List of Figures

1.1 The unit ball in R^2 for the Euclidean norm (B_2), the sum norm (B_1), and the maximum norm (B_{max}). . . . . . . . . . . . . . . . . . . . . . 10 1.2 An example of a family tree as used in the definition of the ultrametric defined in (1.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.3 A sequence x_n converging to x. . . . . . . . . . . . . . . . . . . . . . 12 1.4 M is an upper bound for A and m is lower bound for A. z is neither an upper bound nor a lower bound. S is the supremum of A (but does not belong to A). i is the infimum (and, as i ∈ A, also the minimum) of A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.1 The function f is upper semicontinuous, but not continuous, in the point x_0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.2 Left: the sequence of functions f_n(x) = x^n converges pointwise but not uniformly on [0, 1]. Right: graphically, uniform convergence means that for an arbitrarily narrow tubular neighborhood of the limiting function, the functions f_n will be contained in it for all sufficiently large n. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.3 The polynominals x^k(1 − x)^{n−k}, for the case n = 20, appearing in the definition of the Bernstein polynomials (2.9). . . . . . . . . . . . . . . 30 2.4 Some approximations of the function x → cos(4x) by its Berstein polynomials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 2.5 A set with an ϵ-net for it. . . . . . . . . . . . . . . . . . . . . . . . . 35 2.6 The sequence of bounded continuous functions defined in Example 1 is not equicontinuous. . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.7 The graph of two continuous functions on [0, 1]: f_1(x) = x^2, and f_2(x) = √ x. f_1 is Lipschitz on [0, 1], but f_2 is not Lipschitz in the point 0. This follows from the observation that the ratio Δf_1/Δx, is bounded (for arbitrarily small Δx, and everywhere in [0, 1]), while Δf_2/Δx is unbounded for small Δx near 0. . . . . . . . . . . . . . . . 41 2.8 The construction of the rectangle R used in the proof of Theorem 2.20. 45 2.9 Two solutions of the ODE of Example 1. . . . . . . . . . . . . . . . . 46 3.1 The Hausdorff property. . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2 The interval and the circle are not homeomorphic. There are arbitrarily close points on the circle, P and Q in the figure, which have inverse images near the left and right end points of the interval respectively. Hence, the inverse images are not close and the inverse map cannot be continuous. . . . . . . . . . . . . . . . . . . . . . . . . 51 3.3 A base of neighborhoods of x. . . . . . . . . . . . . . . . . . . . . . . 53 4.1 T is a contraction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.2 The sequence x_n seems to converge, but the candidate limit point is not an element of the space, i.e., x_n converges to a “hole” in the space. 60 5.1 The logistic map for three different values of the parameter μ. For μ = .2, 0 is the only fixed point and it is stable. For μ = .5, 0 is an unstable fixed point and there is a non-zero, stable, fixed point. For μ = 1, the two fixed points are unstable and more complex (and more interesting) asymptotic behavior of the dynamical system occurs. . . 68 7.1 The geometric interpretation of the parallelogram law (7.2). . . . . . 91 7.2 x_0 is the point in H_0 closest to x. . . . . . . . . . . . . . . . . . . . . 93 8.1 Sine and Cosine series for two piecewise linear functions. Note that the difference in the qualtity of the approximations. . . . . . . . . . . 107 9.1 Time evolution of the temperature distribution on a ring. The initial distribution is a step function (or rather, a truncated Fourier series approximating a step function). The final distribution is uniform. . . 113 9.2 The temperature of the earth as a function of time and depth. The time unit is one year. The unti of depth is roughly 1 meter. The temperature unit is arbitary. The maximum and minimum temperature at the surface (x = 0) represent the maximum and minimum mean soil temperatures attained during summer and winter respectively. . . 115 9.3 The effect of dispersion is illustrated here with the solution (9.35) of the linearized KdV equation on a ring for times t = 0, e^{−10}, e^{−2}, and t = e. The initial condition is a step function. . . . . . . . . . . . . . 120 9.4 The repeated images of the origin under the circle map, F^n(0), 1 ≤ 100. On the left γ is rational: γ = 2/7. On the right γ is the golden ration, an irational number: γ = ( √ 5 − 1)/2. . . . . . . . . . . . . . . 122 10.1 Some members of the sets of functions B_n defined in (10.2). . . . . . 125 10.2 The function ψ for the Daub4 wavelets. . . . . . . . . . . . . . . . . . 129