Contents

1 The real numbers as a metric space 9 1.1 Definition of Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2 When distances tend to zero: convergence . . . . . . . . . . . . . . . 12 1.2.1 Sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2.2 Upper and lower bound, inf and sup, lim inf and lim sup . . . 13 1.3 Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.4 Open and closed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.5 Countably and uncountably infinite sets . . . . . . . . . . . . . . . . 18 1.6 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Continuous functions 21 2.1 Continuity and semi-continuity . . . . . . . . . . . . . . . . . . . . . 21 2.2 Convergence of sequences of functions . . . . . . . . . . . . . . . . . . 25 2.3 The spaces C(K) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.4 Compact subsets of C(K) . . . . . . . . . . . . . . . . . . . . . . . . 34 2.5 Existence of local solutions of ODE’s . . . . . . . . . . . . . . . . . . 42

3 Topological Spaces 48 3.1 General definition of a topological space . . . . . . . . . . . . . . . . 48 3.2 Bases of open sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.3 Comparing topologies . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.4 Comments on non-metric topologies . . . . . . . . . . . . . . . . . . . 56

4 Completeness and the Contraction Mapping Theorem 58 4.1 Completion of metric spaces . . . . . . . . . . . . . . . . . . . . . . . 59 4.2 The Contraction Mapping Theorem . . . . . . . . . . . . . . . . . . . 63

5 Applications of the Contraction Mapping Theorem 65 5.1 An algorithm to compute √ x . . . . . . . . . . . . . . . . . . . . . . 65 5.2 Discrete Dynamical Systems . . . . . . . . . . . . . . . . . . . . . . . 66 5.3 Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 5.4 Differential Equations (Boundary Value Problems) . . . . . . . . . . . 69 5.5 Differential Equations (Existence and Uniqueness Theorem) . . . . . 72

6 Banach Spaces 75 6.1 Bounded linear maps . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 6.2 Topologies on B(X, Y ) . . . . . . . . . . . . . . . . . . . . . . . . . . 78 6.3 Remarks on Finite-Dimensional Banach Spaces . . . . . . . . . . . . 83

7 Hilbert Spaces 88 7.1 Inner Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 7.2 Hilbert Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 7.3 Orthonormal Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 7.3.1 Unordered infinite sums . . . . . . . . . . . . . . . . . . . . . 95 7.3.2 Bessel’s inequality etc. . . . . . . . . . . . . . . . . . . . . . . 96 7.3.3 The Gram-Schmidt orthogonalization procedure . . . . . . . . 100 7.4 Examples of Hilbert spaces in applications . . . . . . . . . . . . . . . 101 7.4.1 Quantum Mechanics . . . . . . . . . . . . . . . . . . . . . . . 101 7.4.2 Natural L^2-spaces . . . . . . . . . . . . . . . . . . . . . . . . . 102 7.4.3 Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 102

8 Special orthonormal bases 1. Fourier series 103 8.1 Completeness of the Fourier basis . . . . . . . . . . . . . . . . . . . . 103 8.2 Fourier series of f ∈ C^p(T ) . . . . . . . . . . . . . . . . . . . . . . . . 107 8.3 A Sobolev Embedding Theorem . . . . . . . . . . . . . . . . . . . . . 109 8.4 Multiple Fourier series . . . . . . . . . . . . . . . . . . . . . . . . . . 109

9 Applications of Fourier series 111 9.1 The heat/diffusion equation . . . . . . . . . . . . . . . . . . . . . . . 111 9.1.1 Heat conduction in an insulated ring . . . . . . . . . . . . . . 111 9.1.2 The heat equation on an interval . . . . . . . . . . . . . . . . 114 9.1.3 Temperature of the earth as a function of depth . . . . . . . . 114 9.2 The wave equation: a vibrating string . . . . . . . . . . . . . . . . . . 116 9.3 The Schrödinger equation: a particle in a box . . . . . . . . . . . . . 117 9.4 A dispersive wave equation: the linearized KdV equation . . . . . . . 119 9.5 More applications of Fourier Series . . . . . . . . . . . . . . . . . . . 120 9.5.1 The isoperimetric problem . . . . . . . . . . . . . . . . . . . . 120 9.5.2 Ergodicity of arithmetic sequences . . . . . . . . . . . . . . . . 120

10 Special orthonormal bases 2. Wavelets 123 10.1 Fourier series versus wavelets . . . . . . . . . . . . . . . . . . . . . . 123 10.2 The Haar wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 10.3 Multiresolution analysis . . . . . . . . . . . . . . . . . . . . . . . . . 126

11 Linear operators on a Hilbert space 130 11.1 Unitary operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 11.2 Orthogonal Projections . . . . . . . . . . . . . . . . . . . . . . . . . . 131

12 Linear functionals on a Hilbert space 135 12.1 The dual of a Hilbert space . . . . . . . . . . . . . . . . . . . . . . . 135 12.2 Adjoint operation on B(H) . . . . . . . . . . . . . . . . . . . . . . . . 138 12.3 Weak convergence in a Hilbert space . . . . . . . . . . . . . . . . . . 139

13 The spectrum of bounded linear operators 140 13.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 13.2 Diagonalization of matrices . . . . . . . . . . . . . . . . . . . . . . . . 140 13.3 The spectrum: definition . . . . . . . . . . . . . . . . . . . . . . . . . 142 13.4 Elementary properties of the spectrum . . . . . . . . . . . . . . . . . 144

14 The spectral theorem for compact self-adjoint operators 149

15 Examples of compact linear operators 155 15.1 Compactness in Hilbert space . . . . . . . . . . . . . . . . . . . . . . 155 15.2 Hilbert-Schmidt operators . . . . . . . . . . . . . . . . . . . . . . . . 157 15.3 Sturm-Liouville problems . . . . . . . . . . . . . . . . . . . . . . . . . 158

16 Applications of the spectral theorem 161 16.1 Functions of operators . . . . . . . . . . . . . . . . . . . . . . . . . . 161 16.2 Matched filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 16.3 The mean ergodic theorem . . . . . . . . . . . . . . . . . . . . . . . . 164

17 Unbounded linear operators and Green’s functions 167 17.1 Definitions: domain, adjoint, selfadjoint . . . . . . . . . . . . . . . . . 167 17.2 Inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 17.3 Differential operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 17.3.1 The Green’s function for boundary value problems . . . . . . . 170 17.3.2 Construction of the Green’s function . . . . . . . . . . . . . . 173 17.3.3 Self-adoint differential operators and Sturm-Liouville operators 175 17.4 The spectral Theorem for Sturm-Liouville operators . . . . . . . . . . 177 17.5 Singular Sturm-Liouville problems . . . . . . . . . . . . . . . . . . . . 177 17.6 Applications of Sturm-Liouville problems . . . . . . . . . . . . . . . . 178 17.6.1 PDE: initial value problems . . . . . . . . . . . . . . . . . . . 178 17.6.2 An application in higher dimensions: elliptic boundary value problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

18 Distributions 180 18.1 The Schwartz space S . . . . . . . . . . . . . . . . . . . . . . . . . . 180 18.2 The space S^∗, the tempered distributions . . . . . . . . . . . . . . . . 183 18.3 Convergence of tempered distributions . . . . . . . . . . . . . . . . . 186 18.4 Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

19 The Fourier Transform 189 19.1 The Fourier transform of test functions . . . . . . . . . . . . . . . . . 189 19.2 The Fourier transformation of tempered distributions . . . . . . . . . 192 19.3 The Fourier transform on L^2 . . . . . . . . . . . . . . . . . . . . . . . 193 19.4 The Fourier transform on L^1 . . . . . . . . . . . . . . . . . . . . . . . 195

20 Applications of the Fourier Transform 198 20.1 Translation Invariance (Symmetry) . . . . . . . . . . . . . . . . . . . 198 20.2 The Poisson Summation Formula . . . . . . . . . . . . . . . . . . . . 200 20.3 The Central Limit Theorem . . . . . . . . . . . . . . . . . . . . . . . 202

21 Measure and Integration 205 21.1 Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205 21.2 Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208 21.3 Sets of measure zero, almost everywhere, and all that . . . . . . . . . 210 21.4 The Monotone and Dominated Convergence Theorems . . . . . . . . 211 21.5 Fubini’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

22 L^p spaces 215 22.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 22.2 The basic inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 22.2.1 Jensen’s inequality . . . . . . . . . . . . . . . . . . . . . . . . 218 22.2.2 Hölder’s inequality . . . . . . . . . . . . . . . . . . . . . . . . 219 22.2.3 Minkowski’s inequality . . . . . . . . . . . . . . . . . . . . . . 222 22.2.4 Chebyshev’s inequality . . . . . . . . . . . . . . . . . . . . . . 222 22.3 Continuous linear functionals; weak convergence . . . . . . . . . . . . 223 22.3.1 The Hahn-Banach Theorem . . . . . . . . . . . . . . . . . . . 224 22.3.2 The Uniform Boundedness Principle . . . . . . . . . . . . . . 225 22.3.3 L^p-L^q duality . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 22.4 Approximations of L^p-functions . . . . . . . . . . . . . . . . . . . . . 228 22.4.1 Approximation by C^∞ functions . . . . . . . . . . . . . . . . . 228 22.4.2 Approximation by simple functions . . . . . . . . . . . . . . . 229 22.5 Compactness in L^p-spaces . . . . . . . . . . . . . . . . . . . . . . . . 230 22.5.1 The Banach-Alaoglu Theorem . . . . . . . . . . . . . . . . . . 230 22.5.2 Strong compactness in L^p . . . . . . . . . . . . . . . . . . . . 231

23 Sobolev Spaces 233 23.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 23.2 Fourier characterization . . . . . . . . . . . . . . . . . . . . . . . . . 235 23.3 The Sobolev Embedding Theorem . . . . . . . . . . . . . . . . . . . . 235 23.4 Rellich’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

24 Differential Calculus 237 24.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 24.2 The Fréchet derivative . . . . . . . . . . . . . . . . . . . . . . . . . . 239 24.3 Linearization of nonlinear PDE by means of the Fréchet derivative . . 240 24.4 The Gâteaux derivative . . . . . . . . . . . . . . . . . . . . . . . . . . 242 24.5 Functional derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . 244 24.6 The Euler-Lagrange equations . . . . . . . . . . . . . . . . . . . . . . 244 24.7 Appendix: the inverse and implicit function theorems . . . . . . . . . 245