MAT203B University of California, Davis Winter 1998

Assignment 9

(due date: Monday, March 16)

Problem 1. Let H be a separable Hilbert space, and let {e_n}1_{n=1} be an o.n. basis of H. For all N ≥ 1, define P_N ∈ B(H) by

P_N x = NX_{n=1⟨en, x⟩en, for all x ∈ H} Prove that if A ∈ B(H) is compact, then the sequence P_N A converges to A in the operator norm topology.

Problem 2. Define an operator K ∈ B(L^2([0, π]) by Kf(x) = 2i π Z π_{0 sin 2(x − y)f(y) dy, for all f ∈ L2([0, π])}

Let H_0 be the two-dimensional subspace of L^2([0, π]) spanned by the functions cos 2x and sin 2x.

a) Show that K is self-adjoint. b) Prove that K is compact. c) Prove that H?_0 ⊂ ker K.

d) Diagonalize K, i.e., find its eigenvalues and an o.n. basis of eigenvectors of K. e) Determine ‖K‖.