
MAT266 (Stat Mech & QFT) University of California, Davis Winter 2006

Homework #1. Due: Tuesday, 24 January 2006

Problem 1. Consider the Ising model on a ring of L vertices (i.e., the integers 1, . . . , L with
addition mod L) with Hamiltonian H defined on Ω = {−1, 1}L by

H(η) = −J

L∑
x=1

ηxηx+1 −B
L∑

x=1

ηx

where J, B ∈ R are the coupling constant and the external magnetic field, respectively.
Recall the transfer matrix

T =

(
eβ(J+B) eβ(−J+B)

eβ(−J−B) eβ(J−B)

)
where β ∈ [0,∞) is the inverse temperature.

Calculate the following quantities:

a) The partition function ZL(βJ, βB) defined by

ZL(βJ, βB) =
∑
η∈Ω

e−βH(η) .

and the free energy per spin, f(βJ, βB), defined as the limit

f(βJ, βB) = lim
L→∞

− 1

βL
log ZL(βJ, βB) .

b) The one- and two-point functions defined by

ωL(σ1) =
1

ZL(βJ, βB)

∑
η∈Ω

η1e
−βH(η)

ωL(σ1σr) =
1

ZL(βJ, βB)

∑
η∈Ω

η1ηre
−βH(η) , 1 ≤ r ≤ L

c) The thermodynamic limits of the n−point probability densities:

ρ(η1, . . . , ηn) = lim
L→∞

Prob(σ1 = η1, . . . , σn = ηn) .

Problem 2. Discuss the limits β → 0 and β → ∞ of the equilibrium states (probability
measures) of the Ising model on a ring as a function of J and B.


