Index

L^1 norm, 10 L^∞ norm, 10 L^p norm, 215 L^p spaces, 215

local, 233 L^p-equicontinuity, 232 ϵ-cover, 34 ϵ-net, 34

homeomorphism, 50

a.e., 211 absolute convergence

in a normed linear space, 75 adherence, 18 adjoint

of an unbounded operator, 167 almost everywhere, 211 almost surely, 211 approximate identity, 104 approximation

of L^p functions, 228 Arzelá-Ascoli theorem, 236 Arzelà-Ascoli, Theorem of, 37

Banach algebra, 28 Banach space, 28, 75

of linear operators, 79 Banach-Alaoglu theorem, 230 base of open sets, 52 basis

Haar, 124, 126 Bernstein polynomials, 31 Bessel’s inequality, 97 Bolzano-Weierstrass, 19 Borel

set, 206 sigma-algebra, 206, 208 Born approximation, 69 boundary conditions

Dirichlet, Neumann, periodic, mixed, 170 boundary value problem, 69

Dirichlet, 178 bounded

from above(below), 25 function, 23 linear operator, 76 totally, 34

Cantor, 39

set, 234 Cantor set, 211 Cauchy sequence, 12 Cauchy-Schwarz inequality, 89, 221 Central Limit Theorem, 202 Chebyshev’s inequality, 222 closed set, 17 closure, 17

sequential, 56 cluster point, 15 coersive, 25 compact

metric space, 18 operator, 149 relatively, 37 sequentially, 18, 50 strongly in L^p, 231 subset of Hilbert space, 155 subsets of L^p, 230 topological space, 50 weakly in L^p, 231 compact subsets

of H^n, 236 complete

orthonormal basis, 98 complete metric space, 13

246 of continuous functions, 27 completion, 59 continuous, 21

extension, 80 spectrum, 143 topological space, 50 uniformly, 21, 29 contraction, 58 Contraction Mapping Theorem, 59, 63 applications, 65, 74 convergence

of a sequence, 12 pointwise, 25 topological space, 49 uniform, 26 weak in Hilbert space, 139 convergent

absolutely, 16 series, 16 unconditional, 16 convex

combination, 231 function, 218 set, 218 strictly, 219 convolution, 188, 204

operator, 183 countable, 18 countably additive, 206 counting measure, 207 cover, 34

Daubechies wavelets, 126 decomposition

polar, 142 delta function

definition, 184 derivative of, 185 delta sequence, 186 dense, 18 derivative directional, 242 distributional, 233 Fréchet, 239 functional, 244 Gâteaux, 242 variational, 244 weak, 233 Devil’s Staircase, 234 diagolization

of matrices, 140 diagonal argument, Cantor’s, 39 diagonalizable, 141 diameter, 15 differentiable, 22

weakly, 242 differential, 245 differential equation

existence and uniqueness, 72, 73 existence of solutions, 43 nonlinear, 74 differential operator, 170

self-adjoint, 175 dimension, 83 direct sum, 132 directional derivative, 242 Dirichlet

problem, 178 Dirichlet boundary conditions, 170 dist(ance), 15 distance function, 9 distributional derivative, 233 distributions, 180

tempered, 183 divergent

series, 16 domain

regular, 235 domain (of a linear operator), 167 Dominated Convergence Theorem, 204, 213 dominated convergence theorem, 217 dual

indices, exponents, 219 of L^p, 223, 227 dual topological space, 77 dynamical system, 66, 72

eigendistributions, 199 eigenvalue, 140

of a linear operator, 143 eigenvector, 140 epi-graph, 218 equicontinuous, 36

in L^p, 232 ergodic theorem

von Neumann’s mean, 164 essential supremum, 211, 217 Euclidean metric, 10 Euclidean space, 9 Euler-Lagrange equations, 244 even function, 106 events, 213 extension of an operator, 167

F̊’echet space, 183 Fatou’s Lemma, 212 filter, matched, 163 finite-open-subcover property, 34 first countable, 52 fixed point, 59, 72 Fourier

series, 103 Fourier tranform

of a rotation invariant function, 196 Fourier transform

applications, 198 as a unitary operator, 194 definition, 189 eigenfunctions, 194 inverse transform, 190 of a characteristic function, 193 of a convolution, 191 of a delta distribution, 192 of a derivative, 191 of a distribution, 192 of a Gaussian, 190 of a translated function, 191 of an exponential function, 194 of test functions, 189 on L^1, 195 on L^2, 193 Fourier transfrom

and translation invariance, 198 Fréchet

derivative, 239 differentiable, 239 Fredholm Alternative, 169 Fubini’s Theorem, 214 function

even, odd, 106 of an operator, 161 functional, 77

linear, on Hilbert space, 135 functional derivative, 244

Gâteaux

derivative, 242 Gram-Schmidt orthogonalization, 100 Green’s formula, 176 Green’s function, 70, 167, 170, 173

Hölder’s inequality, 219, 221 Haar wavelets, 124, 126 Hahn-Banach theorem, 224 Hamel basis, 78 Hausdorff, 49, 225 heat equation, 69

half-infinite rod, 200 infinite rod, 199 smoothing property, 199 heat kernel, 199 Heaviside function, 186 Heine-Borel, Theorem of, 19 hermitian matrix, 141 Hilbert space, 91 separabel, 100 separable, 95 Hilbert-Schmidt

norm, 158 operator, 157, 158

identity

approximate, 104 implicit function theorem, 245 independence

in probability theory, 213 in probability, 202 inequalities, 218

Cauchy-Schwarz, 221 Chebyshev, 222 generalization of Hölder, 221 Hölder, 219 Jensen, 218 Minkowski, 222 triangle

for the L^p norm, 222 infimum, 14, 23, 24 inner product, 88

standard, 89 inner product space, 88 integrable function, 209 integral equation, 67, 72 integration

Lebesgue, 209 integration theory, 205 inverse function theorem, 238, 245 inverse of an operator, 169 isometry, 60 isomorphic

metric spaces, 60

Jacobi theta function, 201 Jacobi’s formula, 201 Jacobian, 245 Jensen’s inequality, 218–220 joint probability, 213 kernel, 76

Laplacian, 158 Lebesgue

integral, 209 measure, 208 level sets, 208 lim inf, 13 lim sup, 13 linear

functional, form, 77 linear functional

on Hilbert space, 135 linear operator

unbounded, 167 linear spaces

finite-dimensional, 83 linearization, 237, 240 linearize, 238 Lipschitz, 41, 47, 73 local L^p space, 233 locally convex, 181 lower bound, 13

matched filter, 163 maximum, 14, 23 maximum norm, 10 Mazur’s theorem, 231 mean ergodic theorem, 164 mean of a random variable, 202 measurable

function, 208 set, 205, 206, 213 measure

complex-valued, 207 countably additive, 206 counting, 207 definition of, 206 Lebesgue, 208, 210 probability, 206, 207 product, 213 sigma-finite, 207 signed, 207 space, 206 measure preserving, 166 measure theory, 205 measure zero sets, 208, 210, 211 method of images, 200 metric, 9

equivalent, 56 metric space, 9 metrizable, 181 minimum, 14, 23 Minkowski’s inequality, 216, 222 mixed boundary conditions, 170 monotone, 15 Monotone Convergence Theorem, 212 monotone convergence theorem, 217 Dini’s, 36 multiresolution analysis, 126

neighborhood, 18, 49 neighborhood base, 52 Neumann boundary conditions, 170 Neumann series, 69, 144 Neumann, von

mean ergodic theorem, 164 nonlinear

feedback, 74 ODE, 43, 74 norm, 75

L^1, 10 L^2, 89 L^∞, 10 equivalent, 87 Hilbert-Schmidt, 158 maximum, 10 operator, 79 sum, 10 supremum, 26 uniform, 26, 79 normal

matrix, operator, 141 null space, 76

odd function, 106 ODE blowup, 74 existence and uniqueness, 72, 73 existence of solutions, 43 non-unique solutions, 45 nonlinear, 74 open cover, 34 open set

metric spaces, 17 topological space, 48 operational calculus, 161 operator

bounded, 76 compact, 149 differential, 170 functions of, 161 Hilbert-Schmidt, 157 Laplace, 158 self-adjoint, 168 Sturm-Liouville, 158, 175 topology, 79 orthogonal

complement, 92 decomposition, 131 projection, 132 set, 95 sum, 132 vectors, 92 orthonormal basis, 95

pairing, 184 parallelogram law, 90, 228 periodic

boundary conditions, 170 Plancherel’s formula, 193, 204 point spectrum, 143 Poisson Summation Formula, 200 polar decomposition, 142 polarization, 90 polynomial

Berstein, 31 trigonometric, 33, 83 polynomial growth, 184 population dynamics, 67 precompact, 37 probability

joint, 213 measure, 206 space, 206 probability measure, 207 product measure, 213 projection, 132

random variable, 202 Random Walk, 202 range, 76 reaction-diffusion equation, 240 reflexive, 227 regular domain, 235 Rellich’s theorem, 236 representation Theorem

for distributions, 187 residual spectrum, 143

of a self-ajoint operator, 146 resolvent

operator, 144 set, 143 Riemann

integrable, 208 integral, 208 Riemann–Lebesgue Lemma, 195 Riemann-Lebesgue Lemma, 82, 83 Riesz Representation Theorem, 136, 168 for L^p-spaces, 227 Riesz representation theorem, 231 right shift, 147

Schwartz function, 181 Schwartz space, 180 self-adjoint, 168

differential operator, 175 self-dual, 228 semi-continuous, 24 seminorm, 53, 75, 180 separabel

Hilbert space, 100 separable

L^p spaces, 229 Hilbert space, 95 metric space, 35 sequence

Cauchy, 12 convergent, 12 divergent, 12 sequentially compact, 18, 50 series, 16, 75

uncountable, 95 sesquilinear, 88 shift operator, 147 sigma-algebra, 205

Borel, 206, 208 sigma-finite, 207 signed measure, 207 Sobolev embedding theorem, 109, 235 Sobolev norm, 233 Sobolev space, 233 Sobolev spaces, 102

Fourier characterization, 235 spectral theorem, 150

applications, 161 for Sturm-Liouville operators, 177 spectrum

continuous, 143 is non-empty, 145 is open, 144 of a linear operator, 142 of a matrix, 141 point, 143 residual, 143 stability, 237, 238

linear, 238 standard Lebesgue measure, 210 strong convergence

in L^p, 223 strong operator topology, 82 Sturm-Liouville operator, 158, 175 applications, 178 singular, 177 Sturm-Liouville operators

spectral theorem for, 177 subcover, 34 subsequence, 13, 16 sum norm, 10 summable function, 209 support line, 218 supremum, 14, 23, 24

tempered distributions, 183 test function, 181 theta function, 201 topological space, 48

dual, 77 topology

discrete, 48 indiscrete, 48 induced, 49 non-metric, 56 operator, 79 relative, 49 strong operator, 82 trivial, 48 uniform, 79 weak-*, 186 totally bounded, 34 totally ordered, 14 transients, 123 translation operator, 183 triangle inequality, 9, 75

for the L^p norm, 222

ultrametric, 11 uncountable, 18 Uniform Boundedness Principle, 225 unitary matrix, 141 unstable, 238 upper bound, 13

variance of a random variable, 202 variational derivative, 244 Volterra equation, 67

wavelets, 123

Daubechies, 126 Haar, 124, 126 weak

convergence, 203 convergence in Hilbert space, 139 derivative, 233 differential, 242 weak convergence

in L^p, 223 weak-* topology, 186 Weierstrass, 19

approximation theorem, 29

Young’s inequality, 188