) = -
V282B(8, p)

14
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e Generalised BEC of type III: one-mode particle occupations:

1

im= (N, (8,14 (8,0 > pe(8))) = 0 for all k € {A'} |

e For the "renormalized” ki-modes occupation "density” one
obtains:

1
M5 —ayy NkdTp (B, A (8,0 > pe(B))) = 28 (p = pe(8))?,
where k£ € {A*: (n1,0,0)}and 2(1 —a1) =0 < 1.

e Definition 1.3 (generalised BEC)

1 —1
o —pe(B) := lim lim—= Y {65(%—#/\(570)) _ 1} .
n—+0 AV .
{keN®, ||kl <n}
e Saturation p,,-PROBLEM: [van den Berg-Lewis-Pulé] Is it

possible that: p. < py, < 0o such that type III (or II) — type I,
for p > py, 7 Yes! [Ch.2 BEC with the Second Critical Point].

15
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1.4 Interaction Mechanism
EXAMPLE of creation of generalised condensation III by particle

interaction
e Hamiltonian with repulsive interaction (forward scattering) and

the grand partition function:

1
HA = > epagap + oG > v(0)ajajara, v(g=0) >0,
keN* keN*
o _ _ v(0) (2
=1 (8.) = Trpye PUA-) = [T 30 ALEmImt R0

pa (1A = S In=h ()

16
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e Pressures estimates: H/I\ = Tp + U}((O) > 1A,

pA [TAl = pa |HA| >

[InV]
Z In Y e Bl(ek—mm+v(0) (n2—mp) /2V]
kE/\* np= =0
e {e—ﬁv(o)[an]Q/zv 1— eﬁ(skm([lnvn)} | B
ﬁvké/\* 1— 6_5(514:—#) V—o0
PA [TA]

17
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e Theorem 1.4 liMm A pA [T/\] = lima pa [H/I\} :

e By the Bogoliubov convexity inequality one obtains:
3 1< v)] 1 o\
pA[TA] = pA |HA| > 5 {V2 k;\ (N7 >H/z\ Nyt ) (-

e Since for the Gibbs state (—),; one has
N\

2

(AB) | < (A%4) y (BB g = (N9 g /VI? < (NR) g V2

H
Theorem 1.4 and the Bogoliubov inequality imply :
1

lim — (N =0 k A Y.
/\V< k)H/I\ e {\"}

18
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e Does BEC exist in the model Hj} ?

YES: By Theorem 1.4 and by the Griffiths lemma one has

pe,1(B) = pe(B) < oo,

because

p1(B, < 0) := Iim dupp [HA| = lim 8upp [TA] = p(B, 1 < 0).

19
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II Free Bose-Gas

2.1 One-Particle Integrated Density of States

e Let A; C RY, with a smooth boundary dA; and |Ar| = V7.

o Hy = L?(Ap), and (free) one-particle Hamiltonian tp, =
(=A/2)p,,p =tp,, With e.g. D=Dirichlet boundary conditions.

e tpn, has a discrete spectrum a(t/\L) = {Ek”L}kz>1:

tA, YL = Eg rgr, O<Ei1p <Erp <E3p<...
of finite multiplicity, and exp(—ptp,) € Tr-class(H) for g > O.

20
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Definition 2.1 The finite-volume integrated density of states
(IDS) of tp, is the specific (by a unit volume) eigenvalue count-
ing function (taking multiplicity)

Np, (E) = max{k LB < E}/|/\L| :

Proposition 2.2 There exists a /imiting integrated density of
states: N(O(E) = w — lim[_ N, (E), where (Weyl):

NO(E) = c,EY?

21
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2.2 BEC of the Free Bose-Gas

e Definition 2.3 The grand-canonical non-interacting bosons
without external potential are called the (3, u)-free Bose-gas.
e Proposition 2.4 By the Bose-statistics and by Definition 2.1
of the finite-volume IDS, the mean value of the total particle-
density pa, (B, 1) in the volume Ay, is:

1 [ NAL(dE)
SErL—1) _ 1 /

1
p/\L(67 :u) — sz:
kL

22
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e By Proposition 2.2, the limiting density p(8, u) exists for neg-
ative chemical potentials u € (—o0,0):

_ o NO@E) o (0) 1
p(B, 1) —/O B 1= _/0 dE N <E)8E{eﬁ(E—u) _ 1} |

e The critical density p.(8) := p(8,—0) < x is finite for d > d. = 2,
since

NO(dE) ~ EY2-1 4B
(the Weyl formula).

23
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We resume the above observations as the main statement
about the generalised BEC (a la van den Berg-Lewis-Pulé)
for the case of the free boson gas:
e Proposition 2.6 Let p:(8) < oo and pa, (8, p) be unique root

of equation p = pr(B,1). For p > pc(B), limp_.ocuin, (B,p) = 0
and the BEC density pg(8,p) :i=p — pc(B) > 0 is

: : € 1
po(B.p) = —lim lim [ 4B N, (F) 0 {emE—uAL(ﬁ,p» - 1}

e N.B. If p.(8) = o0, this statement has no sense, but the value
of critical density p.(3) may be changed, if the non-interacting
gas is placed in an external potential: since the value of p.(3)
is a function of the critical dimensionality d. and the latter is a
functional of the One-Particle Density of States: N(9)(dE).

24
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2.3 Why the Bose Condensation is a Subtle Matter ?
e Let App = x3_4[-L/2,L/2] be a cube. Then the density:

p0(B.p > pe(®)) = lim (I Frmm@ 1} gy

L—oo I3
. 1
= 1im (p— pe(B))o1 s Br=(1,1,1),0 = 5{3(n/L)*}— Egr = 0.
is the ground-state BEC (type 1), Ey 1 — pr(8,p)) ~ L™3.
Egr — 0O — — — — — — E* e - —— - — — — - - — — — —— — E

o If pc(8) = JSPNO(AE){ePE —1}-1 = o < high density
of states NO)(JE) at E=0 (e.g. E¥/2-14E for d<2) < a
"leaking” of the type I condensate into excited states =

25
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e Conclusion: To preserve the BEC one has to suppress density
of states in the vicinity of the ground-state (E, = 0), e.g., a
spectral gap: N(O)(E) = 0(E — E,) for E < Ex, where E,. < E,
[Buffet,Pulé,Lauwers,Verbeure,Z].

26
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IIT Perfect Bose-Gas in Magnetic Field
3.1 Hamiltonian
e Let open Ap—; C R%=3 with |A;—1| = 1 and piecewise contin-
uously differentiable boundary 0A;—q1 contain the origin {x = 0}.
Put Ap ;={zeR3: L lzen;—1}, L>0.
e Take a magnetic vector-potential in the form: A(x) = w Ag(x),
w > 0. For two types of gauges: symmetric (transverse): Ai;(x) =
1/2(—xp,x1,0), or Landau: A;(xz) = (0,z1,0), this generates a
constant unit magnetic field B = rot A, parallel to the third di-
rection OXs3.
e [ he one-particle Hamiltonian with Dirichlet boundary condi-
tions (D) on AA; is defined in L2(A;) by

ha, (W) = (=iV — A)2 + Vp, = tp, (W) + Va,
where Vj, is an eventual external "electric” potential. Then
h/\L(w) has purely discrete spectrum.

27
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3.2 No-Go Theorem for BEC in a Constant Magnetic Field
e Let a continuous external potential V(x) = v(x1) (v be Z-
periodic) and we use the Landau gauge: A;(z) = (0,z1,0) € R3.
Then the bulk Hamiltonian acting in L2(R3), where w > 0, is:

hoo(w) = (—iV —wA)? +v = —02, +v(z1) + (=i, —wz1)* — 97, .
e Proposition 3.1 Let Eg(w) := info(hoo(w)). Then: for E X\
Ep(w) one gets:

Noow(E) = B, - (E — Eg()'""2)/? + o((E — Ep(w))¥?™1).
Hence, for d = 3 and any w > 0 the critical density

pe(B) == tim [ dE Noow(BYOp { Sy} = o

is infinite, i.e. the BEC is destroyed by a constant magnetic field
(1958). N.B. Weyl: NOX(E) ~ E4/2

28
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e Remark 3.2 Operator hoo(w) is unitary equivalent to the sum
of w-harmonic oscillator (Landau levels) and one-dimensional v-
Schrodinger operator in the third direction. If v = 0, then

Noow(E) = w(E — w)1/? /272

between the first two Landau levels: F € (w,3w), i.e.

d=3andw>0«<d=1and w=20

e Proposition 3.3 [BCZ (2004)] Assume that w = 27x. Then
there exists an external " electric’” potential of the form:

Ve(z) = € [v1(z1) + vo(z2)] + v3(x3),

where e > 0 and small, each of the functions {vj}?zl iS @ smooth
Z~-periodic potential, and neither one of v1 and v, is constant,
that critical density is bounded.

29
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IV Bose-Condensation in Random Potentials
4.1 Random Schrodinger Operator (RSO)
e Random Repulsive Impurities: u(z) > 0, z € R4, continu-
ous function with a compact support is a local single-impurity
potential. The Poisson Random Potential (PRP):

v(2) = [ uE(dy)ule —y) = Y u(@—y$) 2 0, we R
J

where impurity positions {y;"} C R are the atoms of the random
Poisson measure:

P({we @ pe () =np) = T e,

n € NU{0}, A C RY E (u¥(A)) = 7|A
centration of impurities.

- the parameter 7 is con-

30
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e Proposition 4.1 The spectrum o(h®) of {h¥ (=t + v} o IS
almost-surely (a.s.) non-random and coincides with [0, +c0).

31
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e RECALL of SOME GENERAL RANDOM POTENTIAL
PROPERTIES
In the framework of general setting this model corresponds to
the following one-dimensional (d = 1) single-particle random
Schrédinger operator in the Hilbert space H = L2(R):
e Consider a random (measurable) potential v{)()) : Q@ x R —
R, (w,z) — v¥(x), which is a random field on a probability space
(2, F,P), with the properties:
(a) v is homogeneous and ergodic with respect to the group
{7z} cr OF probability-preserving translations on (Q, F,P);
(b) v* is non-negative and inf__pqa{v*“(x)} = 0.
By E{-} := [oP(dw) {-} we denote the expectation with respect
to the probability measure in (2, F,P).

32
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e Then the random Schrodinger operator corresponding to the
potential v* is a family of random operators {h“} .o :

hY =t 4+ v*, (1)

where t := (—A/2) is the free one-particle Hamiltonian, i.e., a
unique self-adjoint extension of the operator: —A/2, with do-
main in L2(R).

e Notice that assumptions (a) and (b) guarantee that there exists
a subset Q9 C F with P(2g) = 1 such that operator (1) is

essentially self-adjoint on domain C5°(R) for every w € Qp.

33
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4.2 Self-Averaging of IDS and Lifshitz Tail [L.Pastur]
e The restriction hf := (-A/2 + ¥ )/\ p has a (random) finite-
volume IDS:

1
P(B) = omax{y s ¢f B(L) < B}, we Q.

e Proposition 4.2 There exists a non-random distribution N (E)
(measure N(dE)) such that (a.s.)

w — LILmOONf(E) =N(E) , o(h¥) =suppN(dFE) ,

with (non-random) lower edge Eg = O.

34
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e Proposition 4.3 (Lifshitz tail) The asymptotics of N(E) as
E | O:

N(E)| g0 ~exp{—7 (cg/ E)Y?} , with 7> 0 and ¢4 > 0.

e [ he self-averaging of the limiting IDS is true for the Poisson
point-impurities: u(z) = a§(z), a > 0, on the line R1:

35
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4.3 BEC of the Perfect Bose-Gas in the Poisson Random
Potential
e The random finite-volume bosons particle density:

w o© w 1

p7(B.1) = | NP (AB) s —
for 8> 0, u < 0 and any realization w € 2.
e Proposition 4.4 By Proposition 3.2 the limit:

©  N(E)
eﬁ(E_,UJ) 1 — p(ﬁaﬂ%

a.s. — lim p% (8, :/
L%OPL(ﬁ ) ‘

uniformly in u on compacts in (—oo,0).

e Corollary 4.5 The Lifshitz tail implies that p.(3) := p(3,—-0) <
oo for d > 0, so there is a condensation of the Perfect Bose-Gas
for low dimensions d = 1, 2.

36
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e Proposition 4.6 [Lenoble-Pastur-Zagrebnov (2004)] Let

p > pc(B) and uf(B,p) be a unique root of equation p = p¥ (B, 1)
for w € Q. Then a.s. —limp_, o u$(8,p) = 0, and:

. e, 1
|€|£8 {CL.S. LII—>moo 0 NL (dE)eﬂ(E_,UJ%(ﬁap)) B 1}

(a.s.) = p— pc(B) = po(B,p) >0 .

e A.s. non-random pg(3, p) is a generalized condensation density
a la van den Berg-Lewis-Pulé.

e Kac-Luttinger Conjecture (1973-74). For PBG in the one-
dimensional random Poisson potential of (point) impurities the
Bose-condensate is of the type I and it is localized around the
one "largest box” on the line Rl, corresponding to the support
(~In(L)) of the ground state ¢-.

37
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e Proposition 4.7 [Z, Lenoble-Z (2007)] The Kac-Luttinger
conjecture is true for one-dimensional hard (a = +o0) Poisson
random point impurities: the BEC for the PBG is of the type I
and it is localized in one " largest box" .
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V Can we save the Bogoliubov Theory (BT) for External
Random Potentials 7
5.1 Random Eigenfunctions/Kinetic-Energy Eigenfunctions
e Recall that for the random Schrodinger operator in A C R%:

RPY = (tA+vIn¢s = EY ¢% , for a.a. we Q.

o Let N/\(cb;-”) be particle-number operator in the eigenstate (/5;9.

Np =Y Na(o?) == a*(¢¥)a(¢
j=1 j>1
is the total number operator in the boson Fock space Fg(L2(A)),
where a(¢%) 1= Jp dz ¢% () a(z), and {¢¥};>1 is a basis in L2(N).
o Let th1. = €19 De the Kkinetic-energy operator eigenfunctions
and eigenvalues e, = h2k?/2m. One of the key hypothesis of
the BT is the ground-state (or zero-mode ¥,—g) condensation.
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5.2 The First Main Theorem

e Theorem 5.1[Jaeck-Pulé-Zagrebnov (2009]

Let Hj( = Th + V;\‘) + Up be many-body Hamiltonians of inter-
acting bosons in random external potential (trap) V{'. If particle
interaction U commutes with any of the operators N/\(gb;‘-’), then

imlim ) %((N/\(@‘-’))H;\u >0 <

010 A j:EW<5
1
< limliminf (N w >0,
limlimy kz< % ANWYk)) by
EERY

lim lo|lm/\ Zk e > <N/\(¢k)>Hw/V = 0. Here <_>H7\) Is the
quantum GIbbS expectation with Hamlltomans H/\

e Corollary 5.2 The localised (random) generalized boson con-
densation occurs if and only If there is a generalized condensa-
tion in the extended (kinetic-energy) eigenstates.
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5.2 The Second Main Theorem
e Let for any A C Ry the particle occupation measures mp and
mp are defined by:

mACA) = o Y (VA g o A(A) = S (NAGay

JiE;,eA k€A
e Theorem 5.3[Jaeck-Pulé-Zagrebnov (2009]

m(dg) = | P~ pIS(E) 4 (" —1)"IN(AE) ifp 2> pe
— (eﬁ(E—,uoo) _ 1)—1 N (dE) if 5 < pe .

m(de) = (P — pc)oo(de) + F(e)de ifp = pe,
F(e)de it o < pe.

with explicitly defined density F'(e).
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e Corollary 5.4
Densities of generalised random and kinetic-energy states con-
densates coincide !
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5.3 Example: BEC in One-Dimensional Random Potential.
Poisson Point-Impurities
e For d =1 Poisson point-impurities, a > O:

wW(z) = /]Rl pr(dy)ad(x —y) = Za‘s(ﬂc -y
J

Proposition 5.5 Let a = +00. Then o(h%) is a.s. nonrandom,
dense pure-point spectrum op.p. (h%) = [0,400), with IDS

e~ TT/V2E
— Y o TT/V2E
N(E) Tl—e_ﬂ'T/\/ﬁ Te ,E |10
—— 0 ——0— — — — — — — *o—— ——o0—0— — — — — *o— — —0— — — —
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e Spectrum:

wy 2.2 w2\
(a.5.) — o(h )—ij{w s2/2(L¥) }Szl
e Intervals L;‘-’ = y;” — y;-”_l are i.i.d.r.v. .

k

(Ljy,---,Lj) = ™ I e "lisdL;,

dPr J1

7j17"'7jkf
s=1

e Eigenfunctions:
One-particle localized quantum states {¢;};>1, a basis in L2(N).
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5.4 BEC in One-Dimensional Nonrandom Potential:
Point- Impurities(hierarchica/ model [LZ (2007)])
o Let [0,L] = 1L, I = yj—1,95], yo =0,yn = L and v(zx) :=
Z?_Oa5(ac y]) a = —I—oo
o Let hO(Ij) L= (—A/Q)[j’p. The model: Ay, = (—A/Q)—I—v(a:) =

@?’;% ho(1;), L;j = ‘Ij‘

n—1
o(hr) = U {Bs(L;) = 72s%/2(L)?} " (p.p.)
j=1
o Let Lj=2,3,... = (L — Ll)/(n — 1) = E and L]_ = f(L) < L :

imy_,o f(L)/L = 0.
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e Finite-volume total particle density :

1 & ~1
PG =1 3 GO S

_q o . ~1
n 3 {eﬁ(Es(L)—M) _ 1} u<o0
L =
s=1
e For 7 = lim, 1 .oon/L = lim, 1 .o L™! the critical density

pc(B) = ”m,u/O My 1 — oo pr (B, ).

00 B —1
pe(B) =7 ) {eﬁES(T = 1} < o0
s=1
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5.5 BEC in One-Dimensional Nonrandom Potential (I)

o Let pr,(B,ur(B,p)) = p < pc(B). Then
limy, oo (8, p) = (B, p) <0 and

=1y {eﬁ[Es(Tl)—ﬁ(ﬂ,p)] _ 1}‘1
s=1

o L1 =LY?7% Let pr(8,1r(8,p)) = p > pc(B) and L1 = f(L) =
L1/2=¢ ¢> 0. Then

ur(8,p) = n2/2L3 — (BL(p — pe(B)) "L + O(L72)
e BEC density po(8,p) = p — pc(B):

1 —1
— im L B(Es(L1)—nr(B:p)) _
po(ﬁ,p)—n,ETmL;:l; {e D=ne(B)) — 1}
— im l{emEl(Ll)—uL(ﬁ,p))_1}—1

n,L—oo L
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This is the ground-state (type I) BEC, localized in the largest
box L1 — oc.

e Type Il BEC: ., = L1/2
Then
ur(B,p) = —A(B, p)/L + O(L™2)

and BEC is fragmented among infinitely many levels in one
largest box.
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5.6 BEC in One-Dimensional Nonrandom Potential (II)

e Thisis the type II generalized BEC in the largest box, with In-
finitely many (single-particle) levels macroscopically occupied:
s 1

pmpeB) = M T 2 T ) — 1

sS=

=Y {8222+ A@B. )}, AB.p) >0

s=1

e 1 = L1/2F¢: One gets the type III generalized BEC in the
largest box: none of single-particle levels is macroscopically
occupied.
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e Chemical potential:

ur(B,p) = —B(B,p)/ L2+ 0(L™1)

and
- ( ) I Vi 1L —
P Pc 6 ,Ii“l sz:l eﬁ(ES(Ll) W (ﬁ,ﬂ)) 1
1 0 — B —-1/2 5, 0
BtB( 7[)) 1/ B P
— \/7/ dte t ) ( ! ) >
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5.7 Nonrandom/Random Potential (III)
eSpatially fragmented type III BEC in the hierarchical model
splitted between (infinitely) many different intervals:

In(AL) .
j=y o 1<i<In(k+ 1] =: M,
L7 ._L-Lim
I>My T R T e
1 Uk X 1
PL(@N)_E; ; 3(c2s 2/L2 ) 1+
L = B2/ Li—pm) _ 4

limy_ oo L = limp_,oo L/(k— M;,) = 1/), condensate p — pc(B) =
po0(8,p) > 0 is equally splitted between infinitely many intervals.
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VI Off-Diagonal-Long-Range-Order (ODLRO)
6.1 BEC of the Free Bose-Gas: ODLRO
e PBG one-body reduced density matrix:
1
pr(B, iz, y) = kgl B D)) — 1 Vel (@)VrL(Y)
Its diagonal part is the local particle number density.
Proposition 6.1 For the free Bose-gas (L — o)

p(B,u(B,p),x,y) =
| i (Qwﬁs)—d/zesﬂu(ﬂ,p)—||w-y||2/258 P < pe(B)

s=1

> 0 —llz—yl?/28s
po(B,p) [, L=1(0)]" + > ongeyiz P 2 P

L s=1
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Here po(B,p) is the condensate density and vp—; 1—1(0) is the
ground state eigenfunction in domain A;—q evaluated at the

point of dilation x = 0.

e Definition 6.2 The Off-Diagonal Long-Range Order:

ODLRO(B,p) := lim  p(B,u(B,p);z,y)

|z —yl|—o0
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6.2 One-Body Reduced Density Matrix
for Random Potentials
e Space averaged reduced density matrix

1
ALl AL
e FOr non-negative measurable ergodic random potentials, any

u < 0 and any fixed x,y € RZ one gets self-averaging of the
reduced density matrix:

T (B, 1 x,y) 1= dap? (B, p; x4+ a,y + a)

L—o0
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Proposition 6.3 Then

p(Byp—1u,x—y) < p(By sz —y) < p(B, 1 —y),

where @ := [p1 dzu(z).
Proposition 6.4 Let © < 0. For one-dimensional Poisson poten-
tial with suppu(x) = [-6/2,6/2]

5B,z —y) < p(B, p;x —y)e TV z—YI=0),

~

where v :=1 —e™ %,
Corollary 6.5 If impurity concentration = | O:

ITTS p(B, sz —y) = p(B, ;T —y)
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VII Kac-Luttinger Conjecture [KL (1973-74]

e In the case of the one-dimensional random Poisson potential
of point impurities the BEC for the PBG is of the type I and it
is localized in one "largest box".

7.1 Statistics of Poisson Intervals:
e Consistent marginals in the (thermodynamic) limit
A=lim;_, . n/L have the form:

k
k — AL
dO')\’k(le, ceey L]k:) = A H e JSdLjS .
s=1
e Expectation value of the intervals length:

o0
Eqy (1Y) = A/O AL Le M = )\"1
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e For ordered intervals:

k
{L;?1 >Ly >...>2L5 ) LY =LY~ k/)\(LLN)}
s=1

the joint distribution for k intervals on R is

dO‘A k(le""’ij) = k! Q(le ) Q(ij 1 LJk;) dO‘)\ k(lea"'7ij) .
o Pr0p05|tion[LZ(2007)] Let daL)\,\C be joint distribution of k
intervals YXF_, LY = L. Then

]s
: EUL,A(L%) 1
lim = — .
L—oco In(AL) A
e Probabilities of the "energies repulsions” in different boxes:

P{w: LY — LY > 6t =€, §>0.
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7.2 Application of the Borel-Cantelli Lemma
k

. . w — w .

e Energies in the samples {|Ij (k)| = L (k)}jzl ;

6282
Es(LY (k)) = ,r=1,...,k, s=1,2,....
S (LY (k))?
e Let the events (k=1,2,...)
Sp(a>0,0 <y < 1) = {w: By (L5, (0) — Bsm1(L5,(8)) > 1}

e Since limy_, . P{S,(a,0 <~y < 1)} =1, one gets divergence
k

im Y P{Si(a,7)} = .

k— 00 r=1
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e Then independence of the events {Si(a,v)}72; and the well-
known Borel-Cantelli lemma imply:

o

P { lim Sk(aafy)} =1, Iim Sk(avv) — ﬂ U Sl(a,’Y)
k— 00 k— o0 e—1 [—k
e Notice that the event:
L oo
lim Sk(a'afy) L= ﬂ U Sl(aafy)
k=1 I1=k

means that infinitely many events {S;(a,v)}r>1 take place.

e This means (in turn) that with the probability 1 the BEC is
localized in the thermodynamic limit R in a single " largest box",
and this condensation is of the type I.
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VIII Bose Condensation in Scaled (" Weak” ) Potentials
8.1 Bose-Gas in a Scaled (" Weak” ) Potential
e Definition 8.1 Let v(z)>0 be continuous function: v € C(R%)
such that v(0) = 0. We say that {V;}; is a family of the scaled
("Weak'") potentials in the box A\, =L XL x...xL>Q0, if

(vp9) (@) == v(z/L)p(z) , z € R, ¢ € H=L?*(AL)
e For the perfect boson gas the many-body problem in external
potential reduces to the one-particle problem:

hag, #5 = (hor + o) éf = Ef L6}
with some boundary conditions on 9Ay.

e The finite-volume integrated density of states (IDS) in the
presence of external potential (see Definition 2.1):

A (B) = card{ i B < E}/|/\L| .
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e T hen the mean-value of the perfect Bose-gas total particle-
density is:

co NR (dE)
ey

-y —q <0

pn, (B, 1) = I/\LI Z -

e [ he criterium of the Bose-condensate is the value of the critical
density.

‘= sup |Iim —
pC ’U(ﬁ) ,u<8 [ —o00 0 QB(E_,U) . 1

oo Nx (dE) /OOJ\;”(dE)
0o efb_—1

e Our next problem is calculation of the limiting IDS in external
potential v:

NYUE) = w— LILmOONXL(E) .
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8.2 Integrated Density of States in External Potential v

e (a) Laplace transformation (¢ > 0):

00 1 _ RV
D, (7)1 = / N{ (dB) et = = 3 T
0 |/\L| {qpr}
7,
1 —t(ho,,+vr)

Z da (o) (70T w) (o)
k>1

|/\L|

{u}r>1 is any orthonormal basis in the Hilbert space H = L?(Ap).

62



VIGRE Quantum Phase Transitions UCD - June, 2012

o (b) Free propagator e~ , (e7tho f)(z) := [padyGo(z,y;t) f(y).

1 2
(e7M0)(@,y) = Gol@yit) = b spme ,

ho= —A/2

(|lx — y|| Euclidean distance), is the Green function for the heat
equation):

D=1/2.
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e (c) Kernel of the perturbed propagator e~T(tLtv) >0
The Lie-Trotter (1875-1958) product formula for the per-
turbed propagator:
et (hortvr) — |im (e—(t/n)ho,Le—(t/n)vL)n .

n—oo

f(2) = lim (e=Wmhone=@/muvr  ~(t/mhore~t/mvr 4y,

n—oo

f(@) — (e~ WML py(z) = e=Wmv@/L) p(2y | f e L2(RY) .

Therefore, the Lie-Trotter product formula for the perturbed
propagator implies:

fila) = lim [ deny Gop(e,ag-qit/n)e (/B
L

n—oo

A dzg Go.p(x1,z0;t/n)e @0/ L/n fo(20) =
L
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e (d) Wiener Path Integral:

= | B du/™
fi(x) = n|—>moo Ar dxg AL dxz, I/th/;bn 10/\L n— 1((,0)
t/n ;j; n—1 —gv(z;/L) _
/Q;/lrfxomL pay,zo(w)e fo(zg) =
_tywn—l o v(w n

dim [ dpl(w) e =0t o w(0)),

T L
w(jt/n) = x;.

Here the one-point conditional Wiener measure dul(w) on the
set Q! verifies the condition:

/Qg,,,y dpg (W) = /Qt dut ()8, (W (L)) .

X
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e Recall that dug,y(w) is the two-point conditional Wiener mea-
sure on the space of the Wiener pathes:

{w e ch,y > w(t) =z, w(0) =y} ,Q; = U Qf,/.’y .
yeRd

e T his conditional Wiener measure on the set Q};,y verifies:

A

. gy (W) = Go(z,yit) 2 0 .
:U7y
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e (¢) Feynman-Kac Formula
Since L 37— jv(w(jt/n)/L) is the Darboux-Riemenn sum, in limit
n — oo one gets the Feynman-Kac formulae:

@) = [, () e o O fy(u(0)) = (7t For ) fo) ().

fi@) = [ dyGuy @y fo(y) & Guy(m,y:8) = (7 P0aF) (o)

(et (ho.L VL)Y (1. 4) = / — Jodsv(w(s)/L)

dub. (W) e
QL ,NA;L :ua:,y( )

—t(hg 1 +vr) _ { _ .
(PO @m0 = [, diey() = Gou(evit)

1 —llz—yl2/(4Dt)

: —th —
Am (e @) = /Q (4nDt)d/2

o dug (W) =
Y 67
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e (f) Limiting IDS for the Scaled Potential v

(1)

Dp, (1) =

|/\L| > / dx un(az)/ dy Gu;(z,y;t) un(y) =

1
oo [ dn [ dy Goy(eyi) Y (@) un(y) =
AL AL AL o nz>:1 ! '

1 ot
m//\L dxGy; (z,z; 1) = m A, dx /Qt d,ufv,m(w) o~ Jods v(w(s)/L)

(2)
(/L =2Y_1 , do/|A|=dz, 2€ A= .

w(s)zaz—i(az—y)—l—&}(s) COo(s=0)=a(s=1)=0.
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(3)

L t — & ds v((z+(s/t) (z—y)+D(5))/L) o=
Tl 4 o 5 y

' -
= lim d / dpt —Jods v(=+5(s)/L)
L—oo JA;—q © szLz 'LLLZ’LZ(W) ©
—t v(2)

= [, _d (M) s / N(dE) e

(4) By the inverse Laplace transformation one finds for N'(dE) =
n(E)dE and ay = (I(d/2)) !

n — P — u(z — (2 d/2—1 ad
()= | dz 05— () (B-o@)2 T S50

(Weyl):

where ay/(27)%2 = (d/2)C; and C; =
v=0 = Nog(dE) = C,; d/2 E¥/2-1 4F.

1
(4m)d/2r ((d/2)+1)
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8.3 Bose-Condensation in External Potential v
e T he criterium of the Bose-condensate is the value of the critical
density:

< N} (dE) < NV(dE)
- —_ 1 L p— —
pev(B) == SuB M o BB —1 Jo FE—1 -
(d/2)Cy

/AL:l dz /OOO AE 0(E — (2)) (B - v(2)"271Jel250 - —

. d/2-1 (d/2)Cy
fy e //\Lzl 9 Bt 1
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e Example 8.2 Let d =1 and v(x) = |z|]. Then

o0
Pea=10(8) = (1/2)C1 /Oood“: 5_1/2//\ de Y em%0¢ ¢=5Plx

L=1 s=1
©  roo s/2 1
= 2C; > / — dn e B / = dw e P
¢—170 S O s
VT X 1
< C1 4=
= V1 33/2 ;:: $3/2

IS bounded. Perfect boson gas manifests condensation even for
d=1, if it is trapped by a "weak” potential v(z/L) = |x|/L.

e Notice that p. 4—1,(8) = oo for a "weak” harmonic potential
v(z) = 22 |
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Ch.2 BEC with the SECOND CRITICAL POINT

O0.Experimental Data.

1.Perfect Bose-gas.

2.Exponential SLAB and the Second Critical Point.
3.Exponential BEAM and CIGAR Traps.

4. Temperature Dependence of the Bose-Condensate.
5.Anisotropy and Localisation.

6.Coherence Length and Anisotropy.

M.Beau, V.A.Z. arXiv:1002.1242, Cond.Mat.Phys.31, 23003:1-
10 (2010)

W.J.Mullin, A.R.Sakhel J.Low Temp.Phys.166,125-150 (2012)
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Temperature de phase T, (caracterise la cohérence)

Nombre d’atomes
condensés

OK T(p T(p T(p T(p T(p T, Température

Condensat Fluctuations de phase
cohérent  Réduction de la cohérence

T, petite :
T, = E (@)2@ - gondensat long (04 -D

32 v - peu d’atomes condensés @,
D. Petrov et al. [PRL 87, 050404 (2001)] 8
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Origine des fluctuations de phase

. ]
£
S3
&
(]
'E § hoo, # ihwp
o
Z I I
I
1 1
T 1
OK T(p T, Température
T(p <T<T,:

Distribution aléatoire sur plusieurs niveaux
d’énergie tres proches

= Fluctuations de phase suivant I'axe long du
condensat ->
T wp[
W,

Amplitude des fluctuations de phase : T_
¢
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Densité et phase du quasi-condensat

OK T, T, Température
/ \
O Condensat : U Quasi-condensat :
n, | — n, | —
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Résumeé

O Deux températures pour la caractérisation de la condensation :

T%rgpir:sére Température
P critique
| |
condensat quasi-condensat Températur
T(p T, empérature

N— —
~

Amplitude des fluctuations de phase : T/T,

11
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1. Perfect Bose-gas
o For A=Ly x Ly x Lz € R® and T{"=1) = (—h2n/(2m)) | the
spectrum:

h2 3 5
Es 2—; WSj/Lj)

e Eigenfunctions: {¢;a(z) = Hj3-:1 V2/Ljsin(msjzi/Lj)}s e,

s := (s1,s0,s3) € N3

e In (T,V,u), V = L1L>L3 the Gibbs mean occupation number
of ps.p IS Ns(B,p) = (B —1)=1 4 < infy es.

o Particle density pa(8, 1) = > cn3 Ns(B, 1) /V =1 NA(B, 1) /V

e The first critical density: pc(8) = sup,<olimapa(B, 1) =

§(3/2)/>\2, \g 1= h\/2nB/m, de Broglie thermal length.

SjEN
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2. Exponential SLAB and the Second Ciritical Point

2.1 Let A = Le®L x Le®l x . Then for 1 < 0 we have

lim
L—oo

Ns(B8, 1 d3k

— 3 212 1 om :
(51,50 55%1) Vi (27)3 JR3 B(h7k=/2m—p) _ 1

2.2 Let ur(B,p) :=¢e(111) — AL(B,p), where Ap(B,p) > 0 is a
unique solution of the equation:

s=(s1,52,1) VL (51,52,537%1) VL
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2.3 Sincer Mg 003 (51 .55.55%1) Ns(B,u=0)/Vy, = pc(B), for p >
pc(B) the limit of the first sum is

lim Z NS(ﬁa:uL(B7p)) —

o0 8:(8178271) VL
o L1 / d?k _
L—oo L (27)2 JR2 B(R2k2/2m4+Ar(B,0) _ 1

, 1
L"_)”"OO _)\%—L IN[BAL(B, p)] = p — pc(B).

This implies the asymptotics:

N2 A
ALB,p> pe(B)) == e ol reONL 4 -

e

1
6
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2.4 Remark 2.1. Since Lj—1 o = Le®! and

h22

S [(rsi/L)% — 1]+ AL(B,p)

2m i=1

6(81,82,1) o /’LL(ﬁa p) —

the representation of the first sum by the integral is valid only
when )\%(p— pe(B)) < 2a. Tt is implied by 2.3 and the estimate:
h2

= 72 2e720L o AL (B, p) = g1 e 5lp=pe(BNL 4

2.5 Definition 2.2. The second critical density:

Pm(ﬁ) L= Pc(ﬁ) + QQ/A% > Pc(ﬁ) :

2.6 Remark 2.3. For p > pm(B) the convergence A (8,p) — 0
should be faster than e—2%L,
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2.7 To keep the difference p — pm(B) > 0 one must return back
to the finite volume sum representation to take into account
the input of the ground state occupation density.

Theorem 2.4. The asymptotics of A (8,p > pm(B)) is

ALBp) =[B(p— pm(BNVII T+ ... < m2L72e 2% B2 /2m
2.8 Since Vi = L3e22L| the first sum without the ground-state:

. NS )
Jim 3 Brk) _ 20/ X5 = pm(B) — pe(B)
e s=(s1>1,5o>1,1) L
= lim — " / Tk ]
~ L—oo L(27)2 J||k||>n/LeoL ¢B(h2k2/2m+Ap(B,0>pm)) — 17

2.9 The ground-state term gives the macroscopic occupation:

: 1
p = pm(B) = LII—>moo Vi Py —re(Bp) _ 1
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2.10 Corollary 2.5 Since for pe(B) < p < pm(B)

“\2(pH—
es — up(B,p) = AL(B,p) +es —e(11.1y = OB L e LIy

one gets the type III van den Berg-Lewis-Pulé generalised con-
densation (vdBLP-GC): when none of the single-particle states
are macroscopically occupied:

1 1 B

ps(Bp) = M e G =1

The asymptotics Ar(8,p > pm(B8)) = [B(p — pm(B))VL]~* implies
1 1

M Ps=an(Bp) = lim Gy — 1 O

O .

and limp_. pc1,1,1)(8,p) = p—pm(B) > 0, the type I vdBLP-GC.
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2.11 For p > pm(B) there is a coexistence of the saturated type
III vdBLP-GC, with the constant density pm(3) — pc(3), and the
standard BEC (the type I vdBLP-GC) in the the ground state
with the density p — pm(3).
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3. Exponential BEAM and CIGAR Traps

3.1 Remark 3.1 It is curious to note that neither Casimir
shaped boxes N = L% x L% x L%*3, nor the van den Berg
boxes A = Le®l x I x L, with one-dimensional anisotropy do
not produce the second critical density pm(8) # pc(3).

3.2 Remark 3.2 (BEAM) For beams with two critical densities
we consider the Hamiltonian: T/(\Nzl) = —h?A/(2m) + mwiz?/2,
with harmonic trap in direction =1 and Dirichlet boundary con-
ditions in directions x5, x3. Then the spectrum:

j=2

h2 3 5
{es = hw1(81—|—1/2)—|—% Z(ﬂ'Sj/Lj) } :
seN

s = (s1,52,53) € (NU{0}) x N?, the ground-state energy: € 1 1).
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3.3 For pp(B,0) = €1,1) — AL(B,0), the Ap(B,0) > 0 is a
unique solution of the equation:

NS ) NS ’
0= Z w1 L(i.UJ 4 Z w1 L(ﬁLN)’
243 s#(s1,1,1) 243

Ns(B,p) = (ePles=) —1)71 wy :=h/(mL?) and Ly = Lz = L.
3.4 Similar to SLAB, for any sy >0 and 4 <0

s=(s1,1,1)

. Ns(B, 1)
o(B,p) = lim Y. w1 ZL =
BT s (s1,1,1) 273
1 /oo ; d2k
2m2Jo P Jr2 BUw+I2K22m—p) _ 1

The first critical density is finite: oc(8) = sup,<oo(B,u) =

o(B,n =0) < oo.
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3.5 For o > oc.(B) the limit L — oo of the first sum in 3.3

lim Z W]_NS(ﬁ”LLL) —

Lqi,L—o0 LoL3

S:(Slalal)

lim —/OO dp _
L—oo L2 Jo eB(hw+Ar(Be) — 1

lim In[BA l=p- .

M RaL2 [BAL(B, 0)] 0 — 0c(8)
This gives the asymptotics : Ar(8,0) = 31 ¢—hBle—ec(B)L
3.6 Let Ly := Le", ~ > 0. Then, similar to SLAB, the

representation of the limit in 3.5 by the integral is valid for
hB(o— 0c(B)) < 2+ and we reach to necessity of the second crit-

ical density om(8) := 0c(8) + 2v/(hB).
3.7 The rest of scenario is identical to the case of the SLAB.
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3.8 Remark 3.3 (CIGAR) A "cigar’-type geometry is ensured
by the anisotropic harmonic trap:

N=1
T/(\ ) = —h2A/(2m) + > mw?:r;]Q-/Q :
1<5<3
with wy = h/(mL?), wp = w3z = h/(mL?). Here Ly1,Lr = L3 =1L
are the characteristic sizes of the trap in three directions and the

spectrum ns = Zl§j§3 hw](sj -+ 1/2).
3.9 For pur(B,n) := 1(0,0,0) — A7 (B,n) and factor k > O:

L lim > KlwiwowsNs(B,up) =
L _>003:(817070)
. Kk3h 1 _
LILmOO B(mL2)? IN[BAL(B,n)] " =n —nc(B).
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3.10 Again the first critical density n<(8) := n(3, . = 0) is finite:

n(Bp) = lim 3 KPwiwpwpNs(B,p) =
L _>OOS7+_(317070)

/ ﬁ;3dw1dw2daJ3

RS, eBl(witwotws)wl — 1’

and asymptotics:
A(B,n > ne(B) = gL e BnmneBNMALY/ () L
3.11 If Ly := Le'L*, 5 > 0, then the second critical density:
nm(8) := ne(8) + (Fhx3)/(Bm?) .

is defined by the standard argument of the energy level spacing.
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3.12 Bose-condensation (CIGAR) For n.(8) < n < nm(B) we
obtain the type III vdBLP-GC, when none of the single-particle
states are macroscopically occupied:

3
T R~ WiwWow3 .
ns(Byp) = Iim Gy —1 O

Although for n,,(8) < n there is a coexistence of the type III
vdBLP-GC, with the saturated constant density nm,(8) — ne(3),
and the standard BEC (type I vdBLP-GC) in the ground-state:

K3 wiwow3

>0 .

n—nm(B) = lim B0.0.0)—rLBm)) _ 4
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4. Temperature Dependence of the Bose-Condensate
4.1 The first critical temperatures: Te(p), Te(p) or Te(p) are
well-known. For a given density p they verify the identities:

P — PC(ﬁc(P)) y O — Qc(ﬁc(Q)) , N — nc(ﬁc(n)) 3
respectively for slabs, squared beams or " cigars”.
4.2 Since p(B) =: T3/21,, 0c(8) =: T? Iy, ne(B) =: T3 I.4, the
expressions for the second critical densities one gets relations
between the first and the second critical temperatures:

3/2<p> + 712 Tou(p) = T2/%(p) (slab) ,
T2 (0) +7 Tm(o) T7(0) (beam)
T3 (n) + 72 Tm(n) = T3(n) (cigar) .
T = [amkp/(7h2I)]?, 7 = 2vkp/(hly), 7 = [(Fhx3kp)/(m21e)]Y/?
are ""effective” temperatures related to the corresponding geo-
metrical shapes.
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4.3 Since the total condensate density is p — pc(B) = po(B) =

poc(B) + pom(B), where pg,,(8) = (p — pm(B)) 0(p — pm(B)), the
second critical temperature modifies the usual law for the con-

densate fractions temperature dependence.
4.4 For the type III vdBLP-GC, pg.(3), in the SLAB geometry:

poc(B) _ | 1—(T/1e)32, T <T<Te,
o | VrT/T? T< Ty .

For the BEC (type I vdBLP-GC) in the ground state pg,,,(8):
pom(B) _ [ O, T < T < T,
o | 1—=(T/T.)32(1 4 \/7/T), T < Tm,

The total condensate density pg(3) := poc(8) + pom(B) results
from coexistence of both of them: this gives the standard PBG
expression po(3)/p =1 — (T/T:)3/2.
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4.5 For the "cigars” geometry the type III vdBLP-GC rg.(3):

noc(8) _ [ 1—(T/Te)3, T <T <Te,
72 T/T3 , T < Ty .

The ground state conventional BEC is

n

nmﬂﬂ_{o, T <T < T,
n

1= (T/T)3(A +72/T?), T < Tim,
and again for the two coexisting condensates one gets a standard
expression:

n —ne(B8) 1= ng(8) = n9c(8) + nom(8) = (1 — (T/T)3?)n .
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5. Anisotropy and Localisation

5.1 Global Scaled Particle Density :

s A(L1u1, Lougp, Laug)|?
65(58_,“) —1

Y

Ep(u) =)

S
with the scaled distances {u; = z;/L; € [0,1]},=123.
5.2 For a given p in the slab geometry

1 d=3 o

slab -
) =2 50 G 1 L H T

= [sin(msju;)]?.

J

Since 2[sin(rs;u;)]? = 1—COS{(27r3j/Lj)uij} and lim; .. ur.(B,p <
pc(B)) < 0, by the Riemann-Lebesgue lemma we obtain that
lim; oo 58lab(u) = p for any u € (0, 1)3.
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5.3 If p > p(3), then for any u € (0, 1)3:

Lll—>moo 2. eBes—up(B,0)) — 1 1:[ f[sm(mjuj)]
3:(8178271) ‘7_1 J

_ im 2[sin(7W3)]2/ [12_; (1 — cos(2kju;L;)d?k
 Looo  (2m)2L JR2  B(R2k2/2m+AL(B0) — 1
= (p— pe(B)) 2[sin(ru3z)]” ,

1 =32

lim Z — H —[sin(7s u)]2
L—o0 S#(Sl,SQ,l) 616(68 ,U'L(/87p)) — 1 ]:1 L] JI
= pc(8))

= &519u) = (p— pe(B)) 2[sin(muz)]? + pe(B) |

which manifests a space anisotropy of the type III vdBLP-GC
for pc(B) < p < pm(B) in direction us.
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5.4 For p > pm(B) one has to use representations and asymp-
totics from 2. Then

3
&b w) = (p— pm(B)) [ 2[sin(mu)]? +

J=1
(pm(B) — pe(B)) 2[sin(muz)]? + pe(B)
So, the anisotropy of the space particle distribution is still only in
direction uz due to the type III vdBLP-GC (" quasi-condensate” )

(pm(B) — pe(B)). The input of the standard type I vdBLP-GC
(one mode BEC) (p — pm(B)) is isotropic.
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6. Coherence Length and Anisotropy

6.1 ODLRO kernel:

. : 53 /\(CB)gbs /\(y)
K = |lim K = Iim ’ ’ .
() o= im KaGz9) = im D 5 G — 1
Let us center the box A at the origin of coordinates: z; = z; +
L;/2 and y; = y; + L;/2. Then the ODLRO kernel gets the

form:

Kn@@,§) = Y efre@e) gi2) git)
=1
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6.2 Here after the shift of coordinates and using additive form
of the spectrum we put

R(2) (56(2) ~(2)) _

S e e Gsq.55 NF1, T2) bsy 5o A(T1, T2)
s=(s1,52)
-~ - _ 2 . S
(33, 73) = > e e \/L—S'n(% T3 ))
82(83) 3 3

x\/ZSIn<”3<y3 + 22y .

6.3 By the Weyl theorem one gets for the first two directions:

im R @, 52 = R e Y
L—00 ’ ING

101



VIGRE Quantum Phase Transitions UCD - June, 2012

6.4 For exponentially anisotropic box and for pe(3) < p < pm(B)
we must split the sum over s = (s1,s2,s3) in 6.1 into two parts:
sum over s = (s1,s2,1) and the rest. For the first sum by 6.3
we obtain:
©.@)

lim Z elﬁﬂL(ﬁap) Z €_l6831,32,1 X

L—o0
(=1 s=(s1,52,1)
X¢81,82,1/\(§) ¢31,82,1/\(g) —

o0 ~ ~
lim Z e—lﬁAL(ﬁyl))i 6_77||x(2)_y(2)”2/l>‘% X
=1

L—00 l)\%
2 . T, L T L
Xzs'n(z($3+§))5'n(z(y3+§)) :
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6.5 For the second part we apply the Weyl theorem for 3 com-
ponent function:

lim i !B (B,p) Z o lBEs

L_>OOl:1 S#(8178271)
— _ _ S0 1 a2 l>\2
><¢s,/\(m) ¢S,A(y) — Z 3 € mliE=gll*/ b
[=1""3

6.6 Since A (B,pc(B) < p < pm(B)) — 0,L — oo, the change
| -1 A;(B,p) in 6.4 gives the integral Darboux-Riemann sum,
where [|7(2) — §(2)]|2 is scaled as ||7(2) — 52|12 AL (8, p).

6.7 Definition 6.1 The coherence length L., in direction per-

pendicular to z3 is L., (3,p)/L = Agl/z(ﬁ,p). A similar argu-

ment is valid for p > pm(B) with obvious modifications due to
BEC for s = (1,1,1) and adapted asymptotics for A (G, p).
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6.7 To compare L.,(3,p) with the scale L1 o = Le®L we define
the critical exponent ~(T, p) such that

Nim (La(8,p)/D)(L1 /L)) =1
Then

V(T,p) = A5 (p—pc(B)/2a , pe(B) < p < pm(B)
= 23 (pm(B) — pe(B)) /20, pm(B) < p .

For a fixed density, taking into account temperature dependence
of condensates we find the temperature dependence of the ex-
ponent ~v(T") := ~(T, p), see Fig:

(T) = JT/7r {(T.)T)3? -1}, Tjn < T < T. ,
1, T< Ty . (3)
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6.8 Notice that in the both cases the ODLRO kernel is anisotropic
due to the type III condensation in the states s = (s1,s9,1),
whereas the other states give a symmetric part of correlations,
which includes a constant term p.(3).

6.9 Numerically, for L1 = Lo, = 100um, L3z = 1pum and Ty, <
T = 0.757, the coherence length of the condensate is equal to
2.8um < 100pum. This decreasing of the coherence length for
T. < T < Ty, is experimentally observed (2003).
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Ch.3 BOSON RANDOM POINT PROCESSES and BEC

1. Random Point Processes (RPP)

e Let E be a locally compact metric space serving as the state-
space of the point configurations ¢ C E. By B we denote the
corresponding Borel o-algebra on E and by By C B the rela-
tively compact Borel sets in E. We denote by p a diffusive (i.e.
w(x) = 0 for any one-element subset x € F) locally finite refer-
ence measure on (E,B). (The standard example is the Lebesgue
measure u(dz) = dz on (E = R% 8).)
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We denote by Qi the subspace of locally-finite point configura-
tions {¢£ C E} -

Qr ={(CFE: card(¢ENAN) <oo forall A € Bp} .

e For any A € By one can define a subspace of the point configu-
rations Qa :={£ € Qg : £ C A} and the mapping wp : £ — ENA for
the corresponding projection from Qg onto Qa. Then counting
function: Np : & — card(mwa(&)) is finite for any A € Bg.

e Now one can introduce the notion of the spatial random point
process (RPP) on R? as locally finite discrete random sets ¢ C R¢,
i.e. such that Np(&) < oo for A € Bg. Since below we use the
Laplace transformation for characterisation of the RPPs, we need
a more elaborated general setting.
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e Let 4, denote the atomic measure on ‘B supported at one-
element subset x € E. Then any configuration of points £ € Qg
can be identified with the non-negative integer-valued Radon
measure: A¢(:) 1= > {zee) d.:(-) on the Borel o-algebra 5. Hence,
Ae(D) = Np(§) is the number of points that fall into the set
D € %8B for the locally finite point configuration £ € Qg.
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e Recall that Cy(E)*, which is dual to the space of continuous
on E functions Cp(FE) vanishing at infinity and equipped with
the uniform norm, is isometric (by the Riesz representation the-
orem) to the space M(FE) of Radon measures on E. By this
isometry the weak-x topology on Cy(FE)* yields the vague topol-
ogy on M(FE). Then identification of M(FE) with the set of
Radon measures Ag induces on the point configuration space Qg
a topology, turning Qg into a locally compact separable metric
space with the corresponding Borel o-algebra B(Qg). Note that
if § is the smallest o-algebra on Qg such that the mappings N
are measurable for all A € Bg, then §=B(Qg).
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Definition. A random point process is a triplet (Qg,B(Qg),v),
where v is a probability measure on (Qg,B(Qg)). Its marginal

on Qx is defined by the probability measure vp = yowxl.

Note that the process defined above is simple, i.e. the random
measure )\5 almost surely assigns measure < 1 to singletons.
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2. Correlation Functions and Laplace Transformation.

e For the marginal measure vp we consider the Janossy prob-
ability densities {ja s(x1,...,Ts)}s>0. Here ja s=0(@) = va({§ :
Na(€) = 0}) and for s > 1 it is a joint probability distribution
that there are exactly s points in A, each located in the vicinity
of the one of z1,...,xs, and no points elsewhere. By construc-
tion the Janossy probability densities are symmetric and verify
the normalization condition

@)

Z ; /s p(dzy) ... p(des) j/\,s(xlv"'7aj3) =1,

with a standard convention for s = 0.
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e For any measurable function F on Qa with components {Fs}>0
one gets:

Jo PAEOF© = ¥ z - [ nCdry) ()

j/\,S(mla te 7338) FS(xla T 7$8) :

These joint probability distributions (correlation functions) serve
for a very useful characterization of RPPs by the Laplace trans-
formation.
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e Let f: E — R4, be non-negative continuous function with
compact support. For each f one can define by

= [ Alda)f(@) = ¥ f() ,

xeé

the measurable function: £ — (f,&) on Qg. Then the Laplace
transformation of the measure vp for a given f takes the form

Ey, (e~ (€)= /Q un(de) e~ ) =
A\

S MCARVICOERCHRES I b
j=1

OO 1
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e The most fundamental example of RPP is the Poisson point
process 7,(d¢) on E = R? with Lebesgue measure u(dz) = dz
and non-constant intensity function z(x) > 0. For this RPF its
marginal on Qx is defined by the Janossy probability densities:

Uns(@1, . xs) = e 2@ T 2(2))}es0 -
j=1

Then one gets for any non-negative continuous function f with

compact support the corresponding Laplace transformation (gen-
erating functional) expressed by the well-known formula:

Eﬁz(e_ﬁ’@) = exp {_/]R{d dx z(x)(1 — e_f(x))} :

for extension to infinite configurations Qpa.
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FIG 1. Samples of translation invariant point processes in the plane: Poisson (left), determi-
= 2

nantal (center) and permanental for K(z,w) = %ez“"’%('zl +wl®) | Determinantal processes

ezhibit repulsion, while permanental processes ezhibit clumping.
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Example(continuation): The Poisson RPP =, with a constant
intensity A > 0
1. For any set D C E of finite measure v(D) one has:

(Av(D))" (D)
n! .

PAND =n}= /ch)

2. For mutually disjoint subsets {Dyn C A},>1 the Poisson RPP
my has the properties:

mA(dE) Op Ny (e) =

P{w e Q: pf(D) =n} = (AVSID)) e M) DA,

E(ug(D1) .. 1(Dy) = Aw(Dy) ... v(Dy) =
Euf(D1) ... Eul(Dy).
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e Recall that for any family of mutually disjoint subsets {D, C
A}n>1 the correlation functions (joint intensities) of the RPP u“
are defined by the densities {pn : A" — R#L@Zl with respect to
the measure v:

E(4(D1) ... 1 (D)) = | v(dr1) ... v(den) po(z1, ... zn)

D1 X...XDp

e Let K(x,y) be a kernel of non-negative self-adjoint locally Tr-
class operator on L2(A).

Definition: A RPP is called determinantal/permanental with
the kernel K, if it is simple and its correlation functions:

pn(z1,. .., 2n) = det||K(z;, z;)|l1<i j<n

pn(T1, ..., on) = Per||K(z;, x;)ll1<ij<n -
Foranyn > 1landxy,...,zp € N. deto A =3 cs, an—c(o) [T1<i<n %is(i)
a = +1 < per/det and c¢(o) is the number of cycles in o.
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2. Fermion/Boson Random Point Processes
2.1 Quantum (Statistical) Mechanics: Fermions
o Let © 1= L?(Ap),Ap = [-L/2,L/2]% and Ap, be Laplacian
with periodic boundary conditions on 9A;, i.e.
spec(—Ar,) = {e(k) = 2n/L)?|k||* : k € Z%}.
The Gibbs semigroup kernel has the form:

(Gap)(@,y) == (P20 (z,y) = 3 e W 1 (@)dpp(y) =
kc7d

> (Gp)(z,y + kL),
keZd
where the " heat” semigroup kernel:

(Gp)(x,y) = lim (Gp1)(z,y) = (4nB)” 2 exp(~||lz — y|%/45).
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e Remark: Any n-particle free-fermion wave function is the
Slater determinant:

1
Wit kn(T1, o zn) = —=det ¢, 1(z))]l1<ij<n
vn!

e T he corresponding n-point free-fermion joint probability distri-
bution density: p,, (21,...,2n) = Wi, k. (T1,...,20)|%, OF

1
Pnr(x1,. .., 2n) = —jdet bk, (i) ll1<ij<n detllor, L(zi)ll1<ij<n
e Since detAdetB = detA B one gets:

1
Pn.(x1,...,Tn) = — det || Ky, r.(zi, z5)|1<ii<n

where K, 1(x,y) = Yi1<i<n @k, ()P, (y) is the kernel of or-
thogonal projection on the Env{¢y, 1,.-.,¢x, L}-
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e Since the k-point marginal correlation functions are

n!

(”“) (w1, o) = (n —k)! /pn,L(fL'b o @n)dBpg, - don

= det || K, L(CCi,Cl3j)||1<i,j<k: :

the determinantal RPP ,LL L generated by the joint probability
distribution density p,, 1, Is correctly defined for n free fermions
in the cube Ay,

e Canonical Ensemble: Probability density distribution of n
free-fermion positions in the cube Ay:

P (@1, @i B) 1= Zp b(B,n) X

n
X Z Wkl,...,kn(xla S ,ZUn) <® Gﬁ,kal,...,kn) (:El? .o 73771)'

(kl,...,kn)E(Zn)
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e Proposition: Let (z1,...,72n) — § ‘= Yi<j<nlz; € Q(AL).
Then pn,L(atl, ...,xn, 3) induces a determinantal RPP EFL with
matrix Kg,, 1(z;,z;) = (Gg )(z;x;) , i.e. a probability measure
dugnL(g) on the configuration space Q(A7).

e Laplace Transformation: Let (£, f) 1= >1<j<, f(z;), where
non-negative f € Co(AL). Then for Gg 1 :=,/Ggr e/ /Gs:

&Ny = I —(&.f) =
Bani(e D= [ dufn (0 e

dxy ...den pyp(x1,... o0 B)exp{— > f(z;)} =
1<j<n

dxq ...dxndet ||(GB,L>($7L> z;)|/ o dry...dzndet|(Gg ) (x;, ;)|
L

AL

AL
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e Example:(recall) For the Poisson RPP one obtains:

_<§7f>: — — _f(x)
/Q(AL)du,\(f)e expl /ALda: A1 — e @)
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e Thermodynamic Limit:[Shirai- Takahashi (’03)] For n/L% — p
a weak limit of the RPP: w — limy_, “gnL = ugp, exists and

/Q(Rd) dugp(f) e~ (&) = Det[]—\/l — e_fz*Gﬁ(I—l—z*Gg)_l\/l — e

P /Rd 2m)i 14 peBla2 — (Ol +2Gs) ) (@, 2)

e For a Tr-class integral operator J on L2(A,)), the Fredholm
determinant/permanent (Vere-Jones' formula ('88)):

o
Det([[—aJ] V) = Y /8A®S(dw1---dwn)deta||<](~’137;,fBj)||1§z',j§n>
s=0

where det,—1 = per/ det.
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2.2 Quantum (Statistical) Mechanics: Bosons
e (Grand -) Canonical Ensemble:
Probability density distribution of n free-boson positions in the

cube Ay:
pn,L(QZ]_,. . 7567?”6) = ZX7]-B(ﬁvn) X

n
X Z wkl,...,kn(xla“'axn) (@Gﬁ,kal,...,kn> (wl,...,xn),

(kla"'akN)E(Zn)

1
\/n! [1;n(ky)!

Wit kn(T1, - Tn) = per|lok. r.(zi)ll1<i j<n
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e The boson RPP duﬁBn 7 (&) on the configuration space Q(Ar) is
implied by p, 1. In the (grand -) canonical thermodynamic limit
for particle densities p < pc(B8) (or solutions z.(3,p) < 1), where:

Rd (27T)d ]_ — z*e_BHQHQ

o= = (z*Gﬂ(I — Z*Gﬁ)_l)(w,x) < pe(B)
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one obtains [Tamura-Ito, ('06)]:

/Q(Rd) d/’l//g’p(g) €_<£>f> — Det[[—|—\/l — e_fz*Gﬁ(I_z*Gﬁ>_1\/l _ e_f]_l

e Proposition:[Tamura-Ito, ('07)] For p > p:.(B) one obtains
zx = 1 and

(&, f) —
/Q ey WEAO €

xPl=(p = pe(A)W1 — e/ UK W1 —e )]
Det[I—l—Kf]

where K 1= /1 — e=fGy(I-G)~1y/1 — e~ is from the Tr-class.
e The free boson RPP (p > pc.(8)) = a convolution of a boson
RPP (at z. = 1) and a boson processes (numerator) proportional
to the condensate density: p — pc(3).
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e 2.3 Grand-Canonical (5,u) Free Bose-Gas without QM:

(a) Independent random variables k— N, € NU{0}, k€ A", in
the probability space 2 = Xke/\*LQk-

(b) For bosons the one-mode random occupation numbers are:
N > 0 (for fermions: N = 0,1).

(c) Probabilities (N.B. for bosons: p < 0, since g, = ||k||? > 0) :

Prg, (Ng) == e PNk =, (8,1) | ke A,
(d) Expectations for k € N*y, here z, .= e B

1
Bsu(Nk) = 5=y 1

(e) Expectation value of the total density of bosons in R%:

dN(E)
eﬁ(E_.UJ) —1 .

128

1 o0
lim )= lim —— S° Es (N =/



VIGRE Quantum Phase Transitions UCD - June, 2012

3. Bosons in a Weak Harmonic Trap [Tamura-Z.(2009)]
3.1 Weak Harmonic Trap
e One-particle Hamiltonian of harmonic oscillator:

1 & 82 1
h., = — — J _ =
. 22( o+ )

aY

self-adjoint operators in the Hilbert space $) := L2(R%), with

Spec(hk) = {ex(s) :=|s|1/k|s=(s1,--,84) € Nd}

5|1 1= Z?:l Sj-
e In this setup the "thermodynamic limit" is an " opening” of the
trap Kk — oo: the Weak Harmonic Trap (WHT) limit.
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e Perfect gas expectation value of total number of particles:

1 8InEO,m(6>N) . 1
5 on X gemw_i W

scNd

Ni(B, ) =

e Since N.(3, 1) diverges for k — oo as k% , the scaled density:

1
pr(B, 1) 1= d Zd e — 1

dp 0 ePus
Jo

p(ﬁmu) = Iim pli(ﬁoﬂ) - ,oo)d 65(|p|1_'u) 1 - = (ﬁs)d :

R— 00
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e Integrated Density of States (N (F)) and critical density:

Nin(B) = 3 6(E ~ |sly/x).

seNd
Then we obtain in the Kk — oo limit
A Ed—1 E(d—Q)/Q i
d FE) = dFE dE = d E
a(F) (d) 7 (27r)d/2|‘(d/2) a(E)

pe(B) = ¢(d)/8¢ # ¢(d)2)/(2nB)Y2 =: p.(B)
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3.2 Mean-Field Interaction and Main Results
e T he mean-field interacting bosons trapped in the harmonic
potential is defined by its grand-canonical partition function

=aw(Bop) =Y S 20T, (9hG(A)]

symm
n=0

G.(B) = e P~ is Gibbs semigroup for oscillator process, 3 > O,
A > 0 and arbitrary € RL.
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e Theorem:(Normal phase) Let u < uy (8)(:= Apc(5)). Then
the boson RPP v, 3, converges weakly in the WHT Iimit k — oo

to the RPP vg, with the Laplace transformation:

—1
Egp, [e_<f’€>] = Det [1 + \/1 —e r, Gg(l — 7« GB)_l\/l — e/ ] :
r« = r«(0B, u, A) € (0,1) is a unique solution of the equation :

— o0 de(E) . _B(u—XAp)
6,u—|n'r—|—)\ﬁo I18E 1’ r.=e <1.
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e Theorem:(Condensed phase) For u > py (8)(:= Apc(B)) the

Laplace transformation of the boson RPP measure has the fol-
lowing limit:

1
i - - fag —
/~£|I—>moo d/2 In Eﬁ’” [6 < >] o

- ”;Z};fﬁ) Wi-e 1+ K Wi-e),

where

Ky = (Gé/Q(l — Gg)_l/Q\/l _ e—f>* (G;/Q(l B Gﬁ)_l/Q\/l _ e_f>

IS a positive trace-class operator on $ = LQ(IR{d) for d > 2.
e Remark: (Condensed phase) Similar to the homogeneous free

Bose-gas the resulting RPP is a convolution of two BoseRPP
[Tamura-Z.(2009)].
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3.3 Local Particle Density: f € Co(R%) and f >0

e Corollary:(Normal phase) For pu < py .(8)

Eg[(f,©)] = TrIf nGBA -GN = pr [ do f(2) .

where the |local density pr, in the neighbourhoods of the bottom
of the WHT potential is given by

O

pr. = rxG(B)(1 — 7:G(B) Yz, z) = Y rl/(2npn) V2.

n=1

e Corollary:(Condensed phase) For p > py (8),

E _
o m,ﬂ,,u,)\[<f7 fﬂ % .UJ)\,C(B)
miar——3/ Z T a2y Jpd

dx f(x) .

135



VIGRE Quantum Phase Transitions UCD - June, 2012

Density Profile

v' Strong effect of interaction
(repulsive interactions expand

the condensed cloud typically 1000 |
of a factor between 2 and 10)
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3.4 Global Particle Density:

e T he results of Theorem and Corollary in the non-condensed
regime has the following interpretation: in the WHT |imit the
position distribution of the MF interacting bosons in neighbour-
hoods of the origin of coordinates (i.e. the bottom of the WHT
potential) is close to that of a free Perfect BG corresponding
to the unconventional parameter r* (instead of conventional z*).
The information about the particle position distribution in do-
mains distant from the bottom of the WHT is missing in the
limit V3 r, since f has a finite support.
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e In order to take this " tail” -particles into account we have to
use for our model the standard definition of the grand-canonical
global number of particles :

(tot)(5’ L) 1 9In=x(B, 1)

k43 o
1 > g

p— ,B(LLTL AN /2/4,) " n - |

= (B, 1) = Z ne Tron @ Gr(B)]
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e Since k% is mterpreted as the effective volume of the model, the

function p(tit (3, ) represents an effective total space-averaged

density of the non- homogeneous boson gas.

e Theorem:(global density = experiment) In the WHT limit
(8, m) = lim pU0(8, 1) = lim kAT [rGr(1 — r4Gi) 1]

KR— 0O K— 0O
exists and satisfies:

() <y (B) -
pf\toﬂ(ﬁ,u) = / ~ de(E)

O 17y eﬁE

and Bu = log r*+>\ﬁ,0(t0t) (B, 1) ;

(il) 1> iy e(B) : (pcwt)(m = 1m0 238, 1) = ¢(d)/5%)
SO (B, 1) = 1/x = (1 — (B /A + 8D (8) .
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4 Conclusion: Bosons in a Weak Harmonic Trap

e Different behaviour of the space distributions of bosons de-
scribed in the Theorems has the following explanation:

In the normal case the bosons are distributed almost uniformly
in the region of radius k according to the shape of the oscillator
process kernel .

e On the other hand, |n the Condensed phase case the condensed

part of particles k(oY (8, 1) — PV (8)) = wl( — 1y o(B))/A I

localized in the region of radius O(K‘,l/Q) according to profile of
the square of the ground state wave function

1
@) = e I72m = g g (@),

Whereas the particles outside of the condensate essentially spread
out over the region of radius k.
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5 Large Deviation Principle for non-interacting BRPP

5.1 Non-Interacting BRPP with BEC

e Proposition:[Tamura-Ito, ('07)] For continuous f > 0 with
compact supp we define two BRPP by generating functionals:

(det) _ — _
Jo gy i @I = detlib i ()] =M1, )

1
14+ Ky(1)

gy 1o (™) = exp{ =0 (1 — e Vi-ehy @)

where K;(z) := /1 —eF2G5(1 + zGﬁ)_l\/l —ef and Gp) =

ePD . Then the BRPP for the ideal gas is NK <pe = “%621' but

in the regime of BEC (p > p.) it is the convolution:

:“K DS pe = ,uggit)_ FUK 0= p—pe = = (non — Condensate)x(Condensate)
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e Theorem (LLN)[Tamura-Z. ('09)] For continuous function
f > 0 with compact supp, the limit

lim —<f< /1), €) —p/ dz f(z) |

holds in L2(Q(R%), MK ) .
e Theorem (CLT)[Tamura Z. ('09)] Let p > pe. Then for
Kk — oo the family of random variables

(F(-/K), &) — pr? [ga f(z) dx

V2@ — pe) II(=BA) 12 f|| g w(d+2)/2

converges in distribution to the standard Gaussian random vari-
able:

Xg 1=

- B X, _ _—t2)2
/<;|I—>moo Q(R4) d’uKaP>Pc(€)e — ¢
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6.2 Large Deviation Principle in the BEC regime
e Theorem (LDP)[Tamura-Z. ('09)] For p > p. there exists a
convex rate function I(s) := Supycg (st — P(t)), such that:

o
I',Tjouop pr. 5 109 “Kp( < (/ﬁ;) > ) < SIQE’I(S) , for closed FF C R,
and
liminf 1 | cG fI f G CR.
imin > oguK,p< < (/n) : > ) > _;QG (s), for open G C

1 S(f(-/R),E) (det)
P(t) = lim 5109 O dpgy ,()er 2 = P, 21(0O)+Pk pp.(1)

tpe Jpa f(x) dz 4 (p — p)t2(f, (=BA —tf)71f) t <|VF(=BLA) VT !
+00 t > IVF(=B2)"1VTI!
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6.3 BEC versus the normal phase

o Let Dy = (f(-/r),&)/k? be the a random empirical density of
particles localized in the region of length scale k.

For the BEC case p > p¢:

(i) The random variable D, converges for k — oo to its expecta-
tion value m := p [pa f(z) dz in mean.

(ii) The law of the random variable k(4=2)/2(D,. — m) converges
to normal distribution as Kk — oc.

(iii) The law of the random variable D, manifests a large devia-
tion property with parameter <42,

e For the normal phase p < p¢:

(i) also holds;

(ii) holds but for k%2(D, — m), instead of k(?=2)/2(D,, — m):
(iii) holds with the order k¢, instead of x4 2.
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END

THANK YOU FOR YOUR ATTENTION !
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